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RELATIVE HERMITIAN MORITA THEORY
Part II: Hermitian Morita contexts

P. VERHAGGHE AND A. VERSCHOREN®

Dedicated to the memory of Prof. Pere Menal

Absiract

We introduce the notion of a rolative hermitian Morita context
between torsion triples and show how these induce equivalences
between suitable guotient categories of lelt and right modules.

Due to the lack of invelutive imodules, the induced Morita
cquivalences are not necessarily hermitian, however.

g. Introduction

In the first part of this paper [12], the authors essentially intro-
duced and studied hermitian Morita theory for arbitrary involutive
Crothendieck categories, generalizing previous work by Habn [9] et al.
Using the Gabriel-Popescu theorem [3], this study reduces to the stndy of
categories of the form (A, o)-mod, i.¢., quotient categories of the category
A-maod of left modules over some ring A by a localizing subcategory 7,
consisting of all left A-modules, which are torsion with respect to some
idempotent kernel functor o in A-mod.

More precisely, one starts in the aforementioned paper from the notion
of a torsion triple (4, e, ), where (4, ) is an algebra with involution
over some fixed commutative ring B and where ¢ is an idempotent ker-
nel functor in A-mod. The idempotent kernel functor o then induces an
idempotent kernel functor a{e) in mod-A, defined by letting its Gabriel
filter £{ar(o)) consist of all right A-ideals a(l) with I € L{z). In par-
ticular, one may then localize 4 with respect to both ¢ and a(o), thus
obtaining rings of quotients Q,(A) resp. Q,0)(A), which, in general,
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are not isomorphic, however. Let (B, 3, 7) be a second torsion triple and
let

(PQE:P—Q 11 Q:(PRBsQ) — Qr, v: Qu{Q@®5 P) — (o(A))

be a relative hermitian Morita equivalence, i.e., we assume P resp.
to be a (r,o)-invertible B-A-bimodule resp. a {7, 7}-invertible A-B-
bimodule defined over some fixed commutative ring R, ¢f. [12], p resp.
v to be isomorphisms of B resp. A-bimodules and @ to be an additive
bijection, with the property that 8(bpa) = o{a}d(p)f(b) foralip € F,a €
A and b € B, these data satisfying some natural compatibility conditions,
cf. [12]. In this case, P is a so-called inwolutive B-A-bimodule in the
sense that there i a B-A-bimodule isomorphism P %“g (@, Q-(B}°,
where for any A-B-bimodule M, we define the B-A-bimodule PM® by
b-m-a=alaymp(d), foralla € A, be B an m e M. Tt follows thai
the existence of a relative hermitian Morita equivalence between the
torsion triples (A4, a,0) and (B, 5,7) implies that Qu(A) = Qo (A4)
and Qgy{B) = @-{B) up to canonical isomorphism.

Using this, the authors of [12] were able to derive a hermitian version
of Morita I, {i.e., they showed that any relative hermitian Morita eqguiv-
alence as above defines an equivalence between the categories S(A, o, 0}
and S(B, 3, 7) of so-called o-sesquilinear left A-modules} as well as a
hermitian version of Morita 1I.

In the present note, we introduce the notion of a relative hermitian
Morita context between torsion iriples. Using techniques, which are
originally due to Muelier [15], we show that such Morita contexts in-

. duce cquivalences between suitable quotient categories of left and right
modules. However, the induced Morita equivalences are not necessarily
hermitian, in geperal, mainly due to the lack of involutive bimodules.

We will see in this note, that relative hermitian Morita contexts exactly
induce so-called relative hermitian Morita biequivalences in the sense
given below, thus providing the proper framework into which Mueller’s
results may be generalized in Lhe hermitian case. The behaviour of rel-
ative sesquilinear modules in the present set-up and, more generally in
that of Morita contexts between so-called linked pairs will be the object
of [13].

1. Generalities
Notations and terminclogy will be as in [12]). For the reader’s conve-

nietce, let us briefly recollect here some of the main featurcs that will
be used throughout.
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{1.1} In this nole, £ will be a conynutative ring and A, B,... will
be R-algebras. We denote by A-mod resp. mod-A the category of left
resp. right A-modules. Tf A, N are left resp. right A-modules, then
we write 4[M, N] resp. (M, N]a for the corresponding sets of A-linear
wmorphisms. If A and B are both R-algebras, then we denote by A-mod-B
the category of A-B-bimodules defined over R,

{1.2) An R-algebra with involution is a couple {4, o), where A is an
H-plgebra and o 1 A — A an B-lavolution, ie., an [-linear map with
the property that &? = idy and o{ad’) = a(d’)a(e) for all g, &’ € A, If
we only wish to consider rings with invelution, it suthces to let R = Z.

Let {A, ) be an R-algebra with involution. If A is a lefi A-module,
then by definition, the right A-module A/® has the same underlying
additive group as M and its right A-action is given by m - o = ala)m,
for any m € A and o € A. Siuce any left A-lincar map v : M — N
induces a right A-lingar map «® ¢ M — N7, this actually yields an
exact covariant functor (-}? : A-mod — mod-A. For A € mod-A, we
define “AM € A-mod similarly, thus yielding an exact covariant functor
2{—}: mod-A — A-mod.

If (B,B3) is another HR-algebra with involution, then for any
M € A-mod-B, we define PM* € B-mod-A by putting b-m-a =
claymfB(b) forany e € A, b€ Band m € M. It (B,8) = (A,a), then
wa write M, for M.

In particular, if A € A-mod-B and N € B-mod-A, then morphisms of
A-B-bimodules M — ©N? correspond bijectively to additive inorphisms
#: M — N with the property that 0{amd) = B(0)8(mlale} for any
a€ A b€ Bandmec M. We call such maps A-B-antimorphisms. If
& is invertible, then we speak of an A-B-anti-isomoerphism. If (A, o) =
(B, 8], then we will also speak of antimorphisms and anti-isomorphisms
of A-bimodules.

(1.3) I ¢ is an idempotent kernel functor in R-mod with associated
localization functor §,, then any R-algebra with involution {4, @) in-
duces an fZ-algebra with involution {Q,(A), &), where & is the extension
Qo () of a to Q,(A).

More generally, let (A4, a) be an R-algebra with involution and let
o be an arbitrary idempolent kernel functor in A-mod, (we then call
(A, a,0) a (left) forsion triple - right torsion triples and related concepts
are defined similarly), then & induces an idempotent kernel functor a(s)
i mod-A, defined by its Gabriel filter £{a{w)}, which consists of all right
ideals (L) of A with L € L{o). In particular, for any right A-module
M, it follows that m € M belongs to a(a} if and only if ma(L) =0
for some L € L(7). Tet Q) resp. Q;;(G) denote the localization functor
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at o resp. afo) in A-mod resp. mod-A. It then has been proved in
[12] that the involution @ : A — A extends to an anti-isomorphism
& QL{A) — Qo) (A), Le., an additive bijection with the property that
&lgq") = &lg)alq), for any ¢,¢' € QL (A). However, in general (in the
absence of involutive bimodules, c¢f. [12, (3.7.)]), the R-algebras Q% {A)
and Q;(a)(A) are not isomorphic and o does not extend to an invelution
&: QL (4) — QL(A)!

{1.4} We lcave it as an exercise to the reader to verify that for any
M € A-mod resp. N € mod-A and any idempotent kernel [unctor ¢
in A-mod we have a{g)M* = (0 M)* resp. o(®°N} = *(afo)N). ltis
then fairly easy to deduce, for example, that for any A-bimodule M the
A-bimodules Q;(U)(M) and @QL{M,), are isomorphic i.e., that there

exists an anti-isomorphism Q (M) = @7,y (M) of A-bimodules.

From this, it easily follows, for example, that the ring A is o-closed
if and only if 4 is a{o)-closed. Indeed, the involution o induces an
isomorphism of A-bimodules 4 = A,. But then, if A is g-closed, the
A-bimodule isomorphism A = QY (A) induces an isomorphism

A2 A, 2 QL(A)a ® Qe 4a),

which proves that A4 is a{o)-closed. The converse may be proved in a
similar way.

2. Hermitian Biequivalences

{2.1) Lei us fix a pair of -algebras A and B and idempotent kernel
functors o resp. 7 in A-mod vesp. B-mod. Recall from (18], [19] that
an A-B-bimodule @ s said to be {o, 7)-flat, if it possesses the following
two properties:

{2.1.1) if M” € B-mod is torsion with respect to 7, then Q®@p M" €
A-mod is torsion with respect to o;

{2.1.2) for any monomorphism i : M’ — M in B-mod, the kernel
Ker((J ®g 1) € A-mod is o-torsion.

In particular, if @ is a {g,7)-fat A-B-bimodule, then it follows, that
for any left B-module Af there is a canonical isomorphism of left A-
modules QL(Q ®5 M) = Q4L(Q @5 QL(M)). Applying this to M = B,
it. follows that any o-closed (o, 7)-flat A-B-bimodule ¢ is automatically
QL (A)-QL(B)-bimodule.

Finally, recall that a o-closed A-B-bimodule @ is said to be (o, 7)-
invertible, if it is (o, 7)-flat and if there exists another -closed (7, o)-flag
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B-A-bimodule P together with bimodule isomorphisms g : @L{P ®4
Q) = QL(B) resp. v: QL{Q ®p P) = Q,(4).
The right-handed version of these notions is defined similarly.

(2.2) As in [18], one defines a relative (left) Morita equivalence be-
tween (A, o) and (B, 7) to be a fuple

(PQ.u:QUre Q) — QLB v: QL{Q®s P) - QL(A),

where P and @ are {7, 0) resp. (o, 7}-invertible biinodules and where 1
resp. » are bimodule isomorphisms, all of these data being defined over
B, Relative right Morita equivalences are defined similarly.

1t has been proved in [18|, that one may always modify the isomor-
phisms p and v in such a way that they satisly for any p,p’ € P,
a4 e@ acAandbe B

wp L g)p’ = prig Lp') resp. viq L p)g’ =quip L '),

where, for example, p L ¢ denotes the image of p® ¢ under the canonical
map PR, @ — QLUP &4 Q). So, without restriction of generality, we
will assume this condition to be satisfied for any left resp. right Morita
equivalence used in this text.

{2.3) With notations as in the previous paragraph, it has been proved
in {18] that any relative Morita equivalence (P, {}, , ) determines an
equivalence between the quotient categories (A, o)-mod an {B, 7}-mod,
given by the functor

F=Q.(P®4—):{4,5)-mod — (B, 7)-mod
and its adjoint
G=Q{Q®p —): (B,7)-mod — (4,0)-mod.

Conversely, if (¥, G) : (4, ¢)-mod = (B, 7)-mod is an equivalence of cate-
gories, then {F, G) determines a relative Morita equivalence (P, @, i, v).
Indeed, put P = F(QL{A)) resp. @ = G(QL(B)) both endowed with
their canonical bimodule structure. One may then show that {up to
isomorphism) F = QL{P®4 —) resp. G = @ {Q ®p —). We then let
u resp. v denote the morphisms obtained by applying the natural iso-
morphisms FG = id(p r).mod esp. GF = id(4 .)-mod to QL(B) resp.
Q' {A). It may finally be shown that these data determine each other
up to isomorphism.
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(2.4) Let us define a relative hermitian Morite biequivalence between
the torsion triples (A, a,o) and (B,3,7) to consist of a relative left
Morita equivalence

(PLQu iy QLP ®A Q1) — Qp(B), m: Q5 (Q: ®3 P) — Qo (A)
between (A4, ) and (B, 7) and a relative right Morita equivalence

(Pr; Qr: tir t QE}(-,—)(Pr ® 4 Qr) - QB(?)(B):
vr t Qo (@r B Pr} — Qurey(A))

between {4, als)) and (B, (7)), linked by a B-A-anti-isomorphism
g - P5Q,.

Of course, one then easily verifies that the map & also induces a B-A-
anti-isomorphism 87 : P. 5 Q.
Note also that & induces bimodule isomorphisis

Py 5 AP Qo) (A resp. Q1 5 §lQ0, Qi (BN

and - '
P, S 3[R, QLB resp. @r 5 41Qu Q4 (A)).

(2.5) On the other hand, define a hermitian biequivalence between
torsion triples {4, o, ¢) and (B, 8,7} to be a couple of equivalences

(F',GY : (A, o)-mod = (B, 7)-mod

Tesp.
(F7,G"} : mod-{4, o{c)} = mod-( B, B{7)},

linked through an isomorphism
Q@ FI=Y S F((-)*)

Since
GIF! = 3Id(;}i.,::r]l—mcrd resp. Gler = zIdmc:‘d—(;\,c:f(ar)}ﬁ

it then also follows that there exists an isomorphism

6" G-} 2 G ((-)7).
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Indeed, if ¥ € (B,7)-mod, say with N = F'M for M € (A, o)-mod,
then, up to natural isornorphisin
GL(N)Q — (G!Fiﬂflr)n = MO
= GTFT(M®) = G"({F'M)*)
- ),

which proves the assertion.
{2.8) Comnsider a relative hermitian Morita biequivalence

((FLGHAFT,G7), 0 FU=)P 5 Fr((=)*)

between the torsion triples (A4, e, o) and (B, 4, 7) and let (€, ) be a third
algebra with involution. Let M be a o-closed A-C-bimodule. Clearly,
right multiplication by elements of C is left A-linear, hence this action
canonically endows F!Af with a C-B-bimedule structure. From this, it
easily follows that the isomorphism ©° extends to an isomorphism

0" TF ()7 5 F(T(-)%),
when restricted to A-C-bhimodules in (A4, 7)-mod.

(2.7} Lemma. Lei (A,a,0) and (B.3,7) be lorsion iriples, let P
be & B-A-bimodule and @ an A-B-bimodule and let 86 : P — () be an
A-B-anti-isomorphism. Then for any left A-module M, there 1s a natural
isomorphism

QLP ®s M) 5 Qs (M7 ®4 Q)

of right B-modules.
Proof: First note that therc is a natural isomorphism
Yar (PRAMP S MY @,Q:p0m— m&6(p)
of right B-modules. So,

QLP &4 M)’ = QLP((P o M) = Q) (P ®a M)P)

(*) o o
= Q) (M R4 Q),

where the isomorphism («} is just Qpy{¥ar). This proves the asser-
tion. W

We may now prove:
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(2.8) Theorem. Let (A, «,¢) and (B, 3, 7) be torsion triples. Then
there 15 o bijective correspondence between

(2.8.1) (isomorphism classes of } relative hermitian Morile biequivo-
lences between (A, o, 0) and (B, 5, 7);

(2.8.2) (isomorphism classes of) hermitian biequivalences between
(A, o,0) and (B,3,7).

Proof: First, let us consider a relative hermitian Morita bieguivalence
between the torsion triples (A, a,o) and (B, ,7), determined by the
relative Morita equivalences

(P, Qu it - @UE ®4 Q) — QLUB), v : QL(Qi®p F) — QL(A))
resp.
(Pr, Qr ttr : QP @4 Q) = Q7(B), v : QL(Qr @5 Pr) — Q4 (A))

and the B-A-anti-isomorphism 8 : B = Q.. Then we may associate to
it a hermitian biequivalence

((FLG, (F,G7), € FH (=) 5 FT((—))

between the torsion triples (4, «, o) and (B, 8,7), with
= er(R ®A ._.), GI = QE}_(QE ®B —)_’ }ﬂr _ a(g)( ®A P) resp.
- QB(T)(_ ®p @), and with

@ F (V¥ =@ (Pos— )V (o) (=) ®a QTJ = F7{{-)")

determined by the B-A-anti-isomorphism &' : P = Q,, using {2.7).
Conversely, consider a hermitian biequivalence between the torsion
triples (A, e, 0} and {B, 8, 7) given by the equivalences

(F', G : (A, o)-mod = (B, 7)-mod

and
(FT: Gr) : de—{A, a(g)) =3 D]Od'(B: ﬁ(?’)),

linked through the isomorphism
0 : Fi(=)° 5 F{(-)").

By thc remarks made in (2.3), we then obtain a relative left Morita
eguivalence

(P = FHQL(A)), Q= GUQLBY, i, ),



Herairian MORITA CONTEXTS 1043

where i and 1 arc induced by the isomorphisms F!'GH = 1d( 3 7 )-mod
resp. GHRE S {4, o) -mod, a0t a relative right Morita equivalence

(P = GT(Qpr(B)), @r = FT(QL ) (A), piry20),

where g, and »,. are defined similarly.

Finally, if we restrict to A-bimodules, then the remarks made in (2.6)
show that the isomorphism ©° induces an isomorphism

O O D RN A (CW
so, In particular, this yields an isomorphisin
CEHQL(AY S QL (A)e)

With @, = F‘"(Q;(g)(fl)) € mod-(B. 8(7)), we clearly obtain a second
isomorphism

FT_(QE;(A}a) = F7 QLo (Aa)) = Qp(r (@i oy (Aa) ®a @r)
Qiiry(Aa ®a Qr) = Q@) = @,
where the last isomorphism of A-B-bimaedules is induced by

Ae ©4Qr — @y :a®q— afa)g.

Composing the previous isomorphisms (with P = F'QL(A)), we then
cbtain an isomorphism of A-B-bimodules ”PE‘B — )y, Le., a B-A-anti-
isomerphism # : B, — @, defined over R.

It is now easy Lo verily that the isomorphism

Fi(=)f = Q184 =) 5 Qi {((-)" ®a Qn) = F((-)%)

is actually induced by & : P, — @,, exactly as in {2.7), proving that the
previous constructions are mutually inverse to each other. B

(2.9} Note. With notations as before, let us call a relative hermitian
Meorita biequivalence involutive, if P, = P, (up to isomorphism). The
anti-isomorphisms & : P, — @, and 87 : P, — (; may then be used to
show that Q) = @, as wel] But then, it follows that §' and ¢” induce
anti-isornorphisms #' — @ resp. 87  P. — Q.. In particular, it
follows that the rclahve Monta equivalences determined by (£, Q) resp.
(P, Q) are actually relative hermitien Morita equivalences, in the sense
of [12]. The theory developed in [12} then shows that the involution «
resp. 4 on A resp. B uniquely extends to an involution & resp. B
on R {A) = Q;[a)(fl) resp. @' (B) = Qf¢n(B). Moreover, P = F,
resp. ¢ = @, is then canonically endowed with a QL(B)-Q%(A) resp.
@ (A)-Q' {B)-bimodule structure.
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3. Hermitian Morita contexts

(3.1) For any pair of rings (A, B}, we define a Morita context between
A and B to be a tuple

M:(P,Q,,U:P‘@AQ—"B,U:Q@gp—iA),

where P is a B-A-bimodule, @ an A-B-bimodule and where g resp. v
are morphisms of B- resp. A-bimadules, satisfying for any p, p’ € P,
7, ¢ €Q,

plp® g}’ =pr{q@yp') resp. vig®@p)d = aulp @ ¢).

In other words, we want the following diagrams to commute:

&P
P®:sQ@pP 2, B@sP

o] 1

P4 A D — P

v@Q
QB PRI —— ARAQ

- |

Qs DB _ Q@

The images of v 1esp. p are twosided ideals of A resp. B and will be
denoted by Ja resp. Jp; they are called the trace idecls of the Morita
context A,

(3.2) Let us now assume (A,a) and (B, B) to be R-algebras with
involution. We then define a hermitian Morita contezt between (A, a)
and (B, ) to be a tuple

H=(P,Q8:P-Q u:PRsQ o> B v:QopP — A)

where P is a B-A-bimodule, @ an A-B-bimodule (both defined over i)
# an additive bijection and where y resp. v are morphisms of B- resp.
A-bimodules.

Moreover, these data should satisfy the following requirements for any
p,PeEP gde@. acdandbe B:

(3.2.1) 8(bpa) = afa)d(p)(H);
(3.2.2) u{p@ g)p' = pr(g@p’) vesp. v(g@p)g = qulp®¢');
(3.2.3) p(p8(p')) =A(16(p' ®8(p))) resp. v(8(p)®p") =a(v(8(p)®p)).
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{(Of course, the first condition just says that the bijection 8 - P — Q)
is a B-A-anti-isomorphism).

(3.3) Examples. It is easy to see that a hermitian Morita equivalence
in the sense of [3], [9] determines a hermitian Morita context, in the
ohvions way.

More generally, recall that a relative hermitian Morita equivalence
between torsion triples (A, a,¢) and (B, 3, 7) is defined in [12] to be a
tuple H, of the form

(P,@.60:P—Qu: QPRAQ) = QL(B). »: Q,(Q®s P) — Q,(4)),

where P resp. & is a (r,o)invertible B-A-bimodule resp. a
(o, T)-invertible A-B-bimodule defined over R, where @ is a B-A-anti-
isomorphism and where p resp. » is an isomorphism of B- resp. A-
bimodules, these data satisfying relations as in (3.2), but replacing
tensor products with relative tensor products, i.e., considering for ex-
ample @ (P ®4 Q) instead of P ®4 Q. 1t may be shown that the
existence of a relative hermitian Morita equivalence between (A, o, o)
and (B,8,7) implies the involutions e resp. 3 to extend to involu-
tiohs & resp. B on QL(A) resp. QL(B), ¢f. [12, (3.7.)]. Writing
jreg i P®1Q — QLP ®4 Q) 1esp. joer : QO P — QLQ®s P)
for the canonical morphisms, it then follows that ‘H, induces a hermitian
Morita context

H=(P,Q,8:P>Q, i:P®4Q— QUB),7: Q&5 P — Q,L(A))
between (@ (A), &) and (QL(B), B), wilh ji = ojpgq resp. ¥ =vojoge.
(8.4) Consider a hermitian Morita context
H=(P.Q,0:P—Q u:POiQ— B,v:Q&zP —A)

between the R-algcbras with involution (A, o) and (B, #) and let J4 and
Ji be the trace ideals of the associated Morita context

M=(P,Qu:P@sQ— B, v:QozP — A)

We will then also call J4 and Jg the trace ideals of the hermitian Morita
context H. It is then easy to see that a(J4) = Ja and B(Jp) = Jg.
Indeed, if j € Ja, then 7 = v(5 . g ® p;), for some p; € P and some
q; € Q. For any index ¢, pick p} € P with ¢; = #(p}), then

alj) = a ( (Z 4@ ;)) = S (B ®p:) =

3

T

= ZU(Q(;D%) @P:) = Jz\-
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So, a(Ja) € Ja, whence equality as J4 = afa(Ja})} C aJa) as well. A
similar argument, shows that 8(Jg} = .Jp.

(3.5) For any twosided ideal I of a ring A and any left resp. right
A-module M, let us denote by Annh, (I} resp. Annj, (I} the set of all
m € M with the property that I = 0 resp. mI = 0. Then, as
in {15}, for any twosided idcal I of a ring A, the set of all M € A-
mod with the property that Ann, (/) = 0 is the torsionfree class of an
idempotent kernel functor in A-med, denoted by o%. The corresponding
Gabriel filter £{o%) consists of all left ideals L of A with the property
that Annb,{I) = 0 implies that AnnY, (L) = 0 for all M € A-mod. The
quotient category (4, o})-mod of A-mod associated to o} consists of all
M & A-mod with the property that the canonical map M = 4[A, M} -
all, M] is bijective.

Note also that if A is left noetherian, then ¢} is just the usual symmet-
ric idempotent kernel functor o; in A-mod associaied to I, with Gabriel
filler generated by the positive powers I™ of I. Indeed, clearly oy > ai,.
On the other hand, if A = 0 and il m € o, M, then ["m = 0 for
some positive integer 1. Since AnntM =0, it follows that 7 = 0, hence
oM =0 as well. So, G’; = oy, mdeLd

The idempotent kernel functor ¢} associated to I in mod A is defined
similarly, using Ann’y, (1) instead of Annd, (F).

(3.6) Lemma. Lei (A, ) be an R-algebra with involution and let I
be @ twosided ideal of A, then als}) = crz;{‘,).

Proof: The idempolent kernel functor a(oh} is defined through its
Gabriel filier L{a{c!)), which consists of all right A-ideals a(l) with
L € £(d%). So, let L € L{o}) and let N € mod-A be such that
Anny(a(I)) = 0. If M = “N, then Annb, (I} =0, as one casily checks.
So, by definition, Annl, (L) = 0 as well. But then, it also follows that
Annfy(a(L)) = 0, so a(L) € E(JQU)) We thus find ihat a{c}) < o7,
hence a(o}) = Thrys by symmelry. W

(3.7) To the trace ideals J4 and Jz of a hermitian Morita cantext

=(P:Q,6’:P—}QHU,:P@AQ-—PB,V:Q@)BP—}A),

we may associate, by the foregoing, idempotent kernel funciors oy = Ui;A

resp. oy = of}D in A-mod resp. B-mod and ¢}y = o7, vesp. o =g},
in mod-A resp. mod-B. Moreover, as a{Ja) = J4 and 8(Jp) = Jp, it
follows that a{d;) = ¢’y and B{c%;) = 7. The associated localization

functors will be denoted by Qf‘l resp. Qfg and @7, resp. Q%.
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(3.8) Recall from [15], [18] that any Morita context
M=(P,Qu:P®aQ— B, v:@®p P — A)

induces an equivalence between the quoticnt categories (A, o )-mod and

(B, o%)-mod through the functor
Ft=41Q, -] : (A, d4)-mod — (B, o%)-mod
and its adjoint
G! = [P, ~] : (B, 0% }-mod — (A, 0')-mod.
From [15], we also retain that, up to canonical isornorphism, we have
5P, Q5(B)] = Q4(Q) resp. A[Q, Q4{(A)] = Qi(P).

Indeed, for any M € (4, c4)-mod, we have

A[B[P: Q!B(B)]: B[P: A[QM”
B[Q!U(B): A{Q:M]]
= 4lQ. M) = 4(Q4(Q). M),

alslP, Qi(B)), M)

so [P, Q% (B)} = Q%(Q). The other isomorphism may be derived in a
stmilar way.
In view of the general theory developed in [18], it then follows that

F' = alQ ) = Qp(Qp(P)®4 —) = Qp(P &4 -)
and similarly
G' = 5P, ] = Qu(Q4(Q) @5 —) = Qu(Q®p -).
It also follows that the maps i and ¢ extend to bimodule isomorphisins
i Qp(P ®a Q) — Q5(B) .

and
vi: Q4 (Q @8 PY — Q4(A).

In particular, we thus obtain that the Morita context M induces a rela-
tive left Morita equivalence

(Q5(P), Q4(Q), 1 : QH(P®AQ) — Q(B), v : Q4{QEpP) — Q%4(4))
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between (A, 0) and (B, 1), which we will usually denote by M,

(3.9) Of course, in a completely similar way, one may derive that M
induces an equivalence between the categorics mod-(A,07) and mod-
(B, o%) through the functor

F" =[P, —]a: mod-{A, %} > mod-(B, o)
and its adjoint - -
G" =1@,—|g : mod-(B, o) — mod-(A,a}).
Morcover, we then also have that
FT =[P —]a=Qp(-®1Q5(Q)) =Qr(-®4Q)
and that ‘ _ _
G" =@, —ls = Qul{— 95 Qu(P)) = QL(— 85 P).
Again, we thus obtain a relative right Morita equivalence M” given by
(Q5(P), QA(Q), itr: QB (PBRAQ) — QB(B),v: QL(Q®s P) — Q4(A))
The previous discussion then implies:
(3.10) Theorem. Any hermilian Morita contezt’
H=(P,@Q6:P-Q p:PRsQ—B,v:QRs P — A)

between the R-algebras with involution (A, o) and (B, 8) induces a relo-
tive hermitian biequivalence, given by

(Q(P ®4 =), Q4(Q &5 —)) : (4,0%)-mod = (B,0)-mod
and
(Q5(- ®4 Q),Qa(- @5 P)) : miod-(4,0%) ~ mod-(B, 0p),
and where the isomorphism
O Qp(P®a—) > Qa((-)"©4 Q)7
is induced by 8, as in (2.7). |
(3.11) Note. Starting from the hermitian Morita context

H=(PQO: P, u:PRa4Q—B,v:Q®zP — A),"
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we may also construct directly [rom it a relative hermitian Morita
biequivalence (equivalent to the hermitian biequivalence determined by
the previous theorem), given by

(3.11.1) the relative left Morita equivalence
M= (P, Quu: QBU ®@aQ) — Q'5(B), m: QW Qi@ P) — Q4(4)),

where P, = QIB(P}, Q1 = Q4 (@) and where y; is the morphism

' )
Q(): Qp(P®AQ) = Qp(Q5(P)RAQL(Q)) =Q,(P®AQ) — Qj(B)

and where, similarly, v; is the morphism

(+)
Q4(): Q4(Q:®5P) ¥ Q4(Q4(QN®RQL(P)) = QL (Q®pP) — QU(A)

and where the isomorphis.ms (#) hold by the relative flatness of P and
@ with respect to o, and O‘B,
(3.11.2) the relative right Morita equivalence A" given by

(P, Qe ttr : Q5(Fr ®4 Qr) — QR{(B), v Q4(Qr ©@5 P} — Qu(A)),

defined in a similar way;
(3.11.3) the B-A-anti-isomorphism 8 : £, — @, cbtained by apply-
ing the following Lemma to the B-A-anti-isomorphism 6 : P —

(3.12) Lemma. FLet (A, ) resp. (B, 5} be R-algebras with snvolution
and le o be an idempolent kernel functor in A-mod. Denote by (o) the
induced idempotent kernel functor in mod-A. Let M be an A-B-bimodule,
N o B-A-bimodule and let 8 : M — N be an A-B-antimorphism. Then
8 induces an A-B-antimorphism 6 @ QL (M) — Q;(a)(N)‘

Proof: The morphism & induces an A-B-linear morphism
# : M — °NB  which localizes to an A-B-linear morphism
QL(6) : QL (M) — QL{("NP). From [(2.6.), 12], it follows that

QL(*N") = Qs (V)P

in  B-mod-A, so @Q.(#) may be viewed as a morphism
g QL (M)~ Qj_;(g)(N), satisfying the above requirements. B

(3.13) Consider a hermitian Morita context

H=(PQ,0: P—=Q upn: PRiQ—B,v:QagFP — A
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between the algebras with involution (A4, a) and (8, 8}. We say that ‘H
is right normalized if the underlying Morita contexl

(P:Q=U5P®AQ—’B=U?Q®BP“’A)

is right normalized, in the sense of {15], i.¢., that the natural maps
A — [Q,B}B, Q — [PgA]A, A — [QQ]B and B — [P,P]A are iso-
morphisms. (Recall that any Morita context canonically induces a right
norrnalized context, cf. [15, (2.4.)]). From [15, Theorem 7], it then
follows that the natural maps A — [Ja,A]ls and P — [Ja, Pla are
bijective, i.e., that A and P are ¢’y-closed. So, A = Q% (A) and P = F,.

On the other hand, since the equivalence mod-(A4, %) = mod-(8,0%)
is given by F™ = [P, —]4 and its adjoint G™ = [@, —]p. it follows that
B = [P, P)a = FT{P) is o};-closed. From the remarks made in (1.4), it
thus follows that A resp. B is ol resp. ol-closed, as well.

Next, it follows from the existence of the B-A-anti-isomorphism
g : P — Q and the induced 87 : P, — @y, that @ = @) as A-B-
bimodules. But then, up to isomorphism of A-B-bimodules, we also
obtain that

Qr = Q(Q) = Q5("PP) =°QL(Pf =P = q,

and similarly that P = P.
We thus have proved that the hermitian Morita biequivalence induced
by H is involutive in the sense of {2.9), hence:

(3.14) Proposition. Euvery right normalized hermitian Morita con-
lext

H=(P,Q0:P—Q p:PRaQ— B v:Q8sP— A

between the algebras with involution (A, «) and (B, ) induces ¢ relative
left hermitian Morita equivalence

H =(P,Q,0:P—Q, 1:Q5(P®4Q)— B,v: Q4(Q&p P) — A)

between the left torsion triples (A, o, 0) and (B, 8,7} and a relative right
hermitian Morita equivalence

Hr:(P:Q:B:P“-’Q: ;'ier%(P®AQ)_’BaUr:Q;(Q®B P)_}A)

between the right torsion triples (A, o, (o)) and (B, 3, 5(7)).
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