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ON APPROXIMATION AND INTERPOLATION
OF ENTIRE FUNCTIONS
WITH INDEX-PAIR (p,q)

H. S. Kasana* AND D. KUMAR

Abstract

In this paper we have studied the Chebyshev and interpolation
errors for functions in C(E), the normed algebra of analytic func-
tions on-a compact set E of positive transfinite diameter. The
(p, g)-order and generalized (p, g)-type have been characterized in
terms of these approximation errors. Finally, we have obtained
a saturation theorem for f € C(E) which can be extended to an
entire function of (p,g)-order 0 or 1 and for entire functions of
minimal generalized (p, g)-type.

Introduction

Let E be a compact set in complex plane and £ = {£,0,&n1, .- - &nn}
be a system of (n + 1) points of the set E such that

VEM) =TI 1ns = &arl and ADE™) = T 16n; — nel,
0<j<k<n k=0
k#j

i=0,1,...,n.

Again, let n(™ = {Nn1:Mn2, - .., Man} be the system of (n + 1) points in
E such that

Vo = V(™)

= sup V(M) and A°(n™) < AD (™) for j =1,2,...,n.
¢CcE

*This work was supported by the Swedish Institute, Stockholm.
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Such a system always exists and is called the nth extremal system of E.
The polynomials

n
L0 (z,n™) = (m) =01,....m,
( n ) H ‘I},U—’f}nk H J 3 1
k=0
k#i

are called Lagrange extremal polynomials and the limit d = d(E) =
limy o0 Vi/ ™1 is called the transfinite diameter of E.

Let C(E) denote the algebra of analytic functions on the set E. Let
us define the approximation errors as follows:

pna(f; E) = pna(f) = inf [|f — g,
gEMn

where || - || is the sup norm and m,(z) denotes the set of all polynomials
of degree < n.

Further, we also define

bn2(f; E) = pn2(f) = |Ln — Lpall, n>2
pn,3(f3 E) = pna(f) = |Ln — fl,

where n € N and

La(z) = Y L9 (2,n™) f ()

j=0

is the Lagrange interpolation polynomial of degree n.

Reddy [8], [9] connected classical order and type with polynomial ap-
proximation error of an entire function which is an extension of a continu-
ous function defined on [—1, 1] . Contemporarily, Rice [10] and Winiarski
[13] studied these results for different approximation errors of a continu-
ous function on the arbitrary domains. Later on, Massa [6] developed a
simpler proof of Reddy’s results. It has been noticed that these authors
fail to compare the approximation errors of those entire functions which
have the same positive finite order but their types are infinity. In order
to include this important class of entire functions we shall utilise the
concept of proximate order due to Levin [5]. Moreover, for the inclusion
of entire functions of slow growth and fast growth their results will also
be extended to the (p, ¢)-scale introduced by Juneja et al. ([2], [3]). It is
significant to mention that Shah [11] and Kapoor and Nautiyal [3] have
studied in this direction for continuous functions on the domain [—1,1].
They studied the results for («, 8)-orders. However they have to study
separately the entire functions of slow and fast growth . That is why in
our studies the (p, g)-growth has been preferred to the (a, 8)-growth.
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1. Definitions and auxiliary results

Before stating the auxiliary results it will be justified to introduce with
the concept of (p,g)-scale, p > ¢ > 1, and certain notations which will
be frequently used in the text:

exp™ z = logl™™l ¢

= exp(exp™V z) = log(log[‘m‘” z), m==1,42,...,

Apy(z) = Hlog["] zforr=0,1,...,

1+ L(p,q) ifp=g=2,
P(L(p,q)) = ‘
max(1,L(p,q)) if3<p=gq,
00 - if p=g=oc.
Let f(z) = Zanz“ be an entire function. We set M(r,f) =
n=0

max,i—r | f(2)|; M(r, f) is called the maximum modulus of f(z) on the
circle |z| = 7.

Definition 1. An entire function f(z) is said to be of (p, g)-order
p(p, q) if it is of indez-pair (p,q) such that

{p)
lim supliog M(r, )

el log[‘*] , = p(p, Q)>

and the function f(z) having (p, q)-order p(p, q)(b < p(p, q) < o00) is said
to be of (p, g)-type T'(p,q) if

logP—1]
Jimn sup 28 M(r, f)

— T 0<T < 00,
r—00 (10g[q—1] ?")p(p*q) (p! Q); s (p, q) < oo

where b=1ifp=gq,b=0ifp > q.
Nandan et al. [7] has extended the idea of prozimate order to entire
functions with (p, g)-growth as

Definition 2. A positive function pp4(r) defined on [r,,00), 7o >
expld=1 1, is said to be of the proximate order of an entire function with
index-pair (p, q) if

(1) pp,a(r) = p(p,q) as 7 — 00, b < p(p, q) < o0,
(ii) A[q}Er;p;’q(r) — 0 as r — o0; pl, ,(r) denotes the derivative of
Pp,g\T)-
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It is known [7, Thm. 4] that (logl?~Y r)Pr.a(r)=4 s a monotonically
increasing function of r for r > ro, where A = 1 if (p,q) = (2,2) and
A = 0 otherwise.

Hence we can define the function ¢(z) for x > x¢ to be the unique
solution of the equation,

z = (logl?™ 1 7)Pre (=4 = (z) = loglt= Y r.
Definition 3. Let f(2) be an entire function of (p, ¢)-order p(p, g¢)(b <
p(p,q) < o0) such that

(p—1)
log 7 M(r, /) _ T*(p,q), 0<T*(p,q) < oo.

lim su =
r—.oop (log[q_ 1 T)Pp,q(‘i’)

If the quantity T (p, q) is different from zero and infinite then p, (r) is
said to be the proximate order of a given entire function f(z) and T*(p, q)
as its generalized (p,q)-type. Clearly, proximate order and the corre-
sponding generalized (p,q)-type of an entire function are not uniquely
determined. For example, if we add ¢/logl? 7, 0 < ¢ < 0o to the proxi-
mate order pp o(7) then ppo(7) + ¢/ logl? r is also a proximate order sat-
isfaying (i) and (ii) and consequently, the generalized (p, g)-type turns
out to be eT*(p, q).

Definition 4. An entire function with index-pair (p, ) is said to be of
minimal, normal and mazimal (p,q)-type with respect to a proximate
order according as T*(p, q) as zero, positive finite and infinite respec-
tively.

Let E, be the curve defined by

E,={z€C:[¢Y(2)ld=r},

where w = 1(z) is holomorphic and maps the unbounded component of
the complement of E on |w| > 1 such that (c0) = oo and ¥ (00) > 0.
Also, we set M(r, f) =sup,cg, |f(2)| for r > 1.

The following auxiliary results will be utilised in the sequel:

Lemma 1. If f(z) is an entire function of (p,q)-order p(p,q), then

l°l 7
lim s.up4—log M(r, f)
roco  logldr

= p(p,9),
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and for p(p,q)(b < p(p, q) < 00), T*(p,q) is given by

-1 37
hmsup..]_._,.__MM
r—00 {log{q 1 ‘r‘)Pp (1)

T*(p,q).

Proof: Let 2, be a fixed point of the set E, and r > 1. Then from
[13], _
r—=2|E| —|2]| <|2| <r +|E|+|2,| z€ E,.

Forp>g>1l,a<land §>1, usmglog[qlkx’“log[]n:asm—roo,
0<k<oo,

logl?! M (ar) < log” M (r) < log! M (pr)
logdr T logllr T logldr

for r > r,.

Also, for p(p, q)(b < p(p, g) < o0), using log!¥ (k+z) ~ log¥ z as z — oo,

log® ! M(r — a) < log~ Y M (r) < log® Y M(r + ¢)
(log[q_'ll ',r-)Pp,q(") - (log[q_ll f)Pp.q{"] - (log[q_l] 7)Pria(r) ’
where
a=2|E|+ 2, c=|E|+ |zl

After passing to the limits and taking the Definition 1 and Definition 3
into account this lemma is established.

Lemma 2. If o function f is defined and bounded on a compact set
E, then

pn1(f) S |f = La|l < (n+2)p, . (f)

and _
"Ln - Ln—l" < 2('”' + 2)#n—1,1(f)) forn=23,...,

whre Ly, is the Lagrange interpolation polynomial with nodes at extremal
POINts Mnj.

The proof of this lemma is available as Lemma 3.2 in [13].

Lemma 3. Let f € C(E). Then f can be extended to an entire func-
tion if and only if

wl(f) = 0asn—oo, j=1,2,3.

This lemma is a direct consequence of Lemma 1, equation (4.5) of
Winiarski [13] and an inequality due to Walsh [12, p. 77).
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Lemma 4. For every f € C(E) and p, ;(f), j = 1,2,3, there exists

an entire function g;(z) = Z,un‘j(f)z"“ such that
=0

M(r, f) < ao + 29;(r/d).

Proof: Define the function

(1.1) f(2) =m0+ Y _{mn41(2) — ma(2)}-
k=0
Obviously, f(z) = f(z) for all z € E. We prove that f(z) = f(2) for

all z in the complex plane. For this it is enough to show that this series
converges uniformly on every compact subset of the complex plane, since

[Tn+1(2) = Tn(2)| < [|Tn41 — mnl| V2 € E
< tn41,1(F) + #n1 (f) < 2pn-1(f),

using Walsh inequality [12, p. 77], we have
7y nt+l
ITns1(2) = Ta(2)] < 2ma(£) (5) for z € Er.

Hence

IF(2)] < Imo(2)] + D Imns1(2) — m(2)]
(12) mﬂ:l n+1
<ao+2Y pna(f) (%) for z € E,.
n=0

The last series converges for every r and therefore, the series on the right
of (1.1) converges uniformly on every compact subset of C' and so f(z)
is entire and f(z) = f(z). Consider the function

9i(2) =D ()"
n=0

Since limp,_, o ;U:./_?(f) =0, j=1,2,3, by Lemma 3, it follws that each
gj(2) is entire and further, (1.2) implies the required inequality. B
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2. Main results

Theorem 1. If f € C(E) can be extended to an entire function with
indez-pair (p,q), (p,q)-order p(p,q)(b < p(p,q) < oo) and generalized
(p,q)-type T*(p, q), then for every p, ;(f), there exists an entire func-

tions g;(2) = Z,un,j(f)z““ such that
n=0

p(p: 9, f) = p(p, 9, 9;) and T*(p,q, f) = BT*(p, ¢, 95),
where B =d=°®PY) forq=1and B=1 forg> 1.

Proof: 1t has been shown in Lemma 3 and Lemma 4 that f(z) = f(2)
for all z in the complex plain and for each p, ;(f), the function g;(z) =

Z tn,i(f)z" 1! is an entire function. Winiarski [13, p. 266] has proved

tha.t. for any £ > 0,

(21) o) SKHIG, ) ("es) ,

where k is a constant and d > 0 is the transfinite diameter of E.
Using (2.1) in the power series expansion of g;(z) for j = 3, it is
inferred that

o () = L pnslS (#)w

k’rM (r, f) =
— de2e Z ene

krM(r, f)
~ def(ef — 1)’

or
log g3 (drze) O(1) +log M(r, f) + log -

Thus, in view of the above inequality and Lemma 1, for p > 2 and ¢ = 1,

p(p,1,93) < p(p, 1, f) and T*(p, 1, g3) < e2PPVGPEIT*(p 1, f),

and for p > 2,and g > 1,

p(p,q,93) < p(p,q, f) and T*(p, q,93) < T*(p,q, f)-
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Since € > 0 is arbitrary, both inequalities imply that for all (p, g),

(2.2)  plp,9,93) < p(p,g, f) and BT (p,q,93) < T"(p, 4, f)-

Further, using the inequality M(r, f) < ao+ 2g; (4), we observe that for
g=1,

p(p,1, f) < p(p,1,9;) and T*(p, 1, f) < d~*@DT*(p,1,g;),

and for ¢ > 1,

p(p: a0, f) < p(p,g,9;) and T"(p, ¢, f) < T" (P, 9, 95)-

Hence, for all index-pairs (p, q),

(23)  plp,q,f) < p(p,q,9;) and T*(p,q, f) < BT*(p,q, 9;)-

Combining (2.2) and (2.3), we have

p(p,q, f) = p(p,q,93) and T*(p, q, f) = BT*(p,q, g3)

and further, application of Lemma 2 makes this result valid for j =1
and j = 2 also. &

Theorem 2. Let f(z) € C(E). Then f(z) can be extended to an
entire function of (p, q)-order p(p, q)(b < p(p,q) < 00) if and only if

p(p,q) = P(L(p,9)),

where

. log[p_ll n
L(p,q) = limsup PRy~
n—oo log'™ " p, 1 (f)

Proof: In Lemma 3 and Lemma 4 we have concluded that f € C(E)
can be extended to an entire function if and only if g;(2) is an entire
function. Moreover, by Theorem 1, f(z) and g;(z) have the same (p, q)-
order. Applying Corollary 1 by Juneja et al. [1, p. 62] to the function

oo

gi(z) = Zun,j(f)z““ Theorem 2 follows. B

n=>0
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Remarks.

(a) For (p,q) = (2,1), this theorem includes Theorem 2 by Winiarski
[13] and further for (p,q) = (2,1), j = 1 and E = [-1,1] this also
contains a result by Massa [6].

(b) On setting (p,q) = (2,2), j =1 and E = [—1, 1] this theorem may
also be considered as an alternative proof of Theorem 5 by Reddy [7].

Theorem 3. Let f(z) € C(E). Then f(z) can be eztended to an
entire function of (p,q)-order p(p,q)(b < p(p,q) < ) and generalized
(P, @)-type T* (p, q)(0 < T"(p, q) < 00) #f and only if

$(log?~? n)
log!*™ i " (f)

3

BM(P,q)  nooo

. p(pg)—A
M - lims-up { }

where B is defined in Theorem 1 and

(p(2,2) — 1)P&D=1/(p(2,2))P2)  if (p,q) = (2,2),
M(p,q) = 4 1/ep(2,1) if (p,q) = (2,1),
1 otherwise.

Proof: To prove this theorem we apply Theorem 1 by Kasana. [4] to the
function g;(z) defined in Lemma 4 and the resulting characterisation of
T*(p, q,9;) in terms of p,, ;(f) and the relation T*(p, ¢; f) = BT*(p, ¢, 95)
taking together prove the theorem. W

Taking p, q(7) = p(p,q) VT > 7, and ¢(z) = g1/ (P(P:0)=A) e have the
following corollary which gives a formula for (p, g)-type T'(p,q) in terms
of the approximation errors of an entire function f(z).

Corollary. Let f(z) € C(E). Then f(z) is the restriction of an en-

tire function having (p,q)-order p(p,q)}(b < p(p,q) < o0) and (p, q)-type
T(p,q)(0 < T(p,q) < oo) if and only if

TP.9) _ oo log? I n

BM(p,q)  n—co (loglt=! /7 (f))emar-4"

(a) for (p,q) = (2,1) this corollary gives the Theorem 1 of Winiarski
[13] as a particular case. -

(b) On the domain E = [—1,1] and for the approrimation error i, 3
this corollary also includes some of the theorems of Massa (6] and Reddy
[7], respectively for (p,q) = (2,1) and (p,q) = (2,2).
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Theorem 4. If f(z) € C(E) can be extended to an entire function of
(p, q)-order p(p,q) such that p(p,q) = b, then for every § > 0,

[P—2] 6
lim sup (log n) =0

n—co loglt™! /()

Further, if p(p, q) > b and f(2) is of minimal generalized (p, q)-type, then

logP—2
lim sup (i[,(_()ﬁ —1;’:) =0,
e logt = /7 ()

where b has the same meaning as in Definition 2.

Proof: Since p(p,q) = b, it follows from Lemma 1 that for given € > 0
and r > r,,

log M(r, f) < expP~(loglt=1 r)ote,

Using (2.1) in above, we get

(2.4) logp;{;.‘(f) < logk + log de* —logr +

explp“zl(log["_” 1r.)tr+r;-
n

Choose the value of r satisfying

1/(b+¢)
(2.5) r = expl?~1 ( 1oglP—? L) .
b+e

For (p,q) = (2,1), (2.5) implies » = (n/e)'/¢ and using this value in
(2.4), we get

() < ke ()",

or
kl/ndeer (85)1/5
< —_—
nl/e

w3 (f)

]

which on taking limits gives

(2.6) lim Supn“‘gu;{;(f) < 0.

n—oo



APPROXIMATION AND INTERPOLATION OF ENTIRE FUNCTIONS 265

1/(1+€)
In case of (p,q) = (2,2) we observe that logr = (-"—)

1+e
(2.5) and (2.4) is reduced to

n - 1/(1+€)
l0g ptn o a_ ,
og L ,3<logk+1+s+n log de (1+€)

satisfies

or
Y - 1/(1+€)
log, 4" > (1 1 .
ogy" > (1+o0) (1)
Thus,
pl/(1+e)
(2.7) limsup————— < L.

n—oo log 3" (f)

Finally, for (p,q) # (2,1) and (p,q) # (2,2), (2.4) and (2.5) give

_ _ n _ n 1[5
log ™ () > (1+0(1) (log? 2 2) T, >4,

or

0 —1/n g n 1/(1+¢€)
gty (1) > (o) (1 ) p=a

It means that for all p > ¢ > 3,

logP—2] p)1/(b+¢)
(2.8) limsup( og[ -y n—)l/n <1
n—oo log ™ p, 57(f)

Clearly, (2.6), (2.7) and (2.8) combine to give

. (log?~2 n)?
(2.9) lim sup —7n

n—oo lOg[q-ll T (f)

< 0.

for every § > 0 and j =1,2,3.
If limit superior in (2.9) is finite and positive for some § > 0 then for
every a > 0, we have

] [p—2] S+
lim sup (([)g—l] —Tj.);n = 00
n—oo log"™  p, ()
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This is a contradiction to what we obtained in (2.9) and hence the first
part is proved. B

For the second part, we put 7%(p,q) = 0 in Theorem 2 to get the
required result.
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