DISCONTINUOUS GALERKIN METHODS FOR THE
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ABSTRACT. We construct a new family of semi-discrete numerical schemes for
the approximation of the one-dimensional periodic Vlasov-Poisson system. The
methods are based on the coupling of discontinuous Galerkin approximation
to the Vlasov equation and several finite element (conforming, non-conforming
and mixed) approximations for the Poisson problem. We show optimal error
estimates for the all proposed methods in the case of smooth compactly sup-
ported initial data. The issue of energy conservation is also analyzed for some
of the methods.

1. INTRODUCTION

The Vlasov-Poisson system is one of the basic and simplest models in the
mesoscopic description of large ensembles of interacting particles. In one-space
dimension and in dimensionless variables, the Vlasov equation reads
(1) 8_f + Ua_f — wa_f =

ot 0 v
where the electrostatic field, —®,(x,t), derives from a potential ®(x,t) that sat-
isfies:

(2) — @ = plet) — 1 (a,1) € Q x [0,00),

0 (z,v,t) € Q xR x[0,00),

with p(x,t) being the charge density which is defined by

(3) plz,t) = /Rf(x,v,t) dv for all (z,t) € 2, x [0, 00).

The above system describes the evolution of a collisionless plasma of charged
particles (electrons and ions) in the case where the only interaction (between
particles) considered relevant is the mean-field force created through electro-
static effects, hence neglecting the electromagnetic effects. f(x,v,t) is the elec-
tron distribution, which is a non-negative function depending on the position:
r € Q, C R; the velocity: v € R, and the time: t € R, with 2, denoting the
spatial domain where the plasma is confined. As ions are much heavier than
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electrons, it is assumed that their distribution is uniform and since the plasma
should be neutral, one has

(4) /Q plx,t)de = /Q /Rf(ac,v,t) dvdr =1 for all ¢ € [0, 00).

We refer to the surveys [41], [12] 34] for good account on the state of the art in
the mathematical analysis and properties of the solutions of the Cauchy problem
for the Vlasov-Poisson system.

Many efforts have been dedicated to the numerical approximation of the Vlasov-
Poisson system with either probabilistic or deterministic solvers. Since the be-
ginnings of numerical plasma simulations in the 60's, Particle methods [11] have
been often preferred because of their lower computational complexity. For these
methods, the motion of the plasma is approximated by a finite number of macro-
particles in the physical space that follow backward the characteristics of the
Vlasov equation. Several works have also analyzed their convergence in one
[30, 59] and higher dimensions [58]. However, a well known drawback of these
methods is their inherent numerical noise which prevents from getting an accu-
rate description of the distribution function in the phase space for many applica-
tions. To overcome this lack of precision, eulerian solvers, methods discretizing
the Vlasov equation on a mesh of the phase space, have been also considered.
Their design has been explored by many authors and with many different tech-
niques: finite volumes [36 B7]; Fourier-Fourier transform [44]; finite elements
[60, [61], splitting schemes [33, [I7]; and semi-lagrangian methods [39, 31|, [16].
All these methods present different pros and cons and we refer to [38] and the
references therein for a discussion. Finite volumes are a simple and inexpensive
option, but in general, are low order. Fourier-Fourier transform schemes suffer
from Gibbs phenomena if other than periodic boundary conditions are imposed.
Semi-lagrangian schemes can achieve high order allowing also for time integration
with larger time steps. However, they require high order interpolation to com-
pute the origin of the characteristics, which in turn destroys the local character
of the reconstruction. Standard Finite Element methods suffer from numerical
oscillations when approximating the Vlasov equation. In contrast, Discontinuous
Galerkin (DG) finite elements are particularly well suited for hyperbolic prob-
lems and their application to non-linear conservation laws has already shown
their usefulness [20, 25, 28§].

Based on a totally discontinuous finite element spaces, DG methods are ex-
tremely versatile and have numerous attractive features: local conservation prop-
erties; can easily handle irregularly refined meshes and variable approximation
degrees (hp-adaptivity), weak approximation of boundary conditions and built-
in parallelism which permits coarse-grain parallelization. In addition, DG mass
matrices are block-diagonal and can be inverted at a very low computational
cost, giving rise to very efficient time-stepping algorithms in the context of time-
dependent problems, as it is the case here. Pioneering research on discontinuous
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Galerkin methods was pursued in [51, [47, [35, (6, B]. We refer to [24], 4] for a
detailed historical overview and for more recent developments to [54, 49, [14] [5]
and references therein. However, although DG methods can deal robustly with
partial differential equations of almost any kind, their application in the realm
of numerical approximation of kinetic models has been considered only very re-
cently. In [20] and [9] the authors study, respectively, the use of DG for the
Boltzmann-Poisson system in semiconductors and for water-bag approximations
of the Vlasov-Poisson system. In [40], an L'-analysis is carried out in for a
simplified linear Vlasov-Boltzmann equation with a given confining force field.

Despite the numerical performance of all these eulerian solvers has been exten-
sively studied, to our knowledge, the issue of their convergence and error analysis
for the Vlasov-Poisson system, has not been tackled till very recently, and only for
the one-dimensional periodic case. The convergence and error analysis for a low
order finite volume scheme is contained in [37]. More recently, semi-lagrangian
schemes have been analyzed; of first order in [7] and high order is considered
in [8, 10]. In these works the authors have also proved a-priori error bounds in
different norms for both the distribution function and the electrostatic field. We
also mention that for other kinetic models, finite differences [52] and spectral
methods [46] 45] have been also considered and analyzed.

The present paper is concerned with the design and analysis of discontinuous
Galerkin approximation for the one-dimensional periodic Vlasov-Poisson system.
We introduce a new whole family of eulerian schemes, based on the combination
of DG approximation to the Vlasov equation with various different finite element
(conforming and nonconforming) approximations to the electrostatic field. The
first one is a direct conforming approximation obtained by taking advantage of the
explicit integration of the Poisson equation in one dimension. Such approximation
is equivalent to what most authors, if not all, have usually considered for this
system. However, in spite of its simplicity, it might not be the most appropriate
scheme in view of the possible extension/adaptation of the numerical scheme to
higher dimensions and to more complex kinetic models. For this reason, in the
present paper we also examine a different approach: since the coupling in the
Vlasov-Poisson system is through the electrostatic field, the main interest in the
Poisson problem is the approximation to ®, rather than to ®, and therefore mixed
finite element methods seem to be the right choice. We explore Raviart-Thomas
and several mixed DG approximations for the Poisson problem.

We also deal with the convergence and error analysis for the proposed DG
methods for the case of smooth compactly supported solutions. We derive op-
timal error bounds in the L?-norm for both the distribution function and the
electrostatic field, for high order methods, namely & > 1, k£ being the polynomial
degree of the DG approximation for the distribution function. The analysis for
piecewise constant approximation (k = 0) is different and will be carried out
somewhere else. Although Vlasov equation might be seen as a simple trans-
port equation, its coupling with Poisson, brings into play in such equation, a
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non-linear (quadratic) and non-local term. This generates some difficulties in
the error analysis, precluding a straightforward extension of other works. A key
ingredient is the construction of some projection operators, inspired in those in-
troduced in [47, 53], 23] 62], but specially designed for the Vlasov-Poisson system.
These special projections allow for avoiding the loose of half order, typical of the
standard error analyses of finite element methods for hyperbolic problems. We
have focused on semi-discrete schemes; discussion on suitable time integrators
and design and analysis of fully discretized schemes is outside the scope of this
paper and will be the subject of future research.

Finally, we wish to note that while developing the methods, we have taken
special care in ensuring that physical properties of the continuous system are
preserved. The DG approximation for the Vlasov equation ensures in an easy
way that the total charge of the system is preserved . We also discuss the con-
servation of the total energy for the proposed schemes. In particular, we propose
a full DG method (DG for Vlasov equation and a particular Local discontinuous
Galerkin (LDG) for Poisson problem), that preserves the total discrete energy
of the system. To the best of our knowledge this is the first scheme proposed
in literature for which energy conservation can be shown. Our proof however
requires a technical assumption on the polynomial degree for the DG methods,
namely k& > 2. Whether this restriction is really necessary or not, will be the
subject of future research. For many others full DG schemes presented in the
paper, we provide a bound on the energy dissipated by the system.

Extension to higher dimensions, numerical validation of the results presented
here and numerical performance of the presented numerical schemes in challeng-
ing questions such as the Landau damping of Langmuir waves [63] or the Raman
scattering instability [9] will be carried out somewhere else.

The outline of the paper is as follows. In section [2| we describe the main
properties of the continuous problem, we introduce the notations and revise some
basic results we need for the description and analysis of the numerical methods.
In section (3| we present the numerical methods proposed to approximate the one
dimensional periodic Vlasov-Poisson system. The error analysis for the presented
method is detailed in section [d] We discuss the energy conservation properties of
the schemes in section 5] The paper is completed with two appendix, Appendix[A]
and [B], containing some proofs of technical and auxiliary lemmas used in the
convergence analysis.

2. PRELIMINARIES, NOTATION AND AUXILIARY RESULTS

Throughout this paper, we use the standard notation for Sobolev spaces [I].
For a bounded domain B C R?, we denote by H™(B) the L?*-Sobolev space of
order m > 0 and by || - ||;.,5 and | - |,,, 5 the usual Sobolev norm and seminorm,
respectively. For m = 0, we write L?(B) instead of H°(B). We shall denote
by H™(B)/R the quotient space consisting of equivalence classes of elements of
H™(B) differing by constants; for m = 0 it is denoted by L?(B)/R. We shall
indicate by L2(B) the space of L?(B) functions having zero average over B. This
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notation will also be used for periodic Sobolev spaces without any other explicit
reference to periodicity to avoid cumbersome notations.

2.1. Continuous Problem: The 1D periodic Vlasov-Poisson System. In

the rest of the paper we take €, = [0, 1] in (I)-(2)-([3)-(). Let fo denote a given
initial distribution f(z,v,0) = fo(z,v) in (z,v) € [0,1] x R. We impose periodic
boundary conditions on x for the transport equation ,

f(0,v,t) = f(1,v,t) for all (v,t) € R x [0, 00).
and also for the Poisson equation ([2)),
(5)  @(0,t) = O(1,1) and ®,(0,t) = P,(1,1) for all t € [0, 00).

Notice that is coherent with the 1-periodicity of ®,. Let us also emphasize
that the correct way of including periodic boundary conditions is to assume that
f and ® are the restriction to [0, 1] of periodic functions defined in R in the right
spaces. To guarantee the uniqueness of the solution ® (otherwise is determined
only up to a constant), we fix the value of ® at a point. We set

(6) ®(0,t) =0  forall t € [0,00).

However, notice that since the Poisson equation (2]) is one-dimensional it could
be directly integrated. More precisely, by using twice the Fundamental Theorem
of Calculus, it follows that ® is defined for all t € [0, 00) as

2 T s
(7) O(x,t) =D+ Cgx + % —/ / p(z,t)dzds Yz e|0,1],
o Jo

where D and Cg are integration constants determined from @ and ;

1 z
(8) D=0, CE:/ / p(s,t)dsdz—% vVt e |[0,T].
o Jo

Denoting then by E(x,t) = ®,(x,t), and differentiating (7)) with respect to z, we
find

9) E(a:,t):(IDx(as,t):C’E+:B—/xp(s,t)ds Vzel0,1],

with Cg defined as in . Throughtout the paper, E will be referred as the
electrostatic field. Although the physical one is indeed —FE, we shall use this
abuse in the notation to follow the standard notation for the Poisson solvers
in the Discontinuous Galerkin community. Observe that implies that the
electrostatic field has zero average in agreement with the charge neutrality.

In order to perform our error analysis we restrict our attention to smooth
compactly supported solutions f in a fixed time interval [0,7T] for all T" > 0.
Given a distribution function f(x,v,t), we will denote by

Q(t) = 1+ sup{|v| : Iz € [0,1] and 7 € [0, ¢] such that f(x,v,7) # 0},

for all £ € [0, 00) as a measure of the support of the distribution function. The
following result is essentially contained in [29] 57, 41].
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Theorem 2.1 (Well-posedness Continuous 1DVP). Given fy € CY(R, x R,),
1-periodic in = and compactly supported in v, Q(0) < Qo with Qo > 0. Then
the periodic Vlasov-Poisson system - has a unique classical solution (f, E),
feCcy0,T;C'(R, xR,)) and E € C*(0,T;CY(R,)) that is 1-periodic in x for
all time t in [0,T) for all T > 0, such that:

1) Regularity: If in addition fo € C™(R,xR,), m > 2, then, the distribution
function f belongs to C™(0,T;C™(R, x R,)) and the force field E €
C™(0,T;C™(R,)).

ii) Control of Support: There ezists a constant C depending on Qo and fy
such that Q(T) < CT for all T > 0.

In the rest of this work, we will assume that the initial data f, satisfies the
hypotheses in Theorem [2.1], and thus, the unique classical solution to the periodic
Vlasov-Poisson system — satisfies that there exists L > 0 depending on fj,
T and @ such that supp( f(t)) € Q for all ¢ € [0,7], where we have defined
Q=7 xJ,withZ =[0,1] and J = [-L, L]. The Vlasov transport equation
is regarded as a transport equation in Q7 :=  x [0, T]. Taking into account the
boundary conditions, the weak formulation of the continuous problem (|1] . reads:

find (f, F) such that

(10) //ftqbdxdv—//vf¢x da dv +//Ef¢vdxdv—0 Vo € C®(Q).

It is well known [41], 12} 34] that the continuous solution of (I)-(2)) satisfies four
important properties:

Positivity: f(t,x,v) > 0, for all (x,v,t) € Qr.

Charge conservation: as given in ({4]).

LP-conservation:

(11) 1fOller@) = lfollry 1<p<oo,  Vtel0,T].

Conservation of the total Energy:

(12) %(/ﬂ 2 f (2, v, t) dxdv+/I|E(x,t)|2das) ~0.

In deriving numerical methods for —, we will try to ensure that the resulting
schemes will be able to produce approximate solutions, enjoying some of these
properties. As usual with high-order schemes for hyperbolic problems, we cannot
expect to preserve positivity of the scheme. However, we will be able to conserve
the total energy for particular method, see section [5

2.2. Discontinuous Galerkin Approximation: Basic Notations. Let {7}
be a family of partitions of our computational/physical domain Q = 7 x J =
0,1] x [~ L, L], which we assume to be regular [21I] and made of rectangles. Each
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cartesian mesh 7j, is defined as 7;, :== {T;;=1; x J;, 1 <i < N,, 1 <j <N,}
where

Ii = [[Ei_l/g,xi+1/2] \V/Z: ]_,,]\7357 Jj = [Uj_l/g,Uj+1/2] V] = ]-7-"7Nv s
and the mesh sizes h, and h, relative to the partition are defined as

0<h—maxh = Tia1/2 — Li—1/2 0<h—maxh = Via1/2 — UVi—1/2
1<i<N, w1/ =1/2 1<j<N, w1/ =172

being A7 and hJ the cell lengths of I; and Jj, respectively. The mesh size of the
partition is defined as h = max (hy, h,). For simplicity in the exposition we also
assume that v = 0 corresponds to a node, v;_;/, = 0 for some j, of the partition
of [-L, L]. The set of all vertical edges is denoted by T',, and respectively, we
will refer to I, as the set of all horizontal edges;

:U{l’z 1/2}XJJ', UI X{'Uj 1/2} Fh:F UFU

By {Z} we shall denote the family of partltlons of the interval Z;

In :{Iz : 1§Z§N$} Vo = U{xi—1/2}'

(2
Next, for k > 0, we define the discontinuous finite element spaces V}¥ and ZF and
a conforming finite element space, W,f“,

VE={yeLlXT) : ¢ePl), Yo elii=1,...N,,},
Zh={s€L*Q) : 2€QTy), V(xv) €Ty=LxJ;, ¥ij},
Wi = {xeC™T) : yeP*I), Yo eLi=1,...N, }nIXI)/R,

where ]P’k(Ii) is the space of polynomials (in one dimension) of degree up to k,
and QF(T};) is the space of polynomials of degree at most k in each variable.

Trace Operators: We denote by <90h)i+1/2,v and (¢n); 4y, the values of ¢ at
(%3412, v) from the right cell J;1; x J; and from the left cell I; x J;, respectively;

(n)i1 o0 = lim o (@172 £ €,0) (Pn)ijarye = lim n (2, vjvr/2 £ )
for all (z,v) € T x J or in short-hand notation

(13) (Sph)z:':-l/Qv nla; Tit1y2 Y v), ((Ph);t,j—l—l/Q pn(, j[+1/2)7

for all (z,v) € I; x J;. The jump [-] and average {-} trace operators of ¢y, at
(Ti1/2,v), Yv € J; are defined by

[[(ph]]Hl/Z,v = ( )1+1/2v (Sah)i_+1/27v V(ph € Zi]zc )
(14) 1 ) .
{entivrzn = B [(‘Ph)z+1/2v + (‘Ph)z‘+1/2,v] Vion € 2y,
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2.3. Technical Tools. We start defining the space
H™T,) ={p € L*(Q) : ¢, € H"T)VT; €T} m=0.

In our error analysis, since we consider a non-conforming approximation, we shall
employ the following seminorm and normes,

elin =Y _lelin,  lelas = Z el r, Ye€H"(T),m>0

| = sup |$llocor; ¢l = ZH@OH 1, V¥ €T,

Tij eTy

for all 1 < p < oco. We also introduce the followmg norms over the skeleton of
the finite element partition,

lelhe = [ 10)
i Vi

Then, we define [|¢||§r, = [l¢ll§r, or,- We notice that all the above defi-
nitions apply also for the partition Z;, with the obvious changes in the notation.
Projection operators: For k > 0, we denote by P* : L*(Z) — V¥ the
standard L%-projection onto the finite element space V¥ defined locally, i.e., for
each 1 <i < N,

ZZ/ (P)aji1joPde Ve HY(T,).
i 7L

(15) /I (P*(w) —w) gndz =0 Vg, € P*(L,) .

This projection is stable in LP(Z) for all p [32], i.e
(16) 1P (w)llze@) < Clwlleg — Ywe LP(T), 1<p<oo.

We next introduce two more refined projections (see [53]), which we denote by
7%, that can be defined only for more regular functions, say w € HY?*<(I;) for
all 4. The projections 7 (w) and 7~ (w) are the unique polynomials of degree at
most k£ > 1, that satisfy for each 1 <i < N,

(17) / (Wi(w) — w) qgndx =0, Vg, € PI (I,
I;
together with the matching conditions;

(18) 7T+(w(95;r_1/2>) = w(x;r—yz) ; T W) = Wy ) -

Provided w enjoys enough regularity, say w € H**1(I;), the following error esti-
mates can be easily shown for all these projections:
lw = P*(w)llo.r

A9 = @) o }S W Ml Yw e HOUE)
- 0,7;
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where C' is a constant depending only on the shape-regularity of the mesh and
the polynomial degree [21], 53]. For the standard L?-projection we will also need
estimates in the L>®-norm [55],

(20) lw = PE(w)llocez < CR w1 00

Let £ > 0 and let P, : L*(Q) — ZF be the standard L*projection (in the
two-dimensional case) defined by Py, (w) = (P¥ @ P¥)(w); i.e., for all i and j,

(21) /1 /J (Pr(w(z,v)) — w(z,v)) on(z,v)dvdr =0 Vo, € PH(IL) ® Pk(Jj) )

From its definition, it follows inmediately its L?-stability, but it can be shown to
be stable in L? for all p [32],

(22) “Ph(w)”LP(Th) < CHwHLp(Q) Yw € LP(Q), 1<p<Lx.

3. THE SUGGESTED NUMERICAL METHODS

In this section we formulate the numerical schemes we propose to approximate
the Vlasov-Poisson system. The first one is a scheme where the DG approxima-
tion for the transport equation is coupled with a simple conforming approxima-
tion of higher degree for the electrostatic field. The second scheme results by
combining mixed finite element approximation for the Poisson problem together
with DG approximation to the transport equation. Last approach is based on
fully DG approximation for both variables the electron distribution f and the
electrostatic field.

Due to the special structure of the transport equation: v is independent of
x and FE is independent of v; for all methods the DG approximation for the
electron distribution function is done exactly in the same way. Therefore we
start by introducing the DG method for the transport equation ((1)), and in what
follows, we denote by E! the restriction to I; of the finite element approximation
FE;, to be defined later on.

Let fn(0) = Pn(fo) be the approximation to the initial data. The numerical
method reads: find (Ej, fr) : [0,7] — (Wi, ZF) such that

Nz Ny
(23) SN BE(Ew; fren) =0 Ve, € 2

i=1 j=1

where the bilinear form BZ(E;L; fnyon) is defined for each i, j and @), € ZF as:
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0 0 o,
Bij(En; [n, ¢n) :/ %% dvdﬂﬁ—/ Ufh% dvd$+/ Eﬁfh% dv dx
T € T .

Ti j ij v

(24) +/J_ [(@9@:)%&-1/2,1) - (@@Z)z—mm} dv

o A (G I (CTAT I £

where we have used the short hand notation given in ((13). Notice that the
expression BZ-(E,L; fn,en) is in fact a bilinear form. Ej, is used only to emphasise
the nonlinear dependence on it. Here, the boundary terms are the so-called
numerical fluxes, which are nothing but the approximation of the functions v f
and Ef at the vertical and horizontal boundaries I', and I',,, respectively. By
specifying them, the DG method is completely determined. The design of these
numerical fluxes is the key issue to ensure the stability of the numerical scheme.
We consider the following upwind choice:

—  [ouf, iftv>0, = [ Eff ifE >0,
(25) ”fh—{vf,j itv<o, D=V EF B <0

We define the numerical fluxes at the boundary 052 by

—_— e~

(U/]?h)l/2,v = (’U/]?h)Nz+1/2,va (B} fr)eie = (B fa)en,+12 =0, Y (z,0) €eIxT,

so that the periodicity in  and the compactness in v are reflected. The discrete
density, denoted by pp(z,t), is given by

(26) pn(z,t) :Z/J folz,v,t)dv VYo eI, Vte [0,T]

Note that from the definitions and of p and py, respectively, and using
Cauchy-Schwartz’s inequality it is straightforward to see that

(27) lp() = o5z < 2LIfu(8) = FO57, Yt €0, T].

One of the nice features of the DG approximation for the transport is that charge
conservation is ensured by construction, as the following result shows:

Lemma 3.1. Particle or Mass Conservation: Let & > 0 and let f;, €
CY([0,T7; ZF) be the DG aprozimation to f, satisfying ([23)-([24). Then,
(28)

/ fh(t)dvdx:Z/ fh(O)dvdx:Z/ fodvdr =1 Yte|0,T).
i Y T i YT ij T



DG METHODS FOR ONE-DIMENSIONAL VLASOV-POISSON SYSTEM 11

Proof. Note that since f;,(0) = Pr(fo), from the definition of the L2-projection
(21) (with ¢, = 1) together with (4f) we have

(29) Z/Tivfh(())dvd:v:Z/Tivph(fo)dvd:r:Z/Tivfodvd:r:1.

We now fix an arbitrary 7;; and take in the test function ¢, = 1in Tj;; ¢, = 0
elsewhere. Noting that such a test function verifies (¢5);,, Jow = (en)i, o0 = L
we have

—

d —_—
Bii(En : fn,1) = E/T Jndvdz +/J [(Ufh)z‘+1/2,v - (Ufh)i_1/2,y] dv

- / (B n)usors — (Bifi)as 1) de

Moreover, note that since the choice of T;; was done arbitrarily, last identity holds
true for all t,7. By summing last 1dent1ty over all 7 and j, the flux terms telescope
and there is no boundary term left because of the periodic (for 7) and compactly
supported (for j) boundary conditions. Hence, taking into account we have,

d
OZZB”(Eh’fml):%Z/T fhdvdl’:o,
] i, ij

and so integration in time together with lead to (28)). 0

We next deal with the approximation to the electrostatic field E(z,t) =, (z, t).
The discrete Poisson problem reads,
(30) ((I)h)xx =1- Pn T E [07 1]7 (I)h(lat) = (I)h<0>t)
The well posedness of the above discrete problem is guaranteed by from
Lemma which in particular implies
(31) (Pn)e(1,1) = (Pn):(0, ).
To ensure the uniqueness of the solution we set ®,(0,¢) = 0. To get the solution
of the discrete Poisson problem at least two possible approaches arise:

i) Direct integration of the discrete Poisson problem (30)),
i1) approximation of with some mixed finite element method; possibly
discontinous.

We next consider in detail these approaches.

3.1. Conforming approximation to the Electrostatic potential. Reason-
ing as in section , direct integration of the discrete Poisson problem to-
gether with ®,(0,t) = 0 gives

(32) ®y(z,t) = Cha + = —/ / pn(z,t)dzds Yz e€]0,1],
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where C% is determined from the boundary conditions in ([30)),

1 z 1
(33) Cch = / / pn(s,t)dsdz — 5 Vte[0,7T].
o Jo
Then, differentiation w.r.t x in leads to
(34) Ey(z,t) =Ch + 2 — / pn(s,t)ds  Va €[0,1].
0

Observe that since p, € V¥, Ej, turns out to be a continuous polynomial of degree
k + 1; so Ej, is conforming. Its restriction to I; is given by

(35) Ej(x,t) = E;'L_l(a:i1/2,t)+($—xi1/2)—/ / fn(s,x,t)dxds Yz € I,
w12 YT

and Ej(z,t) = 0 for all © € T ~\ [2;_1/2, Ziy12]. The boundary condition (31
reads

(36) Ep(x1)0,1) = B (an,170,1) Y€ [0, 7).

To show that E} indeed belongs to W,’f“ we have to verify that it has zero
average. From it follows straightforwardly

T3, — 3 x
9 X TESETRN) i gt o AP
i i i i

Z1/2

Finally, we state a Lemma that relates the error committed in the approximation
to E, with the error in accumulated in the approximation to f. This result will
be used in our subsequent analysis and its proof is given in Appendix [A]

Lemma 3.2. Let k > 0 and let (Ey, ) € C°([0, T]; W) x C1([0, T; ZF) be the

conforming-DG approzimation to the solution of Viasov-Poisson system (E, f),

solution of —7. Then,
(37) IE() = En(®)lloz < Gillf(E) = fa(lloz, Vi€ [0,T7,

where 2L =meas(J) and Cy = (AL(1+ hy))"?. Furthermore, if the force field
E € C°([0,T]; HY(Z)), the following estimates also hold for all t € [0,T],

(38) [I1E(t) = En(Dlloces < Coll f(t) = fu(O)llom — with  Co = ((2L)'* + Cy),

and

(39) 1En()locoz < Coll () = fa@) oz, + 1E@) 1.2
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3.2. Mixed Finite Element Approximation for the Poisson problem. We
rewrite problem (30)) as a first order system:

0, | 0B,
(40) Eh_% 336[0,1], _agj‘ —ph—l [L’E[O,l]

with boundary condition ®5,(0,t) = ®,(1,¢£) = 0. In this section, we consider
a mixed approximation to , with the one-dimensional version of Raviart-
Thomas elements, RTy & > 0 [50, 15]. In 1D the mixed finite element spaces
turn out to be the (W} V}F)-finite element spaces. Note that in particular,
L(WE) = ViE. For k > 0 the scheme reads: find (Ej, ®,) € WE™ x V¥ such
that for all ¢

(41) /Ehzdx—l—/d)hzxdatzo \V/ZGW,}:+1,
7 7

(42) —/(Eh)zpd% = /(Ph— )pdx Vp e VE
7 7

We refer to [50, I5] for the stability and error analysis of the method for linear
second order problems (see also [6] for the 1D-version of the scheme in the lowest
order case k = 0). However, in our case, the Poisson problem is “non linear”
since the source term in depends on the solution through p. Therefore in the
error analysis a consistency error appears. We have the following result, whose
proof can be found in Appendix [A]

Lemma 3.3. Let k > 0 and let (Ej,, ®,) € C°([0,T]; W/ x VIF) be the RT,
approximation to the Poisson problem . Then, the following estimates hold
for allt € [0,T]:

1E(t)
(43)

|B(®) — Bu(t)losez < CHHEW® iz + L)1 £8) = fa®)llo
1B ()0 < [EOliz + @D1F®) — fu®llo, + CHIED 1.7 .-

Ev(®)lloz + |E(t) — En(t)|12 S CHM M E@) |kr1z+ V2L f(£)— fu(t)l07

3.3. DG approximation for the Poisson problem. Consider the DG ap-
proximation to the first order system (40): find (Ej,, ®,) € V;, x Vi such that for
all i

(44) / EhZ dx = —/ (I)hzx dx + [(@Z_)prl/z — (@LZ—F)Z;UQ] Yz € V}:,

@5) [ Eupada = (B Jivia — Bupcsa] = [ (on =Dz ¥p ey,

I I;
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where (@)i_l /2 and (E)i_l /2 are the numerical fluxes. In this work we focus on
the following family of DG-schemes (see however remark :

(46) ((E)/ZL)i—lﬂ = {(I)h}i—l/Q - CIQHq)h]]i—l/Q + 022[[Eh ]]i—l/Q )
(En)ic1j2 =A{En}i172 + ci2[ Ep Jic1j2 + e[ Pn Jicay2

where the parameters ci1, ci12 and cgp depend solely on z;_/ V4, and are still at
our disposal. At the boundary nodes due to periodicity in x we impose

(@)1/2 = (cf)\h)Nz—H/% (E\h)l/Q = (Ez)fvzﬂ/z-
Following [18] we define

a(Ep, z) Z/ EthOC—FZCm By Jiciy2l 2 ]i-1y2
b(Pp, 2) Z/ q)hzxdx+z {®h} —ci2[Pn )2 ]i12

q)h; chl[[q)h i— 1/2 ]]z 1/2 5

and
A((Efu q)h)7 (Z7p)) = a(Efn Z) + b(q)ha Z) - b<p7 Eh) + C(q)hvp) :
Thus, problem ([44)-(45) can be rewritten as: find (Ej, @) € V7 x V; such that

) A0 = Y [ (- Dpds V() € VXV

Note that A(-,-) induces the following semi-norm V (z, p) € H*(Z;,) x H*(Z,):

(48)  |(z,p)4 = Al(z,p); (z,p) = l2ll5 2, + lleaal 2116 . + lena (211 . -
We also define the norm for all » > 0
49) (B, iz = IEN iz + @17 V(E,®) € HYT) x H(T).

We next describe the specific choices of the methods we consider (by specifying
the parameters in (46))). We restrict ourselves to k > 1, k being the order of
approximation used for f.

(i) Local Discontinuous Galerkin (LDG) method: we take r = k + 1 so
the spaces are V; = th+1 and we set ¢y = 0 and ¢;; = ch™! with ¢ a strictly
positive constant. This method was first introduced in [27] for a time dependent
convection diffusion problem (with ¢;; = O(1)). In this paper we take ¢y = ch™!
with ¢ a positive constant, and |cj3| = 1/2; that is:

(50) { (@)iflﬂ = {Eh}zel/z - ClQHEhﬂiflﬂ + Ch_l[[q)h]]ifl/Q )

1
C — —
(Pr)ic1/2 = A{Pr}ic12 + c12[ Pr Jic12 2] 2
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For the approximation of linear problems, it has been proved (see [27],[18])
convergence of order r + 1 and r for ®;, and Fj, respectively.

(ii) Minimal dissipation LDG and DG methods (MD-LDG and MD-
DG): we set r = k and the spaces are taken as Vj = V}¥. For the MD-LDG
method, the numerical fluxes are defined by taking in (46)) cos = 0, 1o = 1/2 and
c11 = 0 except at a boundary node, that is,

(51) <(/I)i)i71/2 - ((Dh)i_*lﬂ c11 = { ; 1 Z <N, —1,
(Eh)i_1/2 = (Eh);r_l/Q + c11[ Pr Jiz1 /2, crh i=N,.

For the MD-DG method the same choice applies except for (<I>h)l.71/2 = (@h);fl/Q—l—
oo En Ji—1/2 with ¢y = ch/r. For the approximation of linear problems, the
MD-LDG method was first introduced for the 2D case in [23] but with ¢1; = O(1)
rather than O(h™') at the boundary. The analysis in the one-dimensional case
for both the MD-LDG and the MD-DG can be found in [19], where the authors
show that the approximation to £, with both methods, superconverges with order
r+ 1.
(iii) General DG & Hybridized LDG method: we set r = k so that the
spaces are taken as Vi = V¥, and we take the numerical fluxes as in with:

ci1 ,C ,> 0 |c12| bounded ci11 ~ 1 .

C22

Superconvergence results are proved in [22] (for dimension d > 2) for the approxi-
mation of linear problems. Another option which also provides superconvergence
and could be efficiently implemented, is the Hybridized LDG method (see [22])
in which the numerical fluxes can be recast in the form by setting:

- T Tt =7t
(Bn)icie = (75— ) By + (552 ) (Ba)iyye + <T++T >[[‘Ph]]i—1/2v

—~ " -
((I)h>i—1/2 - TJ"TT <(I)h)i+—1/2 + T:T (Pn )z 12 T (T++T ) [En]i- 1/2 5
where 7% are non-negative constants. To achieve superconvergence, it is enough

to take in each interval I; one 7 # 0 at one end and at the other end we set 7 = 0.
Superconvergence can be shown by following the analysis in [22] but using the
special projections defined through —.

As it happened with RT}, approximation, our poisson problem is nonlinear and
therefore the estimates shown in [18],[19] and [22] are not directly applicable.
However, we have the following result, whose proof can be found in Appendix [A]

Lemma 3.4. Let k > 1 and let (Eh, ;) € CO([0,T); VI x Vi) be the DG approz-

imation to the Poisson problem (40) solution of (44 . . ., with any of the
three choices (i), (ii) or (iii). Then the following estimate hold for allt € [0, T,

(52) 1E(t) = Ea(D)l5 7, < CR*VNI(EQ), ®@)I741 2+ 2LIF (1) = fu®5 7,
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where 1 is the order of polynomials of V} as given in (i), (ii), (iii). Furthermore,
it also holds

(B(t)=En(t), ®(t)~2n ()5 < CR*D[(E(), 20741 242N f (1) = fr ()57, -
where r =k + 1 for (i) and r =k for (ii) and the H-LDG in (iii).

Remark 3.5. Since k > 1, one might consider any of the (consistent and stable)
DG methods that fit in the framework given in [4] for approximating the Poisson
problem . Most of the results shown in this paper for the general LDG dis-

cretization (with general ¢13), hold (with minor changes in the proofs) for any of
the resulting methods. For the sake of conciseness, the details are omitted.

4. ERROR ANALYSIS

We start by showing a cell-entropy inequality [43] for the proposed DG schemes
, which guarantees their L2-stability. We then derive the error equation and
give some auxiliary results that are used in the proofs of the main results, which
are given at the end of the section.

4.1. Stability. Next Proposition shows that the above selection of the numerical
fluxes is enough to preserve the L2-stability of numerical solution of —,
for all £ > 0.

Proposition 4.1 (L2-stability). Let k > 0 and let f, € ZF be the approzimation
of problem , solution of —, with the numerical fluzes as in . Then

(53) 1 @®lloz, < [1fn(O)lloz, VT e [0,T].
Proof. By setting ¢, = f in (24]) we have

Bl'(Ew; fns fn) = // i) dv dx /Jj /Iiv%];’%)dvdx

2 —_ —_~
—/ /Eﬁ (/) dv d90+/ |:(Ufhfh_>i+1/2,v_(Ufhffj_)i—l/Q,v dv
2J J; v J;

- /I 1- [(b{iﬁfﬁ )W/Q — (st >m,j—1/z] dz .

Taking into account that Ej depends only on x (through f;) while v is indepen-
dent of z, integration of the second and third volume terms leads to

1d
2dt

(Eha fh7 fh> ||th0T + [Fi+1/2,j o Fi—1/2,j] + @f:l/Q,j

(54) + [@i’j+1/2 — éi7j_1/2i| + @icij—l/Q y
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where EH/QJ, @MH/Q are defined for all 4, j, as

e L R A

i+1/2,v

~ Ei —
Gijri2 = / {—; () - Ezifhfh] dz,
I,

i z,j+1/2
and
N U, L —~
Or LA /Jj [§<fh) ~vinty ]2'1/2,1) dvt / [_(fh)+ - Ufhfﬂ i—1/2 ,
G | N E; T s
@i,j—l/Q = 7(]0}1) - Ehfhfh dr — _(fh) Ehfhfh dr.
I; z,j—1/2 I; x,j—1/2

We next show that the choice (25| ensures that both @lF 1/2,j and @l i1y 2, for all
1 and 7, are non-negative. By rewrltlng our choice of the numerical ﬁuxes as:

— v —— , Ei
55) Wi =vli)— AL B = B+

and using that [ f7] = 2{fh}[[ » ], it can be easily seen that ©F "1/2,; and @w 12
become

56) OF oy = [ L1 AlA1],, do= [ BT

(57) @fj—1/2 = /Il |:Ellth[[fh]] - Th[[fg ﬂ w1 = \/Iz |_2h’[[fh]]i,j—1/2d$-

Therefore, 951/2,3‘ > 0 and @ijlﬂ > 0 for all 4 and j and so substitution in (54))
leads to

2dt/ fidvdx + [E—i—l/Z] Fz 1/2]] + [Gi,j+1/2 — éi,j—1/2:| <0,

By summing in the above inequality over ¢ and j, the flux terms telescope and
there is no boundary term left because of the periodic (for i) and compactly
supported (for j) boundary conditions. Hence,

(58) 2 Z [, vz =5l <

and therefore, integratlon in time of the above inequality yields to (53)). 0

Remark 4.2. By carefully revising the proof one realise that in fact inequality
1s replaced by the identity

1/d
59 5 (AR + P LA B + 1B LA, ) =0



18 B. AYUSO, J. A.CARRILLO, AND C.-W. SHU

Therefore, by defining the norm
(60)

t t
[IFAGITE ||fh(t)||g,7h+/|||U|1/2[[fh(5)]]||(2),rzd3 i/ B2 fu(s) 116, ds
0
the thesis of Proposition [4.1| can be reformulated as:

LI = 1fa O35 < IO for allt € [0,T].

Finally, we note that for the convergence and error analysis of numerical
schemes for non-linear problems, one usually needs to assume/prove that some
a-priori estimate on the approximate solution holds for all time. In fact, what is
generally done is to assume that there exists some C,, > 0 such that,

If = fullz < Ce. VE€[0,T7,

where || - ||, 7, usually refer to a stronger norm than the one for which the error
analysis is carried out. For instance || - ||« 7, = || - |lo,c0,7;, if the error analysis is
carried out in the L? or energy norm, see [48]. We wish to stress that in the present
work, due to the structure of the continuous problem, such type of assumption
is not required. The main reason is that although our L?-error analysis requires
a bound on ||Epl/o0z, such an estimate would depend ultimately on p, (zero
order moment of f;), which in general in more regular than f, itself. In the
end, this fact allows for getting a bound for ||E}/o .z depending on the L*-error
| f — fullo,z,, for which we can easily guarantee that there exists ¢,, > 0 such that,

(61) ||f - fh“(),Th S Cks Vit € [07T]

Estimate follows from the L2-conservation property of the continuous solu-
tion and the L?-stability of its approximation f} given in Proposition to-
gether with triangle inequality and the L2-stability of the standard L?-projection,
(22) with p =2,

£ @) = @5 7, < 201F oz + IO 7) < 2l1foll6.0 + 201P5 (fo)lI5.7)
<201+ O folloz, = ex -

Let us point out that this result allows us to obtain error estimates that hold for
every h and not only in the asymptotic regime.

4.2. Error Equation and Special Projection. To derive the error equation
the weak formulation is of little use, since we should take the test function
in Z;,. Hence, by allowing the test function to be discontinuous we find that the
true solution satisfies the variational formulation:

N. N,
(62) YD Bii(Ei fien) =0 Vi € Zf,

i=1 j=1
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where
(63)
of On i OPn
Bi;(E; f,on) = /TJ Egbh dv dx — /T] vf% dv dx —i—/ E'f— 5 dv dx
— i - i +
+/J [(UfSOh)iH/z,v - (Uf‘:ph):r—yzu} dv—/I [(E f‘*oh);c,jﬂ/z - (E fgoh)x,j—l/Q} da,
E' being the restrlctlon of the electrostatic field E to I;; ie., E' = E), . ;- Sub-
tracting (23)) from (62)) we obtain the error equation,
(64)
0= ZBi,j(E§ fren) — B (B fus on)

—Zaz] f fha%ph +ZM] E f,SOh) (Ehafh,@h) VQOhEZh.

where the bilinear form a(-,-) = >, ;a; ;(-, ) gathers all linear terms:

0 0
a; ;(fn, n) = // {a{fhcph vfn ('Dh] dvdz

+/ [(UthO}:)i+1/2,v - (UthDZ)ifl/Z,v} dv
J

J

and N} (Ey; -, -) (vesp. Nj;(E;-,-)) carries the nonlinear part;

N Eisfon) = [ [ B dvds
I; Jj (v

R - (Fwet) ]
/[;_ |:< hfh(ph x,j+1/2 hthOh z,j—1/2 *

Notice that due to the nonlinearity, the true solution f does not satisfy the
equations defining the numerical scheme f. In fact we have a consistency
error: N™(E; f,0n) — N(E; f,0n) for all ¢, € Z,, which is "hidden” in the
nonlinear error N'(E; f, on) — N"(Ep; fu, ¢n).

Special Pro jection: We next introduce the 2-dimensional projection operator

n: CY(Q) — ZF which is defined in the following way. Let T} ; = I; x J; be an
arb1trary element of 7;, and let w € C°(T;;). The restriction of IIj(w) to T;; is
defined by

o @ Ty (W), if sign(E!) = constant,
(65) I (w) = {

Pk @ 7, (w), if sign(E!) # constant,



20 B. AYUSO, J. A.CARRILLO, AND C.-W. SHU

where PF denotes the standard L2-projection onto P*(I;) defined in (15) and
7. , T, are defined by

- mh(w) fE >0, . 7, (w) ifv>0,
(66)  Flw) = { W;Ewg i B 0, MW= { W+Ew% ity < 0,

v

with 7 : C%(I;) — V¥ and 7 : C°(J;) — V;¥ being the special projection
operators in the x and v direction respectively, defined as in —. The
definition of projection Il is inspired in those considered in [47, 23] and that
introduced in [62] for the analysis of Runge-Kutta methods for conservation laws,
see Remark . Note that taking into account — together with —,
it is straightforward to see that I1,(w) is uniquely defined. Next Lemma although
elementary provides the several approximation results needed for our analysis.

Lemma 4.3. Let w € H*™(T;;), s > 0 and let I1;, be the projection operator

defined through (65 .—. Then,

lw = T (w)lloz, < CH™EH2E | 7,

(67) v v

lw — Ty (w)lo,e < CR™BEH254D || o4y 1, Ve=1, J; C O .

ij

Proof. From the definition ([65) we distinguish two cases. If T}; is an element such
that sign(E*(z)) is constant Vx € T;;, the proof is the same as [I8, Lemma 3.2].
If on the contrary, T;; is such that 3z € Tj; for which E'(x) = 0, we have
I, (w) = P* ® 7,(w). But still, since IIj, is a polynomial preserving and linear
operator, estimates follow also in this case from Bramble-Hilbert lemma,
trace Theorem and standard scaling arguments. Details are omitted for the sake
of conciseness. U

Summing estimates from Lemma , over elements of the partition 7j,
(68)
lw = (w) o+~ [l — M (w)[lor < CR wllpne  Yw e HHQ).

Now, denoting by

(69) W =T0(f) = fo, W =TL(f) = f,
we can write
(70) f=fn=a(f) = fu] = [On(f) = fl = " ="

Then, by taking as test function ¢;, = w" € ZF, the error equation becomes
(71) Z [&<wh - we’ wh) + -/V-i,j(Ei; f> wh) - M{Z(E}lm fh> wh)] = 0.
2
We next define
(72) ZIC Uw w Eh?fw ZIC Eh7f7 )7
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where
lCil,j(U, fowh) = /T vaewif dv dx
(73) - /J [(a"\e(wh)i)iﬂ/zy - (W(whﬁ)i_l/g,v} dv ,
’C?,j(Em fioh) = /T .Ehwewﬁ dv dx
(74) [ B Yaors = B o] o

Next two Lemmas provide estimates for the terms defined in ([72]). Both lemmas
extend and generalize [23, Lemma 3.6] to the case of variable coefficients and
nonlinear problems, respectively. To keep the readability flow of the paper, the
proofs of these thecnical Lemmas are postponed till Appendix [B]

Remark 4.4. We wish to note that the definition of Iy, is done in terms
of E (and v), while the definition of the numerical fluzes is done in terms of Ej,
(and v). This is due to the non-linearity of the problem and it is inspired in the
ideas used in [62]. By defining 11}, in terms of E rather than E, and using the
reqularity of the solution, we will be able to estimate optimally the expression K>
without any further assumption on the mesh partition 7j,.

Lemma 4.5. Let 7T, be a cartesian mesh of Q, k > 1 and let f, € Z be the ap-
prozimate distribution function satisfying [23)-@4). Let f € C°([0,T]; H*"2(Q))
and let K be defined as in . Assume that the partition Ty, is constructed so
that v = 0 corresponds to a node of the partition. Then, the following estimate
holds true

(75) K (v, fo0")] < COM (ke + CLIllkrz0) 1o o, -

Lemma 4.6. Let T;, be a cartesian mesh of Q, k > 1 and let (Ey, fr) € Wy X ZF
be the solution to — with W, a finite element space, conforming or non-
conforming, of at least first order (W, = Wrt or W, = V] ). Let (E,f) €
CO([0,T]; WE(Z) x H*2(Q)) and let K? be defined as in (72). Then, the fol-
lowing estimate holds

(76)  [K*(Bn, f,w")| < CRE(|E = Eyllo.cozll fllks1.0llw" o7,
+ CR N ([ flles2.0ll Bllo.ss + 1L les1.0 Blioos) 16" o,z -

4.3. Auxiliary Results. We next prove two Lemmas that are needed for the
proofs of the main Theorems [£.9] .13 and The first one reduces the
expression for the linear part of the error equation :
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Lemma 4.7. Let f € C°(Q) and let f, € ZF with k > 1. Then, the following
equality holds

CL(f - fha Z/ _wt hd:cdv +Z |U| z 1/2,vdv+’C1(vv fa wh)‘

Proof. From we get a(f — fn,wh) = a(wh,wh) — a(w®,wh). Arguing as for
in the proof of Proposition (note that w" € Z,), we have for the first

term

(77) a(w", W) :Z/Il/] hd:vdv—i—Z/ |U| lie 1/2vdv

The definition (73] of K1, the continuity of f and the numerical fluxes ([25)) imply

a(w®, w" Z// hd:cdv—/ /'Uw whdrdv— Z/ vwe[[w ] 12 @
J;j J; J

Z

= Z/ / wiwdrdy — K (v, f,w").
ij Yl 5
which together with completes the proof. U

The other auxiliary Lemma deals with the error coming from the nonlinear
term:

Lemma 4.8. Let F € C°(I), f € C%Q) and fy, € ZF with k > 1. Then, the
following identity holds

(78)
> V(B f;0") = NP (B o, w")] =

i’j
E
_23/‘ ey L da — E:/ W dvda — K2(Ep, f,u").

Proof. Subtracting the nonlinear terms in and . we have

Ow h
M7j<E;f;wh)_-/\[i]}j(Eh;fh> / / [E'f — E} f2] —dvdw
(79) -/ [([Elf Bz, — (B = By f)?, o) do
Notice that the integrand of the volume part above, can be decomposed as
(80) [E'f — Epfa] £ B, f = [E' = EJ)f + By (f — fa),

and so substituting into (79)) we find
(81) Nij(B; f;w") = N (B fo, ") = T1 + To + T,

Z7j
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where

T, = // — Bl fwh dvde, Tg—// Eilf — fu]w" dv de,
5 JJ;

T, — /1 [([(Elf)J“ — B fu)(@") agorje — ((Ef) — Eifil (wh)‘)x,j+1/z] dz.

i

Since neither E nor E} depend on v, integration by parts of T} gives T} = Th,+T1y:

- 0 ‘ 4
_/Ii /J]. [E' — E,ﬁ]a—iwh dv d:c+/l (B' — Efzz)[(fwh);,jﬂ/g B (fwh);j_l/z}dx _

i

Summing now over j and taking into account the continuity of f we find for 77,
(82 S Tu= =% [ (B~ BT Dy

We next deal with 7. From the splitting (70 1 we have

n:/ﬂ/ MM—/@/ W dvdr = Ty + Ty ,
I J;

and so, integrating the first term and summing over j we easily get

1 ; 8wh 2 E’L
(83) ZTQQZZ§/IEh/J (81)) dvdx:—Z/I S LW Loy da.
j j i g

We finally deal with the boundary terms collected in T3. Summation over 7 and
the continuity of ¥ and f gives

Ty = Z/ [E'f = E}, flaj1/2] @i Laj12de .
j j
Then, reasoning as in , we deduce for all 7 that

(E'f- Bifu) 2 Eif = (B =) f+(Eif - Bifi) = (B'=E}) f+ By B (o),

where in the last step we have used the continuity of f together with the consis-

tency of the numerical flux Ei fh Thus, substituting back into T3, we infer

—_—

;T3 - ZJ: /I <(EZ — B flw"] + Bjw[w"] - E’iwe[[wh]})x,j—l/z dz
=N T Y T+ Y T
j j J

Then, for the first term, T3,, recalling the expression , we get
(84) > [T + Tsa] = 0.

J
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Next, summing T3, and Ty, from (83) and arguing as for in the proof of
Proposition [4.1] we find

A
(85) S [ Toa+ Ty =) 2h [Wh]2,_y pde .

J J
Finally, recalling the definition of Ky and adding up T3, with T3, we get
Z[T% + T3c] = _ICQ(Ehu f7 wh)'

J

Thus, substituting the above identity together and the expression for Ti,
into the equation (81f) we reach and so the proof is complete. [l

4.4. Approximation. We next show the main convergence results of this work
proving a-priori error estimates for the electron distribution f, for all the proposed
methods. In each case, as a byproduct result, we also get the corresponding
convergence results for the electrostatic field E. The section is closed with some
remarks about the comparison with the convergence of other methods. We start
with the result for the Conforming-DG method:

Theorem 4.9 (Conforming-DG method). Let k > 1 and consider the unique
compactly supported solution of the Vlasov-Poisson system - given by Theo-

rem 2.1 with f € C1([0,T); H**2(Q)) and E € C°([0, T]; WY¥(T)). Let (En, fr) €
CO([0, T); WiHh) x CY([0,T); ZF) be the conforming-DG approzimation, solution
of , and . Then,

1f(t) = fu(®)lloz, < Coh* Vit e 0,17,

where Cy depends on the time t, the polynomial degree k, the shape regqularity of
the partition and depends also on f and on E through the norms

Co = Co(llf W) lkt2.0 [ Fe) k1.0, Ly [ E@)[[1,007) -
Proof. Recalling the error equation ([71))
a(w" — o, W) + N (B f,0") = N"(Ej; fr,w") = 0,
and using Lemmas [£.7 and .8, we have

v E;
Z/ whwh dvda:—l—Z/ |—2|[[wh]]?+1/2,v dv+2/ | 2h|[[wh]]:2c,j+1/2 dx
ig Y Tig i Vi ij Vi

:Z/ wiw" dv dx —i—Z/ [E' — Eé]g—iwh dvdr — K (v, f, ") + IKC*(Ep, f,w")
i YT ij Y Ti
86)

»J

(
=T\ +T,— K'+K%.

Notice that the left hand side of the above equation, is exactly what results after
summation over ¢ and j in from Proposition (4.1)), see also (59). Then, it
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is enough to estimate the terms on the right hand side of the above equation.
The first term is directly estimated by using Cauchy-Schwarz and the arithmetic-
geometric inequalities together with the interpolation property

C e
(87) T < S (Iwf 6.2, + 0" 165,) < CR* 2 fill s ) + Clle” 6.5,

The second term on the rhs of , is readily estimated by using Holder inequality
together with estimate from Lemma , the splitting , the arithmetic-
geometric inequality and the interpolation estimate ,
2| < CIE = Bpllosszll fullogllw®llozs < CCallf = falloz |l fulloollw llo
< CCo([|w o, + llo”
(88) < CCR* || flsr0

0.7 | follollw o,
[follog + Call follogllw[l5.0 -

where Cy ~ L'/? is the constant in Lemma . Estimate from Lemma

and the arithmetic-geometric inequality give for the third term,
(89) K < CR*FP2L2|| fl7 400 + Cllw™ 15 7 -

Last term is bounded by using estimate from Lemma [4.6] and arguing sim-
ilarly as for Th; using estimate from Lemma 3.2 the splitting (70, the
arithmetic-geometric inequality and the interpolation estimate ,

K21 < CRH | fllkrallws ozt o loz) lw ozt CRH I f kol Bl ooz lw” llo.z,
< CH (IR0l Bl soz + C2hE N f R 1.0) + CA+ BE flisr0) 1”15 7, -

Then, by substituting the above estimate together with , and into
the error equation , we conclude

d
Zl" Ol5z, < A®) 1" 157 +h*B()

with A(t) = (C + L'Y?(| fulloq + CLY?h*| fllx+1,0) and

Bt)=CIlf IR 2oL+ wo. 1)+ fell 1.0t CL IR 1 o1FolI @R L f lk1.0)-

Therefore, integration in time of the above inequality and a standard application
of Gronwall’s inequality gives the error estimate,

(90) lw* )ll57, < Coh**,

where C is as stated in the claim. Hence, Theorem {.9|follows from the triangle
inequality and the interpolation property . O

As a direct consequence of Theorem together with estimates and
of Lemma([3.2] we obtain the following result on the error of the electrostatic field.
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Corollary 4.10. Under the hypothesis of Theorem [£.9, the following error esti-
mates hold

||E(t) — Eh(t)HQJ < C()Clhk—H Vit e [O,T],
IE(t) — En(t)||coz < CoCoh™*' Vit € 0,7,
where Cy and Cy are given in and , respectively and Cy in Theorem .

Next result establishes the convergence for the RT;-DG method:

Theorem 4.11 (RT-DG method). Let k > 1 and consider the unique compactly
supported solution of the Vlasov-Poisson system ’ . giwen by Theorem |2
with f € CY([0,T); H*2(Q)) and E € C°([0,T}; . Let ((En, @), fh)
CO([0, T); (WE x ViFY) x CY([0, T); ZF) be the RT;g DG apprommatzon solution of
@), €. (). and (@. Then,

1) = fa®)llogn < Cab®*t Ve[0T,
where Cy depends on the time t, the polynomial degree k, the shape reqularity of
the partition and depends also on f and on E through the norms

Cy = Co[[f D) lr+2.0, [ fe@) k1,0, Ly | E@)][e12)
Proof. The proof follows exactly the same lines as the proof of Theorem 1.9 In

this case, to bound the error ||E — E}||p 0z that appears in the estimates for 15
and Ko one has to use estimate from Lemma We omit the details for
the sake of conciseness. O

Corollary 4.12. Under the hypothesis of Theorem the following error es-
timates hold

1E(#) = Ea(®)lox +E(X) = En(t)liz < 205L PR + R Bl 2
1E(t) = En(®)lloooz < CoL2REH + CHM Y| Bl 2
for all t € [0,T), where Cy is the constant of Theorem [4.11]

Finally, we show the convergence for the full DG approximation:

Theorem 4.13 (DG-DG method). Let r > k > 1 and consider the unique com-
pactly supported solution of the Vlasov-Poisson system (1)-(2) given by
Theorem with f € CY[0,T]; H***(Q)) and E € C°([0,T]; H"(Z)). Let
((En, ®1), frn) € C°([0,T); Vi x Vi) x CH([0,T); ZF) be the DG-DG approximation
that satisfies , , , and with any of the three choices (i), (ii) or
(iii). Then,
1F(®) = fa®llon < CH Wee[0,T],

where Cs5 depends on time t, the polynomials degrees k and r, the shape regqularity
of the partition and depends also on f and on (E,®) through the norms

Cs = Cs(I[lf Ollrr2.0, 1O llerr.0 L NI(E, @)[|rs1.2) -
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Proof. The proof follows essentially the same lines as the proof of Theorems
and [4.11} but dealing with 75 we use estimate from Lemma [3.4}

5| <CIIE = Epllozl follosc.ollw”llom,
< [CPUIE, @) [lrsrz + L)1 f = fullo] Ifullosssllw llo.z,
<CRF (1B, )1z + 2L1f R 0) 1 Follocos
(91) +(C+ L) fullosc @)l 5.0

Also, to bound for K? we first note that E, = P*(E,) since E, € V; (and
r =k+1orr = k), so that inverse inequality, estimate and the L>°-stability
of the L?-projection give

1B = Enllocoz, < 1B = P (E)looez, + Ch™ 2| PMY(E) — Bylloz,
(92) < ChMM Ellgt1002 + Ch?|E = Exllog, -

Then, using estimate from Lemma together with the above estimate and
the L2-bound for the error £ — Ej, given in Lemma , we get

K2 < C(L+ LY2RE Y2 fllisn )l 15 7,
+ ORI EIR o I Rs20 + N DN 2l FllEsr + B 21 f 1R 0)

where we have neglected high order terms of order O(h*~1/4). Noting that k > 1,
the proof can now be completed by arguing as in the proof of Theorem 4.9 We
omit the details for the sake of brevity. ([l

Remark 4.14. Taking into account the definition (60) of the norm ||| - ||| (see
Remark[4.9), observe that in the proof of Theorems and[4.13, similarly

as how it is obtained the error estimate , we also get
(93) [l O < C2R*2 s =10,4,5.

As a direct consequence of Theorem [£.13]and Lemma [3.4] we have the following
Corollary whose proof is omitted.

Corollary 4.15. Under the hypothesis of Theorem [£.13], the following error es-
timates hold for all t € [0,T]

1E(#) — En()lloz < CR*2[(E(), @041z + CELA*
where C5 is the constant of Theorem [£.13], and
IE®) = Ea()loz + enlll@a®) 113, + call[ Ba@®) 1115, < Csh® 2,

with Cg = CZL+C|||(E(t), ®(t))|||2,, 7 where r = k+1 for (i) and r = k for (ii)
and the H-LDG in (iii).
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Remark 4.16 (Order of convergence attained by other methods). As noted
in the introduction, there are very few works dealing with the convergence and
error analysis of eulerian solvers for the (periodic) Viasov-Poisson system. High
order schemes have been only analyzed in the context of semi-lagrangian meth-
ods [1, 8, 10]. Although, it is difficult to compare their results with ours, since
these analysis deal with fully discrete schemes, we just mention briefly what one
can expect to achieve with these methods in the case of a constant Courant-
Friederichs-Levy CFL (v = dt/h =constant) and in the case where the time
step dt were taken the largest possible. In [7], error estimates in L> of first order
(for CFL=constant) and slightly better than first order (at most of order 4/3 for
the largest possible time step), are shown assuming the initial data is of class C*.
High order schemes, by using polynomials of degree k in the reconstruction, are
considered in [8, [10]. There, the authors prove error bounds for the distribution
function and the electrostatic field in L? and L*, respectively, of at most order k
(if CFL=constant) and of order 2(k+1)/3 if the largest possible time step wants to
be used. These works typically require the technical assumption f € WH1(Q).

5. ENERGY CONSERVATION

In this section we discuss the issue of energy conservation for the proposed
numerical schemes. We start by showing that for a particular choice of the LDG
approximation to the Poisson-problem , the resulting LDG-DG method for the
Vlasov system possess such conservation property, under a technical restriction
the on the degree of the polynomial spaces; namely we require k& > 2. However,
we wish to note that such restriction is rather natural since we want to use v? as
test function, as it is done in the proof of for the continuous problem. We
close the section with two results that provide (under the same restriction) an
energy inequality for others full DG methods considered in this paper.

Theorem 5.1 (Energy conservation). Let k > 2 and let ((En, ®p), frn) be the
LDG-DG approzimation belonging to C([0,T]; (V¥ x Vi¥) x ZF) of the Viasov-

Poisson system —, solution of , , , and , with the numerical
fluzes for the approzimate electron distribution. Let (Ey, ®1) € VIF x V¥ be

the corresponding LDG approzimation to the associated Poisson problem, solution

of - with numerical fluxes:
(Eh)ici2 = {En}i-1/2 — %W[[Eh]]iflﬂ +en[Pn]iziye,

(‘i)\h)z'—yz ={®n}ic1y2 + %n(v)[[@h Ji1/2,

where c¢yp > 0 and coo = 0 at all nodes. Then, the following identity holds true

(95) % (Z/Tv2 Fult) dvdz+Z/I‘ Eh(t)2d:c+cnz[[c1>h(t)]]§m) =0.

i

(94)
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Remark 5.2. Prior to give the proof of the above Proposition, we wish to point
out that we are making an abuse of notation by saying that (Ej,, ®,) € ViF x V}F
1s the solution with numerical fluzes . Actually, we should talk about two
solutions, one for each sign of v. Such two solutions (one for v > 0 the other for
v < 0) enter in the Viasov equation, when it comes to evaluate the fluxes in the

—

v-direction (i.e., (E fr)).

Proof. To simplify the notation, throughout the proof, we drop the sub/super in-
dexes h from the finite element functions. The proof is carried out in several steps.

First step:

We start by noting that since f € ZF, for each fixed v € J, f(-,v) € V¥ (as a
polynomial in x). Hence, we can set z = f in ({44))

[ Brdo =~ [ 0fdo s (@ - @)
I I
Then, multiplying the above equation by v and integrating over J, we find

~

/j/IiUEfdvdx:_L/IiUQfmdvdx+/jv[@)f_)iﬂ/?_((I)f+)i—1/2]dv.

Integration by parts of the volume term on the right hand side above, gives

(96)
/J/IivEfdvdx:/j/Iivf@xdvdx+[7v[(<§f—fcb)iH/Q_(cf)f_fq));r_l/ﬂdv'

Next, we set o, = ® € VF C ZF in (24)) (® as a polynomial in ZF is constant in

)
Z/THft@dvdx—/T“vf@)xdvdx+/

Jj

@ _

()P )ig120 — ((Uf)q)—’—)i—l/zﬂ;} dv

—l—/T Ef(®),dv dx—/j o [(@%Jﬂﬂ_(@)m—l/z] dr — 0.

ij @

Then, note that last two terms in the above equation vanish; the volume part
cancels since ® does not depend on v, and the sum of the boundary terms tele-

scope, due to the consistency of the numerical flux E} f, and no boundary term
is left due to the zero boundary conditions in v. Thus we have,

(97)
> j/f@ dvdz = :/foDI dv d:zc—/ [(ﬁ@*)m/gﬂ, — (0f DT )iy /20 | dv.
ij T ij 7T Jj
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Combining then the above equation with and using the periodicity of the
boundary conditions in = we get,

(98)

Z/Tftédvdxzz':[/(ﬁ[[@ﬂ +u(@[f] - [[f‘ﬂ]))i_l/Qﬁjlv—k/vEfdvdx] |

J Tij

Second step:
Now, we differentiate with respect to time the first order system and consider
its DG approximation. The second equation (45)) reads,

/ Eip,dx — [(Epi)i-i-l/Q — (E\tp+)i—1/2:| = / pep dx Vpe tha

I I

where the definition for E, corresponds to that chosen for E but with (E, D)
replaced by (Ej, ®;). By setting p = ® and replacing p; by its definition (26]), we
have

(99) / th>$dx—[@q>—)i+l/2—(Eqﬁ)i_m} _ / / fddvde  VpeVE
I; L, JJ

Now, taking z = FE; in and integrating by parts the volume term on the right
hand side of that equation, we find

K

| BBvdo=[ 0.5 de— (@) o= @B L, o+ (BB Jossje (B(E) )il

Then, combining with the above equation, summing over i, and using the
periodic boundary conditions for the Poisson problem, we get
(100

)
‘ /IVEEtdxzZ/I‘/thd)dvderZ[[[CI)Et]]—((f)[[Et]]JrE\t[[CI)]])]i_l/g.

Third step:
We now proceed as in the proof for the continuous case, for instance see [34], and
2

we take ¢ = % in (23)-(24),

v? v? v? [~ —~
3 / fi ?dvdx—/ vf(?)gcdvdx%—/ - [(vf)iﬂ/gw—(vf)i_l/gm] dv
ij Tij Tij Jj

J

IR

+ ; (/sz Efvdvdx — /[ ? [(E}izf>a:,j+1/2 - (@)x,j_l/g} da:) =0.

i

—

Then, using the consistency of the numerical fluxes (vf) and (E} f), the boundary
terms telescope and no boundary term is left due to the periodic in z and zero



DG METHODS FOR ONE-DIMENSIONAL VLASOV-POISSON SYSTEM 31

in v boundary conditions. Hence, we simply get

2
(101) > /ftv—dvder/ Efvdvdz | = 0.

Next, we use equation to substitute the last term in (101]),

0= ZJ: (/Ti;ftz};dvder/Tft@dvdm—/}j(ﬁ[[@]]—v[[(I)f]]%—v(/I;[[f]])i_l/zﬂfiv) .

Finally, we substitute the second volume term above by means of (100)),
U2 ~ —
0= L dvd EEdz - [[0F] - (3[E]+E[2])]
Z/f2+z/ ar-3 [[em1- @I+ Ele])]

(102) _Z/,.<ﬁ[[®]]_v[[q)fﬂ+vﬂfﬂ> dv.

i—1/2,v

We next define for all 7,

~

of ,= O[E]-[E]+E][®],

Of 120 = —vf[@]+0v[®f] - vB[f],
so that (102)) can be rewritten as

2
(104) Z/ ft%dvdx+Z/EEtdx+Z@fil/2+z/ OF ) /p,dv =0.
ig YT i YL i ig Vi

Thus, we only need to show that ©F /2 and ©F | Jow AT, for all ¢, either zero

or the time derivative of a non-negative function. From the definition of the
numerical fluxes , and using that

(105) [ab] = ab" —a"b™ = {a}[b] + [a]{b}, Va,be V),
we find
O )y = {EJ @] +{Q} E ]+ cu[ ][] — [®E] = cua [, ][ D] -

Therefore since (E,®) is C! in time,

(103)

(106) Ol =cn[@][@] =
Similarly from and ((105)), we get
|v]

O 120 = —0{f}[ @] = v{®}[ f]+ [ I ®] +v-col fI[®] +v[Df]

2
_ Il

S lAII®] +v- el FI[2] .

(011[[<I> ]]2) )

N | —
SIS
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Now, recalling that ¢;5 = —sign(v)/2 and noting that v - sign(v) = |v|, we also
have that ©F | 5, = 0 for all 7 and so substituting the above result together with
(106) into (104) we reach (9. O

5.1. Energy inequalities. The energy conservation property given in last The-
orem heavily relies on the choice of the approximation for the Poisson problem
and more precisely on the definition of the numerical fluxes, which somehow
accounts for the coupling of the transport equation with the Poisson problem.
Nevertheless, for full DG approximation of the Vlasov-Poisson system with other
choices of numerical fluxes as given in Section [3.3, we can prove some energy
inequality measuring the error in energy committed in terms of h at time ¢. For
all t € [0, 7], we define the discrete energy as

En(t) == Z/T fu(t)v? dvde + Z/] |Ey(1)|? dx

(107) 2 (el @ O Fps + el B 1F1y2)

We next state two results: the former, Proposition [5.3] requires smoothness of
the solution; the latter, Proposition establishes a decay of order O(h) for
the energy, provided h < L, without any further regularity assumption on the
solution. The proof of both Propositions can be found in Appendix [C]

Proposition 5.3. Let m > k > 2 and consider the unique compactly sup-
ported solution of the Viasov-Poisson system - given by Theorem with
f e cY[0,T); H*Y(Q)) and E € C°([0,T); H"X(Z)). Let the DG-DG ap-
proximation of the Vlasov-Poisson problem 1' be ((En, ®1), frn) € C*([0,T];
(ViF x ViF) x ZF), solution of ([23), [24), (44), and [{5), with the numerical
fluzxes for the approzimate density and (46|) for the DG approximation of
the Poisson problem. Then,

’gh(t) o gh(0>’ < h2min (k+1,m)ﬁ0 + hmin(2k+1,2m)<c22 + C;f)ﬁl ’

where m = k for any LDG (50)) and the general DG ,' and m = k+ 1 for the
Hybridized LDG method (iii). The constants R and £, depend on

t
Ro = ﬁo(/ (1B () lms1z + 1 Pn(3)lm+2.2)ds, Cs),
0

t
R = f(L / 1£()]2,1 ads, Cs).

Proposition 5.4. Let m > k > 2 and consider the unique compactly sup-
ported solution of the Vlasov-Poisson system — given by Theorem with
f € ¢X([0,T); H**Y(Q)) and E € C°([0,T]; H™(Z)). Let the LDG-DG ap-
prozimation of the Viasov-Poisson problem (1))-([2) be ((En, @), fn) € C*([0,T];
(VEXVF)x ZF), solution of , , , and , with the numerical fluxes
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(25) for the approximate density and , with ¢;1 = ch™' and coy = 0 for the
LDG approximation of the Poisson problem. Then, for h < 1/L,

En(t) — En(0)] < chL Z e Z+1/2 +chLtFy| ,

where Fy is defined as
= [P 210115 7 + 1P () 15,25 + NG 25, + Nert* [ 2o 113,

APPENDIX A. PROOFS OF THE ERROR ESTIMATES OF THE ELECTROSTATIC
FIELD

In this appendix we provide the proofs of all the Lemmas stated in section
related to the consistency error in the approximation to the Electrostatic field.

A.1. Conforming approximation to the Electrostatic Potential.

Proof of Lemma . We first show . Since both F and E}, have zero average
over Z, we deduce ||E — Ep[[12z) = |E — Ejplloz- From the definitions (©) and
of the electric field £ and its approximation £}, we find for all x € I;

2

|E(z) — B} (2)|* < 2|E(12) — Ep(1)2)* +2 =2(To+T).

/ " [ouls) — pls))ds
T1/2

The term T can be readily estimated from and and Holder inequality

2

1 z
To=|E(z1/2)— Ej(z1)2)|*=|Cp—Cp|*= [on(s) — p(s)] ds dz| < ||pn—pll5 -
0

Holder’s inequality yields Tt < ||pn — p[|§ 7. Hence, integration over I; and sum-
mation over 7 and Cauchy-Schwarz inequality, gives || — E||§ 7 < 4llpn — pll5 7 ,

and so by using , estimate follows.
To prove , from the conformity of the approximation (£}, € W,’f“), Sobolev

imbeddings together with triangle inequality, we find
IE = Enllocoz < |1E = Enlliz < V2(|En — Elloz + | En — Eli1)-

The first term above has been already estimated. For the second, note that

0 .
o7 —I[E — Ey] = pp(x,t) — p(x,t), Vze (131‘—1/2737i+1/2> Vi,

and so,

2
B Ba=3 [ |58 8] de=3 [ nGet)-pto 0P de=lo-miz,
Hence, from and (37)) and substituting above we reach ( . The proof for

the unlform est1mate 1 ) follows immediately.
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A.2. Mixed Finite Element Approximation for the Poisson Problem.

Proof of Lemma . The proof of estimate would follow from the a-priori
estimate for linear problems together with an “aplication ” of a version of Strang’s
Lemma for mixed methods. We briefly sketch it for the sake of completeness. In
one dimension, we only need to show due to Sobolev’s imbbeding H'(Z) C

L>(Z). Using (41))-(42)), we get
(108) —/(E—Eh)zdx+/(cl>—cl>h)zxdx:O Vze Wit
I I

109) [ Ewds= (- mpds Vpe v
I I

being (E, ®) the continous solution to the Poisson problem. The term on the
right hand side of equation (109)) is the consistency error. Next, let R;:
HY(T) — W} be the projection operator defined by:

/](z —Rn(2))gdx =0, Vq e Pk_l(Ii) , i
By(2)(wic12) = 2(xiz1y2),  Ba(2)(Tiv12) = 2(Tig1/2),

For k£ = 0 the definition of R}, reduces to that of the standard conforming inter-
polant. It is easy to verify that R, corresponds to the one-dimensional Raviart-
Thomas projection. In particular it satisfies the approximation property

(110) HZ — Rh(Z)HQJ § Chk+1‘|ZHk+171 Vze Hk+1(I)
From the definition of Ry, it is straightforward to verify that

(111) /Z—Rh(z))mpdx—(), Vze HY(I), VpeV}F,
T

which express the the commuting property of the projection Ry,: d%(Rh(z)) =
P*(2,), for all 2 € WFt! P* being the L?-standard projection. Combining (T11)
with z = F and equation (109)), this last equation becomes

D) [[RE) - Bilpde= [(p-ppds Vpe Vi,
and so, by setting in p = (Ry(E) — Ep), € d%W,’f“ = V¥, we have
13 [IRE) = Bl do = [(o= pIRa(E) - Biludo
Hence, denoting by ng = Rp(F) — Ej, Cauchy Schwarz gives

(114) neh.z = [Ra(E) = Enliz < Cllo— palloz -

We next get the L2-error estimate. We take z = ng in (108) and decompose
®— Py, = [ — PH(D)] 4 [PH(P) — ) and E — B, = [E—Ry(E)] + [Ru(E) — Ey).



DG METHODS FOR ONE-DIMENSIONAL VLASOV-POISSON SYSTEM 35

Then, from the definition of the standard L?-projection P*, we find

el = / Ri(E)— By > = — / B Ru(E)ne do+ / ([PH(®) — ][],

Note that from (108]) and the definition of the L2-projection, we have

/((I)h — P¥(®))z, dx = —/(E — Ep)zdr Vze W,
I I

and thus, we can apply this to z = ng. By setting p = (P*(®) — ®,) in (112) and
substituting the result above we get,

(115) / nl? d = / Ru(E) — Elngde + / (o — ) (PH(®) — @) da

I

Then, summing (113]) to the above equation and using Cauchy-Schwarz together
with the intepolation estimate ((110]), we find

Inelsz+neli 2 <I1E — Ru(B)llozlinelloz+le — prlloz(Ineliz+|PH(®)—Phlloz)
<CR Y Elksizlneloz+p — pulloz(neliz+ 1 PH(@) — @plloz)-

To conclude we need a bound for ||P*(®) — ®,||oz. Now, taking z € W} such
that z, = ®, — P*(®) we obtain

IPX(®) — @4ll5 7 < CIE = Epllozl P*(®) = Palloz

where in the last step we have used Poincare’s inequality (||z|loz < Cll2zll0z)-
Hence, plugging it into the previous estimate, we get

Inellsz + neli 2 < (CR Bz + e — prllog)Inelloz
+ 1o = pulloz(CR* Y Ellksaz + Ineliz)
1
<CR"P|Ejiaz +Clllo = pullb s + 1(||77E||3,z + |neliz)
+Cllp — pullozh N Elhsrz

from which by a “kick-back” argument we get,

4
Inell§z + neli 7 < g(CthHEHkH,z +C'|lp = pulloz)?

that together with the interpolation estimate (110]) and estimate yields .

A.3. DG approximation for the Poisson problem.

Proof of Lemma . The result follows by adapting the proofs in [I8, 23] and
[19, 22] for the cases (i); (ii); (iii), respectively, so that they account for the
consistency error. Notice also that for (i),(ii) estimate follows from ((3.4)).
Hence, for the sake of completeness, we sketch the proof of this last estimate in
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some detail for the LDG method (i) and the general DG (iii). Using and

that (E, f) is the continuous solution, we get the following error equation:
(116) A(E=En®-0)i(zp) =Y [ (p-pilpde, V() € ViV
i

The term on the right hand side is the consistency error, which is the only
novelty in the proof w.r.t those in the above-mentioned works. We decompose
E — E, = 0" —n° where n° = P"(E) — E and n* = P"(E) — E},, and analogously
D — Py, = " — €° where €¢ = P"(®) — @ and " = P"(®) — ®,. Then, [I8
Lemma 3.3] gives

(B = En, @ = @3)| 4 <1(0°,€)|a+ (0", €")|a

(117) < Kaoh™™2[1(B, @) ||z + (", €") ]
where ||| - |||4 is the semi-norm defined in and K2, ~ C(h + co + c11).

To estimate the second term by setting (z,p) = (n",£&") in the error equation

(116)) and using the definition of A(-,-), that of the semi-norm and the

approximation properties of the standard L2-projection , we find

(", €M = A", €"), 0", €M) <llp = pallozlIE o,z + !A n°, ée) (77 fh))}

<l = pulloz, (1€Moz, + 1® = Pulloz,) + [A((=n".€") o)l
<llp = pulloz, (CH™H|® |41,z + | ® = Pallo.z,)

(118) +[ (1", €M) 4 Crioh™ (B, @)1z

where in the last step we have used [I8, Lemma 3.6] together with [18]

assumption (2.21)] and K2 ~ C(cjj +caa+c11). To conclude we need an estimate

for ||® — @0z, that will be obtained by duality. Let u € H?*(Z) be the solution

of the dual problem, —u,, = ® — &}, in Z with u(0) = u(1) = 0, and let ¢ = u,.

Then, it is easy to verify

(119) A((g,w); (z,p)) = (® = ®p,p), Y (2,p) € H(Zy) x H'(Tn).

Thus by setting (z,p) = (E, — E, ® — ®;,) in the above equation, using the defini-
tion of A(-,-) together with (116), the H'-stability of the standard
L*-projection [I3] and denoting by 6, := ¢ = P"(q) and 0, := u — P"(u) we get

|® — @427, = A((—q, u); (By — E,® — ) = A((E — B, ® — ®3); (g, 1))
—A((E— By, ® — By); (g P"(g), u—P"(w))+ / (p—pn) P" () d
<| A", €); (B4, 0.)) |+ LA, €); (B, 0.)) L o= pnl| 1.2, | P ()1 2,

<Ch?||(q, U)Hlo,f + K1 (|(n", €M)+ Kotk 2 |(B, @) |2)
+ Cllp = pull-1,z,

u‘l,Z .
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where the first two terms have been estimated by using Lemmas 3.6 and 3.3 from
[18], respectively, and the constants are defined by:

KZ =~ C(ej + co + hPenr), K2 =~ C(cog + h+ciih®) (1 + h 4 can +c11)
Appealing now to the a-priori estimates for the dual problem (|119))
|ullmsoz + @tz S C|® — Ppllmz m=—1,0,
together with the inclusion L*(Z) € H'(Z), we finally get
|® — ®ploz, < ChY2 [Kin|(n", €M) a+ W2 Kall|(E, @)[llnz] + [lp = o
Substituting the above estimate in and using the Young’s inequality,

0,Zy, -

1 2 -
0 € < llp = pullaz, (L ABER) + 5 |0, €0) [ + I 202,
+Ch (B, @) 2 (Ko + Koy h),

and so by a “kick-back argument” and taking square roots we get
1
510" €14 < Cllo=pulloz, + (Ko + K h) 22| (B, @) ||z +CR™ [ @ r -

Substituting this estimate in , and taking into account the values of the
parameters c¢i; and coo selected, we reach which in particular implies .

For the MD-LDG (ii) one adapts easily this proof taking into account the
values for cj; and ¢y and replaces the L?-projection by the special projection
defined through (17)-(18). For the H-LDG (considered in (iii), the easiest way
to prove is to introduce an auxiliary approximation, say (Ej, ®7}), to the
continuous Poisson problem. The error estimates in the L? norm for & — E}, are
decomposed in two parts: the error £ — E} estimated in [22] and the consistency
error B} — Ej, dealt with the ideas in this proof. We omit the details for the sake
of conciseness.

APPENDIX B. PROOFS OF LEMMAS AND

Proof of Lemma . We shall first estimate each term K} ;(v, f,w") for fixed
t,7 and then sum over 4,j. So let 7,5 be fixed and denote T' = T;; ,I = I,
and J = J;. The boundary of the element 7' consist of two vertical and two
horizontal edges; 0T = J*=Y2 U Ji=Y/2J [7-1/2 U [7t1/2 where we have denoted by
JHY2 = {010} x J and PPY2 := T x {v;;12}. Notice that the definitions of
both, the numerical fluxes and the projection IIj, depend on the sign of v.
However, since v = 0 is a node of the partition, v as a function does not change
sign inside any element 7;; € 7;,. Hence, denoting by vy = max{+v,0} the
positive and negative parts of v, the term K! can be rewritten as Kl(v, f,w") =
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’Cl’Jr(Uv fa wh) - ’Cl’i(va f: wh) with
Kh (v ZIC (v, f,W") .
We can reduce ourselves to show the result for the case of v, since in the case

v_ is treated analogously. Since v > 0 on 7', from the definition of the numerical

fluxes , the definition of II, and noting that Hh| ;= Ty, this term reads
K ) = [ @hadado = [ o7 = ) (@) do
(120) s ey,
Ji—1/2

Observe (120)) is independent of the sign(v). Let © := P°(v) denote the local
projection of v onto the constants on J. Then, summing and substracting v in

1
K; ;r, we have

(Uf7 )_ 1+(U_Uf7 )+IC1+(’U]CCU)
The last term is estimated exactly as in [I8, Lemma 3.6] (see also [47]), giving

(121) K35 (0, £, W) < CRE ol fllkra,

|wh |’07Ti,j

where we have also used the stability of the L2-projection . We wish to stress
that the properties of the special projections ITj, and 7 are essential for the proof
of the above estimate. We next estimate the remaining term in the expression for
K%*. From the definition in (120]), using Holder inequality, trace mequahty
and inverse inequality [21] together with with the error estimates (20) and .

we find
/(U—Tj)/wewﬁ dv dx|+
T I

@ellor+C D> lv = Bllos,sm w0, l[w o,

m=i+1/2

BE by Y2 w00

Koy (0 — 7, fru)| < / fo—0)(f =y ) (W) d

it1/2

< Chohii ™ | fllksrohy
< CR | fllrsrzllw o -

Then, using the above estimate together with (121) and summing over ¢ and j
we get

I (v, fLw")] <
giving the desired estimate ([75]).

(I g1, + LN flles2.1)

Proof of Lemma[4.6, We follow the notation of the previous proof. We start by
noting that we cannot directly argue as in the proof of Lemma [£.5] since now the
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definition of the numerical fluxes depend on the sign of Ej; while the definition
of the projection depend on the sign of E. We first write

(122) /cﬁ (BT wh) = /C,%‘;(E;’l, fow") + /Cff;(E;;, frwh)
with
ICZ'%?(EM f7 wh) = / Ehwewg dU d$
Tlv]
K2 (En, f,0") = = [ [(Baot (@) Vasrrje — (Bawt (W) )ajorya| de
7] [

and we shall consider a further splitting of each of the above expressions. For the
first one, we set

(123) ICiQ,(jl'(Eha f7 wh) = K?Z(Eh - Eu f7 wh) + ]C?,?(Eu f7 wh) :

Then, Holder inequality together with inverse inequality and estimate (]@ give
35 (Bn — B, f,0")] < |1 Bh = Elloor, L f = Tn(f)llor,,

(124) S Cthrlh;lHEh - EHO,OO,Ii f”kJrl,Ti,j

Now, we deal with the boundary term K7 in (122). Since the definition of the
numerical flux on I', depends on the sign of Ej, at (z,vj11/2),

|(wh)v HO,Ti,j

‘wh|’07Ti,j .

—

(Eiizwe)x,jfug = (E;L<I))+[f_Hh(f)]g—:j_Ug_(EfiL(I))—[f_Hh(f)];j_Uz ) Va el

where (Ej(z))+ = max (£Ej(x),0) denotes respectively, the positive and nega-
tive parts of F}(x). Hence, the above splitting induces a further decomposition
of K2

’C122<Eh7 f? wh) = ij((Eh)fH f> wh> + Azjg((EflL)*v f? wh) )
where + in A® refers to the side (from the left or from the right in the v-direction)
from which the term f — I, (f) is evaluated, that is:

A (B £t = - [ B (1 = M),

Ln{z:+E! >0}
—([f - Hh(f)]i(wh)ﬂx,j,l/z} dx .

Notice now that IT,(f )‘ i+1/2 18 a projection on the z-direction, and so indepen-
dent on v. Thus, this observation together the continuity of f implies that,

[f—Hh(f)];jHﬂ:[f—Hh(f)W :[f—Hh(f)]r =[f=T()]gjs1pe VT ELi, V5.

1it1/2 1it+1/2

Hence, KC2%(Ey, f,w") can be rewritten as

2 =~ [ B = IO, — (= @), ) e

I;
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where * can be taken either as + or —, without changing the final result. Note
that the above expression does not depend any more on the sign of E}. Hence,
adding and substracting E* to the above expressions, ICZ-Qz-(Eh, f,w") becomes,

(125) ICizb'(Eha f7 wh) - lszb(Eh - Ea f7wh) + K:?b(Ea f7wh) :

5] 5] 2]

The first term is easily bounded by using Holder inequality together with trace
and inverse inequalities and the approximation result ,

K (En— E, f,u")| < Z 1B} — E'l|occ,rm || f = TL(f)[lo,rm |l [lo,rm

m=j+1/2
(126) < Ch|| B}, = E'[lo.ur

fHkJrl,Ti,j ’whHO:Ti,j :

To estimate the last term in ((125)), recalling the splitting in ((123)), we define

(127) KA(E' foof) =Y (KE(E, fu") + K35(E, f,u") .
i,J
Observe now that K} (E, f,w") is a term “similar” to K' from (73)), in the sense

that the definition of the projection II, depends of the sign of E? on each I;.
Therefore, we argue similarly as in Lemma [4.5] to rewrite the term K? as

(128)  K*(E', f,w") =Y KIH(E fwh) + K3 (B f,0") + K2 (B f,w")

1]

where ICi’ji(Ei, f,wh) are the contributions coming from those elements where E*
is either positive or negative in the whole I; and the term K3°(E?, f,w") corre-
sponds to the contribution of those elements where E restricted to I; changes sign.
Therefore, the estimates for IC?f(EQ f,w") are done similarly as for V% (v, f, w"),

so we just sketch the procedure. Adding and subtracting P°(E) we have
3,k i h\ _ 13,E/ i 0/ i h 3,x/ p0/ i h
,Ci,j (E fw >_Ki,j (E -P (E),f,w )+’Cz’,j (P (E )7f>w ) :

The last term is bounded as in [I8, Lemma 3.6]. As for estimate ((121]), the special
properties of the projections IIj, and 7 are heavily used in this proof. Using the
stability of the L?-projection (6],

(129) K7 (PUE), f.w")] < CRE I E oot f ke sl oz, -

1]
To estimate the first term IC?;; = IC?;F(E — P°(E), f,w") notice that II,|, =
7|, and since f is continuous [mf(f)]* = [7](f)]". Then, using the L>-

estimate for the L%-projection (20, Holder inequality, trace and inverse inequal-
ities together with the approximation estimate , we deduce
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K3+|<‘/Eh—P0 W (W")ydadv|+ )

m=j+1/2

[ [B= PEN - Py

Im

< C||E — P°(E)|lo,c0,1:

2 b e ozt Y Nl llo,m by (16" o,z
m=j+1/2

(130)

NV
We finally estimate the term ICi’jQ = ICi’]Q(E, fowh).
Pk L Then, Holder inequality, estimates together with inverse and trace
inequalities gives

3,0 i
7 | < N E oo, (I = T(F)llom,
(131)

[@"olloz,; + I1f = P oo w0 llo,rm)

< CIE oo b I f ka1 lor, -

Thus, to conclude we only need to provide an estimate for || E?||g.o.7,- Note that
since E changes sign inside [; there exists some xz* € I; such that E(z*) = 0.
Using mean value theorem together with the regularity of £ we have

L Eu(s)ds

Substituting it into the bound for IC and summing over elements, we finally get

KB, f,w")| < Chk“|E|1,oo,z!|f||k+1,9||wh||o,fh )

Then, summing over all the elements of the partition estimates ((124)), (126)), (129)
and ((130) concludes the proof of the Lemma.

(132) (£ o1, = sup|B(z) = B(a7)] = sup

ZBG 7 xe]i

< Chx ’E’Loo,li .

APPENDIX C. PROOFS OF THE ENERGY INEQUALITIES

Proof of Proposition [5.3 The first part of the proof follows exactly the same
steps as the proof of Proposition till one reaches equation ((104)), which we
can write as

(133)
th (Z/ fhv2dvd:v+2/ (En) d:v) —l—Z@Z 1/2—1—2/ i 1/2vdv 0,

with @i—1/2 and @i—l/Q , as defined in ({103)):
Of = O[(Ey)] — [®n(En) ] +E[®4],
O = —vf[®n]+o[@ufa] —v®[fi].
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Then, using ((105) and the definition of the numerical fluxes , we get for ©F /2

O/ )y = {(En) [ ®n] + {Pr} (En)e ] + cta[ (®n): 1] ©n]
+ e[ En [ (En)e] = [Pn(En)e ] = cia[(Pn)e [[ n] + oo £ 1] (En):]

1d
“ o (Cll[[q)h]]Q + 022[[Eh]]2) )

where in last step we have used that (Ej, ®;) is C! in time. Arguing similarly,
and one easily gets for ©F | 2w
v
OF 120 = —0{ 1] + LA T2~ o{@}[fu] + veral £ 1104 ]
—ven[ full En] + o] Pnfnl]

- (%’ +0012) [fn ]l @n]—vel fu Il En]=0] fall ®n]—venl fu ][ £ ],

where we have denoted by © = (|v|/2 + vcia). Then, substituting into (133]) we
have

1d 2
2 dt (/T fhEdvdx + / (Ep)?dx + 022[[Eh]]?_1/2 +en [Py ]]?_1/2) —
i i

I;

= Z 022[[ Ey ]]i—l/? / U[[ fh ]]i—l/Q,vdU - Z[[ 78 ]]i—1/2 / 17[[ fh ]]i—l/Q,UdU )
i, Jj i, Jj
and therefore integrating in time from 0 up to time ¢ both sides, taking the
absolute value and using triangle inequality, we get

t d U2
/ EZ </ fh;d’l)dib‘ + / (Bn)?dx + coo[ En]7 1 )5 + e[ @ ﬂ§_1/2> ds
0 i T;5 I

t
/ZCQZ[[Eh]]il/2/ U[[fh]]ifl/Z,vdUds
0% J;

1
2

<

(134)

+

t
/Z[[(Dhﬂil/z/ 6[[fh]]i71/2,vdvd3
0 Jj

We next bound the last two terms. For the first term, from the arithmetic-
geometric inequality we get

¢
/ZCQQHEh]]i—lﬂ/ v fliz12.0dvds
0 i Jj

t
<1
0

2 <

2 t 2
BB, ds+ [ en |1 i, ds-
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For the other term, using that ¢15 is bounded (|c1z| < ¢) we can simply use the
bound |9| < ¢|v|. Then, from the arithmetic-geometric inequality, we have

Z[[(I)h]]i—l/Z/ O[ f Jic1/20dv| <
i Jj

t 2 t 9
SCL/O Cﬂz[[q)h(s)]]Ho»y ds+001_11/0 ||’U|1/2[[fh(8)]]H07Fz ds

Therefore, substituting back into (134)) and taking into account the definition
(107) of the discrete energy we have
2
) ds
0,7z

¢ 2
0 - &0l < [ ([reno1]]
0 VY
t
_ 2
+Clenteil) [ Mol L) sy, ds
Now we observe that the first sum on the right hand side is part of the energy
norm of the DG approximation (Ep, ®;). Thus, from Corollary and taking
into account the regularity of the continuous solution we have

/ Z e[ @n(s) [1jo + oo En(s) [71)2) ds <

2

+||es [ En(s) ]

(135)

(136)
G +/ 1Es(e), (M s )

We next bound the second term in (I35]). Observe that since f € C°(€2),

Ll =1f—=f] =1/ —Tu(f)] +[Ha(f) = ]

Thus, in view of the definition of the norm and remark we have for the
first term above
(137)

/ [ fu(s) = Ta(f () I, ds < Il].fn(t) — TL(fF(£)]]]? < C2p2min(krtm)

For the other term, using the interpolation estimate together with a trace
inequality [2], we get

t
/ Il (F6)) = SR, ds < OLI [ (5
Hence, this estimate together with (137)) finally give
t 9 ) t
| Ml 2L ds < (Copom st cppits / £l 41,0ds)

and so by substituting the above estimate and estimate into -, the
proof is complete.
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Proof of Proposition [5.4. The first part of the proof follows exactly the same
steps as the proof of Proposition till one reaches equation ({104)),

2
Z/T ft%duda;+2/[EEtdx+Z@f1/2+Z/J OF | 5,dv =0
ij i i i i ij Y

with ©/7, , and ©f  ,  as defined in (103):
Olip=  [E]-[2E]+E[2].

95—1/2,1) = —ﬁ[[@]] +o[@f] _UEI\)[[JC]] .

Then, using the definition of the numerical fluxes and it is easy to verify
that while ©7 | /o 18 still given by - for ©F | /o OLE gets a term for that might
change sing

(138)
O, 120 =—v{f}@]-v{®}[ f I [[ I[e]- g[[fﬂ[[CI’]Hv[[@f]]:—v—[[@]][[f]]-

Then, substituting the above result together with (106|) into (104) we have

1d V2
5%; (/TJ fEdvdx + / (E)*dx + 022[[E]]?_1/2 + 011[[(I>]]§_1/2>

I;
_Z Ji- 1/2/ v_[ fliz1/20dv = 0.
J;

J

Next, we add equation (59) (resulting from the L2-stability; Proposition [4.1]) to
the above equation, to get

th [ (/ fv2dvdx+/ f dxdv) +Z/ 2dx+Zcu e 1/2]

(139)
E
* Z/I %Hfﬂiﬂj_l/?dx + Z/J %[[f]]?—l/&vdv
(140) | ’

_Z Ji- 1/2/J _1fJiz1/20dv = 0.

J

Then, from the obvious inequality ab > —|ab| and the arithmetic-geometric in-
equality, we have

Z[[q)]]z 1/2/ v f Jicayz0do > __Z Ii 1/2 _Z/ Il f ] 1/2udU

Z7]
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and so substituting back into (([140)) and neglecting the strictly non-negative terms

/ [fv2+f2]dxd1]+/ dl’—FZCll z 1/2>] LZ 1 1/2
T,

2%

we find

d

@ [Z (
,L’]

or equivalently

(141)
thz (/ [fv?+f? dxdv—l—/( ) dm+611[[<13]]?_1/2> < gz[[@]]?_l/27

Now, let us define
Fy=>)_ (/T [Pr(fo)v® + (Pu(fo))?]dadv + /1-(E0>2 + Cllﬂ@ﬂﬂ?l/?)

i,J %)
(142) = [[Pa(fo)]*I0ll18:5 + IPa (5, + I Bollg 2, + lert’ [ @011,

Then integration in time from time 0 up to time ¢ in ((141]), yields to

/T [f(t)v? + f2(t)]dwdv + /I_(E(t))%zx + e [9(t) ]]3_1/2>

3

i,J %3

L t
<R+ | IEC) SR

which in particular implies,
Lcl_l1
OSZCH[[(I)t 12 < Fo+ 2011 Ii- 1/2dZ

and therefore, standard application of Gronwall’s inequality (see [42]) gives

at [Z e[ [i- 1/2

which implies the a-priori estimate

_L 4
< Ry

+F0 (e%t — 1) .

chl[[q)(t) ]]?,1/2 < [Z c1i[ ©(0) ]]1271/2

% i

Then, substitution of the above estimate into ((141)), leads to the thesis of the

Proposition.
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