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NEW PRE-DUAL SPACE OF MORREY SPACE

A. GOGATISHVILI AND R.CH. MUSTAFAYEV

ABSTRACT. In this paper we give new characterization of the classical Morrey
space. Complementary global Morrey-type spaces are introduced. It is proved
that for particular values of parameters these spaces give new pre-dual space
of the classical Morrey space. We also show that our new pre-dual space of the
Morrey space coincides with known pre-dual spaces.

1. INTRODUCTION

The well-known Morrey spaces M, » introduced by C.B. Morrey in 1938 [11]
in relation to the study of partial differential equations, were widely investigated
during last decades, including the study of classical operators of Harmonic Analy-
sis - maximal, singular and potential operators - in generalizations of these spaces
(the so-called Morrey-type spaces). In the theory of partial differential equations,
along with the weighted Lebesgue spaces, Morrey-type spaces also play an im-
portant role. These spaces appeared to be quite useful in the study of the local
behavior of the solutions to partial differential equations, apriori estimates and
other topics in the theory of PDE.

In [5] local Morrey-type spaces LMy, and global Morrey-type spaces GMyp
were defined and some properties of these spaces were studied. Authors investi-
gated the boundedness of the Hardy-Littlewood maximal operator in these spaces.
After this paper was intensive study of boundedness of other classical operators
such as fractional maximal operator, Riesz potential and Calderén-Zygmund sin-
gular integral operator (see, for instance [7], for references).

Later in [6] "so-called” complementary local Morrey-type spaces CLMpgyw were
introduced and the boundedness of fractional maximal operator from comple-

mentary local Morrey-type space ELMPQM into local Morrey-type space LMy,
was investigated. As in the definition of the space l:L]ngw was used complement
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of ball instead of ball, it was named complementary local Morrey-type space and
no relation between LM,y and BLMpg,w was studied.

In [8] it is proved that the space ‘LM w05 1s dual space of the space LM,
where 1 < p, § < oo, p’ and 6’ are conjugate exponents of p and 6, respectively,
and O(t) = w7 1(¢t) (7 w(’(s)ds)_1 (see Theorem 3.6 below).

Our goal in this paper is to introduce global complementary Morrey-type space
and show that this new space is pre-dual of classical Morrey space.

The paper is organized as follows. We start with notations and give some
preliminaries in Section 2. In Section 3 we recall some results on associate spaces
of local Morrey-type spaces and complementary local Morrey-type spaces. New
characterization of the Morrey space was given in Section 4. In Section 5 we
investigate some properties of intersection and union of complementary local
Morrey-type spaces. New characterization of pre-dual space of Morrey space was
given in Section 6. Finally, in Section 7 we recall known pre-dual spaces of the
Morrey space and compare new one with known spaces.

2. NOTATIONS AND PRELIMINARIES

Now we make some conventions. Throughout the paper, we always denote by
c and C' a positive constant which is independent of main parameters, but it may
vary from line to line. By A < B we mean that A < ¢B with some positive
constant ¢ independent of appropriate quantities. If A < B and B < A, we write
A =~ B and say that A and B are equivalent. Constant, with subscript such as
c1, does not change in different occurrences. For a measurable set E, xg denotes
the characteristic function of F.

Given a function w defined on (0,00), we say that w satisfies the doubling
condition if there exists a constant D > 0 such that for any ¢ > 0, we have
w(2t) < Dw(t). When w satisfies this condition, we denote w € A,, for short.

Unless a special remarks is made, the differential element dz is omitted when
the integrals under consideration are the Lebesgue integrals.

Let Y be a Banach space and X its subspace. The closure of X in Y we will
denote by [X]y.

Let X and Y be two Banach spaces. The symbol X < Y means that X C Y
and the natural embedding of X in Y is continuous. We say that X coincides with
Y (and write X =Y) if X and Y are equivalent in the algebraic and topological
sense (their norms are equivalent).

Definition 2.1. Banach spaces X,, a € A, form a Banach family if there exists
a Banach space W such that

Xo =W, a€A

If (X4)aea is a Banach family, the concepts of its sum 3(X,)aca and intersec-
tion A(X4)aca will be introduced as follows.



NEW PRE-DUAL SPACE OF MORREY SPACE 3

Definition 2.2 ([4], Definition 2.1.35). The sum of a family (X,)aeca is the term

applied to a Banach space X such that
(a) Xo — X, a € A4

(b) If for certain Banach space Y we have

Xo =Y, «a€A,

then X — Y.

Changing the direction of embeddings, we obtain from here the definition of

the intersection of the family (X4 )aea.

Note that the sum and intersection of a Banach family exist ([4], Proposition

For a fixed p with p € [1,00), p’ denotes the conjugate exponent of p, namely,

2.1.36).
ﬁ if
, +oo if
Lo I
p—1
1 if

and 1/(+00) =0,0/0=0, 0 (+o00) = 0.

O<p<1,
p=1,

1 <p < +o0,
p = +00,

If ' is a nonempty measurable subset on R™ and f is a measurable function

on F, then we put

9l < = ( / \f(y)\pdy> " 0<p<too
E
1w : = supfa: [{y € B : |f()] = a}| > 0}.

If I is a nonempty measurable subset on (0, +00) and g is a measurable function
on I, then we define ||g||z,ry and ||g]/z. (1), correspondingly.
For x € R™ and r > 0, let B(x,r) be the open ball centered at x of radius r

and EB(a:,r) = R"\ B(z,).

Morrey spaces M, \ were introduced by C. Morrey in 1938 [11] and defined as
follows: for0 <A <n,1<p<oo, feM,,if fe L;OC(R”) and

A-n
HfHMp,A = HfH./\/lp,A(R") = g:eIEEB">OT P Hf”Lp(B(m,r)) < 00,

where B(z,r) is the open ball centered at = of radius r.

Note that M, = Loo(R™) and M,, = L,(R").

If A\ <0or A > n, then

M, = O, where O is the set of all functions equivalent to 0 on R".
In [1] D.R.Adams introduced a variant of Morrey-type spaces as follows: For
0<A<n, 1<p,0<o0, feMp,if fe L;"C(R”) and

_A
1l Mpon = 1 | Mponmr) = Sélﬂg 7% | fll 2, (B | Lo 0,00) < 00

(If § = oo, then Mpg = M, ».)

Let us recall definitions of local Morrey-type spaces and complementary local

Morrey-type spaces.
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Definition 2.3. ([5]) Let 0 < p,0 < oo and let w be a non-negative measurable
function on (0,00). We denote by LM, the local Morrey-type space, the space
of all functions f € L*°(R") with finite quasinorm

||f||LMp9’w = | flla 0w (RD) = Hw Pz, o HLQ (0,00) °

Definition 2.4. ([6]) Let 0 < p,0 < oo and let w be a non-negative measurable
function on (0,00). We denote by CLMpg,w the complementary local Morrey-

type space, the space of all functions [ € Lp(EB(O,t)) for all t > 0 with finite
quasinorm

I legng, . = W legng, oy = [ IFN, o

Definition 2.5. Let 0 < p,0 < co. We denote by 2y the set all non-negative
measurable functions w on (0, c0) such that

‘Lg(O,oo) '

0< Hw“Lg(t,oo) < 00, t > 0,
and by BQ@ the set all non-negative measurable functions w on (0, c0) such that
0 < [|lwllzy04) < 00, t > 0.

It is convenient to define local Morrey-type spaces and complementary local
Morrey-type spaces at any fixed point x € R™.

Definition 2.6. Let 0 < p,# < oo and let w be a non-negative measurable
function on (0, 00). For any fixed z € R™ we denote by LMI;{Q i, the local Morrey-

type space: the space of all functions f € L;;’C(R") with finite quasinorm
Hf”LM;;L = Hf”LM;;”L(Rn) = Hw(r)HfHLP(B(va))HLQ(Opo) = |lf(z +)llzage,.-

Definition 2.7. Let 0 < p,0 < oo and let w be a non-negative measurable func-

tion on (0,00). For any fixed € R" we denote by LMI;{QQ the complementary

local Morrey-type space, the space of all functions f € L,( ‘B (x,t)) for all t > 0
with finite quasinorm

= Hf(x + )H DLMp9,w.

e = W legagger oy = [0 Ny o]

Note by LM;DG,w = LMggL and CLM;D@,w = LMgg}w

In [5] global Morrey-type spaces G M, were defined.

Definition 2.8. ([5]) Let 0 < p,0 < oo and let w be a non-negative measurable
function on (0,00). We denote by GM,p,, the global Morrey-type space, the
space of all functions f € LloC (R™) with finite quasinorms

a0 = 1 heneny == SUB 15+ Miag = SUP 1t
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Note that the space GM,g,, is the intersection space of the Banach family
(LMY eqn, that is, GMyg, = A(LME?).

pO,w pO,w
Note that
I ety = W llGagyee s = IS,
Furthermore, GM,,, ,-»» = My, 0 < A < n. The interpolation properties

of the spaces GMpu,, were studied by S. Spanne in [13]. The spaces GM, ,.-x
were used by G. Lu [10] for studying the embedding theorems for vector fields of
Hormander type.

As mentioned in [6], the intersection A(DLM;;‘:L) of the Banach family

(ELM () )zern, defined by the finiteness of the quasi-norm

po,w

w(r)

||f||Lp(CB(:r,r)) = Sup ||f|| CLM;;,L

G, {z} , = SU ‘

HfHA( LM;"EU) :1:6]15‘ Lp(0,00)  zeR™

is of no particular interest because this expression is equal to the product
| fllz, @) X [|w]|L4(0,00)- It means that

¢rapery _ § Lp(R™), i w0000 < 00
AN LM = i
g ={ B9 e S
It is natural to define global complementary Morrey-type space as a sum of a
Banach family in the following way:.

Definition 2.9. Let 0 < ¢,0 < co and let w be a non-negative measurable func-
tion on (0,00). We denote by ‘GM Ow = erRn(ELM;(i i}), the complementary

global Morrey space, the set of all functions f such that f =), fi in the sense

e Cp 2 plzn}
of distributions, where f, € LM%, v € R, and >, || fi| paron) < 00.

We define a quasi-norm in ‘GM 0,0
”f”%Mww::f%§ﬂ%%;”ﬁ“%M§$’

where the infimum is taken over all representation of f of the form », fi, fi €
C
LM{rk} Zk ||fk|| ULM{;’“} < oo and z € R™.

qt,w

q0,w

Remark 2.10. Note that in view of Lemma 7.5 this definition is correct (see
[4, p.110] and [3]).

3. ASSOCIATE AND DUAL SPACES OF LOCAL MORREY-TYPE AND
COMPLEMENTARY LOCAL MORREY-TYPE SPACES

Let (R, i) be a totally o-finite non-atomic measure space. Let 9(R, 1) be the
set of all y-measurable a.e. finite real functions on R.
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Definition 3.1. Let X be a set of functions from (R, ), endowed with a
positively homogeneous functional || - ||x, defined for every f € (R, ) and
such that f € X if and only if || f||x < co. We define the associate space X’ of
X as the set of all functions f € M(R, p) such that || f||x < oo, where

1l = sup{ /R Foldu: gllx < 1} |

In what follows we assume R = R" and du = dx.

In [8] the associate spaces of local Morrey-type and complementary local
Morrey-type spaces were calculated. Our method of construction of the pre-
dual space of the Morrey space mainly based on these results. For the sake of
completeness we recall some statements from [8].

Theorem 3.2. ([8], Theorem 4.5) Assume 1 < p < 00,0 <0 < o00. Letw € “Qp.
Set X = "LMyy,,..
(i) Let 0 <0 < 1. Then

Ifllx = sup [[fllz, ompllwlz, o
te(0,00)

with the positive constant in equivalency independent of f.
(ii) Let 1 < @ < 0o. Then

1
: 7| flle, @
e () I o (D) )+ s
(0,00) Bo0) Lol01) @]l £o(0.00)

with the positive constant in equivalency independent of f.

Theorem 3.3. ([8], Theorem 4.6) Assume 1 <p < 00, 0 <0 < oco. Let w € Q.
Set X = LMq...
(i) Let 0 < @ < 1. Then

P AP 2 e

with the positive constant in equivalency independent of f.
(i) Let 1 < @ < oo. Then

1
SN Il
||f||X/~(/ A1 oy el oo) ey @
(0,00) L, (B(Ot Lg(t—,00) HWHLQ(O,oo)

with the positive constant in equivalency independent of f.

In fact more general results, which are important for our applications, are true.

Theorem 3.4. Assume 1 < p < o0, 0 < 0 < o00. Let w € BQQ. For any fixed
z€R" set X = ‘LM

pow*

(i) Let 0 < 6 < 1. Then

Ifllx =~ sup |Ifllz, Baollwllz,o:

te(0,00)
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with the positive constant in equivalency independent of f and =x.
(ii) Let 1 < @ < 0o. Then

1
, Ly 7 fllz, @
e () I e (<) )+ o

|l 2o (0,00)

with the positive constant in equivalency independent of f and =x.

Proof. Let x be any fixed point in R". Then

e = 10y =500 ] [ Iy ol <1}
—sup{ [ 15+ gt -+l ot + ey, <1}

—suwp{ [ 15+ 0l oy, <1}
—= ||f<x + .)H(CLMPQ w>/.
It remains to apply Theorem 3.2. 0

Theorem 3.5. Assume 1 < p < 00, 0 < 0 < o0. Let w € Qy. For any fized
T €R" set X = LMZ;[;ii.
(i) Let 0 < 6 < 1. Then

fllxr ~ sup ||f c w_looa
o L i X e

with the positive constant in equivalency independent of f and =x.
(ii) Let 1 < @ < 0co. Then

1
, L o | flle, @
£l ~ (/(Ooo) ||f||9Lp/(GB(z7t))dllwllLg(t,oo)) 4 R

|l Lo (0,00)

with the positive constant in equivalency independent of f and =x.

The proof of Theorem 3.5 is similar to that of Theorem 3.4 (we only need to
apply Theorem 3.3 instead of Theorem 3.2) and we omit it.

It was shown in [8] that for some values of parameters the dual spaces coincide
with the asssociated spaces. Namely, the following theorems were proved.

Theorem 3.6. ([8], Theorem 5.1) Assume 1 <p < oo, 1 <0 < oco. Let w €
and ||w||£,(0,00) = 00. Then

.
(31) (LMpG,w) - LMp’G’,(TJ )
where &(t) = W’ (t) (7 we(g)ds)_1 , under the following pairing:

< f,g>= fg.
Rn
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Moreover HchLMp,g,a = sup, |fR" fgl, where the supremum is taken over all

functions g € LM, with ||9||LMpe,w <1

Theorem 3.7. ([8], Theorem 5.2) Assume 1 <p < o0, 1 <0 <o0. Letw € "
and ||w||L,(0,00) = 00. Then

(32) (CLMpG,uJ)* = LMp’G’,Dv
-1
where W(t) = w~1(t) (fot we(s)ds> , under the following pairing:

< f,g>= fg.
Rn

Moreover | f||rar,,, _ = sup, | e fg| . where the supremum is taken over all func-

tions g € CLMpg,w <1.

olley,,
In fact more general results hold true.

Theorem 3.8. Assume 1 < p < oo, 1 <0 <oo. Let w € Qy and [|w]|L,(0,00) =
oo. Then for any x € R"
(3.3) <LM{9”})* = "Lt

po,w p'ow:

where &(t) = w1 (t) (7 w(’(s)ds)f1 , under the following pairing:

< f,g>= fg.
Rn

Moreover || fllc,,, =3 = sup, |fRn fal, where the supremum is taken over all
0!

functions g € LMz;{gi with HQHLMIE;;”L <1

Theorem 3.9. Assume 1 < p < 00, 1 <0 < co. Let w € ‘Qp and |l Ly(0,00) =
oo. Then for any x € R"

(3.4) (CLM{””} ) - LMY

po,w

-1
where @(t) = w?~1(t) <fg we(s)ds) , under the following pairing:

<fg>= [ fg
R
Moreover || f||, =3 = sup, UR” fg| , where the supremum s taken over all func-
p'o! w

: C
tions g € LM;gi : ||g||cLM{;} <1.
pO,w

Proofs of Theorem 3.8 and Theorem 3.9 are analogous to proofs of Theorem
3.6 and Theorem 3.7, respectively and we omit them.
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4. NEW CHARACTERIZATION OF MORREY SPACE

In this section we give new characterization of classical Morrey space.
Note that

nglélan/o 7 ol oy

is positively homogeneous functional on | J,gn ‘LM {,"i}n NI

Denote by

(4.1) M, = {f € MR", dx) : |||l , < oo}

the associate space of the set of functions |, gn ‘Lt where

/171,/\ 17
P

42) Wl = d [ 1ol nt [Tl <1}
' 0

To study properties of the space /\/lp7 » following results are useful.

Lemma 4.1. Let 1 <p < oo and 0 < A <n. Then the inequality

(43) [ Vsl < Cllag jnf, [T gl oy

holds with positive constant C independent of functions f and g.

Proof. For 6 = oo and w(t) = t"+" Corollary 3.5 (part (ii)) implies the following
inequality

A=n > n=a_y
@) [ 1ol < Ot Pl [ 7T ol gy
n t>0 0
with constant C' independent of f, g and x € R™. Therefore
A—n ° ;_1
fol=C sup tw |l fllL, e lallz, op e

(45) reR™, t> o 0

_ n=A g

= Cllflsts | 777l ey
In view of arbitrariness of x we arrive at (4.3). O

Lemma 4.2. Let 1 <p < oo and 0 < A <n. Then

. > n—A_q
(4.6) inf /0 P57 gl gy dr = 0

if and only if g =0 on R".
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Proof. Obviously, ian I r%_IHgH dr =0, when g = 0 a.e. on R".
TER™

L ( CB(:E,T))

Now assume that ian I rnTTA_ngHL dr = 0. For any fixed R > 0
zeR™

/(CB(z,T))
P
consider the function f = xp,r). Obviously, f € M, since || xB©,r)llm,.,
RP. Then by the inequality (4.3), we have fB(O m || =0, therefore, f =0 a.e.
on B(0, R). From arbitrariness of R, we get that f =0 a.e. on R". O

Lemma 4.3. Let 1 <p < oo and 0 < A <n. Then
U LMﬂnAchvaﬂ.

x€eR?
Proof. Let g be any function from Uoce]R” LM {2}" T Then there exists x € R™
such that g € ‘LM {i}" - Let R be any ﬁxed positive number. Since the

function f = Xp@,r) € ./\/lp,,\ and | fl|lm,, = RM?P, by the inequality (4.5) we get

/ l9(y)|dy < CR;HQH ! < 0.
B(z,R) A

p/1,"%—1
In view of arbitrariness of R we get that g € LP¢(R"). O

Lemma 4.4. Assume 1 < p < oo and 0 < A < n. Moreover, let f € L°(R").
Then for any fived x € R™ and R > 0

{=}
fXB(JJ,R) € LM/]_ np)\ 1°
Proof. Indeed, for any fixed x € R" and R: 0 < R < oo, we get
[e%S) noa g
xoamlogn = [ 05 ol tagay

/1 n;
:/ rnpxl(ﬁ ]f]p> dr
0 B(z,r)NB(z,R)

1
7/

R n=XA_q
:/ r p / |f|p dr
0 CB(z,r)ﬂB(:p,R)
’ ﬁ R n=XA_1
< |f]P re dr
B(z,R) 0

1

:qﬁf</ \N0p<w. O
B(z,R)

Our main result in this section reads as follows.

=

Theorem 4.5. Assume 1 <p < oo and 0 < X <n. Then
(4.7 1t = £l 5



NEW PRE-DUAL SPACE OF MORREY SPACE 11

Proof. By Lemma 4.1, it is easy to see that

115, S 1Nt

Let us to prove opposite estimate | fl|la,, S HfH/\N/t,,A' If HfHMpA = 00, then
there is nothing to prove. Assume that [|f|| 5 =< oc.
D,
Observe that for g € L3°(R") the inequality

1
v

n—XA s\ P
(1) [ e ([ ) i,
B(z,R) B(z,R) 7

holds with constant C' > 0 independent of f, g, x and R. Indeed, let x be any
fixed point in R™ and R > 0. When fB(z R lg|”" = 0 there is nothing to prove,

since in this case g = 0 a.e. on B(z, R). Assume that fB(m R) lg|”" > 0. Denote by

9(Y)XB,R) (V)
(4.9) hy) = ——— 2
CIRT (fB(:Jc,R ‘g|p’> ’
By Lemma 4.4
Cragie}
he LMl
and moreover, ||h||c, , < 1. Consequently,
p/1,"%f‘71
. o n=—A_q
xleann/O TP HhHLp,(cB(m))dr <1
Therefore
(4.10) JRCELE
Rn ’

and from (4.9), we get (4.8).
The inequality (4.8) implies that f € L¢(R"). By Theorem of Resonance
(see [12, Lemma 27, p.283]) we get that f € LpP°(R"). The function g :=

|fP" X B@r € Ly*(R"), and if we put the function g into the inequality (4.8),

we obtain )
n—XA v

[ ([ 1) Il

B(iIP,R) B(va) ’

. :
R (/ |f|p) < ellfllg, .
B(z,R) '

Since a constant ¢ is independent of x and R, we get

1ty < el fllgg, - =

Therefore,
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5. INTERSECTION AND UNION OF COMPLEMENTARY LOCAL MORREY-TYPE

SPACES

In this section we investigate some properties of intersection and union of
complementary local Morrey-type spaces.
The following lemma is true.

Lemma 5.1. Let 0 < p,0 < 0o and w € GQgﬂAQ. Then for any x1, x5 € R,
Ty F Ty
(5.1) LM R () LMEH (R = LMy, (R™) () Lp(R").

p@w p0w

Proof. In order to prove that

(5.2) LMl (R () LMEH (R € "LMypu(R™) () Ly(R™)

po,w pl,w
observe that for x; # xg

(5.3) LMl R () LMD (R © L(R").

Indeed, let f € ‘LM (R N LM (R, Since for any R > 0 and 2 € R®

pl,w pl,w

I Wesartyy, = (/0 w(me”f"ip(“B(ww))dr) |

R 7

(5.4) > ([ w1 oy )
R 1

2 ([ o) 181 ey

and w € °Qp, then f € Lp(DB(xZ-,R)), i = 1,2. Denote by Ry = |21 — x2|/2.
Then

HfHLp(R") < HfHLP(CB(thO)) + HfHLp(CB(zg,RO)) < 0.

It proves (5.3). Remains to show that
(5.5) LMl R () LM (R € "My (RY).

Let f € 'L M3, ,(R"), where z is a fixed point in R". For any r > 2|z| we have
B(O,r) C B(x,r/Q). Indeed, for y € B(z,r/2) we get |y| < |y — x| + |z] <
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r/2+r/2 =r, that is, B(x,7/2) C B(0,r). Using w € Ay,
(5.6)
1

lessg = ([ 0@ oy, 7)

2|z g
N {/ /|x} VI, a0, T)
/ﬁ“wwfw>ﬁum4wy+(/mwvﬁww )
; v - Ly(CB(ar/2)
/mﬁwww>Wﬂmmm+(/mwwmum(%@mm)é
0 0 P ’

1

2|z| 0
/ wmwﬁ Iy + 170
0 w

Let f € ‘LMY (RN LM{“}(R") By (5.3) f € L,(R"). Then by (5.6), we

p@w pl,w
get that f € ‘LM, po.w, Since w € Qg. O

AN

N

Q

Corollary 5.2. Let 0 < p,0 < o0 and w € BQgﬂAQ. Then

(5.7) M "LMS) (R™) = "Ly (RY) () Ly (RY).

p9w
zeR?

Lemma 5.3. Let 0 < p,0 < oo and w € EQgﬂAQ. Then for any x € R™

(5.8) LMy (R () L, (RY)] = LM (R,

C xT 0 w
LM }w(R”) P

that is, the set ELMpg,w(]R“) () L,(R™) is dense in LM;;];U(]R")

Proof. Let x be any fixed point R". For f € ‘Ll (R™) and any k € N, denote

po,w

by fi = fXB(x,k)\B(x%). It is evident that f, — f, k — oo a.e in R". By
Lebesgue’s Dominated Convergence Theorem, we get that

On the other hand, it is evident that f; € L,(R™), k € N. Since f; € ‘Lm (R™),

pl,w
by (5.6), we get that f; € GLMpaw(R”). Finally, we arrive at
fi € GLMPG,w(Rn) ﬂ Lp(Rn>- [
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Lemma 5.4. Let 0 < p,0 < 0o and w € EQgﬂAg. Then for any x1, x5 € R"
such that xy # xo

(5.9) [LM{"’“} R ‘LM (R = LMENRYY, =12

po,w pb‘w ELM{;fi}(Rn) po,w
pUv,w

Proof. The statement immediately follows from Lemma 5.1 and Lemma 5.3. [

6. NEW CHARACTERIZATION OF PRE-DUAL SPACE OF MORREY SPACE

In this section we prove that the space I3G.Mp,1 n—x_, is pre-dual space of the
P
Morrey space GM.

’op

Theorem 6.1. Let 1 <p < oo and 0 < A <n. Then

(‘GMyy s ) =GM

pw7

Proof. Let f € GM,  rn and g € BGM]D,1 n-x_;. For any representation of
’p
g=>_, 9k with g;, € LM{“} and >, [|gxllc, o0 < 00, where 3, € R™,
A

/1 n—>X\ 1
P p/1,L; -1

<Z/ x)|dx.

we have

[ f@)g(a)ar] =

f ng )dx

Applying (4.4), we get

[ 1@y

Slfller s ZHngcLM{wk}

/1,0

(6.1)
Since (6.1) holds for any representation of g, then

(6.2) . f(z)g(z)dx

S fllen_ s lgllogy,
2 :

/g n=A
1, D

It proves that GM o A= C (EGM 1,820 1) )
Let us show that (EGMP,L L—)\_1> C GM . It follows from the definition
of the space l:GMp,l’n%gf1 that for any fixed z € R"

c
LM{/:I;}” N _1 C GMpllvnTjAf]J
P
and
DV 1 T
P
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C *
If L e ( GMP/LTL%_J , then for any z € R"

(6.3) IL(H < Cllfllogar < [l flle

n—>A\
1,222

for every f € ‘Lt

'1"*1 '1"*1

Thus L € ( ‘vt ) . By Theorem 3.7,

( LM{I}

1"A1

) =M

> p

and there exists unique g, € LM (=} +_n such that
poo

(6.4 = [ s
for any f € ‘LM

PR
9z = G-
Indeed, by (6.4) we get that

(65 [ (0= gf =0

for any f € ‘LM (RN LM | (RM). By Lemma 5.4, we have

/1n/\1 ,lnAl

It is easy to see that if x1, x9 € R", 1 # x5, then

= LMENRY, i=1,2.

pl,w

{z1} n {z2} n
LM R () LM R LLM% _—

In view of fact that “LM {,"il]; \ 1(R”), 1 = 1,2 are Banach spaces and the inter-
section ’

vt () LM (R

'1"*1 /1"A1

is subspace both of them, we get that g,, = g.,. By (6.3)

- f(2)g(2)dz < C[fllep 00

p’l,np%Afl
Thus
||g||LM{x}>\ S C

poo, S

Since constant C' does not depend on x, we get that
lgllerr  y ., < oo
poo, D

Summarizing, we have already proved that there exists unique g € GM  rx-n
TP

(6.6) L= | fo
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for every f € U,egn ‘Lt

PSR

Let us prove that (6.6) holds for any f €

CGMP/L%A. Let f be any function from GM,, oAy and f = >, fi be any

representation of f with f;, € LM{,II"EL »_, and ok ”fk“CLM{,?“LA 1 < 00, where
A

xr € R™. For finite representation there is nothing to prove. Assume that the

representation is infinite, that is, f =Y 7 | fi. Since

ECRIRAR

and, using (4.4),
fg— e |9
Lo (7]
(f—ka)gz (Z fk)g
R k= R™ \k=m+1
<3 | gl S loles 3 Millegyn | = 0.m— o0,

—A
k=m-+1 k=m+1 1 np -1

(o] (e, ]
< LIS D Walle, ey — 0, m — o0,
k=m+1 k=m+1 1 n;A_l

we arrive at
L(f)=[ fg
R?’L

for any f € CGMp,l nA_q. OJ
’p

7. EQUIVALENT PREDUAL SPACES

For p > 1 there are already three characterization of the predual space of a
Morrey space in the literature. First, in 1986, C.T. Zorko proved the following
theorem.

Theorem 7.1 ([14], Theorem 5). Let p € (1,00) and A € (0,n). Then a predual
space of My is Zy 5 in the following sense: if g € My, then [g, fg is an
element of (Z,)*. Moreover, for any L € (Z, )", there exists g € M, \ such
that

L(f): Rnfga fEZp/,/\-
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The space Z, ) is defined by the set of all functions f on R™ with the norm

£z, = inf {H{ck}l\el = chak} < 00,
k

where a;, is a (p',n — A)-atom and [[{c;}|| = D>, |ck| < oo, and the infimum is
taken over all possible atomic decompositions of f. Additionally, we say that a
function @ on R™ is an (p/,n — A)-atom provided that a is supported on a ball

B C R™ and satisfies
1
=S
| B[
Second, in 1998, E.A. Kalita obtained another description of the predual space
of a Morrey space as follows.

lall <

Theorem 7.2 ([9], Theorem 1). Let p € (1,00) and A € (0,n). Then a predual
space of My x is Ky x in the following sense: if g € M, x, then fR" fg is an
element of (K 2)*. Moreover, for any L € (Ky )", there exists g € M, \ such
that

L(f): Rnfga fEICp/,/\'

The Ky » consists of all functions f on R™ with the quasi-norm

1

’
£l = int ([ 157) "

wo(z) = r= Vg (r = |z — y|)do(y,r),
R +

where

and where the infimum is taken over all ¢ € M*(R"™!) (the class of all nonneg-
ative Radon measures on the upper half space R = {(z,7) : # € R", r > 0})
with normalization o(R}) = 1.

Third, in 2004, D.R. Adams and J. Xiao obtained another description of the
predual space of a Morrey space as follows.

Theorem 7.3 ([2], Theorem 2.3). Let p € (1,00) and A € (0,n). Then the
pre-dual space of M, » is Hy x under the following pairing:

< f,g>= fg.
Rn

/Rnfg

where the supremum is taken over all functions g € Hy x with ||g|[3,, , < 1.

Moreover,

Y

[1f1|r,. = sup
g
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We say that g is in H,y y if

1
’ . o’
(7.1) lgll2,, , = inf (/ g w! p) < 00,
w Rn

where the infimum is over all nonnegative function w on R™ satisfying
”wHLl(AS’_O)/\) <1

Here Agloo), 0 < d < n, denotes the d-dimensional Hausdorff capasity, that is,

ASN(E) = inf Z rd,

where the infimum is taken over all countable coverings of £ C R™ by open balls
of radius ;.
The following relationship obtained in [2].

Theorem 7.4 ([2], Theorem 3.3). Let p € (1,00) and A € (0,n). Then Z, , =
’Cpg,\ = Hp/,,\ with

Iz, = 0, = 1 Dy
Let us compare CGMP/Ln’%Ll with known pre-dual spaces. The following

Lemma is true.

Lemma 7.5. Let 1 <p < oo and 0 < A <n. Then

¢ {z}
U LMp’L"’%’\—l C 2y
zeR™

Proof. Let x be any point in R” and let f be any function from ‘Lt It

p’L";’\ 1

is possible to decompose f in the following way:

fXB(m,2k)\B(m,2k*1)

n—>\
F=2 2 Il ey 5= :
5 257 e, (B@2rnB@2-1)
Denote by A = 257 | f Iz, (B@2o\B@2e-1) and ax = —5=
20 p Hf”Lp/(3(27216)\3(35721@71))
Note that ay is (p',n — X)-atom. Indeed, it is obvious that suppa, C B(x,2%).
On the other hand,

X220\ B(,2k-1)

1 1

lakllL ,@n) = —= = -
' 25 Bz, 29|
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Note that {\z} € ¢'. Indeed,

Z |)\k| = ZZ HfHL B(z,2F)\B(z,2k—1))
k
2k 1
<Z/ S 11 P

2k1

)\
< -1
Z/ HfHLp/(BB(a:,r))dr

5/ e 1 O 17 [
0

P, n=XA_4
P

Recall the following fact: If ¥ is a testing function supported in B(z1,7;) and a
is an atom, we have
’ / x)dx
(see, for instance, [14]).
Therefore f =), Agai in the sense of distributions. Thus f € Z, , and

1fllz, 5 S WFlTep e < o0, O

p/1,0=2 1
P

< 7”1 H¢||oo

Finally, we prove that the space DGMp,L oAy coincide with known pre-dual
spaces, namely, the following Theorem is true.

Theorem 7.6. Let 1 < p < oo and 0 < A <n. Then
GMyyony = 2y,
Proof. At first prove that
Zya C BGMp,17%,1.

Let f € Z, . Suppose f =), cray, where each a; is (p’,n — A)-atom supported
in some ball B(zg,7;) and ), |[\s] < oo. Observe that aj € LM{x’“}

p'1,nA 1"
p
Indeed,
o Tk _
wmmﬁb4zérp\mmcm”w:ﬁrp Nl eaey mdr
-

n—X\
5 Tkp Ha’kHLp/(R") 5 e ——— N & B G N

| B(zr, )|

llerarlc, , tor Sca ) el < oo,
LM
k p'1, 2521 k

Then
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that is, f € CGMp,l n-A_q.
TP
Conversely, by Lemma 7.5

Craia}
U LMp’l,"p;A—l C Zp/’)"
IEGR"

Assume that f € BGMp/l,nsz\ _,and f =), fi be any representation of f with
C T n
fo € "Lt and > || felle, e < 00, where z;, € R". Then

[11]
[12]
[13]

[14]

/1. n=A_q1
Pl P pll,%fl

1,2=A _q

£z, = 1D fellz, oy <D M fellzy, S0 I falle, 0 . <o D
k k k P

REFERENCES

D.R. Adams, Lectures on LP-Potential Theory, Preprint 2, Umea U., Umea, 1981.

D.R. Adams and J. Xiao, Nonlinear potential analysis on Morrey spaces and their capaci-
ties, Indiana University Mathematics Journal 53 (2004), no. 6, 1629-1663.

N. Aronszajn and E. Gagliardo, Interpolation Spaces and Interpolation Methods, Ann. Mat.
Pura Appl. 68 (1965), no. 4, 51-117.

Yu.A. Brudnyi and Krugljak N.Ya., Interpolation functors and Interpolation Spaces. Vol-
ume I, North-Holland Mathematical Library, 47. North-Holland Publishing Co., Amster-
dam, 1991.

V. Burenkov and H.V. Guliyev, Necessary and sufficient conditions for boundedness of the
mazximal operator in the local Morrey-type spaces, Studia Mathematica 163 (2004), no. 2,
157-176.

V. Burenkov, H.V. Guliyev, and V.S. Guliyev, On boundedness of the fractional mazximal
operator from complementary Morrey-type spaces to Morrey-type spaces, Contemporary
Mathematics 424 (2007), 17-32.

A. Gogatishvili and R.Ch. Mustafayev, The multidimensional reverse Hardy inequalities,
Mathematical Inequalities & Applications 15 (2012), no. 1, 1-14.

, Dual spaces of local Morrey-type spaces, Czechoslovak Mathematical Journal 61
(2011), no. 136, 609-622.

E.A. Kalita, Dual Morrey spaces, Dokl. Akad. Nauk 361 (1998), no. 4, 447-449.

G. Lu, Embedding theorems on Campanato-Morrey spaces for vector fields and applications,
C.R.Acad. Sci. Paris 320 (1995), 429-434.

C.B. Morrey, On the solutions of quasi-linear elliptic partial differential equations, Trans.
Amer. Math. Soc. 43 (1938), 126-166.

H.L. Royden, Real analysis. Third edition., Macmillan Publishing Company, New York,
1988.

S. Spanne, Sur linterpolation entre les espaces £Z’q>7 Ann. Schola Norm. Sup. Pisa. 20
(1966), 625—648.

C.T. Zorko, Morrey space, Proc. Amer. Math. Soc. 98 (1986), 586-592.




NEW PRE-DUAL SPACE OF MORREY SPACE

A. GOGATISHVILI
INSTITUTE OF MATHEMATICS OF THE ACADEMY
OF SCIENCES OF THE CZECH REPUBLIC
ZITNA 25, 115 67 PRAGUE 1
CzECH REPUBLIC
E-mail address: gogatish@math.cas.cz

R.CH. MUSTAFAYEV
DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCE AND ARTS
KIRIKKALE UNIVERSITY
71450 YAHSIHAN
KIRIKKALE, TURKEY

INSTITUTE OF MATHEMATICS AND MECHANICS
ACADEMY OF SCIENCES OF AZERBAIJAN
F. AGAYEV 9
BaAku, AZ 1141, AZERBAIJAN
E-mail address: rzamustafayev@gmail.com

21



