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HANKEL OPERATORS ON HOLOMORPHIC HARDY-ORLICZ
SPACES

BENOIT SEHBA AND EDGAR TCHOUNDJA

ABSTRACT. We characterize the symbols of Hankel operators that extend into
bounded operators from the Hardy-Orlicz H®*(B") into H®2(B") in the unit
ball of C™, in the case where the growth functions ®; and ®, are either concave
or convex. The case where the growth functions are both concave has been
studied by Bonami and Sehba. We also obtain several weak factorizations
theorems for functions in H®(B"), with concave growth function, in terms of
products of Hardy-Orlicz functions with convex growth functions.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let B" = {z € C" : |z| < 1} be the unit ball of C"(n > 1). We denote by dv
the Lebesgue measure on B"” and do the normalized measure on S” = 9B" the
boundary of B". By H(B"), we denote the space of holomorphic functions on B".

For z = (21, -+ ,2,) and w = (wy, -+ ,w,) in C", we let

so that |22 = (z,2) = |21 + - + |2a]%

We say a function @ is a growth function, if ® is a continuous and non-
decreasing function from [0,00) onto itself. We say that ® is of lower type if
we can find p > 0 and C' > 0 such that, for s >0 and 0 <t <1,

(1) O(st) < CtPd(s).

We say that ® is of upper type if we can find ¢ > 0 and C' > 0 such that, for
s>0andt>1,

(2) O(st) < CLIP(s).

We say that @ is of lower type p (resp. upper type ¢) when (1) (resp. (2)) is
satisfied. Also, we say that ® satisfies the Ay— condition if there exists a constant
K > 1 such that, for any t > 0,

(3) O(2t) < KO(t).
Observe the equivalence between the properties (2) and (3).
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For @ a growth function, we denote by H®(B") the Hardy-Orlicz space con-
sisting of holomorphic function f in the unit ball B"™ such that if the functions f,
are defined by f,.(z) = f(rz) then

1115 = sup || f]|1% < oo,
r<l

A58 = inf{)\ >0 /Sn@ (@) do(€) < 1}

is the Luxemboug (quasi)-norm of f in the Orlicz space L?(S™). We will also
often consider the following (quasi-)norm on H®(B"), namely

Flbes s=sup [ (1£€) o)

r<l

where

which is finite for f € H®(B"). For 0 < p < oo, when ®(t) = ¢*, the above space
corresponds to the usual Hardy space HP(B"), that is the space of all f € H(B")
such that

£l = sup [ [f(ré)[Pdo(é) < oo.
0<r<1 .Jsn

Two growth functions ®; and ®, are said equivalent if there exists some con-
stant ¢ such that

c®(ct) < Py(t) < c ' @y(c't).
Such equivalent growth functions define the same Orlicz space. We denote by
H>(B"), the space of bounded holomorphic functions in B".
The following is proved in [14]:

PROPOSITION 1.1. For ®; and ®5 two growth functions, the bilinear map
(f,g9) — fg sends L® x L®2 onto L®, with the inverse mappings of ®,, ®y and
® related by

(4) Pl =0 x ;.
Moreover, there exists some constant ¢ such that
19l < cll FIIE% (gl
Let us define two classes of growth functions of our interest in this paper.

DEFINITION 1.2. We call £, the set of growth functions ® of lower type p,

(0 < p < 1), such that the function t — 2%

. 1S non-increasing.

DEFINITION 1.3. We call % the set of growth functions ® of upper type q,
a(1)

(g > 1), such that the function t — == is non-decreasing.

Clearly, functions in %, and %9 satisfy the A,— condition. Note that if

O € %9 then @ is of lower type 1. For & € %, (resp. %?), without loss of

q)is) ds, we

generality, eventually replacing ® by the equivalent growth function fot



HANKEL OPERATORS ON HOLOMORPHIC HARDY-ORLICZ SPACES 3

can assume that @ is concave (resp. convex) and @ is a C! function with derivative
/() ~ 20
~ ==
For any £ € S™ and § > 0, let
By(€) = {w e §": [1 - (w,6)] < b},

We call a weight p, any continuous increasing function from [0, co) onto itself,
which is of upper type « on [0, 1], that is,

(5) o(st) < s%o(t)
for s > 1, with st < 1. Given a weight o, we define the space BMO(p) as the
subspace of L?(S™) consisting of those f € L*(S") such that

. 1 o e o
o) W B, TS Jy |~ e = O <o

where, for B = Bs(&), the space Py(B) is the space of polynomials of order
< N in the (2n — 1) last coordinates related to an orthonormal basis whose first
element is & and second element 3¢,. Here N is taken larger than 2na — 1. We
note || fllsmoe) := ||fll2 + C, where C is given in the definition (6) of BMO(o).
The space BMOA(p) is then the space of function f € H?*(B") such that

sup || frllBrroge) < oo
r<l

Clearly, BMOA(p) coincides with the space of holomorphic functions in H?(B")
such that their boundary values lie in BMO(g). When ¢ = 1, BMOA(p) is the
usual space of holomorphic functions with bounded mean oscillation BMOA.

As pointed out in [1, 4], from Viviani’s results [13], BMOA(p) spaces appear
as duals of particular Hardy-orlicz spaces.

THEOREM 1.4. Let ® € %,. The topological dual space (H*(B"))* of H*(B")
identifies with the space BMOA(p) (with equivalent norms) under the integral
PAITING

(.90 =lim | F(r€)g(ré)do(d),
when ® and p are related by
1

(7) p(t) = po(t) = (1)

In order to give the dual of H®(B") when ® € %9, we need to recall the notion
of complementary function of a growth function. For ® a growth function, the
complementary function, ¥ : R, — R, is defined by

(8) U(s) = sup{ts — O(¢)}.

teR4

We may verify that if ® € 29, then ¥ is also a growth function of lower type

such that t — @ is non-decreasing but which may not satisfy the As—conditon.
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The fact that U also satisfy the As;—conditon is of importance in our results
here. We thus introduce another class of growth function. We say that a growth
function ® satisfies the v7o—condition whenever its complementary satisfies the
As— conditon. There are several characterizations of growth function ® such that
its complementary function W satisfies the Ay—conditon. One of these conditions
is the Dini condition which we recall here. We say that ® € %/ ? satisfies the Dini
condition if there exists a constant C' > 0 such that, for ¢ > 0,

Lo D(t
(9) / ) g < 020,

0o S t
So when & satisfies (9), then ® satisfies the v7;—condition. From the duality
result in [9], we obtain the following result.

THEOREM 1.5. Let ® € /9 and ¥ its complementary function. Suppose that ®
satisfies the Dini condition (9). The topological dual space (H®(B"))* of H*(B")
identifies with HY (B") (with equivalent norms) under the integral pairing

(o) =iy [ €501 (6)

The orthogonal projection of L?(9B") onto H?(B") is called the Szegd projec-
tion and denoted P. It is given by

(10) PUNE) = [ S0 f€)r(o),

where S(z,¢) = (1_<+§))n
extension to L'(0B").

For b € H?(B"), the small Hankel operator with symbol b is defined for f a
bounded holomorphic function by hy(f) := P(bf).

We are interested here to the boundedness of the small Hankel operators hy,
from H®'(B") to H*2(B").

In the one dimensional case, that is the unit disc of the complex plane C,
boundedness of the small Hankel operator between Hardy spaces has been con-
sidered in [7] and completely solved in [12]. A. Bonami and S. Madan in [3]
used the so called "balayage” of Carleson measures to characterize symbols of
bounded Hankel operators between Hardy-Orlicz spaces in the unit disc of C. It
is well-known that h;, extends as a bounded operator on H?(B") for p > 1 if and
only if b is in BMOA (see [5]). Recently, some of the one dimensional results
have been extended to the unit ball B". First, using some simple techniques,
A. Bonami, S. Grellier and the first author proved in [2] that h; is bounded on

HY(B") if and only if b € BMOA(p) with o(t) = 1ogzé)' In [1], A. Bonami and

S. Grellier using weak factorization results were able to characterize symbols of
bounded Hankel operators from the space H*(B") to H!(B"), where ® € .%,.
The two last works have been extended in [4] to the case of Hankel operators

is the Szego kernel on OB™. We denote as well by P its
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between two Hardy-Orlicz spaces H*'(B") and H*?(B") with ®; € %,; i = 1,2.
In both [1] and [4], because of the restriction (concavity) on the Orlicz functions,
there are several cases of boundedness which are not taken into account. In [11],
the authors provided with a characterization of bounded Hankel operators, hy,
from H®»(B") to H4(B"), in terms of the appartenance of the symbols in some

p
weighted Lipschtiz spaces, where ®, = (W) ,p<1,0<q<oo. Weremark

that &, € %, and for ¢ > 1, ®o(t) = t¢ is in 7. In this paper we consider
the boundedness of h; between the Hardy-Orlicz spaces H*'(B") and H®2(B"),
where ®; and @, are either in £}, or %9 but not both in .Z,. When the functions
®, € /19, we restrict to those satisfying
(11) lim () =0

T—00 x
In fact, if &3 € %7 does not satisfy (11) then @, is equivalent to ®(z) = z so
that H®2(B") = H'(B"). This case has been settled in [1] and note that (11)
implies that ¢ > 1.

The simple and direct approach used in [11] seems difficult to be used here
for this general situation. We will be inspired instead by the techniques and
methods in [1, 4]. The main tool is the use of the molecular decomposition of
Hardy-Orlicz spaces given in [1] to obtain our needed weak factorization. The
fact that molecules in the molecular decomposition in [1] can have arbitrary large
order will be crucial. In the next section we will prove the following results.

THEOREM 1.6. Let &y € %, and &y € U1, pi(t) = m
mentary of ®,. Then the product of two functions, one in H® (B") and the other
one in HY2(B"), is in H®(B"), with ® such that

P1
12 = —7
(12) poi=

and Vo the comple-

or, equivalently,
(13) OTH(t) = DT (1) WS (1),

Moreover, functions in H®(B") can be weakly factorized in terms of products of
functions of H® (B") and HY2(B").
THEOREM 1.7. Let ®; € £, and ®; € %1, pi(t) = t<I>._1—1(1/t) and assume that
Oy satisfies the Dini condition (9). Then the Hankel opelmtor hy extends into a
bounded operator from H® (B") into H®2(B") if and only if its symbol b belongs
to BMOA(ps) = (H®(B"))*, where
_n

P2

In section 3, we study the boundedness of the Hankel operator hy, from H® (B")
into H®2(B"), when ®; € 9, i = 1,2. To deal with this situation, because of the

Pa -
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convexity of both growth functions, we will have to rewrite, in a slightly general
form, the molecular decomposition in [1]. This will allow us to obtain other weak
factorizations results for functions in H®(B"), with ® € %, in terms of products
of functions of H®1(B") and H*2(B"), with ®; € 9, i = 1,2. This generalizes
the classical result in [5, 6]. We obtain in this situation the following result.

THEOREM 1.8. Let 1 and &y in %7, and p;(t) = tq>f11(1/t)'

We suppose that:

(i) ®o satisfies the Dini condition (9)
(ii) w is non-decreasing or ®; = .

Then the Hankel operator hy, extends into a bounded operator from H*'(B") into
H®2(B") if and only if its symbol b belongs to BMOA(ps), where

_n

P2

Finally, all over the text, C' will be a constant not necessary the same at each
occurrence. We will also use the notation C(k) to express the fact that the
constant depends on the underlined parameter. Given two positive quantities A

and B, the notation A < B means that A < C'B for some positive constant C.
When A < B and B < A, we write A = B.

P=Ps:

2. BOUNDEDNESS OF hy: H®'(B") — H®2(B"); (®1,Ps) € L, x %1
The section is devoted to the proof of Theorem 1.6 and Theorem 1.7.

2.1. Some properties of growth functions. We collect in this subsection few
properties of growth functions we shall used later.
We start with this useful proposition which gives relations between functions

in the classes .Z}, and % 1.

PROPOSITION 2.1. The following assertion holds:

® € %, if and only if @1 € U/

Proof. Tt is clear that ® is a growth function if and only if ®~! is a growth
function. Also, it is clear that %t) is non-increasing if and only if q)f:(t) is non-
decreasing. So what is left to show is that @ is of lower type p if and only if ®~!
is of upper type 1/p. Suppose there exists C' > 1 so that for every s < 1 and all

t > 0, we have
(14) O(st) < CsPD(t).

Let z > 1 and y > 0. We have, applying inequality (14) to s = m and t =
o (y)(Ca) 7,
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1
y< =@ (27 (y)(C)'7),
T
thus, @1 (vy) < Az'/P®~(y). Hence &' is of upper type 1/p. The arguments

could be reversed. This ends the proof of the proposition. 0

LEMMA 2.2. Let &, € £, and 3 € %9, and V4 the complementary function
of 5. Let ® be such that

O7H(t) == @7 ()WL (1)
Then ® € %, for some r < p.

Proof. Let us write @_Tl(t) = (@) U, (t) and remark that CI);Tl(t) and U, (1)

are non-decreasing. We deduce easily that q)_Tl(t) is non-decreasing.

By Proposition 2.1, it just remains to show that ®~! is of upper type 1/r. Let
-1
s> 1 and t > 0, applying Proposition 2.1 to ®; and using the fact that \I’?T(t) is
non-increasing, we have

O (st) = Oy (st) W5 (st)

Uyt (st
< sl/pcbl_l(t)stﬁ

st
< s o). 0
LEMMA 2.3. Let ®; be a growth function and &5 € %9, pi(t) = tcpfllu/t) and
Wy the complementary of ®5. Then, if Z
1
Pe ‘= —,
P2
we also have
OTH(t) =~ @7 ()T (1)
and vice-versa.
Proof. Tt is enough to prove that
(15) palt) = U3 (1/1).
This follows easily from the fact that
(16) t< Oy ()W (t) < 2t O

LEMMA 2.4. Let ® € %% Then for 0 < m < oo, ®,,(t) := ®(t'/™) is of lower

type 1/m and if moreover m is large enough, then % S MON-INCreasing.
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Proof. Clearly, ®,, is of lower type 1/m since ® is of lower type 1. Let us recall
that there are constants ¢; > 0 and ¢ > 0 such that for any ¢ > 0,

qﬂﬁgiwwg@g@z
t t

Now, put g(t) = % with m > ¢;. We obtain easily that

o () —mo()

!
g ( ) tm+1
_ (e —m)®()
- tm+1
< 0. 0]

LEMMA 2.5. Let &y and ®5 be in %9, and Vy the complementary function of
®y. Let ® be such that ®~1(t) = &7 (1)U, (t). We suppose that @y satisfies the
Dini condition (9) and that

(1)2_1 e} (I)l(t)
t
Then ® € £, for some p > 0.

18 MOMN-INcreasing.

Proof. Using (16) and Proposition 2.1, it is enough to show that

td (¢
oM (t) = _1#() is in 2P,
@, (t)
We have ¢~ 1(®4(t)) = @5?0151)(15)’ so that ¢! is a growth function such that —¢7i(t)

is non-decreasing. It is left to show that ¢! is of upper type. Let s > 1 and

. vl() ) . .
t > 0, using the fact =2~ and 1~ are non-increasing, we have

¢~ (st) = By (st) Uy (st)

S s®1(t)sWy (s)
SsPem (1),
Hence ¢! € %2. This ends the proof. O

2.2. Proof of Theorem 1.6 and Theorem 1.7. We recall the following defi-
nition of molecule (see [1] and the references therein).

DEFINITION 2.6. A holomorphic function A € H*(B") is called a molecule of
order L, associated to the ball B := B(zy,10) C S", if it satisfies

z L+n o 1/2
00 WAl = (sop [ (1+ 5228 ) ooP ) <o
" 0

r<l
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We have used the notation d(z,w) := |1 — zw| for z,w € B".

It is proved in [1] that for & € %, every molecule A of order L so that
L > L,:=2n(1/p— 1) belongs to H*(B") with
(18) Al < @[ Allmot(s,0))o (B).
The following molecular decomposition for functions in some Hardy-Orlicz spaces
is proved in [1].

THEOREM 2.7. Let ® € .%,. For any f € H*(B"), there exist molecules A; of
order L > L, associated to the balls B;, so that f may be written as

fZZAj

with || fllne 2= 325 (/[ Ajllmous;,1))0 (Bj)-
We have the following generalization of [8, Lemma 3.9).

LEMMA 2.8. Let (Q,P) be a probability space, ® a convex function such that
®(0) =0, and 0 < p < co. Then for every g € L>(Q),

191100
lgllser < 2= :
= o (lglloo/[Mgl]r)

Proof. The proof follows exactly as in [8]. We give it here for completeness. We
may assume that ||g|| = 1. Since ® is convex with ®(0) = 0 and |g] < 1, we
obtain for every C' > 0,

9| / 1 1
or(dp < [ |glPdP(=)dP = [|g|[2, PP (=).
| o < [ lspo i =o' ()

Now one sees that ||g|[7,P7(5) < 1 if and only if C > 1/®~*(1/]|g||1»), and from
this follows the proof of the lemma. 0

The following is a direct consequence of the above lemma.

LEMMA 2.9. Suppose that ® € %9 and let VU be its complementary. For each
a€B” and 0 < p < oo, let

MQZWA(U—LW”)Q{uiQ?'

We have ||g]|/%, < 1.

HYP ~S

We now describe a factorization of each molecule. This is the main ingredient
in the proof of our results in the case we are concerned here.
THEOREM 2.10. Let & € £, and ®3 € %9, pi(t) = m and Uy the
complementary of ®o. Let ® be such that p(t) = pe(t) := /’;—;. We assume moreover
that ®4 satisfies the Dini condition (9). Then a molecule A associated to the ball
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B may be written as fg, where f is a molecule and g € HY2(B"™). Moreover, for
L, L' given with L' +4n < L, f and g may be chosen such that

|| Al|mot(5,1)

(19) 9]l S 1, 1 oty < ,
" B~y (0(B))

or such that
(20) gllpere S 1, 11155, < NNAllmois.y0(B)p(o(B)).
Proof. Suppose B := B(zy,r) C S", with 2y € S and r < 1. Let a = (1 — 1)z

and take o ) NN
o(e) =" ((1—\ar>n> (1—<z,a>> |

< 1 and using (15) we also have that

~Y

So, by Lemma 2.9, we have ||g||xv,

7,271

11— za|?n

We know that |1 — za|*® < (d(z, z0) + 7)*". Hence

(21) |9(2)] = p2(0(B))

T2n

(d(z,2z) +7r)*

Having this and under the condition on L and L', the rest of the proof is just
imitating the proof of the analogue result in [4, Theorem 4.3], we omit these

details. O

19(2)| 2 pa(0(B))

Having Theorem 2.10 and the techniques in [4], the proof of Theorem 1.6 and
Theorem 1.7 is now routine. Indeed, the sufficient part of Theorem 1.6 is an
application of Proposition 1.1 and the sufficiency of Theorem 1.7 follows from
Theorem 1.5, Theorem 1.4 and Proposition 1.1. The necessity part follows as in
the proof of Theorem 1.8 and 1.9 in [4] where we use Theorem 2.10 instead of
Theorem 4.3 in [4], we omit the details. This ends the proof of Theorem 1.6 and
Theorem 1.7.

3. BOUNDEDNESS OF hy: ‘H®'(B") — H®2(B"); ®&; € %7, i =1,2.

This section is devoted to the study of the boundedness of the Hankel operator
hy, between two Hardy-Orlicz spaces H®*(B") and H®2(B") with ®; € %% i =
1,2. The main tools we need are in [1] where atomic and molecular decomposition
for functions in H*(B") with ® € &, are described. But since we are dealing
here with convex functions, we will need to consider some simple generalizations
of those results in order to get rid of the present difficulty. These extensions are
explained in the next subsection and in most case the proofs just follow the lines
of the ones in [1] where we will refer for further details.
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3.1. Generalization of atomic and molecular decomposition. For ¢ € .Z,
the atomic decomposition and molecular decomposition for H®(B") are described
using square integrable function [1]. One classical result used often in various
arguments there is the fact that the Szegd projection is bounded in L?(S™). It is
well known that, for all 1 < m < oo, the Szegd projection is bounded from L™(S")
to H™(B™). This fact allows us to obtain atomic and molecular decomposition
for H®(B") using m— integrable function. We will now give precise description
of what we are talking. In the sequel, m > 1 will be a fixed real.

DEFINITION 3.1. A function a in L™(S") is called an m—atom of order N € N
associated to the ball B := B(zg,70), for some zg € S", if supp a C B and when
o < (5,

/n a(§)P(&)do (&) = 0 for every P € Pn(2o).

We obtain the following atomic decomposition.

THEOREM 3.2. Let N € N be larger than N, := mn(1/p —1) — 1. Given any
f € H®(B") there exist m—atoms a; of order N such that (in the distribution

sense)
o () - X ren
=0 =0
Moreover,
> a(B(lallmo(B;) ™) = [|f [l an)-
=0

DEFINITION 3.3. A holomorphic function A € H™(B") is called an m—molecule
of order L, associated to the ball B := B(zy, 1) C S™, if it satisfies

d , L+n d 1/m
) WAl = (sup [ (14 225 e 29) T <o

The following proposition replaces Proposition 1.9 in [1]. The proof is similar.

PROPOSITION 3.4. For an m—atom a of order N associated to a ball B C S",
its Szegd projection P(a) is an m—molecule associated to B of double radius, of
any order L < (m — 2)n + %m. It satisfies

(23) 1Al mot(5,.m) S Nallmor (B) 71,

This yields the following molecular decomposition.

THEOREM 3.5. Let & € %,. For any f € H*(B"), there exist m—molecules A;
of order L > L, ., := mn(1/p — 1), associated to the balls B;, so that f may be

written as
=>4
J
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with [ flzee 2= 325 P Ajllmor(s;,.m))0 (Bj)-
Let p be a weight, we define a family of weighted BMOA spaces BMOA(p, m).

(24) BMOA(p,m) := {f e H™(B"): SUIl) ol Barogom) < 00}7
r<

where

», 1 AT
Wilvorn = (530, 88, ooty Jy = 2707)

The work of Viviani [13] allows to obtain that BMOA(p, m) are all the same
as m > 1 so that the dual (H®(B"))* of H®(B") identifies with BMOA(p, m),
for each fixed m.

The following proposition will be used to replace the inequality (18) in the case
of Orlicz function € % 9.

PROPOSITION 3.6. Let ® € %% and 0 < p < 1. Then, for m large enough, any
m—molecule A of order L associated to a ball B, such that L > % — 2n, belongs

to H®" (B"™) with
(25) |All30r < (|| Allmot(s,2,m)) o (B).

Proof. We first remark that by Lemma 2.4, ®,, = ®(t'/™) ¢ L /m, s0 that we
may suppose that ®,, is concave and so does @2 . The proof then follows as in
the proof of Proposition 1.10 in [1], where we just need to use often the Jensen
Inequality in the following way:

(26) /X O (f)dp = /X o7 (f7)dp < @7, ( /X f"‘du) = &7 (||l ()

Here, dyu is a probability measure and f is a positive function on the measure
space (X, du). O

3.2. Boundedness of h,: H®' (B")—H®*2(B"). We are now ready to give our
result for the boundedness of the Hankel operator from H®!(B") into H®*2(B")
in the case where ®; and ®, are both convex. As in the previous section, we
will follow the techniques in [4], the generalization of molecular decomposition
described in the previous subsection will be used in the present situation.

We first describe a factorization of each m—molecule as a product of functions
in Hardy-Orlicz spaces with power of convex growth functions.
THEOREM 3.7. Let & and &y € %1, pi(t) = m, 0<p<1, and Yy the
complementary function of ®5. Let ® be such that p(t) = pa(t) := %. Then for
m large enough, an m—molecule A associated to the ball B may be written as
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fg, where f is an m—molecule and g € HY>(B"). Moreover, for L, L’ given with
L'+ Qan < L, f and g may be chosen such that

HA’ ‘mol(B,L,m)

p < ) S
(27> ||g||qu2 ~ 1 ||f||m0l(B,L ,m) ~ p2(0_<B)1/p) ?

or such that

(28) gll,er < 1, 11 S 1| Allmot(,amo (B)/?p(a(B)?).
Proof. Suppose B := B(zp,r) C S", with zp € S” and r < 1. Let a = (1 — 1)z

and take 3 1 1—Ja] \*?
9(2) = 0y ((1 - |a|)"/p) (1 - <Z7“>) |

So, by Lemma 2.9, we have ||g||, vz < 1 and using (15) we also have that

2n

29 2)| = po(o(B)YP rr —, 2z € B
(29) 9(2) Z p2(o(B) )(d(z,zo)+r)P €

We pose f = A/g and B = B(z,2r) and proceed to prove the second part of

(27).
Eatnsin = |, (”&) Gl |
_ ]/+J;[ /S"\B <d(22, ) If(f)lmi‘zg
where

and II = /Sn\g (d(zo’f))mm|f(€)|mda(f>

1= [irer ‘

ol B
In B, we have |g(&)| > pa(o(B)?) so that
1 mdo(€) < Al ot(5,2.m)

S B J5 O B) = Goto ()"
In S™\ B, we have |g(&)| > p2(c(B )1/”)% so that we have
§)

3 d(z,6)\ """ mdo(€)
1 - W ) O s

d(z0, &)\ X do(€)
<<p2<a<B>1/p>> /W( " ) A" 5By

HAHEOZ(B,L,'ITL)
~ (p2(o(B)HP))"
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This proves (27). It remains to prove (28). By homogeneity, it is sufficient
to prove that, for ||A||mo(s,.m0(B)Y?p(c(B)Y?) = 1, the function that has
been chosen is such that [, ®V(|f])do < 1. By (25), it is enough to prove that

1 fllmotcm,rm) S @1 <a(31)1/p> = SHTm @ Lhis holds by (27) and the

definition of p. d

Taking ®; = ®5, we obtain in particular the following.

COROLLARY 3.8. Let ® € %7, 0 <p <1, p(t) = m, and ¥ the comple-

mentary function of ®. Then for m large enough, an m—molecule A associated
to the ball B may be written as fg, where f is an m—molecule and g € HY" (B").
Moreover, for L, L' given with L'+ 2’”7” < L, f and g may be chosen such that

HAHmol(BLm)
30 < 1 mo 'm < —Ha
(30) gllrer S 1, /1] UB,L"m) ~5 p(o(B)1/P)

or such that
(31) g3 ST, 111555 S 11 Allmot(s,Lamo (B)7.

This leads to the following generalization of the weak factorization of the Hardy
spaces HP(B"™), 0 < p < 1, obtained in [5, 6]

THEOREM 3.9. Let 0 < p <1, ® € %19, p(t) = m, and V¥ the comple-

mentary function of ®. Then given any f € HP(B") there exist f; € H* (B"),
g; € HY" (B"), j € N such that

F=>_ 1
§=0
and

(32) D Nasllgn 1 fill3En S 11F1lp-
J

Proof. Applying Theorem 3.5 to ®(t) = t”, we know that there exist m—molecules
A; of order L > L,,, := mn(1/p — 1), associated to the balls B;, so that f may

be written as
f=>_4
J

with |[ ][ > Zj ||Aj||£wz(3j,L,m)a(Bj)-
The weak factorization then follows from the factorization of each molecule as
obtained in Corollary 3.8 with

gjl[3er S 1, 11550 S 1A lmot(sy, Lm0 (By) 7.
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The inequality (32) follows easily from this.
> lgsllsgse 1 £llyer < Z 151l
- ,
<ZHA [lmot(B,,1.m)0 (B;)"?

1/p
(ZHA [lot(B,,Lam j)>

S -
The proof is complete. O

Using Theorem 3.7, we are ready to prove the following result about bound-
edness of Hankel operator h;, in the case where the growth functions are both
convex.

THEOREM 3.10. Let & and ®o in %, and p;(t) =
We suppose that:

(1) ®o satisfies the Dini condition (9)
(i) 2LO¥O
t

1
to7H(1/t) "

1s non-decreasing or ®; = Ps.

Then the Hankel operator hy, extends into a bounded operator from H*'(B™) into
H®2(B") if and only if its symbol b belongs to BMOA(p), where
P1

pP=pe = —.
P2
Proof. We first remark that using Propostion 2.1, we can see that (ii) implies
that ® € &, for some p so that the dual (H®(B"))* = BMOA(ps) and we have
the factorization of m—molecules. The sufficient part follows from Theorem 1.5,
Theorem 1.4 and Proposition 1.1. Indeed,

1(Dlpitany = sup [u(f)g)l = sup |(b, f9g)l

gl gl

H‘I’Q(]B’!L) =1 H‘I’Q(]Bn) =1

< sw o (IBllmaoagn 1ol )

luz _
llgl o gy =

S s (lbllsaoaim 115 o 191555 on) )

lux =1
11856, g,

S bl saroacen) 1115 5)-

Now, we assume that h; is bounded from H®!(B") into H®2(B") and prove that
b belongs to BMOA(p). Since BMOA(p) = BMOA(p, m) for any m > 1, it is
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sufficient to prove that there exist constants C' and m’ such that, for each ball B
we can find a polynomial R € Py (B) such that

() ([ 10 rpas) < Clo(B) ™ plo(B)),

Let B = B(zp,r) be a ball in ", we take for R the orthogonal projection of b
onto Py(B), and let a := xp(b — R) so that a is an m'— atom.

For [ € L™(S™,do) we will denote by R(l) the orthogonal projection of [ onto
Pn(B), so that the function a; = xg(I — R(l)) is an m—atom (see Definition 3.1)
associated to B. We claim that there exists an absolute constant C' = C (N, m, n)
such that

(34) IxB(l = R()[lm < Clixsl|n-

Assume that (34) holds. From Proposition 3.4, one knows that A; := P(a;)
is an m—molecule associated to B, with ||A;|[mes,r.m) S ||aillmo(B)~Y™. From
Theorem 3.7 we know that A; may be written as fig;, with

gillpewe S 1, 1Al S N Aullmot(s,L.myo (B)p(o(B)).

From this, we have , using (34)

lallm = sup [(a,[)] = sup  [(a,l = R(1))]

IxBlm=1 [IxBlm=1

= sup [b,xs(l—R())|= sup [(b,a)]

[IxBllm=1 [IxBlm=1

= sup [(b,P(w))| = sup [(he(f1), )]

[IxBllm=1 lIxBllm=1
< sup ([RollllAille gl )

IxBlm=1

< s (Inlllallno(B)" p(o(B))

Ixatllm=1
S Ml (o(B)'™ plo(B)):

It remains to show (34). It is clear that what we have to prove is that

(35) [[R(Dm < Cllxsl|m-

Without loss of generality we can assume that zp = (1,0,---,0), so that the
coordinates related to zgp may be taken as the ordinary ones. Otherwise we use
the action of the unitary group. In the local coordinates, the ball B becomes
Q(ry={z=(t,z) e R I =R xR*™ 2 |t| + |z]* <1}, and the measure o the
Lebesgue measure in R?*"~!, In these coordlnates Pn(B) is the space of polyno-
mials of degree at most N with support in Q(r). This is a closed subspace of the
Hilbert space L*(Q(r), dz = dtdx) with finite dimension M. So if {P;}p<j<ary 18
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an orthonormal basis of Py (B), we have
M
R(1) =Y (I, P)P;.
j=1
It follows that to prove (35), it is enough to prove that for some absolute constant
C (independent of P and r)
(36) |1 P[Pl < C|IPI]5,

for any polynomial P € Py(B). The inequality (36) follows from the fact that
there exist constants A and B depending only on N and n such that, for any
polynomial P = ZIaISN Ca?®

(37) A/Q(l) |P(2)ldz < ) |cal §B/ |P(2)|dz.

lal<N @)

Indeed, (37) clearly shows that for any m > 1,

|P(2)|™dz " |P(2)|dz
Q(1) Q1)

and the desired result then follows from the fact Py(B) is stable under dilation
and translation. This ends the proof of the theorem. U

We can observe that in the proof of this theorem, the condition (i) is used to
ensure that the resulting growth function ® is in some £,. Hence using Lemma
2.5, we have the following proposition.

PROPOSITION 3.11. Let ®; and ®y in %, and pi(t) = m
We suppose that

(i) @y satisfies the Dini condition (9)

(ii) w is mon-increasing.
Then the Hankel operator hy, extends into a bounded operator from H®' (B™) into
H®2(B") if and only if its symbol b belongs to BMOA(ps) = (H®(B™))*, where
_ P
a P2

4. BOUNDEDNESS OF hy: H®'(B") — H®2(B"); (®1,Ps) € % X %,

P -

Let us begin this section by recalling the definition of the admissible maximal
function M(f) of a holomorphic function f. For £ € S”

M(f)(€) = sup{|f(2)] : z € B, |1 = (§,2)| <1 |2[*}.
We recall that H!__, (B") consists of functions f € H(B") such that,

weak

Ao ({£eS" : M(f)(&) > A}) < C forany A > 0.

The following result is well known.
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PROPOSITION 4.1. Let ® € .£,. Suppose that ® satisfies the Dini’s condition
> P(t
1

Then HL, ., (B") embeds continuously in H*(B")

weak

Proof. Tt is enough to prove that for any f € H!_, (B"),

weak

| emminienioe <c.

/ BMUF)(©)ido(6) = / T o ({E €S M(F)(E) > AD) B (\)dA

=TI+ J
Where :
I= [ o({£e s MUIE > M) (A
and 000
J= [ oees MO > A} P (A
Clearly, 1

Igaﬁﬂ/q@MMA:C

To estimate the integral J, we use the definition of H! ., (B"), the fact that

weak

P'(t) = @ and that ® satisfies the Dini’s condition (38) to obtain
T= [ Hees s MIE) > MY (i
1
< C/ LAGY d\
1 A

26’/ %d)\§0<oo.
1

The proof is complete. 0

We next prove a result which generalizes the case hy, : HP(B") — H%(B"™) with
I1<p<oocand 0 < g<1.

THEOREM 4.2. Let &, € %7 and ®y € £,. Let Uy be the complementary
function of ®1 and, suppose that ®q satisfies the Dini’s condition (9) while ®q
satisfies (38). Then hy extends as a bounded operator from H® (B") to H®2(B")
if and only if b € HY'(B").
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Proof. Let us begin by proving the necessity. Suppose that h; is bounded from
H®1(B") to H*2(B"). Then for any f € H®1(B"), we have

| HOTEo(&)| = I O) < CllDlbees < Cllll

We have used the fact that H®2(B") is continuously contained in HP(B") (for
some p > 0), and the evaluation at 0 is bounded on this space. It follows that b
belongs to the dual space of H*1(B") that is b € H¥' (B").

Conversely, if b € HY1(B"), then for any f € H® (B"), the product bf is in
L'(S™) by Proposition 1.1. Thus, hy(f) := P(bf) is in H._,,.(B") and conse-

weak

quently in H®2(B") by Proposition 4.1. The proof is complete. O
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