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ANNA DELUCA AND ALVARO CORRAL

ABSTRACT. We analyze the statistics of rain-event sizes, rain-event durations, and
dry-spell durations in a network of 20 rain gauges scattered in an area situated close
to the NW Mediterranean coast. Power-law distributions emerge clearly for the dry-
spell durations, with an exponent around 1.50 £ 0.05, although for event sizes and
durations the power-law ranges are rather limited, in some cases. Deviations from
power-law behavior are attributed to finite-size effects. A scaling analysis helps to
elucidate the situation, providing support for the existence of scale invariance in these
distributions. It is remarkable that rain data of not very high resolution yield findings
in agreement with self-organized critical phenomena.

1. INTRODUCTION

The concept of self-organized criticality (SOC) aims for explaining the origin of
power-law distributed event sizes in a broad variety of systems [1, 2, 3, 4]. Indeed,
it has been found that for diverse phenomena that take place in terms of bursts of
activity interrupting larger quiet periods, the size s of these bursty episodes or events
follows a power-law distribution,
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over a certain range of s, with Ps(s) the probability density of the event size and Ty its
exponent (and the sign o indicating proportionality).

The paradigmatic example of this behavior is a sandpile that is perturbed by the
slow addition of extra grains: most of the time the activity in the pile is negligible,
but at some instant a new added grain triggers an instability that propagates through
the system in the form of an avalanche; these are the high-activity periods whose size
is power-law distributed; the avalanche size can be measured from the dissipation of
energy, as the change in potential energy before and after the event, for example [5].

Power-law distributions signal the absence of characteristic scales [4, 6]. The main
idea behind SOC is the recognition that such scale invariance in event sizes is achieved
because of the existence of a nonequilibrium continuous phase transition whose critical
point is an attractor of the dynamics [7, 8, 9]. When the system settles at the critical
point, scale invariance and power-law behavior is ensured, as these peculiarities are the
defining characteristics of critical phenomena [4]. (Notice that from this point of view,
SOC is just a suggestion for the origin of scale invariance, other mechanism can lead

to the same observable results [3].)
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Although the original idea of SOC was inspired mainly by a variety of systems
in condensed-matter physics [10], the concept has been particularly fruitful in the
geosciences, with a special impact in natural hazards. Indeed, earthquakes [1, 11],
landslides and rock avalanches [12], volcanic eruptions [12, 13], forest fires [14], and
even the extinction of biological species [15], have been proposed as realizations of
SOC systems.

However, the penetration of atmospheric science by SOC has been much more mod-
est. As far as we know, the pioneering papers are those of [16] and Peters et al.
[17, 18, 19], who studied rainfall as an avalanche process. Both authors dealt with lo-
cally measured precipitation and defined, independently, a rain event as the sequence
of rain occurrence for which the rain rate (i.e., the activity) is always greater than zero.
Then, the focus of the SOC approach is not on the total amount of rain recorded in a
fixed time period (for instance, one day, or one month), but on the rain event, which is
what defines in each case the time period of rain-amount integration. In this way, the
event size is the total amount of rain collected during the duration of the event. We can
recognize a contraposition between the anthropogenic perspective, paying attention to
rain over relatively large time periods, and a more physical approach, looking at the
fine structure of the rainfall phenomenon [18].

The analysis of Andrade et al. considered long-term daily rain records from several
weather stations in Brazil, India, Europe, and Australia, with observation times ranging
from a dozen years up to more than a century. The rain rate was taking values between
0.1 mm/day to about 100 mm/day. Although the dry spell (the time between rain
events) seemed to follow a steep power-law distribution (at least for some stations in
semi-arid regions), the rain-event size was not reported, and therefore the possible
connection between SOC and rainfall could not be really checked.

On the other hand, Peters et al. used in their study a totally different dataset,
obtained from the operation of a vertically pointing Doppler radar situated in the
Baltic coast of Germany. This facility provided rain rates at an altitude between 250
m and 300 m above sea level, covering an area of 70 m?, with a detection threshold equal
to 0.005 mm/hour at a one-minute temporal resolution. The time period analyzed was
from January to July 1999. A power-law event-size distribution was obtained for s
between about 0.01 mm and 30 mm, with an exponent 75, ~ 1.4. Dry-spell durations
also seemed to follow a power-law distribution between 5 min and 4 days (roughly),
with an exponent 7, >~ 1.4, but superimposed to a daily peak. For the event-duration
distribution the behavior was not so clear, although a power law with an exponent
Tq =~ 1.6 could be fit to the data. In any case, the clean power-law behavior obtained
for the distributions of event sizes allowed to establish a patent parallelism between
rainfall and SOC phenomena [19].

A radically different approach was followed by [20]. Instead of addressing their
attention to the event-size distribution and looking for a power-law behavior (as in
the overwhelming majority of SOC studies), they analyzed, from the Tropical Rainfall
Measuring Mission, satellite microwave estimates of rain rate and vertically integrated
(i.e., column) water vapour content in grid points covering the tropical oceans (with a
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0.25° spatial resolution in latitude and longitude). The results were not only interesting
as a support of SOC ideas but also for the characterization of rainfall phenomena and
the problem of atmospheric convection. They showed a relationship between the two
variables in the form of a sharp increase of the rain rate when a threshold value of the
water vapor was reached, analogous to what is obtained in critical phase transitions.
Moreover, these authors also demonstrated that most of the time the state of the
system was close to the transition point (i.e., most of the measurements of the water
vapor correspond to values near the critical one), providing perhaps the first direct
observational support of the applicability of SOC theory to the natural world. Further,
they connected these ideas with the classical concept of atmospheric quasi-equilibrium
proposed by Arakawa and Schubert around 35 years ago [21].

In summary, the question of the existence of SOC in rainfall is far from being totally
solved. Power-law size distributions allow a connection to be established: if SOC
systems show distributions that are power law, and the system under study displays a
power-law distribution, there exists the possibility that the system is a SOC system,
although alternative mechanisms could explain the power law [3, 22]. In any case, the
work of [16] resulted inconclusive in terms of establishing a link between rainfall and
SOC, whereas the positive power-law findings of [17] could be considered somewhat
“incidental”, as it was based in a single dataset from a mid-latitude region.

In contrast, the key findings of Peters and Neelin suggest the existence of an at-
tractive critical point in the rainfall transition over the tropical oceans, but curiously,
the most common “test” for SOC, the construction of the event-size distribution, has
barely been applied to tropical precipitation records (but see [23]). The goal of this
paper is to contribute to extend the evidence for SOC in rainfall, studying a climatol-
ogy that can be considered as a link between the Baltic-sea case analyzed by Peters
et al. and the tropical oceans of Peters and Neelin. With this purpose, we perform
an in-depth analysis of local (i.e., zero-dimensional) rainfall records in Catalonia, a
representative region of the Northwestern Mediterranean. Indeed, we can view rainfall
there as something in between the Baltic rain and the tropical convection, dominated
by frontal systems during the Winter and mainly of convective origin in the Sum-
mer. Additionally, as a by-product of our study, we obtain a complete characterization
of rain in the Catalonia region, which we consider generalizable to the Northwestern
Mediterranean. A much broader study, covering very different climates and using rain
data with higher resolution will be presented in [24], in order to verify the universality
of rain-event statistics.

Note that the presence of SOC in rainfall has important consequences for the risks
posed by this natural phenomenon. If there is not a characteristic rain-event size, then
there is neither a definite separation nor a fundamental difference between the smallest
harmless rains and the most hazardous storms. Further, the critical evolution of the
rain events suggests that, at a given instant, it is equally likely that the rain rate
intensifies or decreases, the outcome depending on a myriad of uncontrollable details,
which makes detailed prediction unattainable in practice [25]. Our findings imply that
this is the case for Mediterranean storms.
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Ficure 1. Map showing the position of the rain gauges analyzed across
Catalonia. The location of the region in the NW of the Mediter-
ranean is also shown. (Coast lines and old political borders taken from
http://rimmer.ngdc.noaa.gov/coast.)

2. DATA

We have analyzed 20 stations in Catalonia (NE Spain) from the database maintained
by the Agencia Catalana de 1’Aigua (ACA, http://aca-web.gencat.cat/aca). These
data come from a network of rain gauges, called SICAT (Sistema Integral del Cicle de
I’Aigua al Territori, formerly SATH, Sistema Automatic d’Informacié Hidrologica); part
of the stations belong to the ACA and the rest to the Servei Meteorologic de Catalunya,
and they are used to monitor the state of the inland drainage basins of this region. The
inland basins are those comprising the rivers which are born and die in the Catalan
territory [26]. The corresponding sites are listed in Table 1, together with their latitude
and longitude; a map is also provided in Fig. 1. All datasets cover a time period starting
on January 1st, 2000, at 0:00, and ending either on June 30th or on July 1st, 2009
(spanning roughly 9.5 years), except the Cap de Creus one, which ends on June 19th,
2009 (this is just a 0.35 % relative difference in record length). The same database,
although for a different time period, was also used in [26].

In all the stations, rain is measured by the same weighing precipitation gauge, the
device called Pluvio from OTT (http://www.ott-hydrometry.de), either with a ca-
pacity of 250 or 1000 mm and working through the balance principle. It measures
both liquid or/and solid precipitation. The precipitation rate is recorded in intervals
of At =5 min, with a resolution of 1.2 mm/hour (which corresponds to 0.1 mm in 5
min). This precipitation rate can be converted into an energy flux through the latent
heat of condensation of water, which yields 1 mm/hour ~ 690 W/m? (this is about
half the value of the solar constant). An example of a complete record is provided in
Fig. 2 for the site of Muga.
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TABLE 1. Characteristics of all the sites for the 9-year period 2000-2008.

Every site is named by the corresponding river basin or subbasin, the mu-

nicipality is included only in ambiguous cases. Ll. stands for Llobregat

river. fy is the fraction of missing records (time missing divided by

total time); fp is the fraction of discarded times; f, is the fraction of

rainy time (time with » > ¢ divided by total undiscarded time, for a

time resolution At = 5 min); a. rate is the annual rain rate, calculated

only over undiscarded times; c. rate is the rain rate conditioned to rain,

i.e., calculated over the (undiscarded) rainy time; N is the number of

rain events and N, the number of dry spells; the rest of symbols are

explained in the text. The differences between N, and N, are due to the

missing records. Sites are ordered by increasing annual rate. The table

shows a positive correlation between f,, the annual rate, Ny and N,, and

that these variables are negatively correlated with (g) and (¢*) / (¢). In

contrast, the rate conditioned to rain is roughly constant, taking values

between 3.3 and 3.8 mm/hour.

site longitude latitude| fas| fp| fr|a. rate|c. rate] Ns| Ng| (s) <<Sj>) (d) <<dd2>) (¢) %
E N| %| %| %|mm/yr|mm/h mm| mm|min| min|min| min
1 Gaia 1° 20’ 18”[41° 14’ 097 |0.08| 3.71[1.6| 470.9  3.3[5021(5014]0.81|11.7|14.9] 92.4[894.|17958.
2 Foix 1° 39’ 15”[41° 15" 267 |0.07| 3.38|1.6| 500.6|  3.6/4850|4844|0.90| 14.8|15.0| 73.1]929.|17823.
3 Baix L1. S.J. Despf [2° 02’ 527 |41° 21° 137(0.07| 2.28|1.7| 505.8|  3.3|5374|5369(0.83| 13.5/15.0| 71.6|847.|16723.
4 Garraf 1° 41’ 39”[41° 13’ 55”|0.09| 3.30|1.6| 507.8|  3.7|4722(4716]0.94|15.2|15.2| 68.1956.|15485.
5 Baix L1. Castellbell|1° 51° 347 |41° 38 5470.06| 2.81[1.7| 510.7|  3.4|4950|4947(0.90| 12.415.8| 77.2|914.|16060.
6 Francolf 1° 10’ 517 [41° 21° 607 |0.44(13.37|1.8| 528.2|  3.4|4539(4540(0.91|11.3|16.1| 78.6|887.|13627.
7 Besos Barcelona  [2° 12’ 06”|41° 27° 097 |0.15| 4.17|1.7| 531.8|  3.54808|4803|0.95|12.1|16.2| 70.5928.|18617.
8 Riera de La Bisbal |1° 32’ 15”|41° 12’ 537|0.07| 3.66|1.6] 540.0|  3.8|4730|4724[0.99| 13.815.8| 75.2|950.|18334.
9 Besos Castellar  |2° 04’ 577 |41° 36’ 3774.34[13.59(2.0| 633.3|  3.64918|4970|1.00| 11.616.9| 79.5|806.|17276.
10 L1 Cardener 1° 35’ 147[42° 06’ 147 |0.07| 3.33[2.1| 652.4|  3.5/6204/6197|0.92| 10.0|15.7| 68.6|723.|13986.
11 Ridaura 2° 58 497[41° 49’ 127(0.12| 2.41|2.0| 674.2|  3.8|5780|5774|1.02| 19.3]16.1| 87.7|784.|12702.
12 Daré 3° 02’ 227(41° 57 597(0.06| 2.09(2.2| 684.5|  3.6/5553|5547|1.09| 16.9]18.0|109.2|818.|14054.
13 Tordera 2° 40’ 147[41° 44’ 507 0.08| 2.04/2.3| 688.8|  3.4|7980(7977|0.76| 14.1/13.6| 93.2|568.|11999.
14 Baix Ter 2° 49’ 327|41° 58’ 377(0.07| 2.71|2.3| 710.2|  3.6/6042|6036|1.03| 16.4|17.4|104.7|746.|12949.
15 Cap de Creus  |3° 07’ 357(42° 25’ 407 |0.07| 2.92|2.3| 741.5|  3.7|5962|5955|1.09| 22.6|17.7|123.3|754.|13864.
16 Alt Llobregat 1° 52 15”[42° 12’ 587 |3.12| 5.82|2.6| 742.8|  3.3/6970/6988(0.90| 11.0|16.7| 87.9|621.|10675.
17 Muga 2° 50’ 107(42° 20’ 427 [0.06| 2.56(2.4| 749.3|  3.6/6462|6457|1.02| 31.5/16.9|119.4/698.|11415.
18 Alt Ter Sau 2° 24’ 537(41° 58’ 147[0.08| 2.43|2.5| 772.1|  3.6/6966(6961|0.97| 15.2|16.3|112.6|647.|11292.
19 Fluvia 2° 57’ 207(42° 09’ 207 [3.09| 4.74|2.3| 772.4|  3.8/6287(6319|1.05| 19.0[16.7| 99.6/697.| 8881.
20 Alt Ter S. Joan  |2° 14’ 38”|42° 13’ 257(0.07| 1.98|2.8| 795.1|  3.3|8333|8327(0.84| 11.4|15.5| 91.1|542.| 7260.

In order to make the datasets more manageable, zero-rain rates are reported only
every hour. This leads us to infer that time intervals larger than 1 hour have to be
considered as operational errors. The ratio of these missing times to the total time
covered in the record is denoted as fj; in Table 1, where it can be seen that this ratio
is usually below 0.1 %. However, there are 3 cases in which its value is around 3 or
4 %. Other quantities reported in the table are the fraction of time corresponding to
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FiGURE 2. Evolution of the rate in the Muga site for the 9.5 years
spanned by the record.

rain, f,, the annual mean rate, and the mean rate conditioned to rain periods. Note
that for a fractal point process a quantity as f, only makes sense for a concrete time
resolution, in our case, At = 5 min.

3. ANALYSIS AND RESULTS

3.1. Rain events and dry spells. As we have mentioned in the first section, the key
of our analysis is the rain event [16, 17]. If r(¢) denotes the rain rate at discrete time ¢
(in intervals of 5 minutes in our case), a rain event is defined by the sequence of rates
{r(tn),r(tns1),...7(tm)} such that r(t;) > c for i = n,n+1,...m, but with r(¢;) < ¢
fori =n—1and i = m+ 1. In words: a rain event starts when the threshold c is
surpassed, all the rates in the event are above the threshold, and it ends when the rate
crosses the threshold from above. In this paper we have considered ¢ = 0, which, due
to the resolution of the record, is equivalent to take ¢ — 1.2~ mm/hour (where the
superscript means that we are just below the value 1.2).

A quantity of interest is the duration d of the event, which is the time period covered
by the sequence of above-threshold rates, i.e., d = t,, — t,, + At; note that this is a
multiple of At = 5 min. Even more relevant it is to consider the size of the event,
which is defined as the total rain collected during the event,

m tm
s = Zr(ti)At ~ / r(t)dt;
=n tn

it is measured in mm and it is always a multiple of 0.1 mm (1.2 mm/hour x 5 min).
The event size is proportional, through the latent heat of condensation, to the energy
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F1GURE 3. Time evolution of the rate of the rain event with the largest
size in the Muga site. This event took place on April 11, 2002, and is
also the largest (in size) of all sites, with s = 248.7 mm. Time refers
to hours since midnight. A very small rain event is also present at the
beginning, with s = 0.3 mm and separated to the main event by a dry
spell of duration ¢ = 15 min.

released by the event per unit area, with 1 mm =~ 2500 kJ/m? [24], and can be con-
sidered a measure of energy dissipation, as is done for SOC systems. Figure 3 shows
as an illustration the evolution of the rate for the largest event in the record, which
happens at the Muga site, whereas Fig. 4(a) displays the sequence of all events in the
same site. Figure 4(b) shows the size of all events in Muga as a function of their du-
ration, with considerable resemblance to [27]. Further, the dry spells are the periods
between consecutive rain events (then, they verify r(t) < ¢). If the last record of an
event is at t,, and the next event starts at the interval ¢ = t,,, the dry-spell duration is
q =t, —t,, — At, which is also a multiple of 5 min.

When a rain event, or a dry spell, is interrupted due to missing data, we discard that
event or dry spell, and count the recorded duration as discarded time; the fraction of
these times in the record appears in Table 1, under the symbol fp. Although in some
cases the duration of the interrupted event or dry spell can be bounded from below or
from above, we have not attempted that estimation.

3.2. Rain-event and dry-spell probability densities. Due to the enormous vari-
ability of the 3 quantities just defined, the most informative approach is to work with
their probability distributions. Taking the size as an example, its probability density
P,(s) is defined as the probability that the size is between s and s + ds divided by
ds, with ds — 0. Then, fooo P,(s)ds = 1. This implicitly assumes that s is consid-
ered as a continuous variable (but see below). Note that the annual number densities
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FIGURE 4. (a) Size of all rain events versus their occurrence time in the
Muga site. (b) Size of all rain events as a function of their duration in
the same site. Note that the event with the largest size is not the longest
one.

[17, 18, 19] are trivially recovered multiplying the probability densities by the total
number of events and dividing by total time.

In practice, the estimation of the density from data is performed taking a value
of ds large enough to guarantee statistical significance, and then compute Pj(s) as
n(s)/(NsA), where n(s) is the number of events with size in the range between s and
s + ds, N, the total number of events, and A is defined as A = R ([ (s + ds)/Rs| —
|s/Rs]), with Ry the resolution of s, i.e. Ry = 0.1 mm, and |z| the integer part of
x (but note that high resolution means low R;). So, A/R, is the number of possible
different values of the variable in the interval considered. Notice that using A instead
of ds in the denominator of the estimation of Ps(s) allows one to take into account the
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discreteness of s. If R, tended to zero, then A — ds and the discreteness effects would
become irrelevant.

How large does ds have to be to guarantee the statistical significance of the estimation
of Ps(s)? Working with long-tailed distributions (where the variable covers a broad
range of scales) a very useful procedure is to take a width of the interval ds that is
not the same for all s, but that is proportional to the scale, as [s, s + ds) = [s,, bs,),
[0S0, 0%5,), ... [bFs,, 0" TLs,), ie., ds = (b — 1)s (with b > 1). Given a value of s, the
corresponding value of k that associates s with its bin is given by k = [log,(s/s,)].
Correspondingly, the optimum choice to assign a point to the interval [s, s + ds) is
given by the value v/bs. This procedure is referred to as logarithmic binning, because
the intervals appear with fixed width in logarithmic scale [28]. In this paper we have
generally taken b ~ 1.58, in such a way that b = 10, providing 5 bins per order of
magnitude.

As the distributions are estimated from a finite number of data, they display statis-
tical fluctuations. The uncertainty characterizing these fluctuations is simply related
to the density by

g D(S) -~ 1

Py(s) — y/n(s)’
where op(s) is the standard deviation of Ps(s) (do not confound with the standard
deviation of s). This is so because n(s) can be considered a binomial variable [29],
and then, the ratio between its standard deviation and mean fulfills o,(s)/(n(s)) =
/Ngp(1 —p)/(Ngp) ~ /(1 —p s) ~ 1/4/n(s), with n(s) ~ pNs and p < 1. As

Py(s) is proport10na1 to n(s), the same relation holds for 1ts relative uncertainty.

The results for the probability densities Ps(s), Ps(d), and P,(q) of all the sites under
study are shown in Fig. 5. In all cases the distributions show a very clear behavior,
monotonically decreasing and covering a broad range of values. However, to the naked
eye, the power-law behavior necessary for SOC is not clearly apparent, in general
(remember that a power law appears as a straight line in a double logarithmic plot,
i.e., log Ps(s) = —75log s + constant). Only the distribution of dry spells, P,(q), seems
to be clearly linear between certain values of q. Moreover, these are the broadest
distributions, covering a range of more than 4 orders of magnitude, from 5 min to
about a couple of months. In addition, a daily peak seems to be present in some
sites (1 day = 1440 min), as in [17]. In the opposite side we find the distributions of
durations, P;(d), whose range is the shortest, from 5 min to about 1 day (two and a half
decades), and for which no straight line is visible in the plot; rather, the distributions
appear as convex. The size distributions P;(s) are somehow in between, defined for
about 3 orders of magnitude (from 0.1 to 200 mm roughly) and perhaps with a short
range of power-law behavior.

3.3. Fitting and testing power laws. A quantitative method can put more rigor
into these observations. The idea is based on the recipe proposed by [30], but gener-
alized to our problem. Essentially, an objective procedure is required in order to find
the optimum range in which a power law may hold. Taking again the event size for
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illustration, we report the power-law exponent fit between the values of s.,;, and Spax
which yield the maximum number of data in that range but with a p—value greater
than 10%. The method is described in detail in [24], but we summarize it in the next
paragraphs.

For a given value of the pair sy, and spax, the maximum-likelihood (ML) power-law
exponent is estimated for the events whose size lies in that range. This exponent yields
a fit of the distribution, and the goodness of such a fit is evaluated by means of the
Kolmogorov-Smirnov (KS) test [31]. The purpose is to get a p—value, which is the
probability that the KS test gives a distance between true power law data and its fit
larger than the distance obtained between the empirical data and its fit.

For instance, p = 20% would mean that truly power-law distributed data were closer
than the empirical data to their respective fits in 80% of the cases, but in the rest 20%
of the cases a true power law were at a larger distance than the empirical data. So, in
such a case the KS distance turns out to be somewhat large, but not large enough to
reject that the data follow a power law with the ML exponent.

As in the case in which some parameter is estimated from the data there is no
closed formula to calculate the p—value, we perform Monte Carlo simulations in order
to compute the statistics of the Kolmogorov-Smirnov distance and from there the
p—value. In this way, for each sy, and sy.c We get a number of data in that range and
a p—value. We look for the values of the extremes (Syin and Spyax) which maximize the
number of data in between but with the restriction that the p—value has to be greater
than 10% (this threshold is arbitrary, but the conclusions do not change if it is moved).
The maximization is performed sweeping 100 values of s.,;, and 100 values of $yay, in
log-scale, in such a way that all possible ranges (within this log-resolution) are taken
into account. We have to remark that, in contrast with [24], we have considered always
discrete probability distributions, both in the ML fit and in the simulations. Notice
also that the method is not based on the estimation of the probability densities shown
in the previous subsections.

The results of this method are in agreement with the visual conclusions obtained in
the previous subsection, as can be seen in Table 2. Starting with the size statistics, 13
out of the 20 sites yield reasonable results, with an exponent 75 between 1.43 and 1.54
over a logarithmic range Spax/Smin from 12 to more than 200. For the rest of the sites,
the range is too short (less than one decade). In the application of the algorithm, it
has been necessary to restrict the value of s,;, to be spin > 0.2 mm; otherwise, as the
distributions have a concave shape (in logscale) close to the origin (which means that
there are many more events in that scale than at larger scales), the algorithm (which
maximizes the number of data in a given range) prefers a short range with many data
close to the origin than a larger range with less data away from the origin. Perhaps a
variation of the algorithm in which the quantity that is maximized is the logarithmic
range would not need this restriction.

For the distribution of durations the results are worse, as expected (worse in the
sense that the power-law fit is worse than in the previous case). Only 4 sites do not
give totally unacceptable results, with 75 ranging from 1.66 to 1.74 and d,,4z /dinin from
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6 to 12. The other sites yield too short ranges for the power law be of any relevance.
The situation is analogous to the case of the distribution of sizes, but the resulting
ranges are much shorter here [24]. Notice that the excess of events with d = 5 min,
eliminated from the fits imposing d,,;, > 10 min, has no counterpart in the value of
the smallest rate (not shown), and therefore, this extra number of events is probably
due to problems in the time resolution of the data.

Considerably better are the results for the dry spells. 16 sites give consistent results,
with 7, from 1.45 to 1.55 in a range ¢maz/gmin from 30 to almost 300. It is noticeable
that in these cases @nq. is always below 1 day. Perhaps, the removal by hand of dry
spells around that value could enlarge a little the power-law range. In the rest of
sites, either the range is comparatively too short (for example, for the Gaia site, the
power-law behavior of P,(q) is interrupted at around ¢ = 100 min), or the algorithm
has a tendency to include the bump the distributions show between the daily peak (g
beyond 1000 min) and the tail. This makes the value of the exponent smaller.

In summary, the best power laws for the distributions of durations are too short to
be relevant, and the fits for the sizes are in the limit of what is acceptable or not (some
cases are clear and some other not). Only the distributions of dry spells give really
good power laws (with 7, = 1.50 £ 0.05, and for more than two decades in 6 sites).

3.4. Non-parametric scaling. Nevertheless, the fact that a power-law behavior does
not exist over a broad range of values does not rule out the existence of SOC [4]. In
fact, the fulfillment of a power-law distribution in the form of Eq. (1) is only valid
when finite-size effects are “small”; which only happens for large enough systems. In
general, when these effects are taken into account, SOC behavior leads to distributions
of the form [4, 24]

(2) Py(s) = s Gs(s/se) for s> s,

where G¢(x) is a scaling function that is essentially constant for z < 1 and decays fast
for x > 1, accounting in this way for the finite-size effects when s is above the crossover
value s¢; the size s; is just a lower cutoft limiting the validity of this description. Notice
that for a power-law behavior to hold over an appreciable range, it is necessary that the
scales given by s; and s¢ are well separated, i.e., 5; < s¢. As s¢ increases with system
size, typically as s¢ oc LP+ (with D the so-called avalanche dimension, or event-size
dimension), the power-law condition (1) can only be fulfilled for large enough system
sizes.

However, it is not clear what the system size L is for rainfall. May it be the vertical
extension of the clouds, or the depth of the troposphere? In any case, we do not need
to bother about its definition since, whatever it is, it is not accessible to us (remember
that all our data are just local rain rates). Nevertheless, the scaling ansatz (2) still can
be checked from data. First, notice that the ansatz implies that the k—order moment
of s scale with L as

(3) (s") oc LP<EH1=7) for 1 < 7, < k +1,
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TABLE 2. Results of the power-law fitting and goodness-of-fit tests ap-
plied to event sizes, event durations, and drought durations, for the pe-
riod of 9 and a half years specified in the main text. The table displays
the minimum and maximum fitting range, the ratio of these values (loga-
rithmic range), total number of events, number of events in fitting range
(Ny, Ny, and N,, for s, d, and ¢, respectively), and the power-law expo-
nent with its uncertainty (one standard deviation) calculated as stated by
[32] and displayed between parenthesis as the variation of the last digit.
All the fits have a p—value larger than 10 %. The results of [18], labeled
as ChP, are also included, the fitting ranges are estimated visually from
their plots.

site||Smin |Smaz ﬁ Ns| Ns Ts || dmin | dmaz ‘;’Tﬂnﬁ Ny Tall@min| @maz % Ng| Ng Tq
mm| mm min| min min| min

1|| 0.2] 36.1]180.5|5393|1886|1.54(2) 10| 100| 10.0{1668|1.67(4) 95| T740| 7.8|5387| 743[1.75(7)
2| 0.2| 0.9 4.5|5236|1323(1.64(6) 10 40| 4.0{1581|1.60(6) 5| 1365(273.0{5231|4729|1.46(1)
3|| 0.2| 31.1|/155.5(5749(2111|1.53(2) 10 60 6.0{1726|1.66(5) 10| 800| 80.0({5745|3207|1.53(2)
4]| 0.2| 2.4| 12.0{5108|1745|1.43(3) 10 35 3.5(1564|1.41(7) 5| 980(196.0{5103|4520(1.47(1)
5/l 0.2| 28.0/140.0/5289(2106|1.52(2) 10 35 3.5/1530|1.58(7) 20| 945| 47.3|5287|1706(1.45(2)
6| 0.2| 13.6] 68.0/4924|1969(1.49(2)|| 10| 35| 3.5|1441]1.50(7)|| 20| 625| 31.3]4926|1537|1.47(3)
7|l 0.2| 21.1|105.5|5219(2234|1.51(2) 10 35 3.5(1621|1.51(7) 5| 1280(256.0{5215|4734|1.51(1)
8|| 0.2| 42.6/213.0{5112|2047|1.53(2) 10 40| 4.0|1567|1.55(6) 15| 975| 65.0/5107|2098|1.50(2)
9| 0.2| 1.0/ 5.0/5366|1459|1.53(5) 10 40| 4.0/1658|1.51(6) 10| 900 90.0({5419|2889|1.55(2)
10{| 0.2| 3.8| 19.0/6691|2452|1.51(2) 10 35 3.5/2066|1.57(6) 25| 825| 33.0(6685|1758(1.48(3)
11 0.2| 13.0| 65.0{6224|2373|1.49(2) 10 50 5.0{1932|1.56(5) 45/21075|468.3|6219(2005(1.24(1)
12|| 0.2] 0.8] 4.0|5967|1500(1.53(6) 10 40| 4.0/1889|1.49(6) 5| 1175[235.0{5961|5376|1.47(1)
13|| 0.3] 20.0| 66.7|8330(1853|1.45(2) 10| 125| 12.5/2288|1.74(3)|| 130|20600|158.5|8328|1501|1.27(2)
14{| 0.2| 0.7] 3.5/6525/1711|1.56(6) 10 50 5.0(2299|1.62(4) 5| 1075(215.0{6520/5906|1.47(1)
15(| 0.3| 1.1| 3.7|6485]1102|1.39(7) 10 50 5.0{2095|1.64(5) 15| 745| 49.7(6479|2560|1.51(2)
16{| 0.2| 0.7| 3.5|7491|1852|1.59(5) 10 40 4.0|2385(1.59(5) 5| 1070(214.0|{7510(6789|1.50(1)
17|| 0.2] 16.1] 80.5|6962|2853|1.52(2) 10 35 3.5/2087|1.60(6) 10| 685| 68.5(6958(3719|1.52(1)
18| 0.2] 8.3] 41.5|7511|2847|1.51(2) 10 35 3.5|2238|1.57(6) 20| 620| 31.0{7507|2302|1.53(2)
19]| 0.2 19.9| 99.5|6767|2742|1.47(2) 10 35 3.5(1958|1.60(6) 50| 1085| 21.7|6800|1378|1.26(3)
20(| 0.2| 0.7| 3.5/9012|2047|1.69(5) 10 85 8.5(2972|1.66(3) 15| 515| 34.3({9007|3367|1.50(2)
ChP|| 0.01 301 300 - - 1.4 10{ 300 30 - 1.6 5/*6000| 1200 — — 1.4

if 5, < s¢, see [4].
scaling law,

(4)

with an arbitrary F, is the well-known scale-invariance condition [4, 6]. Changes of

12

* Disregarding the daily peak.

Second, Eq. (2) can be written in a slightly different form, as a

Py(s) = L™ F,(s/LP%) for s> s,

where the new scaling function Fy(z) is defined as Fs(z) = 27 ™Gs(x/a) (a is the
constant of proportionality between s¢ and LP#). This form of Py(s) (in fact, Ps(s, L)),

scale (linear transformations) in s and L may leave the shape of the function Ps(s, L)
unchanged (this is what scale invariance means, power laws are just a particular case).
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Substituting L2 o (s?) / (s) and L™ oc L2P+/ (s) o (s2)? / (s)* (from the scaling
of (s*), assuming 7, < 2) into Eq. (4) leads to

(5) Py(s) = (s)° (s2) " Fu(s(s) / (s*))

where F,(x) is essentially the scaling function F,(z), absorbing the proportionality
constants. Therefore, if scaling holds, a plot of (s2)? Py(s)/ (s)® versus s (s) / (s?) for
all the sites has to yield a collapse of the distributions into a single curve, which draws
Fi(x) (a similar procedure is outlined in [33]). In order to proceed, the mean and the
quadratic mean, (s) and (s?), can be easily estimated from data. These values, and
the corresponding ones for d and ¢ are displayed for all sites in Table 1.

The outcome for Py(s), Py(d), and P,(q) is shown in Fig. 6, with reasonable results,
especially for the distribution of dry spells. In this case, the plot suggests that the
scaling function G,(x) has a maximum around x ~ 1, but this does not invalidate our
approach, which assumed constant G,(x) for small x and a fast decay for large .

Note that the quotient (s?) / (s) gives the scale for the crossover value s¢ (as s¢
(s?) / (s), with a constant of proportionality that depends on the scaling function G,
and on s;/s¢), and therefore it is the ratio of the second moment to the mean and not
the mean which describes the scaling behavior of the distribution. For the case of event
sizes, we get values of (s?) / (s) between 10 and 30 mm (see Table 1), and therefore the
condition s; < s¢ is very well fulfilled (assuming that the moment ratio (s?) /(s) is of
the same order as s¢), which is a test for the consistency of our approach. For dry spells
(¢*) / {q) is between 5 and 13 days, which is even better for the applicability of the
scaling analysis. The case of the event durations is somewhat “critical”, with (d?) / (d)
between 70 and 120 min, which yields d¢/d; in the range from 14 to 24. Nevertheless,
we observe that the condition s; < s¢ for the power law to show up is stronger than
the same condition for the scaling analysis to be valid.

3.5. Parametric scaling. Further, a scaling ansatz as Eq. (2) or (4) allows an esti-
mation of the exponent 7, even in the case in which a power law cannot be fit to the
data. From the scaling of the moments of s we get, taking k = 1, LP* (s)l/(Q_TS) and
LP=™ o (s)™/@7™) (again with 7, < 2); so, substituting into Eq. (4),

(6) Py(s) = (s) T F(s/ ()07,

One only needs to find the value of 7, that optimizes the collapse of all the distributions,
i.e., that makes the previous equation valid, or at least as close to validity as possible.

We therefore need a measurement to quantify distance between rescaled distribu-
tions. In order to do that, we have chosen to work with the cumulative distribution
function, Sy(s) = [ Py(s')ds’, rather than with the density (to be rigorous, Sy(s)
is the complementary of the cumulative distribution function, and is called survivor
function or reliability function in some contexts). The reason to work with Si(s) is
double: the estimation of the cumulative distribution function does not depend of an
arbitrarily selected bin width ds [31], and it does not give equal weight to all scales
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in the representation of the function (i.e., in the number of points that constitute the
function). The scaling laws (4) and (6) turn out to be, then,

u Si(s) = LD M (517,

(8) Si(s) = ()" TVCT R (s () TT),

with H,(x) and H,(z) the corresponding scaling functions.

The first step of the method of collapse is to merge all the pairs {s, Ss(s)}; into a
unique rescaled function {z,y}. If i = 1,...,20 runs for all sites, and j =1,..., M,(7)
for all the different values that the size of events takes on site i (note that M,(i) <
Ng(i)), then,

zo(r) = log(syi/ (s)1/®77),

ve(7) = log(Ssi(ss) (s)7/%77),

with s;; the j-th value of the size in site ¢, (s), the mean on s in ¢, Sy;(s;;) the cumulative
distribution function in ¢, and 7 a possible value of the exponent 7. The index ¢ labels
the new function, from 1 to ) . M,(¢), in such a way that x,(7) < x441(7); i.e., the
pairs 4(7), y¢(7) are sorted by increasing x.

Then, we just compute

(9) D) = 3 (f2ar) = et (7 + [e(7) =y (D]2).

Ve
which represents the sum of all Euclidean distances between the neighboring points in
a (tentative) collapse plot in logarithmic scale. The value of 7 which minimizes this
function is identified with the exponent 7, in Eq. (2). We have tested the algorithm
applying it to SOC models whose exponents are well known, as the one in [34].

The results of this method applied to our datasets, not only for the size distributions
but also to the distributions of d, are highly satisfactory. There is only one requirement:
the removal of the first point in each distribution (s = 0.1 mm and d = 5 min), as
with the ML fits. The exponents we find are 7, = 1.52 £ 0.12 and 75 = 1.69 4+ 0.01, in
agreement with the ones obtained by the power-law fitting method presented above,
and the corresponding rescaled plots are shown in Fig. 7. The performance of the
method is noteworthy, taking into account that the mean values of the distributions
show little variation in most cases. In addition, the shape of the scaling function G, can
be obtained by plotting, as suggested by Eq. (2), s™ Py(s) versus s/ (s)/®7™) and the
same for the other variable, d. Figure 8 displays what is obtained for each distribution.

4. DIScUSSION AND CONCLUSIONS

We have obtained evidence that rainfall in the Mediterranean region studied is com-
patible with self-organized criticality. For the distributions of rain-event sizes we get
power-law exponents which are valid for at least one decade or even two in the ma-
jority of sites. For the rest of the sites the fitting range is too short, but this seems
to be due to an inadequacy of the algorithm that looks for the optimum fitting range,
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rather than to a real short power-law range in the data. The values of the exponents,
Ts =~ 1.50+0.05, are in reasonable agreement with the value reported for the Baltic sea
in [17], 75 ~ 1.4, more taking into account the different nature of the data analyzed and
the disparate fitting procedures. So, we cannot rule out that the apparent agreement is
a product of serendipity. For the distributions of event durations, the fitting ranges are
much shorter, reaching in the best case one decade, although the obtained exponents
in this case, 7; >~ 1.70 + 0.05, are compatible too with the Baltic-sea result, 7, ~ 1.6.
Again, we suspect that the algorithm is the responsible for the failure in the other sites.

Nevertheless, for both observables (s and d) the range of the power laws seems rather
limited. This is explained by the existence of finite size effects, as it is the case in other
(self-organized and non-self-organized) critical phenomena. A finite-size analysis, in
terms of combinations of powers of the moments of the distributions, supports this
conclusion. The collapse of the distributions is a clear signature of scale-invariance:
different sites share a common shape of the rain-event and dry-spell distributions, and
the only difference is in the scale of those distributions, which depends on system size.
In the ideal case, in an infinite system, the power laws could then be extended with
no upper cutoff. Further, the collapse of the distributions allows one an independent
estimate of the power-law exponents, in surprising agreement with the values obtained
by the maximum-likelihood fit. Overall, these results are notable, in our opinion, as
they support the idea that rainfall events follow a law of dissipation analogous to the
Gutenberg-Richter law for earthquakes [35] and other natural hazards [12, 13, 14, 15,
36], which is the hallmark of SOC systems; up to now this evidence rested essentially
on observations in a single place [17, 18, 19, 23].

However, comparison with the new results of [24] suggests that data resolution might
play an important role in the determination of the exponents. With a minimum de-
tection rate of 0.2 mm/hour and a time resolution At = 1 min it was found there
that 7, ~ 1.18, for several sites with disparate climatic characteristics, using essentially
the same statistical techniques as in here. Better time resolution and lower detection
threshold allow the detection of smaller events (a minimum s =0.003 mm in [24] ver-
sus 0.1 mm in our case), so it is possible that we cannot see the “true” asymptotic
(small s) power-law regime and that, due to the presence of the tail, we get a larger
value of the exponent. Another study with relatively poor resolution (0.1 mm/hour
but At = lhour) yielded distributions apparently compatible with 7, ~ 1.5 for small
s [37]. But one has to take also into account that a change in the detection threshold
has a non-trivial repercussion in the size and duration of the events and the dry spells
(an increase in the threshold can split one single event into two or more separate ones
and vice versa). Therefore, we urge studies which explore the effects of resolution and
detection-threshold value in high-resolution rain data. (Obviously, with poor resolution
data the detection threshold cannot be decreased, but it can be artificially increased
in very accurate data.)

On the other hand, the interpretation of the results for the distributions of dry spells
is not so clear. These distributions yield by far the best power-law fits, with exponents
in the range 7, ~ 1.50 = 0.05 and in agreement with the previous result by [17].
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However, power-law waiting times (or quiet times) between events is not a requirement
for SOC; in fact, it was previously believed that SOC avalanches happen following
a totally memoryless process, leading therefore to exponential distributions for the
waiting times. This belief has been recently denied, see for instance [38], although
a solution to this problem is not known yet. Nevertheless, in order to compare with
SOC models, one would need to consider that in those cases the events are defined in a
spatially extended system (in two or three dimensions), whereas our measurements are
taken in a point of the system collecting only information on the vertical scale. This
statement is general and should affect all the aspects of our research. Comparison with
[24] shows that our value of the exponent is higher. But in this case, our power-law
range is enough to guarantee that our estimation of the exponents are robust, and we
can only explain the discrepancy with [24] by the non-trivial effect of the change in the
detection thresholds.

In summary, we conclude that the statistics of rainfall events in the NW Mediter-
ranean area studied is not essentially different to what is expected from the SOC
paradigm and was confirmed essentially in one single place, up to now [24]. This con-
cordance is not only qualitative but also quantitative, as only the mean rain rate is
enough to characterize rain occurrence; in other words, the rain rate sets the scale
around which all events are distributed following a common shape of the probability
density. This seems to indicate that SOC observables do not allow to detect climatic
different between regions (apart of the obvious ones given by annual rates), but shed
light on universal properties of rainfall generation. The results of this paper are very
valuable, taking into account that the ACA network was not designed for the study
of the fine structure of rainfall; the database we use is probably in the limit of what
can lead to detect the presence of SOC. This can motivate other researchers to look
for SOC in intermediate-quality data, extending the evidence and the understanding
of this complex phenomenon.
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10° 10*
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FiGURE 5. Event and dry-spell probability densities for all the sites for
the whole time covered by the record. (a) Event-size distributions. (b)
Event-duration distributions. (c) Dry-spell duration distributions. All
sites show “similar” features.
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FiGURE 6. The same distributions of the previous plot but rescaled with
a combination of their moments following Eq. (5).
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Fi1GURE 7. The distributions in Fig. 5 rescaled this time by a power
of the mean, following Eq. (6), excluding dry-spell distributions. The
values of the exponents are 7, = 1.52 and 75, = 1.69. Units are
mm~ (" ~D/C=7) for the abscissa and mm?(=1/2=7) for the ordinate
in (a), and min~(7a=1/(2=7a) for the abscissa and min?(e=1/(=74) for the
ordinate in (b).
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FIGURE 8. The rescaled distributions of the previous plot multiplied by
s™, or d™ in order to make apparent the shape of the scaling functions
Gs and Gy4. Units in the abscissae are as in the previous plot, whereas in
the ordinates these are mm™~! and min™~!.



