DYNAMICAL SYSTEMS OF TYPE (m,n) AND
THEIR C*-ALGEBRAS

PERE ARA, RUYy EXEL AND TAKESHI KATSURA

Given positive integers n and m, we consider dynamical systems in which n copies of a
topological space is homeomorphic to m copies of that same space. The universal such
system is shown to arise naturally from the study of a C*-algebra we denote by Opm n,
which in turn is obtained as a quotient of the well known Leavitt C*-algebra Ly, n, a
process meant to transform the generating set of partial isometries of Ly, into a tame
set. Describing O, as the crossed-product of the universal (m, n)-dynamical system
by a partial action of the free group Fin4n, we show that Op,,y is not exact when n and
m are both greater than or equal to 2, but the corresponding reduced crossed-product,
denoted Oy, ,,, is shown to be exact and non-nuclear. Still under the assumption that
m,n > 2, we prove that the partial action of Fp,p is topologically free and that Oy, ,,
satisfies property (SP) (small projections). We also show that Oy, ,, admits no finite
dimensional representations. The techniques developed to treat this system include

several new results pertaining to the theory of Fell bundles over discrete groups.

1. Introduction.

The well known one-sided shift on n symbols is a dynamical system in which the config-
uration space is homeomorphic to n copies of itself. In this paper we study systems in
which n copies of a topological space Y is homeomorphic to m copies of it.

Precisely, this means that one is given a pair (X,Y') of compact Hausdorff topological
spaces such that

i=1 j=1

where the H; are pairwise disjoint clopen subsets of X, each of which is homeomorphic to
Y via given homeomorphisms h; : Y — H;, and the V; are pairwise disjoint clopen subsets
of X, each of which is homeomorphic to Y via given homeomorphisms v; : Y — V;.
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hy H,

Diagram (1.1)

To the quadruple (X,Y,{h;};;,{v;}J,) we give the name of an (m,n)-dynamical
system. When n or m are 1, this essentially reduces to the shift, but when m,n > 2, a
very different behavior takes place.

The origin of the ideas developed in the present paper can be traced back to the
seminal work of Cuntz and Krieger [CK], where a dynamical interpretation of the Cuntz-
Krieger C*-algebras is given. In particular, the Cuntz algebra O,, corresponds to the full
shift on n symbols. Since we are using an “external” model for this dynamical system,
the C*-algebra O; , that we attach to the (1,n)-dynamical system is isomorphic to the
algebra M (O,,).

From a purely algebraic perspective, a motivation to study such systems comes from
the study of certain rings constructed by Leavitt [L] with the specific goal of having the
free module of rank n be isomorphic to the free module of rank m. We refer the reader
to [AA], [AMP], [AG1], [H] for various interpretations and generalizations of the algebras
constructed by Leavitt to the setting of graph algebras.

A similar idea lies behind the investigations conducted by Brown [B] and McClanahan
[M1], [M2], [M3], on the C*-algebras U;)¢,,. These are the C*-algebras generated by the
entries of a universal unitary matrix of size m x n. It has been observed in [AG2] that
there are isomorphisms

Lm,n = m—l—l(UrI;LC,n) = Mn—l-l(Urr;LC,n)?

where L,, ,, is the universal C*-algebra generated by partial isometries

8155 Sn, tla"'vtm;

sharing the same source projection, and such that the sum of the range projections of the
s;, as well as that of the t;, add up to the complement of the common source projection.
Incidentally L,, , may also be constructed as a separated graph C*-algebra [AG2].
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The partial isometries generating this algebra have a somewhat stubborn algebraic
behavior, not least because their final projections fail to commute. Sidestepping this very
delicate issue we choose to mod out all of the nontrivial commutators and, after performing
this perhaps rather drastic transformation, we are left with a C*-algebra which we denote
by Oy, n, and which is consequently generated by a tame (see definition (2.2) below) set
of partial isometries.

We then take advantage of the existing literature on C*-algebras generated by tame
sets of partial isometries [ELQ, E3, EL] to describe O, ,, as the crossed product associated
to a partial action 8" of the free group IF,,, 1, on a compact space 2“. In symbols

Om,n ~ C(Qu) X gu ]Fm—kn'

It is perhaps no coincidence that the above partial action of IF,,,, is given by an (m,n)—
dynamical system, as defined above, which is in fact the universal one (3.8).

While our description of the universal (m, n)-dynamical system Q" as a subset of the
power set of IF,,, 1, is satisfactory for some purposes, its tree-like structure may not make it
easy to be studied from some points of view. We therefore present an alternative version of
it in terms of functions defined on a certain space of finite paths (4.1). With this description
at hand we are able to show that the partial action of IF,,,, on Q" is topologically free
(4.6). When 3 < m+n we show that every nonzero hereditary subalgebra of Oy, , contains
a nonzero projection belonging to C(Q").

We then initiate a systematic study of O,, ,, begining with the fundamental questions
of nuclearity and exactness (see [BO| for an extensive study of these important properties
of C*-algebras).

When either n = 1, or m = 1, these algebras are Morita—Rieffel equivalent to Cuntz
algebras, so we concentrate on the case in which n and m are greater than or equal to 2.
Under this condition we prove that O,, ,, is not nuclear, and not even exact (7.2). However,
when we pass to its reduced version, namely the reduced crossed product [M4]

O = C(Q%) Xgu Frngn

we find that Oy, ,, is exact, although still not nuclear.

Since the crossed product by a partial action may be defined as the cross-sectional
C*-algebra of the semidirect product Fell bundle, we dedicate a significant amount of
attention to these and in fact many of our statements about O, ,, or Oy, ,, come straight
from corresponding results we prove for general Fell bundles.

If % is a Fell bundle over a discrete exact group whose unit fiber is an exact C*-
algebra, we prove in (5.2) that the reduced cross-sectional C*-algebra C}(#) is exact.
From this it follows that the reduced crossed product of an exact C*-algebra by a partial
action of an exact group is exact, and hence that Oy, ,, is exact.

Being Oy, a full crossed product, we are led to study full cross-sectional C*-algebras
of Fell bundles. The well known fact [BO: 10.2.8] that the maximal tensor product of the
reduced group C*-algebra by itself contains the full group C*-algebra is generalized in (6.2),
where we prove that if 4 is a Fell bundle over the group G, then the full cross-sectional
C*-algebra C*(#) is a subalgebra of C)(#) ® C}(G). As an immediate consequence we

max
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deduce that, if C(%) is nuclear, then the full and reduced cross-sectional C*-algebras of
A agree (6.4).

As another Corollary of (6.2) we prove that, if H is a subgroup of G, then the full
cross-sectional C*-algebra of the bundle restricted to H embeds in the C*-algebra of the
whole bundle (6.3). This result turns out to be crucial in our proof that, in a partial action,
every residually finite-dimensional isotropy group is amenable when the full cross-sectional
algebra is exact (7.1).

When m,n > 2, we show that there are non-amenable (7.2) isotropy groups in the
universal (m, n)-dynamical system, so exactness of O, ,, is ruled out by (7.1).

We also consider the question of existence of finite dimensional representations of
Om,n and of Oy, . A trivial argument (8.1) proves that, when n # m, neither Oy, ,, nor
O, n admit finite dimensional representations.

The case m = n is however a lot more subtle. While it is easy to produce many finite
dimensional representations of O, ,,, we have not been able to decide whether or not there
are enough of these to separate points. In other words we have not been able to decide
whether O,, ,, is residually finite.

With respect to Oy, .., we settle the question in (9.5), proving that O

m,n’
finite dimensional representation for all m,n > 2.

T

m.n admits no

2. The Leavitt C*-algebra.
Throughout this paper we fix positive integers n and m, with m < n.

2.1. Definition. The Leavitt C*-algebra of type (m,n) is the universal unital C*-algebra
Ly, n generated by partial isometries s1,..., 5y, t1,...,t,, satisfying the relations

sfsy =0, for i # ', )
tit; =0, for j # ',

*
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By choosing a specific representation, it is not difficult to see that s;s] does not
commute with ¢;¢; when m,n > 2, and hence that sjt; is not a partial isometry (see
e.g. [E3:5.3]). This is in contrast with many well known examples of C*-algebras generated
by sets of partial isometries which are almost always tame according to the following:

2.2. Definition. A set U of partial isometries in a C*-algebra is said to be tame if every
element of (U U U*) (meaning the multiplicative semigroup generated by U U U*) is a
partial isometry.
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See [E3:5.4] for equivalent conditions characterizing tame sets of partial isometries.

The standard partial isometries generating the Cuntz—Krieger algebras form a tame
set [E2:5.2], as do the corresponding ones for graph C*-algebras, higher rank graph C*-
algebras and many others.

Rather than attempt to face the wild set of partial isometries in L, , (incidentally a
task not everyone shies away from [AG2]), we will force it to become tame by considering
a quotient of L,, ,. In what follows we will denote by U the subset of partial isometries
in Ly, , that is most relevant to us, namely

UZ{Sl,...,Sn, tl,...,tm}.

2.3. Definition. We will let O,,, ,, be the quotient of L,, ,, by the closed two-sided ideal
generated by all elements of the form

rxr¥x — x,

as  runs in (U U U*). We will denote the images of the s; and the ¢; in O,, , by s, and
t;, respectively.

It is therefore evident that

{§17"'7§n7 tl7"'7tm}

is a tame set of partial isometries. In fact it is not hard to prove that O,, , is the universal
unital C*-algebra generated by a tame set of partial isometries satisfying relations (R).
Let IF,,+,, denote the free group generated by a set with m + n elements, say

{a1,...,an, b1,...,bn}.

Using [E3: 5.4] we conclude that there exists a (necessarily unique) semi-saturated [E3: 5.3]
partial representation
o:Fpin = Omn

such that o(a;) = s;, and o(b;) = t; (when stating conditions such as these, which are
supposed to hold for every ¢ = 1,...,n, and every 7 = 1,...,m, we will omit making
explicit reference of the range of variation of ¢ and j, which should always be understood
as being 1-n, and 1-m, as above).

Another universal property enjoyed by O, is described next.

2.4. Proposition. Let p be a semi-saturated partial representation of IF,, ., in a unital
C*-algebra B such that the elements s := p(a;) and t; := p(b;) satisfy relations (R). Then
there exists a unique unital *~homomorphism ¢ : O,, , — B such that p = ¢ oo.

Proof. Since p is a partial representation, one has that the s, and the t; are partial isome-
tries. By universality of L, , one concludes that there exists a unital *-homomorphism
Y i Ly n — B, such that ¥(s;) = s;, and ¥(t;) = t’.

Observe that if z is in (U U U*), then v (z) lies in the multiplicative semigroup gen-
erated by the s}, the ¢}, and their adjoints. Employing [E3:5.4] we have that ¢(z) is a
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partial isometry and hence that ¢)(zx*x —x) = 0. This implies that ) vanishes on the ideal
referred to in (2.3) and hence that it factors through O,, , providing a *-homomorphism
¢ : Om .y — B, such that ¢(s;) = s}, and ¢(t;) = t;. Therefore

p(o(ai)) = @(s;) = s; = plas),

and similarly ¢(o(b;)) = p(b;). In other words, ¢ o o coincides with p on the generators
of IF),,+,,. Since both ¢ and p are semi-saturated, we now conclude that ¢ o0 = p on the

whole of IF),, 4. U

S0 Oy, 1, is the universal unital C*-algebra for partial representations of IF,,,1,, subject
to the relations (R), according to [ELQ: 4.3], and hence we may apply [ELQ: 4.4] to deduce
that there exists a certain partial dynamical system (Q",F,,,,0") and a *-isomorphism

U2 Opn = C(Q) X0 Fo . (2.5)

The choice of notation, specifically the use of the superscript “u”, is motivated by universal
properties to be described below. Before giving further details on the above result let us
introduce a variation of O,, .

2.6. Definition. For every pair of positive integers (m,n) we shall let Oy, |, denote the
corresponding reduced crossed product

O, = C(2%) 35 i

For the convenience of the reader we will now give a brief description of 2% and of the
partial action 8*. We refer the reader to [ELQ: Section 4] for further details.

The first step is to write the relations defining our algebra in terms of the final pro-
jections

e(g) ==o(g)o(g™),

for g € F,, 4. Once this is done we arrive at

e(a;)e(ay) =0, fori #1i', )

e(bj)e(bj) =0, for j # 5/,

e(a; ') = e(b;!) = w, (R')
Ze(az) = Ze(bj) =0,

i=1 j=1

vw=0, v4+w= )

Observe that, since the e(g) are projections, all of the above relations expressing
orthogonality, that is, those having a zero as the right-hand-side, follow from “v+w = 1".
If we are to apply the theory of [ELQ: Section 4] to our algebra, we need to add another
relation to (R’) in order to account for the fact that the partial representations involved
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in (2.4) are required to be semi-saturated. Although the definition of semi-saturatedness,
namely

k| = [h] + k| = o(hk) = o(h)o(k),

is not expressed in terms of the e(g), we may use [E2: 5.4] to replace it with the equivalent
form

hk| = k| + k| = e(hk) < e(h).

The next step is to translate each of the above relations in terms of equations on
{0,1}¥m+n. For this we will find it convenient to identify this product space with the
power set & (IF,,,+,) in the usual way.

According to [ELQ: Section 4] and [EL: Section 2] the translation process consists in
replacing each occurrence of a final projection e(g) in the above relations with the scalar
valued function 1, defined by

1,: €€ {01} s [g € €].

Here we use brackets to denote Boolean value and we see the truth values “1” and “0” as
complex numbers. Therefore 1, is nothing but the characteristic function of the set

{eefo, )} geg).

The description of Q" given in [ELQ: 4.1] therefore becomes: a necessary and sufficient
condition for a given & € {0, 1}F=+» to belong to Q" is that 1 € £, and that

(Ipelp — 1pk) (g71€) = 0, whenever |hk| = |h| + ||, )
(lo1a,) (97'€) =0, for i #1,
(1p,1p,, ) (g71€) = 0, for j # ',
1

(g7 = 1, (971 = w(g™'9), (R")
: 1al _15 Zlb = (9_15)7
(Uw) (g_lf) :07 (U+w) (g f) - 17 J

for every g € &.
For example, to account for the second equation above, it is required that

0= (1ai1ai/)(9_15) = 1g, (9_15) Lo, (9_15) = [ai € g_lé] [az" € 9_15] =

= [ga; € ] [gar € €] = [ga; € € N gay € ¢].

This may be interpreted as saying that for every g € £, not more than one element of the
form ga; belongs to &.

As another example, recall from that [EL:4.5] that, in order for & to satisfy the
conditions related to the first equation in (R"), it is required that £ be convex [EL: 4.4].
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The reader may now check that the elements of Q" are precisely those ¢ C F,,,+,, such
that

(a) 1€¢,
(b) & is convex,

(c) for any g € &, one and only one of the conditions below are satisfied:

Pattern (c1) Pattern (c2)

(c1) there exists a unique ¢ < n and a unique j < m, such that ga; and gb; lie in ¢,
and for every ¢ and j, none of ga; Lor gbj_1 lie in &,

(cg) for every i and j, none of ga; or gb; lie in &, and for every ¢ and j, all of gai_l
and gbj_1 lie in &.

Having completed the description of 2“, the partial action of F,,, is now easy to
describe: for each g € IF,,4,, we put

QO ={ceq":gec},

and we let
0;‘ : Q;ﬁl — QZ’,

be given by 0 (§) = g§ = {gh : h € £}.

In possession of the proper notation we may now also describe the isomorphism W
mentioned in (2.5). It is characterized by the fact that

\Ij<0<g)) = 1;597 Vg S Fm—‘rna (27)

where 1;‘ refers to the characteristic function of the clopen set Qg C Q.
In what follows we will concentrate ourselves in studying the above partial action of
IF,.+r as well as the structure of O,, ,, based on its crossed product description.
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3. Dynamical systems of type (m,n).

In this section we will study pairs of compact Hausdorff topological spaces (X,Y) such

that . .
x=JH =WV
i=1 j=1

where the H; are pairwise disjoint clopen subsets of X, each of which is homeomorphic
to Y via given homeomorphisms h; : ¥ — H;. Likewise we will assume that the V; are
pairwise disjoint clopen subsets of X, each of which is homeomorphic to Y via given
homeomorphisms v; : Y — V;. See diagram (1.1).

3.1. Definition. We will refer to the quadruple (X, Y, {h:}4, {vj}gnzl) as an (m,n)-
dynamical system.

As an example, consider the situation in which Y* is the subset of Q% consisting of
all the ¢ relative to which the configuration at g = 1 follows pattern (c3). Equivalently
Y4 = {5 SV ai_l,bj_l € &, for all 7 and j}.
Let X" be the complement of Y* relative to Q%, and put
hi €Y —a € XY and vf:{€Y"bi§e X"
We leave it for the reader to verify that this provides an example of an (m, n)—dynamical

system.

3.2. Definition. The system (X“, Y {h¥}",, {vf ;”:1) described above will be referred
to as the standard (m,n)—dynamical system.

It is our next immediate goal to prove that the standard (m,n)-dynamical system
possesses a universal property. We thus fix, throughout, an arbitrary (m,n)-dynamical
system

(XY, {had oy, {v}y).

Our goal will be to prove that there exists a unique map
v XUY — Q¥

such that y(Y) CY", v(X) C X", yoh; = h{ oy, and yov; = v} 0.
We shall initially construct a partial action of IF',, 1, on the topological disjoint union

0:=XUY.

For this consider the inverse semigroup Z(f2) formed by all homeomorphisms between
clopen subsets of 2. Evidently the h; and the v; are elements of Z(2). Next consider the
unique map

0 : Fm—‘rn — I(Q)
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such that
6(ai) =i, O(7") =05,

(2

and such that for each g € IF,,,, written in reduced form?

g =12 ...Tp,

one has that
0(g) = 0(z1)0(z2)...0(xp).
3.3. Proposition. 6 is a partial action of IF,,,,, on €.

Proof. 1t is not hard to prove this fact from scratch. Alternatively one may deduce it from
known results as follows: using [DP: 1.1], one may faithfully represent Z(2) as an inverse
semigroup of partial isometries on a Hilbert space. Applying [E3:5.4] we then conclude
that there exists a unique semi-saturated partial representation of F,,, in Z(Q2), sending
the a; to h;, and the b; to v;. Evidently this partial representation coincides with 6, and
hence we conclude that 6 is a partial representation. Therefore, for every g, h € F,,,+,, one
has that
040n = 0401010y = 0g1,0,-10), = 9gh«9,:19h C Oy,

meaning that 6,4, is an extension of 6,0}, a property that characterizes partial actions. [J

We may then form the crossed product C(2) x¢ F,,4,,. Given g € F,,,, denote
by €, the range of 6,. Since 0, lies in Z(2), we have that its range is clopen. So the
characteristic function of €),;, which we shall denote by 1, is a continuous function on €.

3.4. Proposition. The map
p:g€EFin—= 1,0, € C(Q) xgFppyn,
is a semi-saturated partial representation, and moreover the elements
s; = pla;), and t;:= p(b))

satisfy relations (R).

Proof. Given g,h € F,,+,, we have
p(9)p(h) = (1464)(1461) = 04 (0,1 (14)15)0gn = 0 (15-111)0gn = 1glgndgn.  (3.4.1)
Therefore
p(@)p(M)p(h™") = (1g1gndgn) (Ln-10n-1) = Ogn (B(gny -1 (Lg1gn)1n-1)dy =

- ggh(lh—l 1(gh)_1 1h—1)5g - th (]-(gh)—l 1h—1)5g.

+1

L That is, each zy, is either a7~ or b;.tl, and Ty # xlzl.
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On the other hand
p(gh)p(h™") = (1gndgn)(Lp-184-1) = Ogn (O(gny-1 (Lgn)1p-1) 8y =

= egh(l(gh)‘l 1h‘1)597

which coincides with the above and hence proves that p(g)p(h)p(h™1) = p(gh)p(h™1). We
leave it for the reader to prove that p(¢g~1) = p(g)*, after which the verification that p is
a partial representation will be concluded.

Addressing semi-saturatedness, let g,h € F,,, be such that |gh| = |g| + |h|. This
means that the reduced form of gh is precisely the concatenation of the reduced forms of
g and h, and hence we see that 04, = 6,00;,. In particular this implies that these two
partial homeomorphisms have the same range. Therefore

ran(Qg Ogh) = Qg(Qg—l N Qh) = Qg N Qgh

coincides with the range of 4, which is Q4. Having concluded that Q, N Qg = Qgp, we
deduce that

ylgn = 1gn.

Employing (3.4.1) we then deduce that

p(g)p(h) = 1gndgn = p(gh),

proving that p is semi-saturated.
Finally we leave it for the reader to prove that s."s’ and tg.*t;- coincide with the char-

acteristic function of Y, that s}s.” is the characteristic function of H; (the range of h;) and

that ¢/t;" is the characteristic function of Vj (the range of v;). The checking of relations

(R) now becomes straightforward. O

We may of course apply the above result for the standard (m,n)—dynamical system
(see (3.2)), and hence there is a semi-saturated partial representation

pu : ]Fer’rL — C(Qu) AN gu ]Fer'n,a (35)
given by p“(g) = 134, for every g in Fy,yp,. With this notation (2.7) simply says that

Voo =p“.
As another consequence of (3.4) and (2.4) we have that there exists a *~homomorphism

®: Opn = C(Q) g Fpygn,

such that p =P oo.
Wrapping up our previous results we obtain the commutative diagram:
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C(2") X Fopn

L

g
IE‘m—i—n —_—> Om,n

S

C(Q) Ao IE‘m—i—n

Observing that the correspondence
fe C(Q) — fo1 € C(Q) o Fpin

is an embedding, we will henceforth identify C'(€2) with its image within C(Q) xg Fy4n
without further notice, and similarly for C'(Q").

3.6. Proposition. If T is defined as the composition I' := ®¥~!, then I'(C(Q")) C
c(Q).

Proof. Since we will be dealing with two different dynamical systems here we will insist
in the convention (already used above) that 1, denotes the characteristic function of g,
reserving 1y for the characteristic function of 2. For each g € 'y, 4, we have that

P (9)p"(g71) = (1504)(1y-104-1) = 1361 = 17,
and similarly p(g)p(g~!) = 1,. Since I' o p* = p, we deduce that
r1Y) =1, (3.6.1)

It is easy to see that the set {13 : g € F,,1,} separates points of Q% and hence by the
Stone-Weierstrass Theorem, the closed *-subalgebra it generates coincides with C'(2%). So
the result follows from (3.6.1). O

As a consequence of the last result we see that there exists a unique continuous map
v Q= QY (3.7)
such that T'(f) = f o, for every f € C(Q%).
3.8. Theorem. The standard (m,n)—dynamical system is universal in the following sen-
se: given any (m,n)—dynamical system
(X, Y, {hi}iy {v;}),
there exists a unique continuous map
7O =XUY — QY
such that
(i) (Y)Y,
(i) y(X) € X™,
(iii) yoh; = h¥o~,
)

(iv) youv; = v} or.
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Proof. Regarding existence we will prove that the map 7 constructed in (3.7) satisfies the
above properties. Notice that 1, -1 is the characteristic function of the domain of #(ay)

1
(= h1), namely Y. Similarly 1%_, is the characteristic function of Y*. Applying (3.6.1) to
aq

g =a;" we get T(1yu) = ly, or equivalently
lywoy=1y.

For x € Q this says that x € Y iff y(z) € Y*, thus proving both (i) and (ii).
Given g € Fypyn, and f € Cp(£2y), one may prove by direct computation that

p (g1 ) (g) = foby,
and similarly for f € Cy(£24). So
fobtoy=T(foby)=T(p"(g7 ") fp"(9)) =

= p(g T (f)plg) =T(f) o8y = foyob,.
Since f is arbitrary it follows that 67 o~y = vyo06,. Point (iii) then follows by plugging
g = a;, while (iv) follows with g = b,.
Addressing the uniqueness of v, suppose one is given another map

v = QY

satisfying (i-iv). Then it is clear that +’ is covariant for the corresponding partial actions
of F,, 1, on Q and Q. Letting

T: feC(QY)— foy € C(Q),
one may easily prove that the pair (m, p) is a covariant representation of the partial dy-

namical system (Q*, 6%, IF,,1,,) in C(Q) xgFp,1p. Using [ELQ: 1.3] we conclude that there
exits a *-homomorphism

X p:C(Q) Xgu Frpg, = C(Q) Xg Frppgn,
such that (7 x p)(f) = fo~/, for every f € C(Q"), and such that
(m x p)op”=p. (3.8.1)

Since the range of o generates O,, ,, and since V is an isomorphism, we deduce that
the range of p* generates C'(Q") Xgu F,, 4. We then conclude from (3.8.1) that

(mx p)op*=Top"

and hence that m x p = I', which in turn implies that 4" = ~. U
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We shall next discuss the existence of fixed points in the universal (m,n)-dynamical
system.

3.9. Proposition. Ifn > m > 2, then there is a point y in Y* such that
(v1) 'Y (y) =y = (v3) " hi (y).

Proof. In order to prove the statement it is enough to show that there exists some (m,n)—
dynamical system (X, Y, {hi}" 1, {v, };-nzl), and a point y € Y such that

o1 ha(y) =y = vy ' ha(y).

By (3.8), the image of y in Y* under ~ will clearly satisfy the required conditions.
We shall introduce another convenient variable by putting

p:=n—m-+ 1.

Let Y = {1,2,...,p}¥, with the product topology, and let X be given as the disjoint union
of m copies of Y. To be precise,

X ={12,...,m} xY.
For every ¢ = 1, ..., m, we define
hi:yeY — (i,y) € X,

and let us now define the v; via a process that is not as symmetric as above. For j <m—1,
we put
vityeY = (j,y) € X, (3.9.1)

so that v; = h;, for all j’s considered so far. In order to define the remaining v;’s, namely
for 7 of the form
j=m-—14+k, withk=1,...,p,

we let
Um—l—l—k(y) = (m7 ky): Vy € Y7 (392)

where “ky” refers to the infinite sequence in {1,2,...,p}~ obtained by preceding k to %.
The easy task of checking that the above does indeed gives an (m, n)-dynamical system is
left for the reader.

We claim that the point y = (1,1,1,1,...) satisfies the required conditions. On the
one hand we have the elementary calculation

v tha(y) = vt (Ly) =y,

where we are using the hypothesis that m > 2, to guarantee that the definition of v; is
given by (3.9.1) rather than by (3.9.2).

If m > 3, the same easy computation above yields vy Yhy (y) = y, and the proof would
be complete, so let us assume that m = 2. Under this condition notice that 2 =m —1+k,
with k£ = 1, so vy is defined by (3.9.2), and hence

va(y) = (2,ky) = (2,k(1,1,1...)) = (2,(1,1,1...)) = ha(y),

whence vy "ha(y) = y, and the claim is proven.
As already mentioned, v(y) is then the element of Y* satisfying the requirements. [J
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4. Configurations and functions.

The purpose of this section is to give a description of the space Y* of configurations of
pattern (c3) at 1. This will be done in terms of certain functions, which we are now going
to describe.

Set Zy := {a1,...,an}, Z1 := {b1,...,by} and E = Zy U Z;. We will denote the
elements of E” as words o = ejes---e, in the alphabet E. Set BT := |_|;?i1 E". For
a = ejex---e,. € ET define the color of a as c¢(a) = 1 — i, if e, € Z;. We consider the
compact Hausdorff space

Z:= 1] Z():

a€Et
where each Z; is given the discrete topology and Z is endowed with the product topology.
Elements of Z will be interpreted as functions f : E¥ — E such that f(a) € Z for all
acET.
Let D be the subspace of Z consisting of the functions f such that the following
properties (*) and (**) hold for all « € ET U {-}, alle € E and all § € E*:

(*) flaef(ae)) =e.
(**) flaef(ae)B) = f(aB).
Observe that, for e € E and o« € ET U{-}, we have e € Z; < f(ae) € Z1_;. It is
easy to show that D is a closed subspace of Z, and thus D is a compact Hausdorff space

with the induced topology.
Our aim in this section is to show the following result:

4.1. Theorem. There is a canonical homeomorphism D = Y*.
To show this we need some preliminaries.

4.2. Definition. A partial E-function is a family (Qq, f1), (Q2, f2), ..., (Q, f), for some
r > 1, satisfying the following relations:
(1) Q1 = E, and f; : E — E is a function such that fi(e) € Z,() for all e € E.
(2) Foreachi=1,...,r,
Q= {r129 -5 € E" | xj1 # fi(xixg---xy) for j=1,...,9i—1},

and f; : Q; — E is a function such that f;(a) € Z. () for all a € Q;.
An E-function is an infinite sequence (€21, f1), (Q2, f2), ..., satisfying the above conditions
for all indices.

It is quite clear that any partial E-function can be extended (in many ways) to an
E-function.

4.3. Lemma. Given an E-function (21, f1), (Qa, f2), ..., there is a unique function f € D
such that f(«a) = fi(a) for o € Q; and all i € N. Therefore D can be identified with the
space of all E-functions. Moreover a basis for the topology of D is provided by the partial
FE-functions by the rule:

f: ((lefl)a (Q27f2)’ ) (Qrvfr)) L Uf7
where Uy = {f € D | f extends f}.
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Proof. Let (21, f1), (2, f2),..., be an E-function. We have to construct an extension of
it to a function f : ET — E such that f € D. It will be clear from the construction that
f is unique.

Note that f(ef(e)) must be equal to e for e € E by condition (*). This, together with
the extension property determines completely f on E<2. Assume that f has been defined
on E™1 for some r > 3. Then we define f on E" as follows: First f(a) = f,(a) if @ € Q,.
If « =x129- 2, ¢ Q,, there are various possibilities, that we are going to consider:

If 29 = f(z1), then we set

flxif(xr)xs - xp) = f(z- - x0).

Observe that this is forced by condition (**).
Analogously, if z;11 # f(x1---x;) for j =1,...,i—1 and z;41 = f(x122- - 2;) for
some ¢ < r — 1, define

flriza - wif(zy - w)Tive - 2p) = f(122 i1 Tig2 - ).
Also we have here that this is forced by (**).
Finally if x;41 # f(x1---2;) for j=1,...,r —2 and x, = f(z122---z,_1), define
f(901502 o '$r—1f(901 e '%—1)) = Tr—1-

Note that this is forced by (*).

We obtain a map f : EY — E such that f(a) € Z, () for all @« € ET. We have to
check conditions (*) and (**).

For (*),let « € EU{-} and e € E. We will check that f(aef(ae)) = e by induction
on |a|. If @ = - then we have that f(ef(e)) = e by construction. Suppose that the equality
holds for words of length r and let a a word of length » + 1. Write a = z129 - - 2, 41.
Assume that, for 1 < i <r, we have that ;41 # f(z1---2;) forall j =1,...,i—1, and
that ;41 = f(x122---2;). Then we have

(

({'Cl o« o $1—1$Z+2 LR xr+1ef(a6))

(21 i1@igo - Tppref (a2 - i f (X122 ) Tiga - - - Trpr€))
(1 2iaTiyo - Tppref(X122 - 21 Tiy0 - Try1e))

where we have used the induction hypothesis in the last step.
Assume that z;41 # f(z1---2;) for all j = 1,...,r, and that e = f(z; -z, 2,41).
Then we have

Ty T f(T1 0 Tp2eg1) fae))
z1 -z fae))
o1z f(T1m2 0 e f(@122 - T2 41)

Ty TpTrgr)
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Finally if 241 # f(z1---2;) forall j = 1,---,r and e # f(z122 - 2,41) then we
have

fxr--zpqpief(ry - 2rp1e)) =€

by the definition of f.

The checking of (**) is similar. We prove that f(aef(ae)p) = f(af) by induction
on |a|. If a = - then f(ef(e)B) = f(B) by definition of f. Suppose (**) holds when the
length of o is < r and set @« = 125+ x,41. Assume that, for 1 < i < r, we have that
xjy1 # f(xr---x;) forall j=1,...,i—1, and that x;; = f(x122---2;). Then we have

flaef(ae)B)

fxrze - mif(r122 - 28)Tigo - - Trpref(ce)B)

(
= f(z1 - xiamige - xepref(r1 - 2 1Tig2 - Tep1€) )
= f($1 L 1T42 '$r+1ﬁ)
= f(x1--2r410)
= f(aB)

where we have used the induction hypothesis for the third equality.
Assume that zj41 # f(x1---x;) forall j = 1,...,r, and that e = f(x1 - 2,2,41).
Then we have that f(ae) = f(z1 - zr2.11€) = 2441 by definition of f, and so

flaef(ae)B)

flxy- '$r33r+1f(371 e -$T$r+1)f(a€)6)

(
(Il 'xrf(ae)ﬁ)
(
(

T 'xrxr+15)
ap).

f
f
f

Finally if ;11 # f(x1---2;) forall j =1,---r and e # f(x122- - zr41) then we have

fley--arpaef (- 2p1e)B) = flor- - 2r 1 B) = faP)

by the definition of f.
Given the description of D as a subspace of Z = [[ cp+ Zc(a), it is clear that the
family {U; | f is a partial ' — function} is a basis for the topology of D. O

Proof of Theorem (4.1). We will define mutually inverse maps ¢ : Y* — D and ¢ : D —
Yu.

Let £ C F,,4p be a configuration of pattern (cz) at 1. Then we have that 71 € £ for
all z € E. Now the configuration at =1 must be of pattern (c;), so that, for each x € F
there is a unique fi(z) € Z() such that x~1f(x) € £& This defines a partial E-function
(E, f1). For each z; € E, the configuration at ;' fi(x;) must be of pattern (c), so all
words of the form 7' f(21)x; *, with 2o # f(x1) must be in &. In the next step we look
at the configuration at vertices of the form z'f(z1)z; ', where xo # fi(x1). Here the
configuration must be of pattern (cl), so there is a unique fo(z172) € Ze(zy) = Ze(ai2s)
such that xflfl(acl)x;lfg(a:lmg) € . This gives us a partial E-function (Q1, f1), (Q2, f2),
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where of course Qs = {m125 € E? | 25 # f1(21)}. Proceeding in this way we obtain an
E-function ¢(§) = ((Q1, f1), (Q2, f2),...).

To define 1 we just need to revert the previous process. Given an E-function

f= ((lefl)a (Q2vf2)a .- ->7

the configuration v (f) consists of 1 together with the elements of F,,,, of the form

oy fi(zn)zy ! fo(wrme) -t

and
zit fi(z)zy !t folzime) oy fe(zime - 2y).

where z125 -z, € Q,, for r > 1. It is clear that 9 (f) is a configuration of pattern (cq) at
1, and that ¢ and ¢ are mutually inverse maps.

Since both D and Y*" are compact Hausdorff spaces, in order to show that ¢ is a
homeomorphism it is enough to prove that 1 is an open map. Since the family {U; |
f is a partial E — function} is a basis for the topology of D by Lemma (4.3), it is enough
to show that t¢(U;) is an open subset of Y for every partial E-function §f. Thus let
f=((Q, f1),(Q2, f2),...,(Q, fr)) be a partial E-function, and consider the set

T:= {xl_lfl(:cl)xz_lfg(xlxg) . -x;lfr(:clxg e xy) | Xy -y € Q)

By using the convexity of the elements of Y it is straightforward to show that

YUy ={{eY"[gel VgeT}

Since T' is a finite subset of IF,, 1, we conclude that 1)(Uj) is an open subset of Y*. This
concludes the proof of Theorem (4.1).

It will be useful to get a detailed description of the action §* of IF,,, 1, on Y in terms
of the picture of Y* using E-functions (Theorem 4.1).

4.4. Lemma. Let
1

g==z, a:rz;_llazr_l cee zflxl
be a reduced word in ¥y, yn, where zy,...,7.,21,...,2 € E. Then Dom(0;) = () unless
2i € Ze(g,) for alli =1,...,r. Assume that the latter condition holds. Then the domain
of g is precisely the set of all E-functions f = (f1, fa,...) such that f;(z1---x;) = z; for all
i=1,...,r, and the range of g is the set of those E-functions i) = (hq, ha,...,) such that
hi(zrzp—1+++ 2r—iy1) = Tp_ip1 for all i = 1,..., 7. Moreover for § € Dom(0;) let b = 9§
denote the image of § under the action of g. Then b = ((Q1,h1), (Q2, h2),...) with

hygt(Zrzr—1--2191y2 - ye) = felyr - -ye) i 2zp-- 2191 Y € Qe (4.4.1)

Moreover, for i = 2,3,...,r and 2,2p—1 -+ 2;y1 -~ Yt € Qp_jr14¢+ With z;_1 # y1,

hyp—ivi4t(Zrzr—1 - 2iy1y2 - Yt) = fici4e(T1 - Ticay1y2 -~ Yr), (4.4.2)
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and for y1 - - -y € Qy with y, # z,. we have

he(yr- - ye) = free(@1T2 - 2oy1y2 - - Ye) - (4.4.3)

Proof. Suppose that Dom(8) # () and take £ € Dom(¢;), with corresponding E-function
f. Since 1 € ¢ we get that g € £ and by convexity we get that zr_lxrz,f_llxr_l e zi_lxi eé
for all i = 1,...,r. We thus obtain that h;(z,z,—1 - 2p—j41) = Tp_jy1 foralli=1,... r,
where h = 9f. In particular it follows that =, 41 € Z.,_,,,) for i = 1,...,r, which
is equivalent to z; € Z.,) for i = 1,...,7. Moreover since gxflfl(xl) € & we get
2 tx, oz fi(xy) € € Since 21, f(x) € Ze(z,) We get that z; = fi(z1). Similarly we
get that fi(x —1---x;) =z foralli=1,...,r.

Conversely, assume that z; € Z,(,,) for alli =1,... 7. Then there are infinitely many
E-functions f = (f1, fa,...) such that fi(x1z9---2;) = 2z; for all i = 1,...,r. Let § be
one of these functions. Then it is easy to verify that 9f is the E-function h = (hq, ho,...)
determined by h;(z,2p—1" Zr—it1) = Tr_iy1 for i = 1,...,r and by the rules (4.4.1),
(4.4.2) and (4.4.3). O

Recall the following definition from [ELQ].

4.5. Definition. Let 6 be a partial action of a group G on a compact Hausdorff space
X. The partial action 6 is topologically free if for every t € G \ {1}, the set F} := {z €
U;-1 | 0:(x) = =} has empty interior.

4.6. Proposition. For m,n > 2, the action of F,,, on Q" is topologically free.

Proof. Let g € Fptp, \ {1}. Assume first that

—1 —1 —1
g - ZT QJTZT_l.I'T_l R Zl .'1)1

is a reduced word with x1,...,2,,21,...,2- € E. Obviously we may suppose that the
domain of g is non-empty, so that z; € Z.(,,) for i = 1,...,r by Lemma (4.4).

Note that the domain of g is contained in Y*. By Theorem (4.1) we only have to
show that for any partial E-function f there is an extension f' of § such that 9§ # §.
Obviously we can assume that f = ((1, f1), (2, f2),..., (s, fs)), with s > r and that
UfﬂDom(Hg) # (). Set t = s—r and choose ¥, ...,y in E such that z,.2,_1---21y1 -+ -y €
Qs. Select y;11 € E such that yi11 # fs(2r - 21y1---y¢). Since m,n > 2, there exits
U € Ze(y,,,) such that u # fii1(y1 - ysyey1). Define foi1: Qg1 — E in such a way that
fst1(z1-+  2ry1 - - YsYs41) = u, and arbitrarily on the other elements of Q4,1 subject to
the condition that fs+1<w1 T ws—l—l) € Zc(ws+1)- Then ((le fl)a s (QS7 fs)> (Qs-i-h fs—l—l))
is a partial E-function extending §f. Extend this partial E-function to an E-function §'. If
9§ = § then equation (4.4.1) gives

Jor1(zr 2101 YeYir1) = frrr (Y1 Yeyes1),

which contradicts our choice of foi11(zr -+ 21y1 -« Yt Yrr1)-
We conclude that Us has points which are not fixed points for g.
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Now assume that

-1 —1 -1
g - Jirzr_l.ilf,«_l st Zl :L’]_Zo

is a reduced word in ¥, 4,,, with x1,...,2,,20,...,2,—1 € E. Write

g i=xpez w2y e
Assume that g-& = ¢ for all € € V, where V is an open subset of X. Then (z;'g') - & = ¢’
for all ¢ € z;'V. By the first part of the proof we get z;'g’ = 1 and thus g = ¢'2;* =1,
as desired. 0

As an easy consequence we obtain:

r
m,n

4.7. Corollary. If p is a representation of O whose restriction to C(Q") is injective,

then p itself is injective.
Proof. Follows immediately from (4.6) and [ELQ: 2.6]. O
Recall the following definition.

4.8. Definition. A C*-algebra satisfies property (SP) (for small projections) in case every
nonzero hereditary C*-subalgebra contains a nonzero projection. Equivalently, for every
nonzero positive element a in A there is x € A such that z*ax is a nonzero projection.

4.9. Theorem. For 3 < m + n, the C*-algebra Oy, , satisfies property (SP). More
precisely, given a nonzero positive element ¢ in Oy, . there is an element x € Oy, |, such
that x*cx is a nonzero projection in C(2*). In particular every nonzero ideal of Oy, ,
contains a nonzero projection of C'(Q").
Proof. This is well-known for the Cuntz algebras O,, so we may assume that m,n > 2.
Let ¢ be a nonzero positive element in Oy, ,,. Since the canonical conditional expec-
tation E, is faithful, we may assume that ||E,(c)|| = 1. By Proposition (4.6) the partial
action of IF,, 1, on Q" is topologically free. Hence, it follows from [ELQ: Proposition 2.4]
that, given 1/4 > € > 0, there is an element h € C(2*) with 0 < h <1 such that

(1) [[RE-()h] = |E(c)]| — €,
(2) ||hE,(c)h — heh| < e.

By [KR: Lemma 2.2] there is a contraction d in Oy, ,, such that d*(hch)d = (hE,(c)h—¢),
and so it follows that (hd)*c(hd) is a nonzero positive element in C(Q*). Since C'(2%) is an
AF-algebra it has property (SP) so there is an element y in C'(Q2") such that y*(hd)*c(hd)y
is a nonzero projection in C(Q"). Taking x = hdy, we get the result. O

5. Exactness of the reduced cross-sectional C*-algebra of a Fell bundle.

Recall from [EL: Section 2| that the full (resp. reduced) crossed product may be defined
as the full (resp. reduced) cross sectional C*-algebra of the semidirect product Fell bundle
[E5:2.8]. For this reason we shall now pause to prove some key results on Fell bundles in
support our study of O,, .

We begin by discussing the notion of (minimal) tensor product of a C*-algebra by
a Fell bundle. We refer the reader to [FD] for an extensive study of the theory of Fell
bundles. We thank N. Brown for an interesting conversation from which some of the ideas
pertaining to this tensor product arose.
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5.1. Proposition. Let A be a C*-algebra and let 8 = {By}scc be a Fell bundle over a
discrete group G. Then

(i) There exists a unique collection of seminorms {|| - ||;}4ec on the algebraic tensor
products A ® By, such that || - ||1 is the spacial (minimal) C*-norm on A ® By, and
the completions

become the fibers of a Fell bundle {A ® By}g4eq, in which the multiplication and
involution operations extend the following:

(a1 ®bl,a2®b2) € (A@Bgl) X (A@Bg2) > ai1as ® biby € A®Bglg2

(a®b) € A®B, — a*®b* € A®B,.

(ii) Denoting the resulting Fell bundle by A ® %, there exists a (necessarily unique)
*-isomorphism

0 ARCHAB) = CHARA),

such that p(a ® by) = a ® by, whenever a € A, and b € By, for any g (the last two
tensor product signs should be given the appropriate and obvious meaning in each
case).

Proof. In order to prove uniqueness, suppose that a collection of norms is given as above.
Then, for every g € G, and any c € A ® By, one has that

lellg = lle*ells-

Since c*c € A ® Bp, and since the norm on A ® B; is assumed to be the spacial norm,
uniqueness immediately follows. As for existence, let

m:A— B(H)

be a faithful representation of A on a Hilbert space H, and let

p: | By, = B(K)
geG

be a representation (in the sense of [E2: 2.2]) of & on a Hilbert space K, which is isometric
on each B,. Such a representation may be easily obtained by composing the natural inclu-
sion maps B, — C}(% ), which are isometric by [E2: 2.5], with any faithful representation
of C}(A).

Consider the representations

T=r®1l : A — BH®K)

pr=10p : UjeBy — BHOK),
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and let
Cy, = span(n'(A)p'(By)).

It is then easy to see that CyCj C Cyp, and Cf C Cy-1, for every g,h € G. So we may
think of ¢ = {Cy}4cc as a Fell bundle over G, with operations borrowed from B(H ® K).
For each ¢ in G consider the seminorm || - ||, on A ® By obtained as the result of

composing the maps

Ao B, "8 ¢, 'L R,

Evidently the completion of A ® B, under this seminorm is isometrically isomorphic to
Cy. By [BO:3.3.1] we have that || -||; is the spatial norm and the remaining conditions in
(i) may now easily be verified.

In order to prove (ii) we consider two other representations of our objects, namely

=rl=m11 : A — B(H®K ®5(G))
pPlr=por=10p3A\ : UjpeBs — B(HK®K(G),
where A is the regular representation of GG, and for any given b, in B,, we put
p"(bg) = 1@ p(bg) @ Ay

Observing that p” is also isometric on each By, we see that the closed *-subalgebra of
B(H ® K ® {5(G)) generated by the range of p” is isomorphic to C(Z) by [E2:3.7] (the
faithful conditional expectation is just the restriction to the diagonal). Alternatively one
may also deduce this from [E4: 3.4].

By [BO:3.3.1] one then has that A ® C}(%) is isomorphic to the subalgebra of op-
erators generated by 7" (A)p” (A ). For further reference let us observe that the present
model of A® C(2%) within B(H ® K ® (5(G)) is therefore generated by the set

{a®@(by®@Ag) :a€ A, geq, by € By}
Observe that, for each g € GG, the map
0yt tECy—2® )\ € B(H® K ®(G))

is an isometry and, collectively, they provide a representation of ¢ in B (H R K® EQ(G)).

By the same reasoning employed above, based on [E2:3.7] or [E4: 3.4], we have that
C; (%) is isomorphic to the closed *-subalgebra of B(H ® K ® l3(G)) generated by the
union of the ranges of all the ;. Therefore our model of C;} (%) within B(H ® K ® {2(G))
is generated by the set

{(a®@by)®Ag:a€ A, ge G, by € By}

The models being identical, we conclude that the algebras A ® C}(#) and C}(A ® £#)
are naturally isomorphic. 0
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5.2. Proposition. Let # = {B,},cc be a Fell bundle over an exact discrete group G.
If By is an exact C*-algebra, then so is C}(#).

Proof. Let
0—-J5A5Q—0

be an exact sequence of C*-algebras. We need to prove that
05 JRCH(B) DB ACHB) ™ Qe C*(#) — 0

is also exact. Employing the isomorphisms obtained in (5.1) we may instead prove the
exactness of the sequence

0= CHJRB) D CH A B) ™ CHQ®B) — 0. (5.2.1)

In naming the arrows in the above sequence we have committed a slight abuse of language
since we should actually have employed the isomorphisms obtained in (5.1). Nevertheless,
if the map we labeled 7®1 in the last sequence above is applied to an element in C*(A® A )
of the form a®bgy, with by, € By, the result will be 7(a)®bg, so we feel our choice of notation
is justified.

As it is well known, the only possibly controversial point relating to the exactness of
(5.2.1) is whether or not the kernel of 7 ® 1, which we will refer to as K, is contained in
the image of ¢+ ® 1. We will arrive at this conclusion by applying [E4:5.3] to K. For this
we need to recall from [E2: 3.5] that, for each g in G, there is a contractive linear map

F,:C:(#)— By

satisfying Fy (>, bn) = by, whenever (by); is a finitely supported section of Z. Here we
shall make use of these maps both for the Fell bundle A ® % and for Q ® £, and we will
denote them by FgA and FgQ, respectively.

According to [E4:5.2], to check that the ideal K in C}(A ® £) is invariant we must
verify that F ;‘(K ) C K, for each g in G. For this we consider the diagram

CrAwB) "5 Cr Qe B)

A
Al |72
T®1
A® By — Q ® B,

In order to check that this is commutative, let z € C(A ® &) have the form x = a ® by,
where a € A and b, € By, for some h € G. Employing Kronecker symbols we then have
that

(7 @ DE (&) = 0,0 (m © 1)(2) = Sgm(a) & b,

while
F;?(W ®1)(x) = FgQ(w(a) ® by) = dgpm(a) ® by,
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Since the set of elements = considered above clearly generates C¥(A® A ), we see that the
diagram is indeed commutative. If we now take an arbitrary element x € K, we will have
that
— Q _ A
O_Fg (7T®1)(.’L‘) - (7T®1)Fg (I),

which implies that F'(z) € K, meaning that K is invariant under Fj*.

Given that G is assumed to be exact, we may apply [E4:5.3] to conclude that K
is induced, meaning that it is generated, as an ideal, by its intersection with the unit
fiber algebra, namely K N (A ® By). The latter evidently coincides with the kernel of the
restriction of 7® 1 to A® By. However, since the image of A® By under 7 ® 1 is contained
in Q ® By, we may view K N (A ® B;) as the kernel of the third map in the sequence

05708 B A0 B ™ Qw B, — 0.

At this point we invoke our second main hypothesis, namely that B; is exact, to deduce
that the sequence above is exact, and hence that K N (A ® By) = J ® By. Using angle
brackets to denote generated ideals we then have that

K=(KN(A®B1))=(J®B) CCHI®A),
which proves that (5.2.1) is exact in the middle. O

5.3. Corollary. Given a partial action « of an exact discrete group G on an exact C*-
algebra A, the reduced crossed product A %}, G is exact.

Proof. 1t is enough to notice that A ! G is the reduced cross-sectional C*-algebra of the
semidirect product bundle, which is a Fell bundle over GG, and has A as the unit fiber
algebra. 0

Recalling from (2.6) that Oy, ,, is the reduced crossed product of an abelian, hence
exact, C*-algebra by the exact free group IF,,1,, we obtain:

T

m,n 15 an exact

5.4. Corollary. For every positive integers n and m, one has that O
C*-algebra.

6. On full cross-sectional C*-algebras of Fell bundles.

We shall now prove some preparatory results in order to study O,,, (rather than the
reduced version Oy, ). Our goal is to show that it is not an exact C*-algebra, for m,n > 2,
from which it will follow that it indeed differs from its reduced counterpart.

Since Oy, is the full crossed product C(Q*) Xgu Fy, 4y, we will now concentrate on
full cross-sectional algebras of Fell bundles. However we will start with a result about
reduced cross-sectional algebras which will prove to be quite useful in the study of their
full versions.

6.1. Proposition. Let # = {B,}4cc be a Fell bundle over a discrete group G and let H
be a subgroup of G. Denote by € = {C}}nen the Fell bundle obtained by restricting %
to H, meaning that C, = By, for each h € H, with norm, multiplication and involution
borrowed from % . Then:
(i) There exists a conditional expectation E on C) (%) whose range is isomorphic to
CHE).
(ii) If C}(A) is nuclear (resp. exact), then so is C}(F).
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Proof. Viewing each By as a subset of C}(#), as allowed by [E2:2.5], let A be the closed
linear span of (J;,c; Cn. The standard conditional expectation E : C;'(# ) — B; given by
[E2: 2.9] may be restricted to give a conditional expectation from A to C, = By, satisfying
the hypothesis of [E2: 3.3]. Consequently there exists a surjective *-~homomorphism

A A= CHE).

By [E2:3.6] the kernel of X is the set formed by the elements a € A such that F(a*a) = 0.

However, applying [E2:2.12] to C(Z# ), one sees that only the zero element satisfies such

an equation, which means that A is injective and hence that A is isomorphic to C}(%).
We now claim that the map

Eg : Y by € @B, = > by € A

geG geG geH

is continuous relative to the norm on its domain induced by C}(Z#). In order to see this
recall that, strictly according to definition [E2:2.3], C¥(Z£) is the closed *-subalgebra of
£ (02(#)) (adjointable operators on the right Hilbert Bi—module ¢>(%)) generated by
the range of the left regular representation of % .

Let ¢ be the natural inclusion of ¢5(%) into ¢2(% ) and observe that its adjoint is the
projection of the latter onto the former. Now consider the linear map

VT eZLly(B))— ' Tve L (l(0)).

Viewing each B, within .Z({2(%)), and each Cj, within .2 (¢2(%)), by [E2: 2.2 & 2.5], one
may easily show that for every g € G, and every b, € B, one has that

by, ifge H,
V<bg) :{

0, otherwise.
Therefore, given any 3 by € B cq By, We have that

IS ul= (sl < |5

Y

where the norm in the left hand side is computed in £ (¢2(¢)). However, due to the fact
that A and C(%) are isomorphic, the inequality above also holds if the norm in the left
hand side is computed in A. This says that Fy is continuous, hence proving our claim.

One may then easily prove that the unique continuous extension of Fy to A is a
conditional expectation, taking care of point (i).

Point (ii) now follows immediately from (i), since a closed *-subalgebra of an exact
C*-algebra is exact [BO: Exercise 2.3.2], and the range of a conditional expectation on a
nuclear C*-algebra is nuclear [BO: Exercise 2.3.1]. O
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Recall that A denotes the left regular representation of a group G in C}(G). Also,
given a Fell bundle &£, we will let A be the regular representation of Z in C}(#) [E2:
2.2).

Recall from [FD:VIIL.16.12] that every representation m of % in a C*-algebra A
extends to a *~homomorphism (also denoted 7 by abuse of language) from C*(%) to A.

We thank Eberhard Kirchberg for sharing with us a very interesting idea which, when
applied to Fell bundles, yields the following curious result, mixing reduced cross-sectional
C*-algebras and mazimal tensor products to produce full cross-sectional C*-algebras. See
also [BO:10.2.8].

6.2. Theorem. Let A ® X\ be the representation of % in C}(#) ® C)(G) given by

max max

(A®A)bg = Albg) ® Ag, VgeG, Vb€ By.

Then the associated *-homomorphism

A@N:C*(B) — CHB)  C*(G)

max max
is injective.

Proof. Choose a faithful representation 7 : C*(#) — B(H), where H is a Hilbert space,
and consider the representation 7 ® A of Z on H ® l2(G) given by

(M@ AN)bg =7m(by) ® Ag, VgeG, Vbye By.
This gives rise to the representation 7® A of C*(£ ) which factors through a representation
T : Cy(#) — B(H @ £(G)),

by [E4:3.4]. Let p be the right regular representation of G on ¢5(G), which in turn yields
the representation p of C}(G) on H ® ¢2(G) defined by

p=1®p:CiHG) = B(H ®(G)).

It is easy to see that the range of 7m) commutes with the range of p, so there exists a

representation
AR Pt C:(%)rr@XC:(G) — B(H ®€2(G)),

such that
(my@p)(z@y) =m(x)p(y), Yzelr(AB), VyecCi(G).

Given any g in G, and any b, € B, observe that

(A ®P)(A ® )‘)bg = (mA ®p) (A(bg) ® )‘g) =T (A<bg)) ﬁ()‘g) =

max

= (7(by) @A) (1 ® pg) = T(by) ® Agpy-
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Denoting by {d,}4ec the standard orthonormal basis of ¢5(G), pick any { € H, and observe
that the above operator, when applied to £ ® §; produces

(TA ®p)(A ® A)bg|£®51 = (7(bg) ® Agpg) (£ ® 1) = m(bg)€ @ d1.

max

By linearity, density and continuity we conclude that

(MA@ p)(A A

BNz| s =T(@)E@ S, Vo e CH(B).

Therefore, assuming that (A ® A\)x = 0, for some x € C*(Z# ), we deduce that w(z){ =0

for all £ € H, and hence that w(z) = 0. Since m was supposed to be injective on C*(4),
we deduce that x = 0. O

The following is also based on an idea verbally communicated to us by Kirchberg.

6.3. Corollary. Let A be a Fell bundle over a discrete group G and let H be a subgroup
of G. Consider the Fell bundle € = {C}y}neny obtained by restricting 8 to H, meaning
that Cy, = By, for each h € H, with norm, multiplication and involution borrowed from
% . Then the natural map v : C*(¢) — C*(#) is injective.

Proof. Recall from (6.1.1) that there exists a conditional expectation from C}(Z#) onto
C} (%), as well as a conditional expectation from C}(G) to C}(H). Therefore by [BO:
3.6.6] one has that the natural maps below are injective:

Cr (€)@ C(H) — Cl(#)2C(H) — Cl(#) 2 CHG).

max max max
Consider the diagram

CiE)QCHH) — CH(#)RCHG)

max max

) )
C*(%) N C*(B)

where the vertical arrows are the versions of A ® \ for € and £, respectively. By checking

max

on elements ¢, € C}, it is elementary to prove that the above diagram commutes. Since
all arrows, with the possible exception of ¢, are known to be injective, we deduce that ¢ is
injective as well. U

The following is an interesting conclusion to be drawn from (6.2).

6.4. Theorem. Let & be a Fell bundle over the discrete group G. If the reduced cross-
sectional C*-algebra C}(A) is nuclear, then the regular representation

A:C*(B) = CHB)

is an isomorphism.
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Proof. Consider the commutative diagram

A A

max

CHB) 5 CHB)®CHG)

max

8| Ja

cr(#) " oB) e CH(G)

where ¢ is the natural map from the maximal to the minimal tensor product. Assuming
that C () is nuclear we have that ¢ is injective [BO: 3.6.12], and hence A is injective. [

6.5. Remark. According to [E2:4.1], the above result says that # is an amenable Fell
bundle. However, as observed in the very last paragraph of [E3], we do not know whether
this implies the approzimation property for # [E2: 4.4]. Nevertheless, in view of [BO: 4.4.3],
it is perhaps reasonable to believe that the approximation property could be deduced from
the nuclearity of C; ().

7. Isotropy groups for partial actions.

Given a partial action

0= {99 : Xg—l — Xg}gEG

of a discrete group GG on a locally compact Hausdorff topological space X, recall that the
1sotropy subgroup for a given point x € X is the subgroup of G defined by

G*={geCG:xe€X,, Oy(x) =z}

7.1. Proposition. Let X be a Hausdorff locally compact topological space, let G be a
discrete group, and let 6 be a partial action of G on X. Then:

(1) If the full crossed product Cy(X) xg G is exact, then for every x in X for which G*
is residually finite-dimensional [BO: p. 96], one has that G* is amenable.

(ii) If the reduced crossed product Cy(X) %} G is nuclear, then the isotropy group of every
point in X is amenable.

iii) If the reduced crossed pI’OdLlCt C() X)), G is exact, then the jSOtI’OpV group of every
0
pOth in X is exact.

Proof. Given x in X, consider the restriction of 6 to G, thus obtaining a partial action of

G”" on X. Observing that the full crossed product is defined to be the full cross-sectional

C*-algebra of the associated semidirect product Fell bundle, we deduce from (6.3) that

Co(X) xg9 G* is isomorphic to a closed *-subalgebra of Cy(X) g G. By the assumption in

(i) that the latter is exact, we deduce that Cy(X) xg G* is also exact [BO: Exercise 2.3.2].
Consider the *-homomorphism

m: f e Co(X) = flz) 1€ CHGY),
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as well as the universal representation of G*
u: G* — C*(GY).
Viewing C*(G™) as an algebra of operators on some Hilbert space, it is easy to check that
(m,u) is a covariant representation of the partial dynamical system (C’o (X),G", 9‘(}:5)7 in
the sense of [ELQ: 1.2]. Therefore, by [ELQ: 1.3] there exists a *~homomorphism
mxu:Cy(X)xg G" = C*(G")
such that
(m x w)(fon) = f(x)un,

for all h in G*, and all f in Cy(X}). One moment of reflexion is enough to convince
ourselves that m X u is surjective and hence that C*(G”) is exact by [BO:9.4.3].

Under the assumption that G* is residually finite-dimensional we then deduce from

[BO:3.7.11] that G* is amenable, completing the proof of (i).
We next consider the diagram

Co(X) %9 G % (")

Al | A

Co(X) x}; G* () (7.1.1)
Ei lT
Co(X) X @

where A is the left reqular representation (see the paragraph following [E2:2.3]), A" is
the version of A for the trivial one-dimensional Fell bundle over G*, E is the standard
conditional expectation [E2:2.9], 7 is the unique normalized trace on C;(G*) such that
T(An) = 0, for all A # 1, and finally x is the character on C(X) given by point evaluation
at x. Incidentally 7 coincides with the standard conditional expectation in the context of
the trivial bundle over G*.

By checking on elements of the form fdy, it is elementary to verify that the diagram
commutes. We claim that m x u maps the kernel of A into the kernel of A*. In order to see
this, suppose that z lies in the kernel of A. Then by [E2: 3.6] we have that F(z*z) = 0, so

0= (B(AG*2) = 7(A* ((r x w)(aa) = 7(u"n)

where y = A”((m X u)z). Since 7 is a faithful trace on C}(G*) [E2: 2.12], we conclude that
y = 0, which proves that (7 x u)z belongs to the kernel of A*, hence the claim.

As a consequence we see that there exists a *-homomorphism 1 filling the dots in
(7.1.1) in a way as to preserve the commutativity of the diagram. Since A is surjective,
v must also be surjective.

Assuming that Cy(X) xj G is nuclear (resp. exact), we now deduce that C}(G¥)
shares this property. To conclude the proof it is now enough to recall that if CX(G*) is
nuclear then G is amenable [BO: 2.6.8], and that if C*(G?) is an exact C*-algebra then
G” is an exact group [BO:5.1.1]. O
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7.2. Theorem. If m,n > 2, then O,,, is not exact and hence it is not isomorphic to
O, -

Proof. Recall from (3.9) that there exists y in Y* such that

(1) 'Y (y) = y = (v5) " hy(y).
This implies that bl_lal and by Las belong to FY . ., the isotropy group of y.
It is easy to see that the subgroup of IF,,, generated by these two elements is iso-
morphic to Iy, so we conclude that F? . is not amenable.
It is well known that free groups are residually finite-dimensional [C: Corollary 22]
and consequently the same applies to its subgroup F . Using (7.1.i) one deduces that
the full crossed product C(2%) Xgu F,y, 4, cannot be exact, and hence the conclusion then

follows from (2.5). O

8. Absence of finite dimensional representations.

The goal of this section is to prove that Oy, |, does not admit any nonzero finite dimensional
representation. In case n # m the same is true even for the unreduced algebras and, since
the proof of this fact is much simpler, we present it first.

8.1. Proposition. If n # m then O, , (and hence also Oy, ,,) does not admit any non-
trivial finite dimensional representation.

Proof. Let p : O, — Mg(C) be a non-degenerate d-dimensional representation, with
d > 0. Then, denoting by v and w the images of v and w (see the third and fourth relation
in (R)), we have

tr(p(v) = 3_tr(plsisy)) = D _tr(p(sis:) = ntr(p(w),

=1

and similarly tr(p(v)) = mtr(p(w)), so

ntr(p(w)) = mtr(p(w)).

Since n # m, this implies that tr(p(w)) = 0, and hence also that tr(p(v)) = 0. Therefore
d = tr(1) = tr(p(1)) = tr(p(v +w)) =0,

a contradiction. O

From now on we will develop a series of auxiliary results in order to show the nonex-
istence of nonzero finite dimensional representations of Oy, ,, when m = n (although our
proof will not explicitly use that m = n, and hence it will serve as a proof for the general
case). In what follows we will therefore assume that

p: O, — My(T)
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is non-degenerate d-dimensional representation and our task will be to arrive at a contra-
diction from it.

Restricting p to C(Q*) we get a finite dimensional representation of a commutative
algebra which, as it is well known, is equivalent to a direct sum of characters. In other
words, upon conjugating p by some unitary matrix, we may assume that there is a d-tuple
(&1,&2,...,&q) of elements of Q" such that

f(&)

f(&a)
for every f in C(Q").
8.2. Proposition. The set Z = {&1,&a,...,&q} is invariant under 6*.

Proof. We want to prove that for every g in F,,+,, and every £ € Z N Q;‘,l, one has that

05(¢) is in Z. Arguing by contradiction we assume that this is not so, that is, that we
can find { € ZN Q) such that 67(§) ¢ Z. Observing that 6;(£) € Q, we may pick an
f € Co(Qy) such that f(0y(&)) is nonzero, but such that f vanishes identically on Z. In
particular this implies that p(f) = 0.

Using [ELQ: 1.4] we may write p = m X u, where (7, u) is a covariant representation of
the dynamical system (C(Q"),Fy,4n,0"). Noticing that 7 is the restriction of p to C'(2*),
we have

p(05-1(f)) = n(05-1(f)) = ug-17(flug = 0.
It follows that
0= 021 (£)], = £(62(©)) #0.

a contradiction. O
£

min, contains

8.3. Proposition. If m,n > 2, then for every £ in Z, the isotropy group IF
a subgroup isomorphic to IFs.

Proof. Assume first that £ € Y*, that is, the configuration of £ at the origin follows pattern
(c2). Then in particular bl_l € &, and hence the configuration of ¢ at b; must follow pattern
(c1). Therefore there exists a unique 4; < n, such that b; 'a;, € &. The configuration of ¢
at by 'a;, must then follow pattern (cp) so, in particular b 'a;, by' € €.

Continuing in this way we may construct an infinite sequence i1, 4o, ... such that

gk ‘= bflai1b;1aizb;1 Tt bflaik € g’ VEkeN.

So £ € 2y, and hence

Hgk—l(é) = gk_lé € Z7

because Z is invariant under 68“. Using the fact that Z is finite we conclude that there are
positive integers k < [, such that

g, "¢ =g '€,
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SO grYg; 1¢ = ¢, and hence the element

T = grg;

lies in the isotropy group of &.
Let [F5 be the free group on a set of two generators, say {c1,c2}, and consider the
unique group homomorphism
@ lFm—Fn — IFQ

such that
pla;)) =1, Vi=1,...,n,

obr) =c1, @) =ca, (b)) =1, Vj=3.
It is then evident that (gx) = ¢; ¥, and hence that

o) = plorg ) = 7,
where by assumption, [ — k£ > 0.

Repeating the above argument with by in place of by, we may find some y in the
isotropy group of £ such that ¢(y) is a positive power of bs.

The subgroup of Ian 1, generated by z and y is therefore a free group since its image
within [Fy via ¢ is certainly free.

This concludes the proof under the assumption that the configuration of £ at the origin
is (c2), so let us suppose that the pattern is (c;). Therefore there exists some 4 such that
a; € £ and hence, again by invariance of Z, we have that a; ¢ € Z. Since 1 € € we have
that ai_l € ai_lﬁ, so the pattern of ai_lf at the origin is necessarily (cz).

By the case already studied there is a copy of IFy inside the isotropy group of a; Le,
but since

the same holds for the isotropy group of &. U

Since Z is invariant under 8* we may restrict the latter to the former thus obtaining
a partial action, say 6, of IF,,,,, on Z.

Given ¢ € Z, we will denote by 1¢ the characteristic function of the singleton {¢},
viewed as an element of C(Z).

8.4. Proposition. For every £ € Z there exists an embedding of C}(IF3) in the reduced
crossed product C(Z) xp F,, 1y, such that the unit of the former is mapped to 1¢.

Proof. Let G be any subgroup of ]an 4n- For each g in G, consider the element
ug = 1¢dy, € C(Z) Xy Fpppn.

By direct computation one checks that ugun = ugn, and uy—1 = ug, for every g and h in
G, and moreover that u; = 1¢. In other words, u is a unitary representation of G in the
hereditary subalgebra of C(Z) xj IF,,4,, generated by 1¢. Let

0 C*(G) = C(Z) %5 Fopin
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be the integrated form of u. Denoting by 7 the canonical trace on C*(G), and by E the
standard conditional expectation

E:C(Z) x} Foin — C(2),
one may easily prove that
E(p(z)) =7(x)le, Yz e C*(Q).
Since E is faithful, for every x € C*(G) one has that
o) =0 < E(p(z"z)) =0 <= 7(z"z) =0.

This said we see that the kernel of ¢ coincides with the kernel of the integrated form of
the left regular representation, namely

A C*(G) = CH Q).
Consequently ¢ factors through C*(G), providing a *-homomorphism
¢: CH(G) = C(Z) % Frgn,

which is injective because of the above equality of null spaces. Clearly ¢(1) = 1¢, as stated.

To conclude the proof it is therefore enough to choose GG to be the subgroup of ]an 1n glven

by (8.3). O
The next significant step in order to obtain a contradiction from the existence of p is
to prove that it admits a factorization

or, . _r, My(CT)

°\ S (8.5)
C(Z) xy Fgn

such that ¢(f) = f|z, for all f € C(Q").

The poof of this factorization may perhaps be of independent interest, so we prove it
in a more general context in the next section. Although it may not look a very deep result
we have not been able to prove it in full generality, since we need to use the exactness of
free groups.

9. Invariant ideals.

Let G be a discrete group and let « be a partial action of G on A. For each g in GG, denote
by A, the range of ay.
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9.1. Definition. A closed two-sided ideal K < A is said to be a-invariant if
ag(KNA,~1) CK, Vged.
Given such an ideal, let B = A/K, and denote the quotient map by
q: A— B.

For each g in G, consider the closed two-sided ideal of B given by B, = q(A,). Given any
b€ B,-1, write b = g(a), for some a € A,-1, and define

By(a) :== q(ag(a)).

It is then easy to see that 8, becomes a *-isomorphism from B,-1 to By, also known as a
partial automorphism of B.

9.2. Proposition. The collection of partial automorphisms {8,}4cc forms a partial ac-
tion of G on B.

Proof. If I and J are closed two-sided ideals of A, it is well known that every element
z € I N J may be written as a product z = xy, with € I, and y € J. In other words
INnJ =1J. Therefore

q(INJ)=q(J)=q()q(J) =q(I)Nq(J).

We then conclude that
By(By-1 1 Br) = By (a(Ag-1) N a(An) = By (a(Ay-1 0 AR)) = q(ag(Ag1 N A1) =

= q(Ag N Agh) = q(Ag) N q(Agh) = Bg N th.

We leave the verification of the remaining axioms ([E1], [M4], [E5]) to the reader. O

9.3. Proposition. Under the above assumptions, there exists a unique surjective *-

homomorphism

p:Ax, G— BxjG,
such that p(ay04) = q(ay)dy, for all g € G, and all a, € A,.

Proof. Recalling that the reduced crossed product C*-algebra coincides with the reduced
cross-sectional C*-algebra of the corresponding semidirect product bundle [E5: 2.8], denote
by o/ and # the corresponding Fell bundles. Precisely o/ = {Agdg}g with multiplica-

tion

eG’
(agdg, bhéh) € Ag5g X Apdp — Qg (a;l(ag)bh)(sgh € Aghagh

and involution
agég € Agég > ag—l(a;)59—1 S Ag—1(5g—1,
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and likewise for B. It is then easy to see that the correspondence
agdy € Agdy — qag)dy € Bydy

defines a homomorphism in the category of Fell bundles and hence induces a *-homo-
morphism of full cross-sectional C*-algebras

v C*(A) — C*(RB).
Denoting by
E:C* (/) —-A, and F:C*(#%)— B

the corresponding conditional expectations [E2:2.9], one easily verifies that Fip = ¢FE.
From this it follows that, for every element x in the kernel of the regular representation
[E2:2.2],

Ay : C* () = CH(A),

one has that
F(¢(z*z)) = q(E(z*z)) =0,

by [E2:3.6]. Therefore, by [E2:2.12], we see that ¢(z*x) lies in the kernel of the regular
representation A4 relative to B. We conclude that 1 factors through the quotient providing
a map ¢ such that the diagram below is commutative.

o) L (@)

A |As
* (p *
CH) — CxHAB).
Identifying reduced crossed products with their corresponding reduced cross-sectional al-

gebras, the proof is complete. 0]

9.4. Proposition. Let a be a partial action of a discrete exact group G on a C*-algebra
A, and let p be a *representation of A x7, G on a Hilbert space H. Letting K be the
null-space of p|a, then K is a-invariant, so we may speak of the quotient partial action 3
of (9.2), and of the map ¢ of (9.3). Under these conditions there exists a *-representation
p of A/K %} G, such that the diagram

Axt ¢ —L @@
N s
A/K x5 G

commutes.
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Proof. Let J be the null space of p, so that K = AN J. Given any g € G, and any
a € KNAg 1, observe that, identifying A with its image in A x7, G, as usual, one has that

(b3,)a(bd,)* = bagy(a)b*, Vb e A,.

Applying p on both sides of the above equality, we conclude that bay(a)b* € K. If we
now let b run along an approximate identity for A,, we conclude that a,(a) lies in K, thus
proving that K is a-invariant.
We next claim that
Ker(p) C Ker(p). (9.4.1)

With that goal in mind, let
E:AxyG— A, and F:A/Kx;G— A/K,

be the associated conditional expectations (unlike (9.3), here these are seen as maps on
the reduced cross-sectional algebras). Given x in the kernel of ¢, we have that

0= F(p(z*z)) = q(E(z*2)),

so we see that E(z*z) lies in K C J. Using [E4:5.1] we deduce that x is in the ideal of
A X7 G generated by K, and hence that x is in J. This proves (9.4.1) and, since ¢ is
surjective, we have that p factors through ¢, which means precisely that a map p exists
with the stated properties. 0

Returning to the situation we left at the end of the previous section, recall that p is
a non-degenerate d-dimensional representation of Oy, ,,. Notice that

K :=XKer(plcu) = {f € C(Q"): f(&) =0, Vi=1,...d}.

The quotient of C'(2") by K may then be naturally identified with C(Z), and the quotient
partial action given by (9.2) becomes the action induced by the restriction of " to Z. Thus,
when applied to our situation, the diagram in the statement of (9.4) becomes precisely (8.5).

The restriction of p to the copy of C(IF2) provided by (8.4) will then be a (possibly
degenerate) d-dimensional representation of the simple infinite-dimensional C*-algebra
C}(IF2). Such a representation must therefore be identically zero and hence, in particular,

p(le) =0,

because, as seen above, 1¢ lies in the copy of C}(IF3) alluded to. Observing that the unit
of C(Z) xp Fpypyy, is given by
1=2 e

£ez

we deduce that p(1) = 0 and hence that p = 0. A glance at (8.5) then gives p = 0.
This proves the following main result:

9.5. Theorem. O], . admits no nonzero finite dimensional representations.
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