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UNIQUENESS AND EXISTENCE OF
SOLUTIONS IN THE BV,(Q) SPACE TO A
DOUBLY NONLINEAR PARABOLIC PROBLEM

J. I. Diaz anD J. F. PADIAL

Abstract

In this paper we present some results on the uniqueness and exis-
tence of a class of weak solutions (the so called BV solutions) of
the Cauchy-Dirichlet problem associated to the doubly nonlinear
diffusion equation

b(w)e —div(|Vu—k(b(w)e|P~*(Vu—k(b(u))€)) +g(z,u) = f(t,).

This problem arises in the study of some turbulent regimes: flows
of incompressible turbulent fluids through porous media, gases
flowing in pipelines, etc. The solvability of this problem is estab-
lished in the BV;(Q) space. We prove some comparison properties
(implying uniqueness) when the set of jumping points of the BV
solution has N-dimensional null measure and suitable additional
conditions as, for instance, b~1 locally Lipschitz. The existence of
this type of weak solution is based on suitable uniform estimates
of the BV norm of an approximated solution.

1. Introduction

Let be Q a bounded open subset of RY with regular boundary and
T > 0. We consider the following Cauchy-Dirichlet problem

(1.1) b(u)y — divd(Vu — k(b(u))e) + g(x,u) = f(t,z) in Q,
u(t,z) =0on X,
u(0,x) = up(x) in Q,
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where @ :=]0,T[xQ and ¥ :=]0,T[x9Q. We also assume some struc-
ture conditions such as the ellipticity of the diffusion operator (which is
implied by the monotonicity of the power vectorial function

(1.4) ¢(€) = lE[F%¢ vEeRY

with p > 1) and the monotonicity of the real continuous function b. In
fact, we shall assume that

(1.5) b is continuous strictly increasing and b(0) = 0.

The continuous functions k and g(z,-) are assumed satisfying some ad-
ditional assumptions (see (2.1)-(2.5)). In (1.1) e denotes a given unit
vector in R¥.

Problem (1.1), or some special cases of it, arises in many different
physical contexts. For instance, the flow of a gas through a porous
medium in a turbulent regime is described by the continuity equation

0; +dive =0
and the nonlinear Darcy’s law
|v|97%v = —K()V®(6), for some q > 2,

where 0(t, ) is the volumetric moisture content, v the velocity, K (6) the
hydraulic conductivity and ® the total potential (usually given by ®(0) =
¥(0) + z with ¢(0) the hydrostatic potential and z the gravitational
potential; see Volker [V69]). If e denotes the unit vector in the vertical
direction, we obtain

0; — div(|Vp(8) — K(0)e[P~*(Vp(0) — K(0)e)) =0
with

6
0(0) = / K(s)®'(s)ds, and p = 4
0 q—1
(notice that now 1 < p < 2). Functions ¢ and k are given by physical
experiments. Usually they are nondecreasing functions. For unsaturated
media ¢ is strictly increasing. In that case, the function u = ¢(#) verifies
the equation (1.1) with b=~ !, K =k and g = f = 0.

Another typical example is given by a turbulent gas flowing in a
pipeline. If we assume that the gas is perfect and the pipe has uniform
cross sectional area, we arrive to the system

pt+ (pv)z =0

A
pvt + pvvy, + Py = —§p|v|v
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where p, P and v are the density, pressure, and velocity of the gas which
are unknown functions depending on the scalar = (the distance along the
pipe) and time ¢. Using asymptotic methods, it was shown in Dfaz-Lifidn
[DLi89] that for large values of time the term pv;+ pvv, can be neglected
and so the second equation may be replaced by P, = —% plvlv. Then, if
we define u = |P|P, u satisfies equation (1.1) with b(u) = u'/? sign(u),
k=g=f=0and p=3/2. We notice that in this case b~! is locally
Lipschitz.

Previous results on the mathematical treatment of problem (1.1), (1.2)
and (1.3) can be found in the references of the paper Diaz-de Thelin
[DT94] where the authors pay an special attention to the stabilization
question. The main goal of this paper is to improve the uniqueness
results of Diaz-de Thelin [D'T94] where the weak solutions are assumed
such that b(u); € L*(Q).

Based in the works [Vo67], [VoHu69] and [J92], we shall prove in
this paper a comparison result in a class of weak solutions such that b(u);
is a bounded Radon measure on Q (i.e. b(u); € Mp(Q)). A preliminar
version of our comparison result was shortly presented in [DPa93]. The
present version also contains an enlarged presentation of Chapter 2 of
the Ph. D. of the second author ([Pa95]). In [GM92a], [GM92b],
and [BeGa95] the authors prove some comparison results in the class
of weak solutions such that b(u) € BV (0,T;L'(Q)) for some related
nonlinear parabolic problems but always assuming p = 2. Recently,
using some techniques raised by S. N. Kruzhkov for hyperbolic equations
and inspired in Carrillo [C86], Gagneux and Madaune-Tort proved in
[GM94] and [GM95] a uniqueness result for case p = 2. Some more
general results for the case p = 2 avoiding the assumption b(u); € L*(Q)
can be found in [P95], [PG96] and [U96] where the authors use that
any weak solution satisfies the equation in a “renormalized way”.

In Section 2, we introduce the assumptions on the data and the notion
of bounded BV solution. Section 3 is devoted to recall several properties
on bounded variation functions which will be important for the study of
the uniqueness of BV solutions presented later in Section 4. Our main
result, a comparison criterium depending on the initial data and the
forcing terms, assume a condition on the Hausdorff measure of the set
of points where the solutions are not approximately continuous. Finally,
the existence of a BV solution is established in Section 5 under some
extra information on ug and f.

2. Definition of BV solutions

Given a general Banach space B, its dual topological space will be
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denoted by B’. By (-, ), g’ we denote the duality between B’ and B. We
shall use the Sobolev space W, *(2) and its dual W=7 (Q) where p > 1

1 1 / /
and ];4—]? = 1. Introducing the space X = L (0, T; W17 (Q))+LY(Q)

then X' = LP(0,T; Wy P(Q)) N L=(Q) and the duality (-,-) x x- is given
by

T
(h,v)x x :/0 {<h—1’v>leP’(Q),W(}"’(Q) + A hlvda:} dt

for all h € X, v € X', where h = h_y + hy with hy € LY(Q) and
h_y € LY (0, T; W—1¢' (Q)).

We define the space of bounded variation (with respect to variable t)
functions by

sy = {ue '@ 5 e M@

where M,(Q) denote the space of bounded Radon measures over Q.

In what follows we shall assume a series of conditions on the data:

k:R — R, is continuous, k(b(-)) is Holder continuous
(2.1) with exponent 7y, |k(b(s1)) — k(b(s2))] < Clsy — sa|?
Vs1,s2 € R, andfyz%if1<p§2,fyZ%ifp>2;

g: Q2 xR — Ris a Caratheodory function such that
(2.2) lg(z, s)| < w(|s])(1 +d(z)) for some d € L}(Q)

and some increasing continuous function w;

(2.3) { g(x,81) — g(x,82) > —C*(b(s1) — b(s2)) Vs1,82 €R,
' 81 > So and for some C* > 0;

(24) feL'(Q)

and finally

(2.5) uy € L=(9).

We start by introducing the notion of weak solution of problem (1.1),
(1.2) and (1.3) inspired in [AL83] and [DT94]:
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Definition 1. We shall say that a function u defined on @ is a weak
solution of problem (1.1), (1.2) and (1.3), if

(2.6) u € LP(0,T; Wy (Q)) N L=(Q)
(2.7) b(u), € L (0, T; W5 (Q)) + L'(Q)

and moreover u satisfies the equality

(2.8) (b(u)s, v)x x7 // ) — b(up))vy =0

for all v € LP(0,T;WHP(Q)) N Lo(Q) N WhL(0,T; WhP(Q)), with
v(T,-) =0 and

(O(u)s, v)x,x7 + / ' / (Vu — k(b(u))e) - Vv
o fata= [ [

for all v € LP(0,T; WHP(Q)) N L*(Q).

(2.9)

By assuming more regularity on b(u);, we arrive to the following no-
tion:

Definition 2. Let u be a weak solution of problem (1.1), (1.2) and
(1.3). We shall say that u is a BV solution of (1.1), (1.2) and (1.3) if in
addition

(2.10) b(u) € BV(Q).
Notice that in that case b(u); is a bounded Radon measure on @ and
so, the duality between the spaces X and X’ can be also represented

by the correspondent integral with respect to the measure b(u); for all
measurable Borel function v € X', i.e.

(2.11) (b(u)g, v)x x7 E/va(u)t.

In what follows, we shall adopt the integral representation of this duality
if the test function is a measurable Borel function.
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3. Treatment of discontinuous functions.
Some technical lemmas.

In the development of next sections we shall need some properties of
functions whose first generalized derivatives are bounded regular (signed)
measures. The following notions and properties can be found in [Vo67],
[VoHu85], [F69] and [EvG92]. Here, and in what follows, £L4(E) will
denote the d-dimensional Lebesgue measure of a set £ C R? and H%(E)
its d-dimensional Hausdorff measure (d > 1). Let E, F be two Lebesgue
measurable subsets of R?. A point xy € R is a point of F-density of the
set E if }

lim LY Br(xg) NENF)

r—0 ﬁd(BT(.’I}Q) ﬂE) =1

where B,.(z9) = {z € R? : |z — zo| < r}. If the above limit it is equal
to 0, the point x( is a point of F-rarefaction of the set E. Taking F as
R9, we denote by E, the set of points of density of E and E* the set of
points of rarefaction of E. Finally, the set 0F = E* \ E, is called the
essential boundary of the set E (in many cases, the essential boundary
of a set E coincides with the boundary of E, however the boundary and
the essential boundary of a set do not always coincide —for example
the boundary and essential boundary of a disk minus a radius are not
the same [VoHu85|). Let now f : R? — R be a Lebesgue measurable
function. The real number ¢ is called an approximate limit with respect
to the set E C R? of the function f as @ — xq if for all ¢ > 0 the
point g is a point of E-density of the set {x € R? : |f(x) — {| < €}.

We use the notation  lim . f(z) = ¢. Function f is approximately
T—Tg,rEC

continuous at xg if  lim  f(z) = f(xo). A point x is called a regular
T—z0,rERT

point of the function f if there exists an unit vector v such that the
approximate limits fo,(xg) and f_,(xg) exist, where we have denoted
fo(zo) == lim )f(x) with Iy (z0) = {z € R : (z — z9,v) > 0}

x—x0,ll, (zo
We choose v such that fy,(29) > f-v(20). Such a vector v is called a
defining vector. Vol'pert proved in [Vo67] that if z( is a regular point
for f(x) and if v is the defining vector for which fy,(z¢) = f—v(z0), then
the associate approximate limit of f in o exists and for any w € R?
Jw(zo) also exists and it is equal to f(xzp). A point verifying this, is
called a point of approximate continuity. When fy,(x0) # f-o (o) the
vector v is uniquely determined (except for the sign of f,(xg)). A point
xq verifying this inequality is called a jump point of f in the direction
v. The set of jump points of a function f is denoted by I'y. From
Theorem 9.2 of [Vo67] follows that if f € BV(G), G C R%, then any
point of the G is either a point of approximate continuity or a jump point
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of f with exception of a set H? !-dimensional measure zero. For this
class of functions, the inward and outward traces of the function f exist
on T'y H4 l-almost everywhere (see e.g. [VoHu85]). Moreover these
traces coincide with the approximate limits f,, and f_,, respectively and
the defining vector v is the outward normal at the point g of I'¢.

To extend the differentiation formulas and Green’s formula to the class
of BV functions it is necessary to define a certain borelian function f
H41-almost everywhere equal to a given function f. This borelian rep-
resentant is the so called symmetric mean value of f. Let us indicate its
connection with the inward and outward traces of f, and consequently
with the approximate limits f,, and f_,,. We define f by the limit (when
it exists)

f(xo) = lim ne + f(zo) (20 € G)

where the sequence {1n.}. corresponds to an averaging kernel (see
[VoHu85, Ch. 4, Section 5, Section 6, p. 181]). It can be shown that if
x¢ is a regular point of this function, the above limit exists and does not
depends on the averaging kernel. Besides at this point the equality

Flzo) = 5 fulw0) + fulwo)]

holds, where v is a defining vector. In particular, if « is a real continuous
function, we can define the functional superposition by means of

a(f(z)) = /O a(fo(®))s + a(fwu(2))(1 = s) ds.

Remark 1. An important property is that a(f(z¢)) = a(f(x)) for
any xg point of approximate continuity of f. Since any summable func-
tion f is approximately continuous £%-almost everywhere, then the above
equality holds £%almost everywhere. So, if f is H% '-approximately
continuous function, then a(f) = a(f) H4 !-almost every where in G.

However, d-dimensional measure is too large when we try to apply dif-
ferentiation formulas to functions with measures as generalized deriva-
tives. The generalizes of the classical formulas of differentiation by using
the symmetric mean value to functions with measures as generalized
derivatives are shown in [VoHu85, Chapter 5, Section 1].

By applying these notions to the case of G = Q and d = N + 1, we
can obtain the following lemma which gives an important property of
the functions whose generalized derivatives are summable functions.
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Lemma 1. Let u € WYY(Q). Then, u is HY -almost everywhere
approzimately continuous on Q, i.e. HN(I',) = 0.

Proof: If u € WH1(Q) it is clear that u € BV(Q). Then there exists
A C Q, with HN(A) = 0 and such that Q — A = {(t,7) € Q: regular
points}. So, for any (t,z) in ', — A, there exists an unique vector
v = (U¢,v,) (depending of the point (¢,2) and where v; € R and v, €
R™) which is the inward normal and there exist the approximated limits
Uy (t, ) and u_q (¢, ) (see [VoHu85]). Let S be a Borel subset of I', — A.
Since u € W11(Q), one has that LN+1(S) = 0 (see [Vo67], [VoHu69)).
From that, and as u € WH1(Q), it follows that

ou ou
& 0z, /staxi wdi=0, (=123, N)

ou / ou
— = | xs=dxdt=0.
/S ot o ot

(xs is the characteristic function of the subset S). Applying now Theo-
rem 2, p. 203 of [VoHu85| we get

0= /(uv — U_p) Uy, dHY,
s

0= /(uv —u_y)vdHY (i=1,2,3,... ,N).
S

The above equality implies that H™(S) = 0. Finally, as S is arbitrary,
we conclude that H™(I',) = 0. ®

The main result of the general theory of BV functions that we shall use
later in order to prove our uniqueness theorem is given in the following
lemma:

Lemma 2. Let u € BVy(Q). Then, the measure u; is HY -absolutely
continuous.

Remark 2. If we assume that u € BV;(Q) and v € L>(Q) HN-
approximately continuous funcgon on @, then by the above lemma and
u
=

Proof of Lemma 2: Let A be a borelian subset of (). Let Ag be
the projection of A over the hyperplane {t = 0}. If H(A) = 0 then
LN(Aq) = 0 (see Vol'pert [Vo67]). For a fixed z € 2, we denote by
ess V' (ul®)) the essential variation of u(®)(t) := u(t, ) as the function of

Remark 1 we have that v = v almost every where on Q.
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t € (0,T) given by = sup {>_ |u(t;,z) — u(ti—1,x)|}. Since u € BV;4(Q),
ess Vi (u(®)) is defined almost everywhere x €  with respect to the
Lebesgue measure and £V summable in Aq (see [Vo67] and [EvG92)).
Moreover

ou

ot

(J0, T[x Ag) :/ ess Vil (u®™)dz =0
Qa

since LN (Aq) = 0 and so the statement of the lemma holds. W

Lemma 3. Assume u € L>®(Q) and b as in (1.5). If in addition we
assume that

(3.1) b(u) € BV(Q),
and
(3.2) b~ locally Lipschitz on [—|ul| = (q), [|ull L= (q)]
then
u € BV,(Q).

Proof: To prove this property, we show that u; is a bounded Radon
measure on (. Following Vol'pert and Hudajaev [VoHu85, Chapter 4,
Section 2] it is enough to prove that there exists a positive constant
K such that |(u¢, )| < Kl¢l|p=(g) for all ¢ € CHQ). In order to

u(t + h,z) — u(t, ) 0 sense

do that, we use the fact that u; = %m})

h
of distributions. From the assumptions (3.1) and (3.2) we obtain the
result. W

Remark 3. Condition (3.2) sometimes is verified in an implicit way.
For instance, if

(3.3) { b = A1b1 + Aoba, with by, b continuous functions
' A1, A2 >0, and by *, by locally Lipschitz;

and

(34) A —L1LaXg >0

where Li and Lo are the Lipschitz constant of bl_1 and bs respectively
on the interval [—||ul| L (), [[u]l L (q)], then necessarily b~ is Lipschitz
on the interval [—[|ul| L (@), [[ull )]
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Lemma 4. Let be u € BV;(Q)NL>®(Q) and let be n a locally bounded
borelian function in R. Define the function H given by

1) = [ ),

for allr € R. Then:
a) H(u) belongs to BV:(Q) N L™(Q);
b) the following relation

OH (u) ou

¢ = o, ¢ﬁ(u)$

Q: aS
holds for all ¢ bounded borelian function on Q; =]0,t[xQ. In

particular, we have the following “chain rule formula”

OH(u) _,  Ou
ot —’7(“)5

mn measure SENSE;

¢) for any v € BV4(Q) N L>*(Q), we have

/Qt ﬁ(“)% :Aﬁ(u)(t,m)@(t,x) dx

LH(U)(O’x)U(O’x)dw/tm(U)g_Z;

d) if in addition, 1 is a real continuous function, u and v are H" -
approzimately continuous functions (i.e., HN(L,)=0=HN(T,))
then the relations given in b) and ¢) are also true replacing 7j(u),
H(u) and v by n(u), H(u) and v respectively.

Proof: a) since H is a locally Lipschitz continuous function the con-
clusion comes from Lemma 3. b) is consequence of a), the rule chain for
the one-dimensional case (Theorem 13.2 of [Vo67]) and Theorem 4.5.9
of [F69]. c¢) is proved using the integration by parts formula for BV
function [VoHu85] and the above mentioned theorem of [F69]. Finally,
we obtain d). From the fact that v and v are H~-absolutely continuous
functions and the properties of functional superposition we obtain that
the borelian representatives 7(u), H(u) and v are equal to the functions
n(uw), H(u) and v HN-almost everywhere where in Q; respectively (see
Remark 1). And finally, applying Lemma 2 (see Remark 2) we conclude
the proof. ®

Remark 4. Notice that if u € BV;(Q) N L>*(Q) and H € C'(R),
then, Lemma 4 implies H(u) € BVi(Q) N L>(Q). If in addition u is
HN-approximately continuous function on Q then H(u); = H'(u)u,.
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4. Comparison and continuous dependence results

In this section, we give several results on the comparison and contin-
uous dependence of BV solutions of the problem (1.1), (1.2) and (1.3)
under the main condition (4.3). We shall use later the inequality

(A1) o) = @ < C {60 = S)] - In — i} {Inl? + |l ~2

where 8 =21if 1 <p <2 and 3 =p’ if p > 2 which holds for any n and
7 in R from Tartar’s inequality (see e.g. Diaz-de Thelin [DT94]).

Theorem 1. Assume that b, k and g verify (1.5), (2.1), (2.2) and
(2.3). Let (f1,u0,) and (fa,u0,) be a pair of data satisfying (2.4) and
(2.5). Let uy and ug be two BV solutions of the problem (1.1), (1.2) and

(1.3) associated to (f1,u0,) and (fz,uo,) respectively. We also suppose
that

(4.2) uy and uy € BV;(Q)
and that
(4.3) HN (Ty,) = HY (Ty,) = 0.

Then, for any t € [0,T] we have

/Q b (t,2)) — bl (£, )], dr <€t / (b, (2)) — bluuoy (2))], de

Q

+/t/Qe—C*s[fl(S,x)—f2<s7m)]+ de ds

Remark 5. i) The regularity (4.2) on the functions u; can be obtained
by assuming some regularity properties on function b. In particular we
note that if b=' is a locally Lipschitz continuous function, condition
b(u;) € BV4(Q) implies (4.2) (see Lemma 3). ii) Also, we can assume b
as in (3.3) and if M is a positive constant such that ||u;|| () < M, for
1 = 1,2 and we suppose that b ! and b, have Lipschitz constants Ly and
L, respectively on the interval [—M, M| with

(44) A — LiLa)s > O,

then (4.2) holds (see the Remark 3 and Lemma 3).
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Remark 6. The case b locally Lipschitz continuous function was
previously considered in [DT94].

Remark 7. If u; € L1(Q) then u € BV;(Q) and assumption (4.4) is
not needed. Notice that in that case assumption (4.3) always holds due
to Lemma 1.

Some consequences of the above theorem are the following results:

Corollary 1. Let uy and us be two BV solutions as in Theorem 1
associated to the data (f1,uo,) and (f2,up,). Assume that f1 < fo and
ug, < up,. Then up <wug in Q.

Proof: Since f; < fo and ug, < wg,, then [fi — fo]4+ = 0 and

[uo, — uo,]+ = O respectively. Applying the above theorem, we obtain

/ [b(ui(t,x)) — buz(t,z))], dx <0
Q
and so u; < ug thanks to the monotonicity of function b. B

Corollary 2. If u; and us are two BV solutions like in Theorem 1,
for any t € [0,T] we have

Ibun (£, )) = bluz(t, )@y < € 4 IIb(uo,) = bluo, )| 10

t
~+/€70*S||f1 — follLyyds p. @
0

Proof: Tt suffices to recall that ||-[|z1(q) = [(-)+ |51 ) +1(-)=[z1(@) and
to apply Theorem 1 (notice that given s € R, we call s_ = max{0, —s} =
(—=s)+ and then |s| =s; +s_ =s4 +(—9)4). W

Finally, we obtain the uniqueness of BV solutions in the class of func-
tions given in Theorem 1:

Corollary 3. At most there exits one BV solution u of (1.1), (1.2)
and (1.3) under the assumptions (1.5), (2.1), (2.2), (2.3), (2.4) and
(2.5), in the class of solutions verifying (4.2) and (4.3).

Proof: Take f1 = fs and ug, = up, in Corollary 2. ®

Notice that the above results are also true under the conditions of
Remark 5 given in the case i) and in the case ii).
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Corollary 4. Assume that b, k and g verify (1.5), (3.3), (2.1), (2.2)
and (2.3). Let (fi,uo,) and (fa2,u0,) be a pair of data satisfying (2.4)
and (2.5). Let uy and uy be two BV solutions of the problem (1.1), (1.2)
and (1.8) associated to (f1,uo,) and (f2,uo,) respectively. Also suppose
that ||usl| (@) < M with M > 0 for i = 1,2, and suppose that by"
and by have Lipschitz constants Ly and Lo respectively in the interval

[— M, M] satisfying (4.4). Finally, we also assume (4.3). Then, for any
t €]0,T[ we have that

/Q b (£, 2)) —b(us (£, )], dr <€t / (b, (2)) — bluuoy (2))], de

Q

+j/§le—0*s[f1(8,x)_f2<s7x)]+ de ds

Proof: Under assumption (4.4), we obtain that u; and uy € BV;(Q)
from Lemma 3. W

Arguing as before, we can obtain analogous results to Corollaries 1-3
for BV solutions which lie in [-M, M]. On the other hand, we can make
explicit M for bounded data

Lemma 5. Letu be a weak solution of (1.1), (1.2) and (1.3). Assume
(1.5), (2.1), (2.2), (2.3), and for the data, we assume ug € L>®() and
f e LY0,T;L>(Q)). Then

T
o) [ () < €T {b(u0)||L°°(Q +/0 e f (s ) le o) dS}.

Thus, there exists a positive constant M > 0 such that
[ullLe=(q) < M.

Proof: See e.g. Benilan [Be81]. B

Thanks to Lemma 5 and Corollary 4, we have

Corollary 5. Assume ug € L®(Q) and f € L'(0,T;L>()). Let
M > 0 given by Lemma 5. Assume also (1.5), (3.3), (2.1), (2.2), (2.3)
and (4.83). Then, there exists at most one BV solution of (1.1), (1.2)
and (1.3).
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Proof of Theorem 1: For any n € N, we define T,,, approximation of

the sign function (sign% (s) :=—1if s <0,0if s=0, 1 if s > 0), by
0 s <0,
2,2
1
ne 0<s< —,
2 n
Tﬂ(s) = 282 1 2
2ns — -1 —<s<—,
2 n n
1 s> —

It is easy to see that

0<T/(s) <n, lim sT/(s) =0,

n—00

(45) IT.(s)| <1, nlLHQlQ T, (s) =sign,(s) and

5 T (s) {0 s<0
im sT,(s) =sy =
n—oo + S S>0

To simplify the notation, we set z = b(u1) — b(uz) and & = Vuy —
k(b(ul))e, fg = Vuy — k(b(UQ))e We have that Tn(ul — UQ) S
LP(0,T; W, P(€2)) N L>°(Q) is an admissible test functions since u; and
ug are BV solutions and T, is a regular function. As moreover, we are
assuming (4.3), then T}, (u1 — uz) = Tp(uy — uo) HN-a.e. in Q. Thus,
and thanks to Lemma 2, we can adopt the notation (2.11); that is

(bts)es T (1 — uz)) xxr = / Ty (1 — ug)bus)s

= / Tn(ul — ’LLQ)b(’U,Z)t 1= 1, 2.

Considering the relations (2.9) verified by u; and ug and subtracting, we
obtain

_/ Tn(ul - u2)zt = / [(b(fl) - ¢(§2)] : VTn(’Ln - UQ) dx dt
+/ (g(x’ul) - g($,U,2))Tn(u1 - U2) dx dt

- / (fl(tvx) - f2(t7x))Tn(u1 — UQ) dx dt

t
where Q¢ =]0,¢[xQ, (0 <t <T).
In order to pass to the limit we need some technical results
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Lemma 6. Under the assumptions of Theorem 1, we have

lim /t/Tn(ul_uQ)M
0 JQ

n— o0 Os

- / (b(usy) — bus)] (t) dx — / [b(uto,) — bty d
Q

Q

for any t € [0,T7.

Proof of Lemma 6: Since u; and us are BV solutions, we have that
b(uy) and b(ug) belong to BV:(Q) N L*(Q). On the other hand, by
Lemma 4 and Remark 4, T}, (u; — u2) € BV;(Q) N L>°(Q). Moreover by
assumption (4.3), for all n € N, T}, (u; —uz) is also an H™ -approximately
continuous function (see [VoHu85, Theorem 2, p. 164]). Thus, using
that b is strictly increasing

(4.6) Tn(us —uz) — sign’ (ug — us)

n—oo

= sign (b(u1) — b(uz)) HY—a.e. in Q.

Applying the Lebesgue’s theorem with measure ‘g—f, we obtain
. 0z . 0z
71113;0 o Tn(ug — UQ)% = /,, sign (u; — U,Q)%
) 0z
(4.7 = / sign__ (z)%
= lim Tn(z)%
n—oo Qt as

since, by Lemma 2, % is HN-absolutely continuous. By part c) and d)

of Lemma 4 we have

/tTn(z)% :/QTn(z)(t)z(t) da:—/QTn(Z)(O)Z(O) dw—/ ZTT'L(@%

t

and passing to the limit we get

. 0z
(4.8) nh—>nolo o Tn(z)g

z/sign+(2(t))z(t)dm—/ sign, (2(0))z(0) dz
Q Q

from Lebesgue’s theorem and the conclusion holds. B
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Lemma 7. Under the assumption of Theorem 1 we have
(@9)  Jim | Th((t) — wa(®)[6(6r (1)) - o(6a(t))]
- [Vuy(t) — Vua(t)] dz >0
for a.e. t €]0, T, i.e. the diffusion operator is T-acretive in L*(€2).
Proof of Lemma 7: It is a slight improvement of Diaz-de Thelin
[DT94]. For the sake of completeness we give the detailed proof. For

any n € N, the integral term in (4.9) it can be written as the addition of
the integrals

Imw=ATHm—wW%n—ﬂ®k%—&Mw
and
bmzz;mwm—M@»awmmewm»m

Here we drop writing the t-dependence. We shall find an estimate on
|I3(n)| in terms of I;(n). Due to the assumption (2.1) on k, we need to
distinguish the cases 1 < p <2 and p > 2.

Case 1 < p < 2: Applying Young’s inequality we get

€ y '
(umLuwggénM@ww@n

1 ’ P
+E4nwmmfmmm

for any £ > 0. Using the inequality (4.1) to the first term of the right
hand side of (4.10), by assumption (2.1) on k and the properties of T},
we obtain that

/

Ve 20 2\ 2
|I2(n)| < ep/ Li(n)+ (—) £y ({J}ZO<U1—U2<E}).

ePp \ n

Taking e = p//C, we get

20CP—1 9\ P1 2
_& (—> yal <{x:O<U1—uz<E}) < Ii(n) + I2(n).

pp n
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Now, since yp — 1 > 0, we have that

lim I;(n) + Iz(n) >0

n—oo

and then (4.9) is proved.

Case p > 2: By Holder inequality

=

p

(411) |Ln) < { [ Tiioten - otea” dw}

A [ o) - k<b<u2>>|pdx}%

Using inequality (4.1) where we set 8 = p’ and n; = &1, 12 = &, the first
multiplicative factor in (4.11) is bounded by

1

o {/Q {7i[oten - oteae -} {ra0e + e} dx}? |

Using again the Holder inequality and the properties of T, we obtain
the estimate

{ | Tiloten -t dw}

'd\l,_‘

2 p!

< A()IE(n)n' 5

where

2-p’
2p’

A(n) = C¥ { / & + wdw}
Qﬂ{0<u1—u2<%}

For the second multiplicative factor in (4.11), we have
1/p
{[ i) - kot i)
Q

1—py 2 1/;0
<2'n"» {LN{:C:O<U1UQ<—}}
n

from assumption (2.1) on k and (4.5). Combining both inequalities, we
arrive to

1
-p’ -py 1 2 P
[T (n)| §27.A(n)n22p’ +3 Ilé(n)ﬁN ({x:0<u1—u2 < ﬁ}) .
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2 1/p
Since 27 A(n)LN ({x 0<u; —up < E}) is uniformly bounded for

2-p 1-
Ip+ Py
2p

any n € N and the exponent is positive, due to (2.1),

we conclude that
lim (I;(n) + Iz(n)) > 0
n—oo

which ends the proof. B

End of the proof of Theorem 1: By the previous two lemmas, we obtain
the key inequality

/ b(uns (£, 2)) — blus(t, )] di < / [b(uo, () — bluoy ()] de
Q

Q

_/ [g(x,u1) — g(x,uz)]sign, (uy — ug) dxds

+/ [f1(t,z) — fo(t, )] sign (u1 — up) dz ds.

Using the assumption (2.3) on g, the conclusion of the theorem is im-
mediate if C* is zero. More in general we set v;(t, ) = e~ *b(u;(t, z))

for j =1,2. Then sign  (v; —v2) = sign, (u; — u2) and % =—-C*v; +
e’c*t% are also bounded regular measures in (). Choosing T),(v; —

v9) as test function and working as before, we obtain

/Q (o1 () — va(t, 2] dir < / [0y (&) — v, ()] di

Q

-C / [v1(s,2) — va(s,x)]+ dxds

— / [g(x,u1) — g(a:,uQ)]efc*S sign, (vi(s,x) — va(s,x)) dr ds

—|—/ [f1(s,z) — fg(s,x)]e_c*s sign, (vi(s,x) — va(s,x)) dz ds.

By assumption (2.3), one has that

— [g(x,w1) — g(w,uz)le™ " sign  (v1 — vs)

< C*[b(uy) — b(ug)]e™C7* sign, (v1 — vg) = C*[vy — V24

and thus, the conclusion holds. B

Remark 8. The assumption (4.3) on the measure of the jump points
set is merely needed in the proof of Lemma 6. This assumption could
be replaced by any other condition implying the conclusion of Lemma 6.
In particular, we have
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Corollary 6. Let u; and ug be bounded BV solutions of (1.1), (1.2)
and (1.83). Assume the hypotheses of Theorem 1 but replacing (4.3) by

(4.12) { there exist two homeomorphisms on R, Wy and Vs,

such that W1 (uy), Ya(ug) € WHHQ).

Then uy and ug verify the comparison criterium given in Theorem 1.

Proof: By Lemma 1 condition (4.3) holds for u;, i =1,2. B

5. Existence of bounded BV solutions

In order to obtain the existence of bounded BV solutions for prob-
lem (1.1), (1.2), (1.3) we shall assume some additional conditions on
functions f and wug:

(5.1) f € L¥(Q) N BVA(Q),
and

(5.2)  wp e L=(Q) N WP and ¢(Vug — k(b(uo))e) € (BV(Q))N.
We state our existence result in the following way:

Theorem 2. Assume (1.5) on b and also that
(5.3) b= is a locally Lipschitz continuous function.

We assume also (2.1), (2.2), (2.3), (5.1) and (5.2). Then there ex-
ists a bounded BV solution u of (1.1), (1.2) and (1.3). Moreover u €
C([0,77; L'(9)).

Proof: We start by considering, a sequence of regular problems having
a unique solution by the classical theory of partial differential equations.
After that, we shall obtain suitable a priori estimates. Finally passing to
the limit we shall find a bounded BV solution. In view of the structural
assumptions, we shall distinguish two cases, according p satisfies 1 < p <
2o0r22>p.

Case 1 < p < 2: Regularization. We define a sequence of uniformly
parabolic problems with coefficients and free term bounded regular func-
tions. Consider the following regularized equation in @

by (1)

(5.4) -

—div ¢,.(Vu — k(b (u))e) + gn(z,u) = fi(t, ),
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where we define the vectorial function ¢, by

CED
wrlO=1 lep2¢ f>2,
7
60(6) Sl <2,
for any r € N, and such that ¢, € C1(R") verifies
(5:5) 6r(©) < P~ Ve e RY
and
2
(5.6) T < € < P

for any ¢ in RN o := 2%2* . For any m € N, we define

b (1) = -1+ B (1)

with b,, the Yosida approximation of b. We recall that b,, converges
uniformly on compacts sets to b, by, is a Lipschitz nondecreasing function
such that |b,,| < |b| and that b,, and b,,} are Lipschitz nondecreasing

functions; see [Be81].

We take a sequence of functions {k,}52; belonging to C°°(R) such
that they verify (2.1) and ks converges to k uniformly on compacts of R.

For any integer n, we consider a function g, € C*°(2 x R) satisfying
the assumptions (2.2) and (2.3) uniformly on n and such that g,(x,7)
converges to g,(z,n) in L'(Q) for any fixed 7 in R, for a.e. z € Q, as
n — oo.

Let f; € C°°([0,T] x Q) such that

I fillL=@) < CllfllL=() Ifillwrror;Lr @)
< C|Ifllsv, for any l € N

and such that f; converges to f in L*(Q) as | — oo.

Finally we regularize the initial condition. We consider ug , € C§°(€2)
such that ug, — uo in L>®(Q) as ¢ — oo and such that |¢,(Vug,, —
ks(bm(uo.q))e)ll By @y < [[or(Vug — k(b(uo))e) | v oy~

The equation (5.4) is uniformly parabolic. So, by well-know result
(see e.g. Ladyzenskaja, Solonnikov and Uralceva [LSU68, Chap. V])
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there exists a unique classical solution & = U, r sn,1,4 Of (5.4) satisfying
w(t,z) =0 on X,
b (4(0, 2)) = by (1o q(z)) on Q.

In what follows, we denote by @ the function ., sn,iqe In order to
study the convergence of the sequence @ we shall need some uniform
estimates in suitable functional spaces.

A priori estimates. By the maximum principle
(5.7) la(t,z)| < My V(t,z) € Q,

where M is a positive constant independent of m, r, s, [ and ¢. On the
other hand, if we denote by ¢ := b,,(@); and we differentiate equation
(5.4) with respect to ¢, we obtain that

(5.8)

0; = div 8¢%i*1/ el — k& iNesd

el {(agi (axiﬁbm)(bm( )] = K (b (@) s ))j_w}
— gl (2, @) (by) (b)) + %

For any 1 > 0, we define the function M, approximating the absolute
value function in the following way: we first introduce

hy(0) = %(1_%') ol

0 o] >,
and finally we define
H, (o) = / hy(7)dr and H,(c) / H, (7)dr.
0 0
It is clear that

hy >0, 7171LI%) ohy(o) =0,

|H,| <1, lir%Hn(a) =sgn’(0)
77—)

and
lim H, (o) = |o|.
n—0
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Multiplying equation (5.8) by H,(0), and integrating on Q; =]0,[x€,
we get

O Dby (1) b

< By ) 5) G ) S s

00

b [ ol (O () g s
. Ox;

since 4(s,z) = 0 on [0,7] x 0, and then 0(s,z) = 0 on [0,T] x IN.
Passing to the limit when 1 — 0, we obtain the inequality

5 N afi R
/Q|v(t,a:)|d:v</Q|v(0,x)|dx+/tW(s,x)sgno(v)dxds
- [ ghla )by Gn@)folde ds

from the properties of h,, and the monotonicity of the vectorial function
¢r. Now, by (2.3), we arrive

Since (b;,1) (b (s)) = 1/, (s) wherever b/, (s) # 0, we have that the

last integral is equal to || dz ds. Taking this into
Qi—{(s,2):b7,, (4(s,x))=0}
account, one verifies that

/Q|f;(t,:v)|d$§/Q|1A)(O,:E)|dx+/t%(s,x)sgn(f)) dx ds

+C” / |0| dz ds.

Using the equation satisfied by %bm(ﬂ(O, x)) and the uniform bounded-
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ness of the data, we get

A@@@WMSA

+C* / [0](s, x) dx ds

dfi

9 dxds

%m@@mﬂw+/

t

g/ﬁmvmv%ﬂ—mwmww»@mx
Q

4 / PRERTIp / £1(0,2)| da
Q Q

+/t of

<y +C*/ [9](s, x) dx ds.

dxds + C* / [0](s, ) dz ds

t

ot

Applying Gronwall’s lemma, we obtain that
/ |0 dz < et for any t € [0,T).
Q
Thus

(5.9) A

with My = ¢ 7. From (5.7) and (5.3)

(5.10) /Q gt

by (1)

dx < M, for any t € [0,T]

dl‘SMg vVt € [O,T}

—u

Now, we shall show that there exists M4 > 0, such that
(5.11) / \Va|” de < My
Q

uniformly in ¢ € [0,T], m, 7, s, n, I and ¢g. Firstly, we shall show that
there exists an uniform positive constant M’ such that

(5.12) AJ@%xﬁM’VMﬂQﬂ

where € := Vi — k(b (@))e. To do that, we multiply (5.4) by @ and we
integrate on 2: The

/Qﬁbm(ﬁ)t—k/géﬁr(é)'Vﬁd:ﬂ—k/ﬂgn(x,a)ﬁd:r:/Qflﬁdx.
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In what following it will appear several positive constants denoted by C;,
1 =2,3,4,... which are independent on ¢ and the parameters m, r, s, n,
[ and g. They will dependent on the exponent p, the measure of 2 and
the above estimates. Some of them are also function of some positive
parameters € and § we shall introduce later. We shall only indicate the
e and § dependence.

By estimates (5.7) and (5.9), the assumption (2.3) on ¢, (5.1) on f and

the properties of g, and f;, there exists a positive constant C uniform
inm, r, s, n,l and g, such that

/m@fm+/m@mmwmmg@
Q Q

for any t. By Young’s inequality, we have

/aﬁr fdm<Cg+—/|¢r 34 dx+—/|k a))el” da

where € is an arbitrary positive real number. The last integral is uni-
formly bounded in view of (5.7) and the assumptions on the sequences
{ks} and {b,,}. By the properties of ¢,, the first integral of the right
hand side is bounded by [, |€|? daz, for any t in [0,T]. Hence,

(5.13) L@@f%s@@+%4mwx

for some positive constant C3 = C3(¢). Besides, from the properties of
¢, we have that

(5.14) a/( +|§€|T /¢, Eda.

On the other hand, applying Young’s inequality to fQ %(1 +

|€])277 dx with exponents % and ﬁ we get

g p |§C|2 2/(2-p) 2 — P e
Pdx < / ~ do +6%/@P» 2~ 1+ P dx
e < s [ o e 2 [+

for any § > 0. Hence

R F12
(515) (1 - CaE70)) /Q 617 do < C5(0) + 25€/r> /g (1 +||§€|)2‘
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Using the estimates (5.13) and (5.14) into (5.15), we obtain the inequality

a(l — 0u0% Py [ |éPde < Cs+ —L-{ C L P da
4 . SO+ oo 3 7 g )

which implies

2/(2-p) e 1P
« 1—045 _Cﬁm ng‘ d$§C7(€,(S)

for some positive constant C7 depending on ¢, §. To verify the estimate
(5.12), it is enough now to choose 0 < § < 1 and ¢ < 1 such that

e”' < 62/7 and 1 — C46%2P) — Cg2r > 0. Now (5.12) implies (5.11)
from the uniform boundedness of / |ks (b (00))|P dex.
Q

Finally, multiplying the relation (5.4) by v € X’ and integrating on
@, we obtain, using the Holder’s inequality that

O (1) -, 1/p' 1/p
‘/Qv 5 < [/Q lpr (€)|P dacdt} {/Q|Vv|pdxdt}

T ol o) /Q (g (e, )] dr

, 1/p' 1/p
+ [/ | fil? dxdt] [/ [v|P dx dt} :
Q Q

The properties (5.5) and (5.6) of ¢,., the assumptions (2.2) on g and (5.1)
on f and the properties on g, and f; lead to estimate

‘ /Q Uabgt(a)

for some positive constant M5 independent on m, 7, s, n, | and ¢ where
we used estimates (5.7) and (5.12). In this way, we obtain the following
uniform estimate in L? (0, T; W17 (Q)) + L'(Q)

< M; ”UHLP(O,T;WOLP(Q))capLOQ(Q)

Dby (i)
ot

< Ms.

(5.16) H <
Lr' (0, T;W =17 (Q))+L1(Q)

Passing to the limit. By the estimates (5.7), (5.9), (5.10), (5.11) and
(5.16) we can find a bounded BV solution of problem (1.1), (1.2) and (1.3)
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as limit of some subsequence of {G} 1= {wm rsn1,q} (Which we will de-
note again by {a}). Moreover, this solution belongs to C([0,T], L*(Q)).
Indeed by the estimates (5.7), (5.10) and (5.11) and Corollary 4 of Si-
mon [S87], there exists a subsequence of {4} (called again {@}) and a
function u € C([0,T],L}(Q)) such that @ — u in C([0,7], L*(22)). In
particular,

@ — uin L'(Q)
and

U — u a.e. in @

(except, perhaps, for a subsequence). By (5.7)
@ > uin L°(Q) weakly*

and
@ — w in LP(0,T; Wy P (Q))

from (5.11). By (5.7) and the assumption on b,, we can deduce the weak™*
convergence by, (1) — ( in L=(Q) for some 3 € L>(Q). The fact that
4 converges to u almost everywhere of ) and the properties of b, and b
imply that b,,,(4) — b(u) a.e. point of Q. By Lebesgue’s Theorem there is
strong convergence of by, (4) to b(u) in L7(Q) (1 < o0 < o0). Analogously,
b (uo,q) goes to b(ug) strongly in L7(Q) (1 < ¢ < oo). Now, by (5.9)
and as by, (@) — b(u) in L'(Q), we have that b(u) € BV;(Q). Finally,

by (4 b b
‘96—15(“) -9 (,)(Z‘) in the sense of dlstrlbutlons Moreover, =222 converges

to 244 weakly in L (0,T; WP (Q)) + LY(Q) from (5.16). By usual
argument, we obtain that gn(x,ﬂ) converges to g(z,u) in L'(Q). Since
@ is bounded in L>(0,T; W, *(2)), then ¢,(Vii — ks(by(@))e) is also
bounded in L>(0,T; (L*' (22))") and thus there exists a subsequence of
{a} (again called {u} such that ¢,.(Vi — k(b (t))e) converges to YV
weakly* in L (0,T; (L (Q2))N). Multiplying the equation (5.4) by a
test function v € LP(0,T; W, P(Q)) N L>°(Q) and integrating on Q, we
obtain that

(5.17) /Qv%git(m+/(g¢,(va—ks(bm(a))e)-w

+/an($’@)’0—/Qflv-

Let us see that u verifies (2.9). To do that, we pass to the limit in
the variables in (5.17) when m, r, s, n, [ and ¢ — co. By the above
convergences, we arrive to

(5.18) <8ba(:),v>XX, /Y Vv+/ x uv—/fv




UNIQUENESS AND EXISTENCE TO A NONLINEAR EQUATION 553
for all v € LP(0,T; Wy P(2)) N L®(Q). We have to prove now that
(5.19) Y = ¢(Vu — k(b(u))e)

which is not completely obvious due to the nonlinear character of the
differential operator. We shall prove this by using Minty’s type argument
(see also [DT94]). We shall show that

(5.20) /Q[Y— (Vx —k(b(u))e)] - [Vu—Vy]dz >0, for any y € WP,

Then, we can obtain (5.19) by taking & € Wol’p(Q) arbitrary and the
function x = u — A¢ with A > 0 (A < 0). To prove (5.20), we take
0 <@ €cX0,T and for any x € Wol’p(Q) we use the decomposition

(5.21) /Q [6,(Vi — ka(bm(@))e) — B(Vx — k(b(w)e)] - ¥ (u — x)(t)
=h+L+Is+14

where
L= / 60 (Vi — iy (b (0))€) - ¥ (u — )5 (2)
Q
I = /Q [6(Vit = ks (b (@))€) — 61(Vx = ks (b (@))e)] - V(@ = X)ip (1)

L= /Q 60(TX — b (b (1))€) - V(@ — ) p(t)
and

I = /Q[mw = ks(bm(@))e) = (VX = k(b(u))e)] - V(u = x)p(t).

Due to monotonicity of ¢,, the integral I is non negative. On the other
hand

(5.22)  lim /Q 16:(TX — ka(bma(@))e) — $(Vx — E(b(u))e)|” =0

from the properties of ¢, ks, by, 4. Thus lim I3 = 0 = lim ;. Finally,
multiplying the equation (5.4) by up(t) and tp(t), integrating and sub-
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tracting, we obtain that

L- / 60 (Vi — Ky (bn(2))€) - V(1 — @) o(t)
Q

(5.23) =— /Q ab’gt(ﬂ) uip(t)
(5.24) + /Q abgt(ﬁ) up(t)
(5.25) —/an(x,@)(u—ﬁ)sO(t)
(5.26) - sz(ufﬂ)cp(t)-

The integrals (5.25) and (5.26) converge to zero when m, r, s, n, [,

q — 00. The weak convergence of by, (@) to b(u); in X and the fact that

up(t) € X', imply that the integral (5.23) (i.e. —(m”g—t(a),ucp(t»x,x/)

converges to

(5.27) - <%ﬁ‘>,w(t)>x’x, .

We shall also show that the integral (5.24) converges to (5.27) as in
[DT94]. We define

and

za(t) = / B, (u(t, z)) dx.
Q
It is easy to see that By, (i) is bounded in @ and thus
lza(t)|| 1 (0,) is uniformely bounded.

As in Lemma 2 of Bamberger [Ba77] we get that

. Ob (W) (%) Obp (1) (1) . dzg

a.e. t €]0, T, in the sense of D'(0,T"). Now, thanks to the convergence
of 4 and b, (@) and the boundedness of z; in L'(0,T’) we obtain that

(5.28) 24 — 2y in L0, T) and a.e. in |0, T[.
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Since v € X’ and b(u); € X, we arrive to

(5.29) (b(u) (1) (1)) = 22

for a.e. t €]0,T[, in D’(0,T), obtaining

/ b ()¢ tip(t) da dt = /OT o(t) (/Q abgt(a)ﬂdx> dt

~(v0%E0) @07

(t)

Passing to the limit,

o obe@) . (T dp
lim /Q 8 ip(e) = - / 202 (1)

by (5.28) because ¢ € 0107T. Thus

. / by, /T
lim
o 8t 0

and so lim I; = 0.

955

Summarizing: we have proved that the limits of integrals I, I3, I3,
I, are non negative and thus (5.19) holds. Then, u satisfies the equa-
tion (2.9). By standard arguments we can see that u verifies also (2.8).

Case p > 2: As in the case 1 < p < 2, we begin by defining a family
of regular problems, we find suitable a priori estimates and finally we
obtain u as the limit of the regular solutions associated to the family
of regular problems. The family of regularized problems can be defined

now by

Ponlt) iy (W~ (b))
(530) —GAU—I—gn( 7u) fl( ) in Q,
(5.31) u(t,z) = on X,
(5.32) bin (u(0, 7)) = (UO g(z)) InQ
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with bm, ks, gn, fi and ug 4 as in the case 1 < p < 2 and € > 0. The
existence of a classical solution is again a well-known result (see [LSU68,
Chapter V]). The rest of details follows the same arguments. B

The above theorem proves the existence of BV solution of pro-
blem (1.1), (1.2) and (1.3). Nevertheless our uniqueness results on BV
solutions we will need some additional assumptions. The following corol-
lary gives an answer in this sense.

Corollary 7. If in addition to the assumptions of Theorem 2, we
suppose that

(5.33) ko b is locally Lipschitz if 1 < p <2
or
(5.34) kob(o) = Ao+ v for some \,v € R if p > 2,

then, there exists a BV solution u of problem (1.1), (1.2), (1.3), such
that
ou

(5.35) 3 € L*(Q).

Proof: We use the same technique that in the proof of Theorem 2. Due
to that, we shall made mention only to the new arguments. Let @ be the
solution of the regularized problems. As before, we obtain the estimates

(5.7), (5.11), (5.9). Now, we shall find an L?(Q) uniform estimate on

%—?. In the case 1 < p < 2, we multiply the equation (5.4) by % and

integrate on @. Then

/Q b (@) = /Q fie /Q O Gl i) + /Q div (€,

where G, (z,-) is such that 2Gn(-,s) = gn(-,s). If we denote by @, a
primitive of ¢,., we obtain the equality

)ty = z)u(T,x) — z)u(0,x) dxr — a—fﬁ
| i = [ ar.aicra) — | fo.mi0.pa - [ 5
f/Gn(x,ﬂ(T,sc))+/ G(z,4(0,2)) dx
Q Q
+/Q<I>T(Vﬁ(0,x) — ks (b (0(0, z))e)
—/ber(Vﬁ(T,:c) — ks(b (0(T, x))e)

~ 0 N
- /Q e - ¢ (&) 5 lhs © by (@))-
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By the estimates (5.7), (5.2) and (5.1) and since ®, is non negative, we
have

[ bt < oot [ fe-on(@ | ko bt

with C a constant independent on m,r, s, n,l,q. By Young’s inequality,

(5.36) /b tut<C’1—|— /|¢T |p+—/‘8tk‘ob a]

for all € > 0. Now, since @ is uniformly bounded (see (5.7)) and since
we have assumed (5.33), then there exists a positive constant Loy such
that for all s, m € N Lyo, > lip(ks 0 by, [-M1, M;]) (:=the Lipschitz
constant of k o b in the interval [—M;, M;]). Thus,

/‘—k Ob <Lkob/’%-

On the other hand, as b verifies (3.5), we obtain

/|Ut|2 /b U)tUt

for some positive constant L independent on m,r, s,n,[,q. Considering
the above inequalities and estimate (5.11), from (5.36) we arrive to

A — LiLo A
1—122/ mt‘zg(;ﬁy]zobi/ (g
Ly Q p g

for some positive constant Cs. Finally, since 1 < p < 2 and @ is bounded,
applying the Holder’s inequality we get

(5.37) /Q % C_

with C3 a positive constant independent on m,r,s,n,l,q. This new
estimate jointly with the estimates given in the Theorem 2 allows us to
show that the BV solution obtained as limit of the sequence {4} verifies
(5.35).

In the case p > 2, we can suppose, without lost of generality, that
e=-e; = (1,0,...,0) € RY. Multiplying the equation (5.30) by ;e ~**1
and applying (5.34), we obtain

/|ﬁt|267>\$1 S/ bm(ﬁ)tut€7A$l
Q Q

<Oy + '/Q %@(va — k(b () e1)e 21

)
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with ®(£) = %|§ [P, ¢ € RN and C) a positive constant independent on
m, s,m, 1, q, € thanks to the previous estimates on @ and |Vi|. Finally, as

in the case 1 < p < 2, we conclude that u is a bounded BV satisfying
(5.35). m

Remark 9. The bounded BV solution u obtained in Theorem 2
belongs to W11(Q). Then, by Lemma 1, the Hausdorff N-dimensional
measure of the set of jumping points of u is zero. Then, by Corollary 3,
this solution is unique in this class of solutions. An other way to obtain
the above conclusion is by applying Corollary 6 with W, and W, the
identity, since any pair of solutions w1, us obtained as in Theorem 2 are
in the WH1(Q) space.
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