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TWO WEIGHT INEQUALITIES FOR MAXIMAL
TRUNCATIONS OF DYADIC CALDERON-ZYGMUND
OPERATORS

MICHAEL T. LACEY, ERIC T. SAWYER, AND IGNACIO URIARTE-TUERO

ABSTRACT. Let 0 and w be positive Borel measures on R™ and 1 < p < oo.
For a class of dyadic Calderén-Zygmund operators T, we characterize the two
weight inequalities

ITs(fo)llzrwy S 1fllLeeo) »
where T} denotes the maximal truncations of the operator T. The character-

ization is given in terms of testing conditions, identifiable as a variant of the
T 1 theorem of David and Journé.

1. INTRODUCTION

We are interested in two weight inequalities for dyadic Calderén-Zygmund
operators. Indeed, our main results, Theorem [I.19 and Theorem [1.22 below
characterize the weak and strong type (p,p) two weight inequalities for such
operators. The characterization holds for all 1 < p < oo, and for individual
operators. Let Q denote the class of dyadic cubes in R?, specifically,

Q={2"(j+[0,1)%) : keZ,jez'}.
We consider dyadic operators, of Calderén-Zygmund type, but our definition is
unconventional, in that we will permit the operators be unbounded on L?(dx).

Definition 1.1. Specifically, let Q denote dyadic cubes on R?. Consider an
operator

(12) Tf@) = S (. hy) - he
QeQ
The function hq is assumed to satisty
(13) ol <1QIT,
(1.4)  hg is supported on @,
(1.5)  hg is constant on dyadic subcubes ' of @ with |Q’'| < 27%¢|Q).
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In the last condition, ¢ > 1 is a fixed positive integer. These are discrete analogs
of the usual size and smoothness conditions placed upon a Calderén-Zygmund
kernel. The assumptions on hg, are the same, and we assume that hg = 0 if and
only if hyy = 0. We work with maximal truncations of singular integrals.

Ty f(x) = sup [Teof(a)],
0<e<p<oo

(1.6)  Tewfi= Y (fihg) - hg.
QeQ
e<U(Q)|<p

Here, and throughout the paper, £(Q) = |Q["/¢ is the side length of the cube Q.
For a positive 0 < 7 < 1, let us define a (much simpler) maximal operator by

(L7) U, f(x) = sup |(f, hg)ho(2)]
(1.8) U, ={QeQ : iggminﬂhQ(xﬂ, |y (2)[}V/]Q] < 7}

That is, the collection of U, consists of those () for which hg(z) is ‘small” at some
point = € Q).

There are relevant examples of L?(dz) bounded operators that fall within the
scope of this definition. We will leave it to the reader to write down an example
of an operator which fits this definition but is not bounded on L?(dz).

Example 1.9 (Martingale Transforms). Let hg be a Haar function. That is it
satisfies ((LJ), is constant on dyadic strict subcubes of @), and has integral zero.
A martingale transform would be

Tf= Z eo(f,ho)hg . eg € {£1}.

QeQ
Here, we assume that hg satisfy (L3)—(L5) and satisfy [hg dz = 0 for all

(). The Beurling operator can be obtained from the averages of such in two
dimensions, [3].

Example 1.10 (Haar Shift). The Haar shift in one dimension would be

T f = Z(fa h1>(hlleft + hfrigm)
1

Here, I denotes a dyadic intervals in one dimension, h; is the L?>-normalized Haar
function supported on I, and I is the left-half of I, likewise for Iyign;. These
operators were introduced in [9], and are shown in this reference that the Hilbert
transform can be obtained as an appropriate average of these operators. Also see
[TT] for higher dimensional Haar shift operators and the Riesz transforms.
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Example 1.11 (Paraproduct Operators). Let hg be a Haar function. That is it
satisfies ((LJ), is constant on dyadic strict subcubes of @), and has integral zero.
Let b be a function, and define

(112) P, f) = 3 (o) -Eqf - ho

QeQ

(1.13)  Eqf = |Q\1/Qf dx .

Here, we impose the condition on b that [(b, hg)| < |Q[*/? for all dyadic Q,
(a weaker condition than b € BMO, which is equivalent to P(b, -) being a bounded
operator on L?*(dr)). Holding b fixed, the linear operator P(b,-) satisfies the
our Definition [LII These operators are commonly called dyadic paraproduct
operators.

Note that the for 0 < 7 < 1, the collection U, in (L.8) will be empty for all of
these examples. In those examples where it is not empty, it is dominated by the
maximal function, which is easy to see from ([L.3]).

Part of the interest in this class of dyadic operators is that significant advances
of our understanding of weighted estimates have come from analysis specialized
to these cases. We refer to just two of Nazarov-Treil-Volberg series of innovative
papers on weighted inequalities [7,[8]; the work of Wittwer [I7] addressing A,
estimates for martingale transforms and [I§] for the continuous square function;
the work of Petermichl and Volberg [12] which proved the sharp Ay inequality
for the Beurling operator, answering a question of Astala; Petermichl’s proof of
the (much harder) sharp A, inequality for the Hilbert transform [10], and the
Riesz transforms [12]; Beznosova’s sharp A, inequality for discrete paraproducts
[1]; and the recent work of Lacey-Petermichl-Reguera [4] giving, with a single
argument, the sharp A, inequality for all Haar shifts. (The Beurling, Hilbert
and Riesz are in the convex hull of Haar shifts. The papers [10,12,12,[17] proved
weighted estimates for the associated Haar shift, the proof depending upon the
particular Haar shift being used.)

We recall this dyadic variant of the T'1 theorem of David and Journé [2].

The T 1 Theorem of David and Journé 1.14. An operator T be as in Defini-
tion L1l extends to a bounded operator on L*(R%) if and only if these conditions
are met. For all cubes Q, R with Q) D R or R© > Q

(T1g,1r)| < VIQI-|R] (Wkly Bounded)

/|T 1o)? dz < Q| (T1e€ BMO)
Q

(1.15) /|T* 1o)* dz < Q) (T*1 € BMO)
Q
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The primary focus of this paper is extensions of this Theorem to the two weight
setting. These considerations are motivated in part by a well developed theory of
two weight estimates for positive operators. These Theorems have formulations
strikingly similar to the T'1 Theorem, which theory encompasses the Theorems
due to Sawyer concerning two weight, both strong and weak type, for the maximal
operator [I5] and fractional integral operators [13,[14]. There is also the bilinear
embedding inequality of Nazarov-Treil-Volberg [7]. We refer the reader to [6] for
a discussion of these results. While directly relevant to the considerations of this
paper, developing this theme will unnecessarily lengthen this introduction.

There is a beautiful result of Nazarov-Treil-Volberg [8], a two-weight version
of the T'1 theorem, with one notable caveat, namely (IL.I7) below. A subcase of
their result is as follows.

Nazarov-Treil-Volberg Two weight T 1 Theorem. 1.16. Let T be as in
Definition [1.1, with the additional assumption that

(1.17) /thx:/h’de:O QeQ.
Let o, ju be two positive measures. The L* inequality

IT(e N2 S [1f 1220
holds iff the following three conditions hold. For all cubes Q) D R or R > Q,

(T(o1q), 1r)| S Vo (@u(R) (Weak Buded)
110 nide) S (@) (T1 € BMO)
(118) [T (u1q)Poldo) £ () ("1 € BMO)

It is essential to note that this result requires (LI7)—it does apply to paraprod-
uct operators in (LI2), unlike the results below. Its proof is also fundamentally
restricted to the case of p = 2, whereas 1 < p < oo is arbitrary below. We will
prove a characterization of a two-weight inequalities for the pair of operators of
the maximal function and Tj,.

Weak Type Inequalities for Ty. 1.19. Let T be as in Definition[1.1, and let
0 <7 < 1. These two conditions are equivalent.

(1.20) [ Te(fo)llLrew) S 1 fllzre) »
if and only if

121) {10 irm) S I llirco |
Joy Ta(019) w(dz) S |1 fllzoow (@)

For the strong type, we have this characterization.
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Strong Type Inequalities for T;. 1.22. Let T be as in Definition[11, and let
0 <7< 1. We have the equivalence

(1.23) [[Ty(fo)llrw) S 1 llLr(o) »
iof and only if

1U-(fo)ll o) S I llzeo)
(1.24) 4 Jo T(0f1q) w(dz) S [/l (@), VQeQ,
1o Te(fol)lmrw) < o(@)V7 Viflle<1l, QeQ.

The conditions involving the operator U, as defined in (L), are not satisfac-
tory in that they require the corresponding norm inequality, but keep in mind
that this operator is much smaller and simpler than Ty, and in many relevant
examples, this operator will in fact be zero.

The testing condition appearing in the weak-type characterization

/Q Ty(0f1g) w(dz) S || lrmw(@)”

looks rather complicated, with the appearance of f € LP(¢) in it. It is however
a close relative of the ‘T*1 € BMO’ conditions of (ILI5) and (LI8). This is
discussed in § below, see in particular (Z.7).

The dual testing condition

(1.25) |1 Te(folQ) | mre() S o(@)'

has the complication of involving an arbitrary function f bounded by one on the
left-hand side, though f does not appear on the right hand-side of the inequality.
(There is a similar difficulty in (2.7)).) Despite this difficulty, we are not as of yet
aware of a situation where the more natural testing condition below holds, but
the one above does not.

(1.26) [11q To(01Q)|lre(u) S (@)Y
Nor are we aware of a setting in which we can verify (L26]) but not (L25).

The method of proof is an extension of that of Sawyer’s approach to the two
weight fractional integrals [14], but also [6]. A significant variant of this argu-
ment arises from the multi-height Calderén-Zygmund decompositions in § [6.11
This argument follows the outlines of the proof in [5], which proves variants of
Theorem and Theorem for smooth Calderéon-Zygmund operators. The
current argument is, naturally, much easier while retaining the essential ideas
and techniques of [5]. (The reader can also compare the arguments of this paper
to those of [6].) We think the main results of this paper are interesting in their
own right, as well the proof should be a guide to its much more complicated
variant [5].
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2. GENERALITIES OF THE PROOF

2.1. Universal Maximal Function, and its Consequences. A fundamental
tool is derived from (the usual) general maximal function estimates that hold for
any measure. In particular, for weight w we define

My, f(z) = sup 1gEg| f],
QeQ

W= w(Q) w(dz) .
5f = w(Q) /Qf (dx)

Here we are extending the definition in (LI3]) to arbitrary weights. It is a basic
fact, proved by exactly the same methods that prove the non-weighted inequality,
that we have

Theorem 2.1. We have the inequalities

(2.2)  IMu fllrw) S Ifllpwy, 1 <p<oo.

This will place variants of the Calderén-Zygmund Decomposition at our dis-
posal. Indeed, we will use Calderon-Zygmund Decompositions at all heights si-
multaneously.

2.2. Linearizing Maximal Operators. We use the method of linearizing max-
imal operators. This is familiar in the context of the maximal function, and we
make a comment about it here. Let { E(Q) : @ € Q} be any selection of measur-
able disjoint sets F(Q) C @ indexed by the dyadic cubes. Define corresponding
linear operator N by

(23) N¢=) 1pgEsf.

QReQ

Then, (Z2) is equivalent to the bound [N f{|zrw) S || f]lzr@w) With implied con-
stant independent of w and the sets {E(Q) : @ € Q}. This estimate will be
used repeatedly below.

There is a related way to linearize T}, which deserves careful comment as we
would like, at different points, to treat T} as a linear operator. While it is not
a linear operator, T} is a pointwise supremum of the linear truncation operators
T, ., and as such, the supremum can be linearized with measurable selection of
the truncation parameters.
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Definition 2.4. We say that L is a linearization of T} if there are measurable
functions €(z),v(x) € (0,00) and ¥(z) € [0, 27) such that, using (L), we have
(2.5) Lf(:L‘) = 6@'79(3:) Tg(x),y(m) f(l‘) >0, S R,

(The requirement that L f(z) > 0 then defines J(x) everywhere except when
Te@)w@) f(x) = 0.) For fixed f we can always choose a linearization L so that
T, f(x) < 2L f(z) for all z.

A key advantage of L is that it is a linear operator, and as such it has an
adjoint, given by the formal expression

QeQ QN{e(x)<|QI<u(x)}

The testing condition in (.24]) has a more convincing formulation in the lin-
earizations. It is equivalent to

(27) L (logw)llpy ) < Fw(@Y, gl <1,
(2.8) T :=sup sup / Ty(folg) w(dx).
Q [flery<1JQ

This holds uniformly over all choices of linearizations, which fact is referred to
repeatedly below.

The operators L* have a certain ‘smoothness property’ that is fundamental
for us.

Lemma 2.9. Suppose for measure v and cube Qo we have |v|(Qo) = 0. Then,
L*v(-) is constant on subcubes Q' C Qo with |Q'| < 274,

Proof. The sum (2.6]) defining the adjoint operator becomes

Lvy) = Y Holw) | e ho () v(da).

Qe Q{e(@)<IQl<v(2)}

QoCQ
The sum is restricted to a sum over cubes () D @, so the Lemma follows by
assumption on the functions hy,. O

2.3. Whitney Decompositions. We make general remarks about the sets
(2.10) Q4 = {Ty(fo) > 2"}

where f is a finite linear combination of indicators of dyadic cubes. The assump-
tions we will have will show that 2, will be an open set with compact closure.

Let Q) denote the parent of @, and inductively define QU+ = (QU)Y) . For
an integer p > 2, we should choose collections 9y, of disjoint dyadic cubes so that
these several conditions are met.

(2.11) O = UQEQ Q (disjoint cover)
k
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(2.12) QY C Y, QYT NQE #B  (Whitney condition)
(2.13) Z 1ow S 1o, (finite overlap)
QEQy
(2.14) sup HQ' € Qp : Q' NV} <1, (crowd control)

Qe
(2.15) Qe Q, Q' €Q, QS Q" implies k>1. (nested property)

We will apply the Whitney decompositions with p = ¢ + 1, where ¢ is the
constant in (L5]).

Proof. Take Qj to be the maximal dyadic cubes Q C € which satisfy (2Z12).
Then (ZIT) holds. As the sets Q are themselves nested, (2.I5) holds.

Let us show that (ZI3]) holds. Note that holding the volume of the cubes
constant we have

Z 1om < 27

Q=1

where d is the dimension. So if we take an integer p, and assume that for some
k and v € R?

D Lgun(z) = 8- 200,
Qe

then we can choose @, R € Qp with z € Q" N R® and the side-length of R
satisfies |R|Y/4 < 273|Q|Y?. But then it will follow that R°*Y) C Q. We thus
see that R°*tY) does not meet ¢, which is a contradiction.

Let us see that (2ZI4) holds. Fix Q € Q. If we had Q' 2 QW for any
Q' € 9y, we would violate (ZI2). Thus, we must have @' C Q). The cubes
Q' are disjoint. Suppose that there were more than 2°2 in number. Then, there
would have to be a @' C Q) with |Q'| < 27771Q™)|. That is, (")) c QW
violating the Whitney condition (2.12)). O

2.4. Maximum Principle. A fundamental tool is the use of what we term here
as ‘maximum principle’. (We could also use the term ‘good-\ technique’): Subject
to the assumption that a maximal function is of small size, we will be able to see
that the maximal truncations are large due to the restriction of the function to
a local cube. This leads to an essential ‘localization’ of the singular integrals.

Maximum Principle. 2.16. For any cube Q) € Qy as above we have the point-
wise inequality

(217)  sup [T (fo)@)| S2°+  sup  [(fo,hgm)hoo (@), z€Q.
2Q)+¢+H1<e<w C+2%r)§2(+2
Q\"eur



TWO WEIGHT INEQUALITIES 9

In particular if U, given in (L8) is empty, we have

(2.18) sup |Teo(fo)(x)] < o rEQ.
Q)+ (+1<e<v

Remark 2.19. One can give a more familiar upper bound in (2.I7)). By the support
and size conditions on hg and hy,, namely (I4) and (I3), we have

2042

> (fo, highho(w)| S Bgacen | flo.
r=C+2

The last term is obviously dominated by the maximal function. But our point
here is to obtain the smallest possible terms here, so we prefer (2.17) as written.

Proof. Take x € ). By the Whitney condition in (2.12)), there is a point T €
QY N Q. Consider the differences

how (x){fo, hég(r)) — ho (T)(fo, hég(r)) .
Note that by (LH), if » > ¢ +p+1 = 2¢ + 2, then hge) (2) = hge (T), and so the
difference above is 0. Thus,

20+2

sup sup  |Teu(fo)(2)] < Ty fo(@) + ) hge (@) {fo, hym)] -

z€Q (Q)+2<e<v r—C12

Consider ¢ +2 < r <2+ 2. If QU € U, we have |hom(z)(fo, h/Q(T)>| <
U, fo(z). Otherwise, we have, upon combining (3] and (L)),

g ()40, Hge)| < 7 e () for g} | < 71Ty for(a).

As T, fo(z) < 2%, this proves [ZIT7). (The parameters 7 and ¢ enter into the
implied constant, but we do not attempt to track this dependence throughout
the proof.) O

3. PROOF OF THE WEAK-TYPE INEQUALITY

We prove ([LI9), the characterization of the weak-type inequalities. The ne-
cessity of the conditions follows immediately from standard considerations.

We turn to the reverse implication, namely the inequality (2.8]). Specifically,
we will show that

(3.1) ||Th(0')||LP(U)I—>Lp7°O(w) S 14‘11
(32) W= [[Ur(o)l[Lo(oyprrow)

where T expression is defined in (2.8)).
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Let us first note that the testing condition (2.8)) gives us a two weight A, type
condition. By taking f = hg, we can estimate as follows provided @ is not in
the collection U, in (LS).

0( ! ! )
|@\3/2 < /'h 7l \QI
< / Ty (hy)w(da),

o(Q)'
ViQl

rIT (@)

This yields the condition
1/p’ 1/p
(3.3) sup (@) (@) ST
QEQ_Z/{T |Q|

Let us note that if f is a finite linear combination of indicators of dyadic cubes,
that we then have for any integer k,

(3.4) sgp 2w ({Ty(fo) > 2F}) < o0

Indeed, we can cover the support of f by a union of at most 2¢ cubes. Let E
denote the union of the doubles of these cubes. For cubes ) that meet E, but
are not contained in it, we can use a combination of (3.3)) and the boundedness
of the maximal operator U, to see that (3.4) holds. (At first read, one is free to
set U, =0!)

Now, we will argue that for an absolute constant m and 0 < n < 1 we have

(35) 2"w({Ty(fo) > 2", U(af) <n2°})
S TNy +02Pw({Ty(fo) > 2"}).

Apply this inequality for a ChOlce of k for which the left-hand side is close to its
supremum. For sufficiently small 7, this proves (3.).

Apply the Whitney decomposition (ZII)—(2.I4)) for the set 2 as in ([2.10),
which we can do as (3.4) holds. For Q € Qy, let

Eu(Q) = QN {Ty(fo) > 2™ Uy(of) < 2"}

Apply the Maximum Principle (216). We deduce that for = € Ej(Q) we have
Ty (f1igono) > 2™ — C2F — Cn2* .

For 0 < n < 1 sufficiently small, m sufficiently large and z € Ex(Q) we will have
2" < Ty (f1igion0).

And so we have

Yo Er(Q)) < /E o T ig0)?) i)
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The sets Ex(Q) are disjoint by (2.11)). And so we should sum this last inequality.
But we do so subject to one more division of the Q) € Q. Let

Gl ={Q € O w(E(Q)) < nw(Q)},
and ing = Q;\ O™l Now,

27N w(BE(Q) <2 Y w(@)

QGQimaH QEQk
< 2"nu({Ty(fo) > 2").

This is the first half of (3.3).
We also use the testing condition in (I2]]) to estimate

27 3 W(B(Q) S Y w(B(Q) [Ego T(f1e00)]

QeQ® QeQ

ST w(ENQ) W@ 1o | o ow(Q)7]”

QeQ
ST 1100150
QeQ
STIfIL,., -

The last line follows from the finite overlap condition (2.I3]). This completes the

proof of (3.4]).

4. FIRST STEPS IN THE PROOF OF THE STRONG TYPE INEQUALITY

The conditions ([L.24]) easily follow from the strong type inequality (L23]). For
the first condition, just note that U.f < Ty f; the second follows from Hoélder’s
inequality; and the last condition obviously follows from (.23]). Thus, the content
of the Theorem is that the testing conditions (L24)) imply (L.23]).

We will show that

(A1) NTy(fo)lleew) S {T+ T+ UHfllzreo

(4.2) T':= sup sup U(Q)_l/”HTh(ng)HLp(w) :

lgllo<1 @
T is defined in (2.8), and Y is defined in (3.2). This proof requires some initial
steps before the main steps can be taken. The reader can consult Figure [4.1] for
a schematic tree of the proof of this estimate.

4.1. Initial Decomposition of ||T,(fo)| z»(w). Take f to be a bounded function
which is a finite sum of indicators of dyadic cubes. We use the notation (2.10),
and apply the decomposition of the sets 2 into collections of cubes Q as in
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ZI0)—(@2I8). In particular, we take p = ¢ + 1. We modify the notation of

M.T. LACEY, E.T. SAWYER, AND I. URIARTE-TUERO

FIGURE 4.1. The schematic tree of the proof of the strong type
inequality. For the purposes of this figure, we suppress the de-
pendence of the estimates on K, and replace S(K) in the root of
the diagram by [(Ty fo)’w(dz). Terms in diamonds are further
decomposed and those in rectangles are final estimates. On edges
leading into rectangles, we indicate how that term is controlled.
By ‘absorb’ in the edge leading into I;, we mean that I; can be
absorbed into the left hand side. The term I3 is the sole term con-
trolled by . The term II; is associated with the ‘good function’
of the Calderén-Zygmund decompositions, and is controlled by the
dual testing condition €*. The term II; and its descendent’s are
associated with the ‘bad function’ and are controlled by the testing
condition ¥.

Er(Q) from the previous section to

(4.3)

For an illustration, see Figure [4.2l Here, m will be a fixed constant depending
upon dimension, ¢ and 7. We emphasize that a given dyadic cube ) can be in
many collections Qy., which fact will enter into a late stage of the proof. Also note
that these sets are disjoint in @), thus we have the estimate following from (2.3),

(4.4)

Er(Q) = QN {Qgm-1 — Qe } Qe Q.

Yo > w(EQ)ES S N6l -

k QeQy
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Qy

Q(p+1)

Qk—}—mf]

FIGURE 4.2. The set Ei(Q).

Our testing conditions do not trivially imply that || Ty fo||zr(.) is finite, which
difficulty we circumvent with these definition. For an integer K > 1, we take
(45) Z'={k€Z : w(Qrmr1—Dtm) > mw()}, Z(K)=ZnN[-K,K].

Note that we have || T;(fo)l|7,,) S Xrez 20 (Urm—1 — Qegm), and we will
estimate

(4.6) SE)= Y > 2w(E(Q).
k€7 (K) QeQy

The point here is that the this sum is finite: The testing conditions imply that
T, satisfies the two weight weak type inequality (IL.20), whence S(K) is finite.

4.2. Linearization and Maximum Principle. We now make a choice of lin-
earization, as in Definition 4] adapted to the collections Q. For a choice of
integer m that depends upon the implied constants occurring in Lemma 2.16] we
can choose L, as in (2.5]), so that these conditions hold for all k£ and all @ € Qy,
and x € E(Q):
(4.7) pl@) <UQ)+C+1, =z E(Q),
(4.8) Ty(fo)(x) < CL(fo)(x)+ sup  [{fo,hym)hgo (@)l

C+2<r<20+2

Q\"eur

Is certainly possible to achieve all of these conditions, as the sets Ej(Q) are
disjoint as @) € Q. and k € Z vary. Note that we can then write

L(fo)(z) = Lgen fo)(z), =€ EB(Q), Q€ k.

The sum S(K) is estimated as follows. For a constant 0 < n < 1, which we
will take to be of order ¢? for absolute constant ¢, estimate

(4.9)  S(K) < L(K) + L(K) + I(K)
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> D Pw(B@), =123
keZ! (K) QeQi
(410)  Q, ={Q € Q : w(E(Q)) <nw(Q)}
(4.11) Q={QeQ—-Q; : me1Ean)L(fcr)( z) > c2¥}
Q) =0 — QL — O}

Observe that for appropriate m in [£3), if U, = () we have (2I8) in force, in
which case Q3 = ) for all k. In ([{I1]), we take 0 < ¢ < 1 to be a small constant
depending upon the implied constant in (2.17).

The estimates we will prove are, with implied constants depending only on the
parameter 7 associated with the operator T and dimension.

(4.12) I SnS(K),
LE) S HE+ T 10
L(K) S WAL -
With these estimates proved, we have from (4.6) and (4.9)
S() S 0S(K) + 177 T4 TV iy + 00 [

For 0 < n < 1 sufficiently small, the first term can be absorbed into the left hand
side of the inequality. Letting K — oo proves (.1)).

5. Two EASYy ESTIMATES.

Proof: Estimate for I. The proof of (412]) is straight forward. By definitions,
especially (4.3), we have

K)<n Y 2% )"

keZ/(K) — QeQy
< 2nm Z 2P0 (Vgm—1 — Q) < 2pmS(K) . O
keZ/ (K)

It is for the proof above that we introduced the set Z', the parameter K being
introduced to get the a priori finiteness of S(K'). Having exploited both of these
points, we will suppress their appearance in the remaining arguments.

Proof: Estimate for I3. For QQ € Q3F, we necessarily have the estimate below from

@ID).

sup | (fo, bV hao ()] > 2F
¢+2<r<2¢42
QM el
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And this means that the sum below can be controlled in terms of the maximal
function U,.

IS Y Y wBE(@)x  sup  [{fo,hym)hgo ()]

- C+2<r<2(+2
k=—00 QEQy Q(T)EZ/[T
p
SWfIL., -
Here, one dominates the supremum over r by a sum of at most ( terms. O

6. THE ESTIMATE FOR Is.

6.1. The Calderon-Zygmund Decompositions. We utilize Calderén-
Zygmund decompositions adapted to measure o. In addition, we will use the
decomposition at all heights simultaneously. The purpose of this section is to
describe this decomposition and apply it to the term I5.

Let G; be the maximal dyadic cubes () such that

(6.1) 2" <EZ|f| <27,

Then, we have the following variant of (2.2]), which we will refer to below.

(62) Y 27 o(G) S 1hse -

t=—o00 Geg

It is the cubes in G, that we use to organize our proof. Let G = |J,Gi. Let
7: G — Z be given by 7(G;) :=t, for all t. This map is well-defined as each cube
is a member of a unique G;. For any cube @, let I'(Q)) denote the minimal cube

G € G such that Q C G. (I'(Q) is the ‘father’ of @ in G.) We have the following
nested property.

GeG,, GeqG, GCG implies k>1I. (nested property)

That is, the containment is strict.
We construct the Calderén-Zygmund decompositions. We set
(63) C(G) = {GI € QT(G)H G C G}
These are the ‘children’ of GG in the collection G. For G € G, we set f1lg = gg+bg
where
E%f zeG, G'e€C(G)
(6.4) 9o =1 f(x) zeG-{G : G eP(G)}
0 r & G.
This choice then specifies bg. It is simple to see that ||gale < 27(@F2, thus gg is

the ‘good function at height 27(%)" and b is the ‘bad function.” The cancellation
property that the bad function has is that EZbc = 0. See Figure 6.1l
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D‘\ Q

.
M-~

FIGURE 6.1. A given cube @ is contained in G € T'(Q). Cubes
G’ € C(G) are contained inside G. If no cube G’ is contained in @,
then |f|1g < 27(@+2 e ae.

Let
HG) ={(Q,k) : Qe ;. T(Q)=G}, (Geg.

We now refine the sum for I, according to the collections H and the Calderén-
Zygmund Decomposition. Due to the definition of Q2, we can estimate

I, S 7P + 15}

=% 3 <Ek<cz>>}w<@>-l | Ligor)(@) w(aa

p

GEG (Q,k)eH(G Er(Q)
Iy = E(Q))|w(@)! L(beo)(z) w(dz)|
> X @@ [ Loo)x) wiae)

6.2. The Estimate for the Good Functions. The term II; in (65) involve
the good functions. We have

L S (TN o) -

Proof. We estimate from (6.3]), using the condition in (4.2]), and the fact that the
good functions are bounded, namely ||ga|lo < 2872 for G € G;. But first, the sets
Er(Q) are disjoint so

m<y Y wE(Q)[ESLgeo)]"

GEG (Q,k)EH(G)

<Z/‘nga}wdx (by (44))

Geg
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= Z op(t+2) Z /\L (27" 2ggo) P w(dr) (recall (6.4)))

t=—00 Geg:
< (TP Y 2y e(6) (by @2))
t=—00 Gegy
S (@IS - (by 6.2))
Here, we can apply the testing condition ([#2]) since ||272g¢ll < 1. O

7. THE ANALYSIS OF I,

We turn our attention to the term II; defined in (6.6]), which is the term arising
from the ‘bad functions.” Its analysis will occupy the remainder of the proof. We
did not explicitly define the ‘bad’ functions before, so let us do so now. They are

B el G'eC(G) (See ([€3)
(7.1)  bg = {O v G

(72) Bo=1a(f(x) ~ELS), G €G.

In particular, (g is supported on G’ and has o-mean zero.
The operator L is selected in (£7)—(Z8)). We are considering the expressions
below, where G € G, and (Q, k) € H(G):

(7.3) [E k(Q)L(bGa) = > /E Bero)(z) w(dz)

G'eC(G)
These conditions mean:

e (G € G: The average value of f on GG, with respect to o-measure is about
27(@) and G is a maximal dyadic cube with this property, see (G.1)).

e (Q,k) € H(G): G is the minimal cube in G containing @, and Q € Q2.

e Recall that G’ € G(g)+1, G' € G and I['(Q) = G.

There is a cancellation that takes place here: Recall the role of the integer (

in (L2). We have

(7.4)  supp(L(Baro)) € ().

If 2 ¢ (), and P is any dyadic cube that contains z and intersects (G')", let
P’ be the subcube with ¢(P') = 27¢¢(P) that contains G'. It follows that and
that A is constant on P’ and [, fer o(dy) = 0. Hence, (Bar, hy) = 0. This
proves the assertion above.

The cubes G’ € C(G) are disjoint, but this does not apply to the cubes (G)(©
to address this point we make the following construction. Take C(Q) to be the
maximal cubes among the collection

{(@)9 G ec@), Qn(G) #0}
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Q

)

O~

D\

k G’ € C(G)

FIGURE 7.1. The largest cube is @ € Qy, with I'(Q)) = G. The
cube @) contains two members of G’ € C(G), and the maximal cube
of the form (G')(© is denoted as G.

If any G’ satisfies Q C (G")©), then this collection consists of a single tile, a
complication we will have to track in the analysis of below. See Figure[7.] for an
illustration. Take T'g : C(Q) — C(Q) to be the map that assigns to G’ € C(Q)
the minimal element of C(Q) that contains it, if such a cube exists. (No such

cube exists for G’ if Q N (G")©) = 0.) Set
(7.5) Bg:= Z Ber .
)

G'ec(G
To(G)=G

We argue that we have the estimate
(76) 18al SMofx Y 1o <M, fx1g.

G'eC(G)
To(G)=G

Indeed, the collection of cubes {G’ € C(G) : To(G') = G} are pairwise disjoint,
a property inherited from C(Q), and the estimate above follows from (T2l).
By ((C4), we have the equality

L(Bro)le=1¢ Y L(Bgo).
GeC(Q)

Therefore, we can continue the equality in (T3] to conclude that for (Q,k) €
H(G) we have

/Ek(Q) Libeo)(z) wide) = 72 /Ek _ L(Bgo)(z) w(dz)
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= [[Il(Q) + I[IQ(Q)
m@ =y /G B L (1, 0ria) () o(dy)

GEC \Qk+m

The definition of II5(Q) is similar with the integration being done over G' N Q1.
With these definitions, we set

(7.7) I, Z > wl w(@)ILQ)],  wv=1,2.

k=—o00 QEQ2
We have II, < III7 + III;. And we turn to the proof of
1S %) )

Proof: Estimate for III;. Use Holder’s inequality and the testing condition (2.8])
in its dual linearized form (2.7]).

ILQ) < Y g, Bal o IL g @re@)ll o)
GeC(Q)
<T Y e, Belmew@n GV
GeC(Q)
< Tw(@)7 [ 1g\04 Mo fllo(0)

Here, we have used Hélder’s inequality, in the variable G € C(Q), as well as (Z.0)).
We can now appeal to the definition of III, ((T.1), to see that

<% Y Y w(EQ)[W(Q) 1o\ Mo fllne)]”
k=—00 QeQ?

[e.e]

=T Z Z ||1Q\Qk+m M, f”ip(o)

k=—o00 QEQﬁ

<3P Z H]‘Qk\ﬂk+m M, f”ip(g)

k=—o00

<D
The proof of this estimate is complete. O
8. THE ANALYSIS OF I,

We analyze the term IIl,. To be specific, one has

IL(Q) = Y /G Be L (1, graw)o(dy)

Gec(Q) ” EMStetm

We turn to the Collectlon Ok+m, namely the Whitney decomposition of €2,,.
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Oypma Ex(Q)

FIGURE 8.1. A cube Q € Qk, sets Qym—1, Qg and Ex(Q) are
indicated. A set R € Qj.,, is indicated. This particular cube is
also contained inside of (), which is not general the case.

Note that as Ey(Q)NQtpn, = 0, the function L* (1, (g)nerw) is constant on each
cube of the form R € ,,. Indeed, the cube R = REHD does not intersect
Er(Q), so this follows from Lemma [29 (This conclusion is our rationale for
linking the Whitney decompositions to the structure of the operators we consider.
See Figure Bl for an illustration.) Thus,

| ool
RNGNQ

- / — L*(lEk(Q)r@‘U) U(dy) X E%meQﬁEa R e Qk+m .
RNGNQ

There are two points to note in the last display: We can apply the testing
condition to the integral, and we have the o-averages of 3z above. We define

81) R(R,G)={R€ Qpm : RNGNQ#0}, GecCQ).
By the nested property of the Qy, if RN Q # 0, we must have R C Q. We have
by (Z1) and (Z3)

EameQlﬁd < E7 meQ}f E% f’

meQ Z Bar

G'eC(G)
FQ(G) G

(8.2) < 2B7, gl fl + 27O (by @G.1))

For the last line, recall the definition of f¢ from (.2)). By selection of G’ we
have |EZ, f| < 27TED+! for all /. Hence, the last line follows.
This estimate reveal that there is a distinguished subset of R(Q, G), it is

(83) Ri(Q,G) ={ReR(Q,G) : E If| < 27 @@)+4y

< Efygnol /1 + |E (by (Z.3))

g J—
RNGNQ
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Let Ry(Q,G) = R(Q,G)\Ri(Q,G). By the construction of the cubes G, we

have the inclusion
(84) RCGNQ, ReR:(Q,G), G eCQ), G'Ccq.

Now, we estimate

1I1(Q) S M(Q) + Va(Q)
85) M@= X [ L)l oldn) <ERl) o
GeC(Q) ReRy(Q,G) * BNGNQ
We define IVy, IV, as in (Z.1).

We claim
[‘/1 5 [[07 w]]%,p”f”ip( )

Proof: Estimate for IVy. In this case, we are nicely set up to appeal to the max-
imal function inequality (2Z.2)). For Q € Q2 we estimate as follows.

M@ <@ 3 3 /R L g o(d)
NGN

GeC(Q) RER1(Q,G)

<@ 3 / L (L )] o(dy)

GeC(Q)
< 2r1(@) Z o(@nN @)1/p||L*(1Ek(Q)mgw)||L,,/(U) (Holder’s inequality)
GeC(Q)
STT@ N 5(QNE) Pw(@N GV (See (@2), 27).)
GeC(Q)
< 32T @g(Q)VP . w(Q)V” (Holder’s inequality)

S nfleQT(F(Q))O-(Q)I/p . W(Ek(Q))l/pl :

In the last line, we have used the fact that Q ¢ Q; to pass from w(Q) to w(Ex(Q)).
See (AJ0). Let us also note, as follows from definitions, that @ C T'(Q) C
{M, f > 2"T@)} which fact we will use below.

We estimate as follows.

S Z > w w(Q) ' V(Q)]"
k=—00QeQ?
< pigr Z Z )[27 (T(Q)) (Q)—l/pg(Q)l/p]p
k=-00QeQ}

Sty oM, f > 279
Geg
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—lgp p
<Y
The last line follows from (6.2)). O

9. ANALYSIS OF V5

We turn to the estimate for IV,, showing that

This is case in which combinatorics of our decomposition are essential to obtain
an estimate on this sum. This proof also completes the proof of our Theorem.

We begin with an estimate for 1V5(Q), taking these steps: (a) invoke (8.4) to
simplify the range of integration that appears in ([83]); (b) use the definition of
Ro(Q,G) and (82) to insert the term E%|f|; and (c) insert o(Q)*/? into the

sum below and apply Hoélder’s inequality in the summing indicies.

=Y X [l oldn) x Bl

GeC(Q) RER2(Q,G)

< A(Q) - B(Q),

= > > aBELA

GeC(Q) RER2(Q,G)

= > (R [ /R IL* (X g, @riaw)| o(dy)

GeC(Q) RER2(Q,G)

Z Z /R|L*(1Ek(Q)ﬂ§w)|p/ o(dy)

GeC(Q) RER2(Q,G)

Z /Q I (el ol
<g¥ Z w(QNG) (See @2), @0).)

GeC(Q)
< Tw(Q).

Recall that the rectangles R above are disjoint, since they are members of Q. ,,
and contained in @), by (84).

Therefore, we have

S Y W(Q) A (Q))

k=-00QeQ}

/

p
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Z > w(Q)AQ) - BQ)]

k=—00 QeQ?
STy Y wEQ) W@ x Y Y a(R)[ERIf]
k=—00 Qe Q2 GeC(Q) ReR2(Q,G)

CRINE S DD DD DR SR N

k=—00Qe0? GeC(Q) ReR2(Q,G)
It is our intention to dominate this last sum (@.2)) by ||[M, f||” Lr(o)- TO accom-

plish this, there are two points that should be demonstrated. (1) Any given cube
R can arise in the sum above at most a bounded number of times. (2) Two given
cubes R; C R, that arise in the sum above satisfy E% | f| > 4E% | f|. Both points
are true, and require some combinatorial arguments to verify.

Definition 9.3. Say that a cube R is of type IV, if it arises in the sum (0.2)).
More specifically, we say that (k, @, G’, R) is a type Vs quadruple if
(1) keZ,
(2) Qe Q2
(3) G € C(Q) and R C G, (See (84).)
(4) R € Ro(Q,T(G"). In particular R € Qpy,, and E|f| > 2743, (See
ET) and (E3).

Let us set ZV5 the collection of type IV, quadruples.

Proposition 9.4. A given cube R can occur as a type IV cube in only a bounded
number of ways. Namely, if (ki, Qr, R,G}), for 1 <t < T are distinct type Vs
quadruples, with R fived, then we have T < m +n~*

Proof. Let us note that we have k; # ks for 1 < s # ¢t < T. Assuming that
ks = kt we would have R C Qk, N Qg, by (84), so that by ([2.11]), we would have
Q = Qr, = Qr,. Likewise, we have R C Gj_N G}, with G}, G}, € C(Q), hence
G, = é;t, and the data are equal.

Now, let us assume that k; < ky < --- < kp. We have R € Qy,,,. We see
that of necessity, that R € Qy for k1 +m < k < kpr+m. That is, form <t < T
both R and Qy, are in Qy, . (We can assume T' > m.) Then the disjoint cover
condition (ZIT]) implies that R = Qy,.

An important difficulty that arises here is that a given cube () can be a member
of an unbounded number of Q. But the additional assumption is that we have
R e Q3 for m <t < T implies that w(Ej,(Q)) > nw(Q). These last sets are
disjoint and contained in @), so that we see our claim is proved. O

This last Proposition is an important step towards our goal. Still, the cubes R
of type V5, even if distinct, can still overlap. We address this point in the next
two propositions.
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Proposition 9.5. For each Gy € G, we have

> 1,<m, e=0,1,....,m—1.

(kyQvaG/)EIVQ
I'(Q)=Go, k=emod m

That s, there are bounded overlaps of the type IV, cubes if we hold constant both
the principle cube Gy, and the parity of k mod m.

Proof. Let (ks, Qs, Rs, G%) € IV, for s = 1,2 be two distinct type IVa quadruples
with Ry C Ry and I'(Q1) = I'(Q2) = Go. Then, we must have k; > ks by the
nested property and the fact that Ry € Qk, 1. The case of k; = ky would imply
that the quadruples are the same, and so seeking contradiction we must have
k1 > ko + m. Then, we have

R CQiCRyCQy.
But, by definition we have
Eg, £ > SEQ,|f] > 4B g, |/
That is, we cannot have I'(Q;) = I'(Q)2). We have our contradiction. O

Proposition 9.6. If we have two type IVa quadruples (ks, Qs, Rs, G%) € V4 for
s =1,2, with Ry C Ry and ky = ko mod m then we have

E}‘%1|f| Z 4E7%2|f| °

Proof. The hypotheses, with the nested property (Z.153]) give us that ky > ks +m.
By the previous Proposition, we must have G| # G, hence Ry C G| C R,. And
from this we see that

E% [f| = 8EZ | f| = 8Er(ry) s = 4ER, | f].
And so our claim is proved. U
We can complete the estimate for V5. Let
7 ={R : 3k, Q,G > (k,Q,R,G) € TV,}.
Note that Proposition implies that we have

> (@B S IMo fl7a)

ReT
And so we can estimate using Proposition [0.4],
@2) S 671 (@B S 1 llv)
ReT

This completes the proof of (O.1).
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