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Abstract

OSCILLATIONS OF THE SOLUTIONS OF
NONLINEAR HYPERBOLIC EQUATIONS

OF NEUTRAL TYPE

D.P. MISHEV AND D.D . BAINOV

In this paper nonlinear hyperbolic equations of neutral typé of the
form

2

(~t2 [u(X' t) + a(t)u(x' t - T)] - [Au(x, t) + 11(t)AU(x, t - u)]
+ c(x, t, u) = f(X, t),

	

(x, t) E 9 x (0, oo) - G,

are considered, werre r, a = const > 0, with boundary conditions

an +7(x, t)u = g(x, t),

	

(x, t) E ast x [0, oo)
or

u= 0,

	

(x, t) E asl x [O,oo) .
Under certain constraints on the coefficients of the equation

and the boundary conditions, sufficient conditions for oscillation
of the solutions of the problems considered are obtained .

1 . Introduction

In the last few years results related to the oscillatory properties and
asymptotic behaviour of the solutions of some classes of hyperbolic equa-
tions were published . We shall mention especially the work of K. Kreith,
T . Kusano and N. Yoshida [4] in which suficient conditions for oscillation
of the solutions of the nonlinear hyperbolic equation

utt - Au + c(x, t, u) = f(x, t)
considered in a cylindrical domain are obtained . Oscillatory properties
of the solutions of hyperbolic differential equations with a deviating ar-
gument were investigated in the works of D . Georgiou, K. Kreith [2], D .
Georgiou [3] . Hyperbolic differential equations with maxima were inves-
tigated in the work of D . Mishev [6] and some conditions for oscillation
of the solutions of hyperbolic equations of neutral type were obtained by
D. Mishev and D. Bainov in [7], [8] .

The present investigation is supported by the Ministry of Culture, Science and Edu-
cation of People's Republic of Bulgaria under Grant 61 .
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2 . Preliminary notes

In the present paper sufficient conditions for oscillation of the solutions
of nonlinear hyperbolic equations of neutral type of the form

a
(1)

	

eta
[u(x, t) + A(t)u(x, t - T)] - [DU(x, t) + p,(t)DU(x, t - Q)]+

+ c(x, t, u) = f(x, t),

	

(x,t) E SZ x (0, oo) - G,

n
are obtained, where T, Q = const > 0, niu(x, t) _

	

u.,., (x, t) and 9 is
-i

a bounded domain in R'n with a piecewise smooth boundary.
Consider boundary conditions of the forin

(2)

	

~n
+ ~(x, t)u = g(x, t),

	

(x, t) E &SZ x [0, 00)

(3)

	

u = 0,

	

(x, t) E áQ x [0, 00)

We shall say that conditions (H) are satisfied if the following conditions
hold :
H1 . ~(t) E Ca ([0, 00) ; [0, 00)),

p, (t) E C([0, 00) ; R),
H2.

	

c(x, t, u) E C(G x R; R),
113 .

	

c(x, t, -u) = -c(x, t, u),

	

(x,t, u) E G x (0, oo),
114.

	

c(x, t, u) > p(t) - h(u),

	

(x, t, u) EG x . (0, oo),
where p(t) is a continuous and positive function in the interval (0, 00) and
h(u) is a continuous, positive and convex function in the same interval
(0 , 00 ) .
H5 .

	

f(x, t) E C(G; IEB)
116.

	

g(x, t) E C(8Q x [0, oc) ; IR)
H7 . -y(x, t,) E C(09 x [0, oc) ; [0, o0)) .
Definition 1 .

	

The solution u(x,t) E Ca (G) n Cl(G) of problem
(1), (2) ((1, (3)) is said to oscillate in the domain G if for any positive
number p, there exists a point (xo, to) E 9 x [p,, 0o), such that the equality
u(xo, to) = 0 holds .

In the subsequent theorems sufficient conditions for oscillation of the
solutions of probem (1), (2) and (1),, (3) in the domain G are obtained .
We shall note that in the work of K. Kreith, T. Kusano, N. Yoshida
[4] conditions are obtained for the oscillation of the solutions only of
problem (1), (2) in the case when A(t) -- 0, p(t) -- 0 and -y(x, t) - 0 .
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Introduce the following notation :

where 191 = fsz dx .

With any solution u(x,t) E C2 (G) f1 Cl (G) of problem (1), (2) we
associate the function

Lemma 1. Let, conditions (H) hold and let u(x, t) be a positive solu-
tion of problem (1), (2) in the domain G. Then the function v(t) defined
by (5) satisfies the differential inequality of neutral type

2
(6)

	

dt2 [v(t) + A(t)v(t - ,r)] + p(t)h(v(t)) < G(t) + p(t)G(t - a) + F(t),

t _> to, where to is a sufficiently large positive number .

Proo£- Let u(x, t) be a positive solution in the domain G of problem
(1), (2) and to = max{T, a} . Then u(x, t - -r) > 0 and u(x, t - a) > 0 for
(x, t) E 52 x [to, oc). We integrate both sides of equation (1) with respect
to x over the domain 9 and obtain for t ? to :

v(t) =
191
1

	

- 1~ u(x, t) dx,

	

t > 0.

jt2

	

u(x, t) dx + A (t)

	

u(x, t - -r) dx
J
- ~~ áu(x, t) dx+

+ p, (t)

	

Du(x, t - a) dx] +

	

c(x, t, u) dx =

	

,f(.x, t) dx .
in

	

f9

Rom Green's formula and condition H7 it follows that

Du(x, t) dx =
fao án

ds = ~~ [g(x, t) - -y(x, t)u] ds < ~~ g(x, t) ds

(9)

	

áu(x, t - a) dx =

	

&u
(x, t - a) ds =

f9

	

lasa 8n

= ~~[g(x, t - a) - 7(x, t - a) - u(x, t - a)] ds <_< ~sa g(x ' t - a) ds

(4) F(t)
1

=
f

f(x, t) dx, t > 0,

(5) G(t) = IS2I ~~ g (x, t) ds, t > 0,
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Moreover, from condition H4 and Jensen's inequality it follows that

(10)

	

f c(x, t, u) dx -> p(t) f h(u(x, t)) dx >_
st

	

-

>_ p(t)h
(fo

u(x, t) dx

	

dx)
-1/

	

dx = p(t) - h(v(t)) - 1521

Using (8)-(10) and condition H1, from (7) we obtain

z

dt2
[v(t) + \(t)v(t - ,r)] <_ G(t) + tc(t)G(t - v) + F(t) - p(t)

	

h(v(t)),

which proves Lemma 1 .

3 . Main results

Theorem 1. Let conditions (H) hold and let the differential inequal-
ities of neutral type

(11)
2

dt2
[v(t) + A(t)v(t - -r)] + p(t) - h(v(t)) <_- G(t) + u(t)G(t - o,) + F(t)

(12)
z

dt2
[v(t) + A(t)v(t - T)] + p(t) - h(v(t)) <_ G(t) - h(t) - G(t - Q) - F(t)

have no eventually positive solutions . Then each solution u(x, t) of prob-
lem (1), (2) oscillates in the domain G.

Proó% Let p > 0 be a positive number . Suppose that the assertion
of the theorem is not true and let u(x, t) be a solution of problem (1),
(2) without zeroes in the domain G, = 9 x [p,, oo) . If u(x, t) > 0 for
(x, t) E Gp , then from Lemma 1 it follows that the function v(t) defined
by (5) is a positive solution of inequality (11) for t >-- to + ju, Le it is an
eventually positive solution of (11) which contradicts the assumption of
the theorem . If u(x, t) < 0 for (x, t) E G,,, then the function -u(x, t) is
a positive solution of the problem

2

át2
[u + A(t)u(x, t - T)] - [Du +, tt(t)DU(x, t - Q)]+

+ c(x, t, u) = - f(x, t), ( .x, t) EG

ón +
-y(x, t)u = -g(x, t),

	

(x, t) E óg x [0, oo) .
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F~om Lemma 1 it follows that the function Tg-'T fez(-u(x, t)) dx is a posi-
tive solution of inequality (12) for t _>- to + tc which also contradicts the
assumption of the theorem . Thus Theorem 1 is proved .
Now we shall investigatge the oscillatory properties of the solutions

of problem (1), (3) . Consider in the domain 9 tlre following Dirichlet
problem :

f DU + caU = 0 in S2
UlaQ = 0

where a = const . It is well known [1] that the smallest eigenvalue ao
is positive and the corresponding eigenfunction W(x) can be chosen to
satisfy the inequality W(x) > 0 for x E 9.
With any solution u(x,t) E C2 (G) f1 Cl (G) of problerri (1), (3) we

associate the function

-I(13)

	

w(t)

	

u(x, t)W(x) dx

	

w(x) dx)

	

,

	

t > 0
sz

	

sz

We shall note that a similar averaging was first used by N. Yoshida in
the work [10] .

Lemma 2. Let conditions Hl-H6 hold and let u(x, t) be a positive
solution in the domain G of problem (1), (3) . Then the function w(t)
defzned by (13) satisfaes the differential inequality of neutral type

2
(14)

	

Tt2 [w(t) +,\(t)w(t - T)] + aolv(t) + aoh(t) - w(t - o-)+

+ p(t) - h(w(t)) :5 J , f(x, t)w(x) dx

	

~~
W(x) dx)

-r '	t --> to,
sz

	

sz

	

-

where to is a sufciently large positive number .

Proof.. Let u(x, t) be a positive solution in the, domain G of problem
(1), (3) and to = max{T, u} .

	

Then u(x, t - T) > 0 and u(x, t - a) > 0
for (x, t) E 9 x (to, oo) .

	

Multiply both sides of equation (1) by the
eigenfunction W(x) of the Dirichlet problem and integrate with respect
to .x over the domain 9 . For t -> to we obtain

(15) d2 U (x, t)w(x) dx + A (t)

	

u(x, t - -r)cp(x) dx] -dt

- ~~ Du(x, t)W(x) dx + p(t)
n

	

f2
nu(x, t - u)p(x) dx] +

+ .~st
c(x, t, u) W(x) dx = .~ f(x, t) ~o(x) dx .
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Frorn Greerr's forrriula it follows that

(16)

	

L Du(x, t)W(x) dx = i u(x, t) AW(x) dx =
st

	

in

= -ao -

	

u(x, t)W(x) dx = -aow(t) - 1 W(x) dx
sz

	

sz

(17)

	

L Du(x, t - u)cp(x) dx = 1 u(x, t - o,)Ocp(x) dx =
sz

	

sz

= -ao f u(x, t - u)W(x) dx = -cxow(t - a) - f ~p(x) dx,
sz

	

sz

where ao is the smallest eigenvalue . Moreover, from condition H4 and
Jenscn's inequality it follows that

(18)

	

,ISZ

c(x, t, u) W(x) dx ~ p(t) 19
h(u)~o(x) dx

\ _1

p(t) - 1¿

	

u(x, t) W(x) dx -
Cf

W(x) dx
/

l

	

~, co(x) dx =
S2

	

S2

	

S2

Using (16)-(18) arad condition H1, from (15) we obtain

2

2 ~1A1(t) + ñ(t)1l1(t - T) 1 < -00 [ID(t) + /b(t)1U(t - u)~-

_ p(t) . h(w(t)) +
ig f

(x' t)~o(x) dx -
(If2

W(x) dx)
-1

which completes the proof of Lemma 2 .
Introduce the notation

= p(t) - h(w(t)) - ~, cp(x) dx
sz

(19)

	

Fi (t) _

	

f(x,t)~(x) dx

	

~f
W(x) dx) -1 ,

	

t > 0
. sz

	

Sa

Analogously to Theorem 1 the following theorem is proved .

Theorem 2. Let, conditions Hl-H5 hold and let the differential in-
equalities of neutral, type

z
(20)

	

22 ~1U(t) + ~(t)1U(t - T)) +ao [w(t) + ~(t)w(t - ~)1+

+ p(t) - h(w(t)) <_ Fl(t),

	

t ? to,
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2
(21)

	

dt2 [w(t) + \(t)W(t - T)] + c1!o [w(t) + P(t)w(t - o,)]+

+p(t) - h(w(t)) <- -FI (t),

	

t ? to

have no eventually positive solutions. Then each solution u(x, t) ofprob-
lem (1), (3) oscilllates in the domain G.

From the theorems proved above it follows that the finding of sufiicient
conditions for oscillation of the solutions of equation (1) in the domain G
is reduced to the investigation of the oscillatory properties of differential
inequalities of neutral type of the form

2
(22)

	

dt2
[x(t) + \(t)x(t - T)] +go(t)x(t) + q(t)x(t - o�)+

We shall say that condition (A) are satisfice if tlic f'ollowing conditions
hold :
A1. ~\(t) E C2 ([to, 00) ; [0, 00)),
A2. qo(t), q(t) E C([to, co) ; [0, oo)),
A3 . p(t) E C([to, oo) ; [0, oo)),
A4 . h(u) E C(R; R), h(u) > 0 for u > 0,
A5. H(t) E C([to , oo); H) .

+p(t) - h(x(t)) <_ H(t),

	

t >- t11

Theorem 3 . Let conditions (A) hold as well as the condition

(23)

	

lim inf

	

1
-00t - t1

for ti >- to . Then the diff'erential inequality (22) has no eventualllly posi-
tive solutions.

Proof:: Suppose that this is not true and let x(t) be a positive solution
of inequality (22) defined in the interval [tt1,oo), where t1 >__ to . Then in
virtue of conditions A2-A4 wc obtain for t, >- t2 (t2 >- t1 + rnax{a,T})

2

dt2
[x(t) + \(t)x(t - T)] <_ H(t) - go(t)x(t) - q(t)x(t - o-)-

- p(t) - h(x(t)) <- H(t) .

We integrate twice the above inequality over the interval [t2, t.], t. > t2
and obtain

(t - s) - H(s) ds = -

n

	

1
x(t) + A(tt)x(t - T) < C1 + C2 (t - t2)

+'12'

[£

	

H(s) ds
]

dp,
Z
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wheré Cl, C2 = const . Since

(24)

	

x(t) + ~(t)x(t - T)

	

Cr

	

+C2 +

	

1

	

J ~(t - s)H(s) ds
t-t2

	

- t-t2

	

t-t2 t,

that

t

	

1

	

e
H(s) ds

J

dp =

	

(t - s)H(s) ds,
t2 t2

	

t2

dividing both sides of last inequality by t - t2 > 0, we obtain

Then for t -> oo from (24), making use of condition (23), we obtain

x(t) +,\(t)x(t - T) _
(25)

	

ltm i0f

	

t - t

	

-2

Onthe other hand, using condition A1 and the fact that x(t) > 0, x(t-
T) > 0 for t _> t2, we obtain that

lira inf

	

1

	

[x(t) + A(t)X(t - T)J >- 0,
t-00 t - top

	

-

which contradicts equality (25) .
This completes the proof of Theorem 3 .

Thé following suficient condition for oscillation of the solutions of
problem (1), (2) is a corollary of Theorem 1 and Theorem 3 .

Theorem 4 . Let conditions (H) hold as well as the conditions

for any_suffciently large number te, where the functions G(t) and F(t)
are defined by (4).

	

Then each solution u(x, t) Qf problem (I), (2) oscil-
lates in the dornain G.

The. following sufñcient condition for oscillation of the solutions of
problem (1), (3) is a corollary of Theorem 2 and Theorem 3 .

(26)

lim inf£ (1 - ') (G(s) + tt(s)G(s - a) + F(s)) ds = -oo,

(27)

limsur)~0 (1 - ) (G(s) + p(s)G(s - a) + F(s)) ds = +oo
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Theorem 5. Let conditions Hl-H5 hold as well as the conditions

(28)

	

M(t) ? 0 for t > 0

(29)

	

lim inf£ (1 - t) Fi (s) ds = -oot-oo

(30)

	

limsup
J t

(1 - S) Fr (s) ds = +oot --- oo

	

t

	

t

for any sufficiently large number to, where the function FI (t) is defined
by (19) . Then each solution u(x, t) of Problem (1), (i) oscillates in the
domain G.

Example 1. Consider the equation

(31)

	

utt + utt (x, t - 7r) - u.x + u = 2e t cos x(sin.t + cos í - e' - cos t),

(x, t) E (0, 2) x (0, oo) - G,

and the boundary conditions

(32)

	

-ux(0, t) = 0,

	

uy (
7r,

t) ,_ -et - sin t,

	

t ? 0

A straightforward verification shows that the functions

c(x, t, u) = u, f(x, t) = 2e t - cos x - (sin t + cos t, - e' cos t),

g(0, t) = 0, g (2 , t) _ -et

	

sin t, A(t) - 1, p(t) - 0,

-Y (x, t) - 0

satisfy conditions (H) . Moreover, from (4) we obtain that

By straightforward calculations we find that

I(t) .=
~t

(1 - t ) (G(s) + p(s)G(s - a) + F(s)) ds
t o

= et - (tir) -I - (2sin t - 2e- ' sin t - cos t) + C,
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where C is irrdependent of t . Hence

Le .

	

conditions (26), (27) of Theorem 4 hold as well .

	

Then from
Theorem 4 it follows that each solution of problem (31), (32) oscil
lates in the domain G = (0, 2) x (0, oo) .

	

For instance, the function
u (x, t) = e t sin t cos x is such a solution .
Example 2. Consider the equation

(33)

	

utt + utt (x, t - 7r) - luxx + uxx (x, t - t)]+ u = f(x, t),

where; f (.c, t,) = et . sirr x(2e-'r sirr t, - 2 sirr t, + e -" caos t,) arrd the boundary
condit iorrs

(34)

	

u(0, t) = u (7r, t) = 0,

	

t >- 0.

It is irrrmediately verified that the functions

satisfy conditions H1-H5 . Moreover, the smallest eigenvalue of the
Sturm-Liouville problem

is ceo = 1 and the corresponding eigenfunction is W(x) =
0, x, E (0, 7r) . Then from (19) we find that

Ft (t)

	

f(x, t)
.o

liminfI(t) = -oo,

	

limsupI(t) =+oo,
t_oo t-.oo

c(x, t, u) = u,

	

f(x, t),

	

A(t) = h(t) = 1

U" + nU = 0,

	

U(0) = U(7r) = 0

(x, t) E (0, 7r) x (0, oo) - G,

sinx, dx, '

	

.~

	

- srn x cix

	

=
o

7r .

By straiglrtforward calculationswe obtain that

= 4 e t (2e` sin t - 2 sin t + e - ~ cos t) .

h(t.)=
.l o

(1 -

	

) Fr(s)ds= 4
. et (cost-e-, Cost+ 2e-'sint /+C,

where C is independent of t, . Hence lim infIi (t) = -oo and lirn supIl (t) =
t-w t-w

+oo, Le . conditions (29), (30) of Theorem 5 hold as well . Then from
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Theorem 5 it follows that each solution of problem (33), (34) oscillates
in the domain G = (0, 7r) x (0, oo) . For instance,, thc: function u(x, t) _
et sin x - cos t is such a solution .

In the subsequent theorems we shall restrict our attention to some
particular cases of equation (1) for which new sufficient conditions for
oscillation of the solutions are obtained .
Case A.
Assume that A(t) - 0. We shall use the following result of T . Kusano

and M . Naito [5] concerning differential inequalities of the form

(35)

	

(q(t) (p(t) - x)~)' + h(t, x) :~ r(t),

	

t >-_ to

We shall say that conditions (B) are satisfied if the following conditions
hold :
B1 . p(t), q(t) E C([to, oo); (0, oo)), ft'(q(t))-1 dt = oo .
B2 . h(t, x) E C([to, oo) x (0, oo) ; (0, oo)), h(t, x) is a monotone increas-

ing function of its second argument x .
133 . r(t) E C([to, oo) ; R) .

Theorem 6 [5J . Let conditions (13) hold and let, the differentiall in-
equality

(36)

	

(q(t) (p(t)x)')'+ h(t, x) < 0

have no eventually positive solutions. Moreover, let a function
0(t) E CZ([to,oo) ; IR) exist with the following properties :

(37)

	

B(t) takes both positive and negative values

(38)

	

(q(t)(p(t) B(t))')' = r(t),

	

t

	

to

(39)

	

lim i~f [p(t) - 9(t)] = 0

for arbitrarily largo values of t .

Then the differential inequality (3,5) has no eventually positivo solu-
tions.

The following sufficient condition for oscillation of the solutions of
problem (1), (2) in the case when A(t) - 0 is a corollary of Theorem 1
and Theorem 6 .
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G.

Theorem 7 . Let the following conditions be fulfilled:
1 . Conditions (H) hold .
2 . The function h(u) is monotone increasing in the interval (0, 00) .

3 . The differential inequality

x"(t) + p(t) . h(x(t)) <_ 0, t ? to

has no eventually positive solutions .
4 .

	

There exists a function B(t) E C2 ([to, oo) ; R) with the following
properties:
a) B(t) takes both positive and negative values for arbitrarily

large values of t .
b) [e(t)]" = G(t) + p(t)G(t - u) + F(t),

	

t >- ti
c)

	

lim B(t) = 0 .t_o
Then each sglution u(x, t) of problem (1), (2) oscillates in the domain

Example. 3. Consider the equation

(40)

	

utt(x, t) - uxx (x, t) - uxx (x, t - 7r) + 2u = f(x, t), .

(x, t) E (0,,2) x (0, 00),

where f (x, t) = e-t - cos x - (3 sin t - 2 cos t - e'r sin t) and the boundary
condition
(41)

	

-ux(0, t) = 0, ux (2 , t) = -e-1 sin t,

	

t > 0.

It is immediately verified that the functions

c(x, t, u) = 2u,

	

f(x, t),

	

A(t) - 0,

	

lt(t)-_.1,
7r

	

--Y(x, t)

	

0,

	

g(0, t) = 0,

	

g (2 , t) _ -e-'

	

sin t

satisfy conditions (H) . Moreover, from (4) we obtain

Then

G(t) = --e-t sin t,

	

t > 0-
ir

F(t) _ 2e-t - (3 sin t - 2 cos t .- e' sin t),

	

t > 0 .
7r

12 (t) =
J o

(1 -

	

) (G(s) +_p.(s)G(s - u)+ F(s)) . ds -=

= l' (1 - s) . 2-e-s - (3 sin s - 2 cos s - e' sin s) ds,
t 7r
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which immediately implies that lim f2 (t) < oo . Hence conditions (26)t_00
and (27) of Theorem 4 are not satisfied . It is easy to check that the
differential inequality x" + 2x < 0 has no eventually positive solutions .
Let 6(t) =

e

	

[2 sin t + (3 - e~) cos t] . Then for n E Z we obtain

0 (2 + 2n7r) > 0,

	

0(37,
+ 2n7r) < 0 .

Moreover, [0(t)]" =

	

z11e-t - (3 sin t - 2 cos t - ew sin t) = G(t) + G (t -
7r) + F(t) and

	

lim Bf) = 0 . Hence the function 9(t) satisfies conditiont-,00
4 of Theorem 7 . Then by Theorem 7 each solution u(x, t) of problem
(40), (41) oscillates in the domain G = (0, 2) x (0, oo) . For instance, the
function u(x, t) = e-t sin t cos x is such a solution .
We shall note that a result analogous to that of Theorerri 7 can be

obtained for problem (1), (3) as well .
Case B.
Assume that f(x, t) - 0, g(x, t) - 0 . In this case the finding of suf-

ficient conditions for oscillation of the solutions of equatioh (1) in the
domain G is reduced to the investigation of the oscillatory properties of
differential inequalities of neutral type of the form

z
(42)

	

dtz [x(t) + A(t)x(t - ,r)] + go(t)x(t) + q(t)x(t - ~r)+

+ p(t) - h(x(t)) :5 0,

	

t >-- to,

2
(43)

	

dt2 [x(t) + \(t)x(t - T)] + go(t)x(t) + q(t)x(t - u)+

+ p(t) - h(x(t)) > 0,

	

t ? to .

Together with (42) and (43) we shall consider the nonlinear differential
equation of neutral type

(44)
z

)1 + go(t)x(t) + q(t)x(t - o,)+dt2 [x(t) + a(t)x(t - T

	

+ p(t) - h(x(t)) = 0,

	

t >- to .

We shall say that conditions (C) are satisfied if the following conditions
hold :
C1 . \(t) E C([to, 00) ; R) ~

0 < Al -< a(t) _< A2 for t >- to, Al, A2 = const .
C2 . qo(t), q(t) E C([to, w) ; [0,0)),
C3 . p(t) E C([to, oc) ; (0 ; oo)),
C4 . h(u) E C(R ; R), h(-u) = -h(u),
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h(u) is a positive and monotone increasing function in the interval
(0,00) .

Theorem S . Let, the following conditions be satisfied:

l . Conditions (C) hold .
2 . For any closed and measurable set, E

	

C

	

[to, oo) for which
rneas(E n [t, t + 2-r])

	

> T, t E

	

[to, oo),

	

the following condition
holds

(45)

	

L p(t) dt = o0

Then:
(i) the diffeTCntiall inequality (42) has no eventuallly positive solutions;

(ii) the differentiall inequality (43) has no eventually negative solu-
tions;

(iii) allí solutions of the diferential equation (44) oscillate.

Proof.
(i) Let x(t) be in eventually positive solution of the differential in-

equalit,y . (42) . Then there exists a number tl ? to such that x(t) >
0, x(t, - T) > 0 and x(t - tr) > 0 for t, ?_ ti . From corrditiorns C2-C4 and
(42) it follows that

(46)

dt
[x(t) + A(t)X(t - T)] <--

dt
[x(t2) + A(t2)X(t2 - 7')] = -c

Integrate last inequality over the interval [t2, t], t > t,2 and obtairr

X(t) + A(t)x(t - T) < x(t2) +'\(t2)x(t2 - T) - c(t - t2) .

Hence: lira sup[x(t) + A(t)x(t - T)] <_ 0 which contradicts the assumption

(47)

z

~ 2 [x(t) +
A(t)x(t - T)] < -gO~(t)x(t) - q(t)x(t - (f)-

- p(t) - h(x(t)) < -p(t) - h(x(t)) < 0,

Hence thc : function ~t [x(t) + a(t)x(t -
the interval [ti, oo) . Suppose that there
that <' [x(t2) + \(t2)X(t2 -'T)] = -c < 0 .
following irLC;gixality holds

t-oo
that x(t) is an eventually positive solution . Hence

t >_ ti .

T)] is monotone decreasing in
exists a number t2 ?_ tl such
Then for any point t > t2 the

t,>_t,
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whence we obtain that x(t) + A(t)x(t - "r) >_ c, > 0 f'or t" >_ ti . Frorrr
Lemma 1 [9], [11] it follows that there exists a closed and measurable
set E C [ti, oo) and a constarrt c2 > 0 such that x(t) >_ C for t" E E and
meas(E n [t, t + 2T]) >_ T for t > ti . Then from conditiorr C4 it follows
that

h(x(t))?h(c2)=C>0fortEE .

Integrate both sides of inequality (46) over the interval [ti, t], t > t i and
using (47), we obtain

C3 ~

	

p(s) d, <_ fp(s)h(x(s» d.s--r t

	

Xt
1

	

(1,t

- d[x(t) + A(t)x(t - "r)] --<
d

[x(ti) + A(tl)X(t , - T)] = CI .

For t , oo from the above inequality it follows that fc, p(t) dtt < oo,
which contradicts conditiorr (45) . Thus assertion (i) of Theorerrr 8 is
proved .

(fi) The proof follows inrrrrediately from the fact that if x(t) is an
eventually negativc solution of the differential inequality (43), then -x(t)
is an eventually positive solution of the differential inequality (42) .

(iii) The proof follows immediately from assertiorrs (i) arrd (ü) .

The following sufñcient condition for oscillation of the solutiorrs of
problem (1), (2) or (1), (3) in the case when f(x, t) - 0 arad g(x, t) - 0
is a corollary of Theorem 1, Theorem 2 and Theorem 8 .

Theorem 9 . Let the following conditions hold :

1 . Conditions (H) are filflled .
2 . 0 < A l _< A(t) < A2, t ?_ tc, Al, A2 = corrst .
3. h(-u,) _ -h(u), u E R; h(u) is a monotone increasing function

in the interval (0, oo) .
4 . For any

	

closed

	

and, measurable

	

set E

	

C

	

[t o , oo)

	

for which
meas(E n [t" , t"+ 2 "r]) > T, t E [to, oo) the following conditiorr holds

(48)

	

fr p(t) dt = oc,

Then each solution u(x, t) of problem (1), (2) or (1), (3) oscill-
lates in the domain C.
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