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Abstract

In the literature on risk, one generally assume that uncertainty is uniformly distributed over
the entire working horizon, when the absolute risk-aversion index is negative and
constant. From this perspective, the risk is totally exogenous, and thus independent of
endogenous risks. The classic procedure is “myopic” with regard to potential changes in the
future behavior of the agent due to inherent random fluctuations of the system. The agent’s
attitude to risk is rigid. Although often criticized, the most widely used hypothesis for the
analysis of economic behavior is risk-neutrality. This borderline case must be envisaged with
prudence in a dynamic stochastic context. The traditional measures of risk-aversion are
generally too weak for making comparisons between risky situations, given the dynamic
complexity of the environment. This can be highlighted in concrete problems in finance
and insurance, context for which the ARROW-PRATT measures (in the small) give ambiguous
results (SEE, ROsS, 1981). We improve the ARROW-PRATT approach (1964, 1971A, 1971B),
which takes into account only attitudes towards small exogenous risks, by integrating in the
analysis potentially high endogenous risks which are under the control of the agent. This
point of view has strong implications on the agent’s adaptive behavior towards risk in a
changing environment. It can be seen as a step further in the refinement of the risk-aversion
concept. It is necessary to have a very good understanding of the way the evolution of the
environment affects the risk perception of rational decision-makers. Based on multiple
theoretical and empirical arguments, this new approach offers an elegant study of the close
relationship between behavior, attitude and perceived risk.
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1. Introduction

The most common attitude of economic agents in decision-making problems is one
generated by risk-aversion. Such a behavior is characteristic for large gains as well as large losses.
Risk-aversion and rationality are generally considered together. Rational agents are goal
oriented, they are values and reference points and base their decisions on uncertain future.
They are confronted with multiple risks, which are generally different in different contexts.
The decision adopted is not made independently but jointly with other decisions, which places
the agents in risky situations. Decisions taken to avoid, even partially, a source of risk can be
affected by the presence of others.

It must distinguish between quantifiable risks (when the objective probabilities are supposed
to be known) and inherently unmeasurable uncertainties (when the objective probabilities are
not given in advance). In other words, it must distinguish between decisions under risk and
decisions under uncertainty.

Traditionally, risk-aversion is equivalent to the concavity of the utility function (viewed as
the measure upon which the agent bases his decisions). Formally speaking, that means that
for any arbitrary risk, the agent will prefer the sure amount equal to the expected value of the
risk rather than the risk itself. However, the condition of concavity is just a way of expressing
risk-averse preferences.

In the literature on risk, two polar cases can be distinguished according to the degree of
risk-aversion exhibited by the economic agent, namely, the risk-neutral case and respective the
infinitely risk-averse case. Both cases are based on strong and non-realistic assumptions.

The objective of this paper is to analyze how the traditional results are modified when
the risk attitude of economic agents depends on the system evolution. It offers an elegant so-
lution to the inconvenients that arise when modelling the behavior to risk as in ARROW-PRATT
traditional approach. Several realistic scenarios are analyzed in the context of a finite
discrete-time dynamic environment.

The proposed analysis investigates on the decision-makers’ psychology to risk, providing
new perspectives of research for theorists and empirical analysts.

2. Problem Statement

Consider a rational decision-maker characterized by a consistent and efficient outcome
oriented behavior (SEE, DREZE, J. H., 1990 AND V., WALSH, 1996) who faces uncertainty
vis-a-vis of the future evolution of a stochastic environment. He disposes of an optimal set
of control instruments employed in order to drive the system as close as possible to a desired
reference trajectory which ensures its equilibrium and stability. These instruments are
optimally selected, on the basis of a non-decreasing endogenous information set.

We consider the context of a closed-loop control strategy, the information being utilized in
real time. In this case, the agent’s policy does not require some large periods of engagement.
The control rules are thus sensitive to the choice of the working horizon. This may be the case
when the relevant information acquisition cost is high, most likely due to permanent random
shocks in the system or because of the slow inertia of the environment. The decision-maker tries
to reduce the uncertainty related to his actions by acquiring information from the beginning
of the control to the moment of decision. He learns from errors and makes a self-assessment of
his risky actions. We call this a recurrent behavior.

The feedback control responds not only to the effects of random inputs, but also to the
measurement errors as well. Thus, it is not necessary to be able to identify and measure the
sources of disturbance. The feedback learning process is progressive, allowing to adjust the
agent’s ex-ante anticipations about the system trend. In this way, the agent will minimize
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the difference between actual and assumed system characteristics by monitoring its random
fluctuations.

The degree of information embedded in the observation of the state variable generally
depends on the selected values for the control variables, so that the extent of learning about
the latent parameters can be directly influenced by the decision-maker. It is the context of a
rational active learning (specific to a dynamic modelling) which allows for the decision-maker
to experiment. In a multiperiod setting, he can learn about the consequences of his actions
through experimentation. It helps to better anticipate the environment trend and thus to
avoid undesirable scenarios in the future. The environment can incite to active learning. The
agent bases his actions on his state of knowledge at the point where the actions are taken.
He has some influence over the rate at which information arrives. His behavior may gener-
ate information. The active learning makes the agent more experienced over time. However,
despite of potential benefits from active learning in stochastic optimization problems (SEE,
AMONG OTHERS, EASLEY & KIEFER, 1988 AND KIEFER & NYARKO, 1989), the potential
for learning is very limited if the model is very noisy.

The paper is organized as follows. Section 3 discusses the general model. Section 4 deals
with the choice of the criterion which ensures an unique solution for the problem of optimiza-
tion and control. Section 5 summarizes the traditional approach of ARROW-PRATT (1964,
1971A, 1971B). Section 6 introduces the concept of endogenous risk-aversion. Four dis-
tinct cases are discussed: a) when agent’s risk-aversion is based on a truncated history of
the process and rational anticipations of the system behavior in the future; b) when agent’s
risk-aversion is based only on a truncated history of the process; ¢) when agent’s risk-aversion
is based on past overall performances (a progressive history); d) when agent’s risk-aversion
is based only on rational anticipations of the system behavior in the future. We also ana-
lyze here the case of high potential shifts and fluctuating systems. A comparative empiri-
cal analysis based on multiple simulation results is given in this direction. Several qualita-
tive results on adaptive risk management / perception are given in Section 7. Three dis-
tinct cases are discussed: a) the context of small system deviations; b) the context of small
and large system deviations; c) the context of large system deviations. Section 8 introduces
the concept of excessive risk-averse decision-maker. This is defined with respect to an opti-
mal risk-aversion threshold chosen by the decision-maker before starting the control, which
must not be exceeded during the control period. We analyze, in this context, two distinct
types of economic agents: a) more risk-averse by nature; and b) less risk-averse by nature.
A differentiation of agents with common / distinct types becomes thus possible. Section 9
refines the analysis by taking into account potential sensitive periods which can influence the
choice of the optimal risk-aversion threshold. Section 10 discusses the general case where the
agent is characterized by a changing risk behavior, that is, when he becomes (depending on the
system evolution / perception) risk-averse, (almost) risk-neutral or risk-lover. A characteriza-
tion of the agent’s type in function of his individual preferences is provided. Section 11 draws
several important conclusions and makes suggestions for further research.

3. The Model

The type of model we analyze corresponds to a Data Generating Process (DGP) which is
dynamic, non-linear and managed by a system of discrete simultaneous equations.

If the action of the agent is purely quantitative, we say that he disposes of an instrument
(or control variable) with the help of which he tries to control the environment in an optimal
way.

Let z; € RY be the value of the control variable at time ¢. Note that x; is not strictly



exogenous, in general the actions being dependent variables on the history and current state of
the system. Different contexts of decision making generally call for different actions.

Let y; € R? be the observable (not controlled) target variable and let z; € R" be an exoge-
nous variable not subjected to the control and hence observed outside the system considered.
This may be forecasted but cannot be influenced by the decision-maker.

Whether or not the variable z; is exogenous depends upon whether or not that variable
can be taken as “given” without losing information for the purpose at hand. Specifically, the
exogeneity of the variable z; depends on the parameters of interest of the decision-maker as well
as on the purpose of the model (statistical inference, forecasting, or policy analysis). Variations
in the process z; over time will generate variations in the process z;.

Denote by X; not ey T_1,Tg, T1, ..., T¢} the history of the process x until the date ¢ and simi-
lar for Y, and Z;. Thus, we allow for the current state variable to depend not only on the agent’s
current decision but also on an arbitrarily complex history X;. We make the following basic
assumptions:

Assumption 1. The evolution of the environment is modelled by a nonlinear
extended-memory process (i.e., with strong dependence between observations, SEE CLEMHOUT
& WAN JRr, 1985) endogenously generated according to the structural state equation:

Yy = F<Yt—17Xt7 Zta/BtJt) + Ut, teZ

where u; € RP (exogenous environmental “white noise”) is the specific “risk” modelled like a
normal random variable, u; ~ iN (0, ¥). However, nothing constrains the DGP to be stable.
The parameter of interest 3, (which specifies the structure of the model) varies according to
the information available at date t.

The adjustment function F' is assumed twice continuously differentiable with respect to the
parameter-vector 3, € B C R*¥. We make no particular assumption on the functional form of
F. In practice, the true distribution of the data is never known with precision. Several types
of errors can occur and bias the choice of the function F'. The shape of F' and the value of the
parameters of interest are generally determined from the behavior of the decision-maker.

In general, y; is not a GAUSSIAN process. Non-linearity between 13, and Y, ; implies
non-normality (dynamic asymmetry) but non-normality does not necessarily imply non-linearity.

We point out that the variable ¢ plays the role of a synthesis variable in the econometric
model.

Assumption 2. The agent’s objective is to constrain the system to follow a feasible optimal
path (aspiration level) n = {47, 3, ..., y%} by selecting the control variable z; in a suitable way.
This is a pre-specified condition which cannot be changed during the control period. We say
that 7 characterizes the decision-maker’s (discrete) preferences on the environment.

The targets and the dynamics are modelled simultaneously. The targets must be compatible
with the state of the system.

Taking into account foreseeable movements in y as well as possible economic constraints,
the agent will fix some optimal bounds l; (¢ = 1,...,T) such that 0 < ¢/ < [, < 1 (the
constraints may change over time). It is important to note that the optimal bounds [; are
generally correlated with the agent’s type.

Since a real time control process is necessarily discrete, we cannot hope to converge with
precision to any target value, but only to a neighborhood of it. When the process of control
is finished, the decision-maker will obtain a stochastic neighbouring-optimal trajectory which
is expected to be close to the optimal path 7. More is non-linear the model, more it will be
difficult to track the targets.



When there is no cost on the control, the decision-maker should not have for objective to
follow a fixed optimal trajectory. It is the case of a “myopic” (pseudo optimal) behavior.

Assumption 3. The timing of the control is as follows: At each period ¢, the agent imple-
ments a risky action z; (after the exogenous variable z; was observed) that will be an external
stimulus for the system. This is purported to contribute to the equilibrium and stability of the
system. A shock u, is carried out and the agent observes the output y; (the impulse response)
which allows for extracting a dynamic signal about the environment trend. The question is:
how this signal will influence the agent’s risk behavior?

The information revealed by the output signal can increase the precision of the next control
instrument and decrease the agent’s risk-aversion in the future. This output together with the
corresponding action provides information on the data generating process. The agent emploies
this signal for strategic learning (specific to a closed-loop strategy) in order to reduce the
uncertainty on the system behavior and thus, to drive the system as close as possible to the
desired reference path 7.

The uncertainty is ex-post reduced only, after the informative output-signal has been re-
ceived. The shock wu; will have a persistent effect on g, that will disappear gradually over
time.

Assumption 4. The optimality of the instrument is considered with respect to a global cri-
terion (preference function) which measures the system deviations, Ay, e v — Yi,
t=1,...,T. Let W(y1,y2,...,yr) be this criterion, supposed twice continuously differentiable
and strictly convex, at least in the feasible area of the model.

Assumption 5. The decision problem is to find the optimal values of the control instru-
ments which minimize the agent’s preference function by taking into account the constraint

relationships that exist between the controlled, partially controlled and uncontrolled variables.

The agent estimates his optimal policy Z(.) ot (Z1, 22, ..., o) before to know the value of

Yo. He obtains a random policy conditional to ¥q:

T()= arg(n)qinEx[W(yl,yg, o yr) | Yol
where FE, is the expactation with respect to the controlled stochastic process induced by the
rule of decision x.

In practice, the initial state 1y can be fixed or random. It is crucial to treat the initial value
correctly and to measure its impact. Small variations of the initial conditions can have large
effects on the long-run outcomes.

It is very likely that difference between ex-ante decisions and ex-post results (i.e., between
ex-ante and ex-post optimality) exists.

This is the classic context, where the hypothesis of risk-neutrality for the decision-maker is
adopted for the entire period of control.

4. Choice of the Criterion

In order to avoid several local minima and thus to have a unique solution for the optimal
control problem, a necessary condition is to use a strictly convex criterion.

Using the parsimony criterion, we seek for the simplest strictly convex loss function. It is the
quadratic approximation which satisfies this condition. Interpretation is simple: a quadratic
objective function may be considered as a good local approximation of the true preferences,
exactly as a model approaches the behavior of the environment around the observed variables.



This is reasonable because it induces a high penalty for large deviations of the state from
the target but a relatively weak penalty for small deviations. If we start with a much more
complicated loss function, we can always specify a quadratic approximation which will solve
the problem or achieve the goal.

Nothing prevents to suppose that the loss function is additively recursive, on the one hand
in order to simplify the determination of the formula for the optimal instrument and, on the
other hand, because it makes possible to apply the BELLMAN’s (1961) optimality principle.

A limited expansion of second order of Wy ry(y1,...,yr) around a given feasible point
Y9 = (y],...,45) gives us:

Wiar (1, ..., yr) = AY'KAY +2AY'd + ¢

O*W ow
not not
K(pTXPT) - |:8Y8YI:| vo ) d = |:8Y/:| vo

The function W being strictly convex and twice continuously differentiable, the matrix K
is symmetrical and positive semidefinite.

The decision criterion is supposed to be a function that puts weight (or measure) on the
possible outcomes indicating their desirability or undesirability. We have:

where

T
de
W[l,T} (yl, e yT) Zf Z VVt(yt)

t=1

where W, is a local quadratic loss function, strictly convex and twice differentiable.
By eliminating the constant (which leaves the minimization invariant), we can use the
following deviation-dependent asymmetrical specification for W;:

Wilye) = (ye — v!) Ke(ye — yf) + 2(ye — yf)'dy

where a prime denotes transpose.

Asymmetry derives from the difference in penalty costs which the decision-maker may attach
to errors, depending on whether these are errors of shortfall or errors of overshooting about the
targets.

Generally, the decision to choose certain parameters K; and d; reflects the decision-maker’s
priorities and also depend on the available quantity of information concerning the future de-
velopment of the system parameters. However, it is far from probable that the decision-maker
will be able to assign values to the weights which represent his preferences correctly.

If the future evolution of the system is unpredictable, then the best weighting matrix K;
which can be selected is the identity matrix, while the best value for d; is the unity vector.
If K, is not diagonal, then the penalties also attach to the covariances of the state variable
deviations from its desired level.

The weights employed are anything but objective, since the deviation of the target variable
may be not of the same importance at different moments in time. The idea is to choose the
parameters which yield a smoother (i.e., less fluctuating) control and so a more stable system.

At each period t, the parameters K; and d; are updated and new optimal values are chosen
in order to fulfill the requirements of the decision-maker. These requirements are based on
policy values presented at each period, and do not require any direct information about the
actual weighting that the decision-maker may have in mind.



5. Sensitive Criterion to Risk: Static Approach

In the static approach of expected utility, the measure of risk-aversion is given by the
ARROW-PRATT index, which requires the existence of a VON NEUMANN-MORGENSTERN
utility function.

Let Wi ) be the usual quadratic non-symmetrical criterion and let U be the global utility

of the control given by:
2
UWnn) = 2 {exp(—g W) — 1}

which verifies:

U"(w,
- ,( [17_T]) = f» vV Wi
UWhr) 2
where a prime denotes the partial derivative with respect to Wi 1.

Therefore, % (the absolute index of ARROW-PRATT) can be interpreted as a measure

of local risk-aversion at a particular W, 7, U being a global CARA utility.

This is the case of a totally exogenous risk, when the agent’s attitude to risk does not change
during the entire working horizon. This way to capture the risk is non-realistic.

The optimal strategy will be p-dependent:

s (.) = argmaxEo[U(Wpm)]

v T1yeeeyXT
() =2 B (L) |yo, VE=1,...,T,

where I; is the information set acquired until the date ¢t and updated each time as new obser-
vation becomes available.
We define the sensitive criterion to risk by:

de
Yol9) € Eo(Wi 1)

If o-Vo(Wp,r1(y1, ..., yr)) is small, then a limited expansion of second order justifies the following
approximation:

RS

Yolp) = —EoWir(y1, -, yr) + 5 - VoW (v, - yr)

We distinguish three distinct cases:

a) If ¢ < 0, then the function U(W; 1)) is negative, strictly concave and decreasing. Note
that the sign of U has no particular importance. When one maximizes v,(y), the above
approximation shows that the variability is penalized (the agent is afraid of large accidental
values of W 17).

There is a strong correlation between pessimism / prudence and risk-aversion. Indeed,
if ¢ decreases, the agent is convinced that some large values of W, r appear more and more
frequently and thus he will have some pessimistic expectations. The agent will be characterized
by a significative loss aversion.

b) If ¢ > 0, then the function U(W}; 1)) is negative, strictly convex and decreasing.
The line W = —2/¢ is an horizontal asymptote towards infinity of the curve U(W}; 1) and
(0,0) € Graph(U).

The situation is opposed to the previous case. There is rather an interest for moderate
values of W 77 than for extreme values. We say that the agent is optimistic (or risk-lover).



c) If ¢ = 0, then we obtain (using the HOSPITAL’s rule):
limyo () = —Eo[Wir (41, -, yr)]

Thus:
min Eo[Wnn(y1, .., yr)] < maxy,(p)

the term in the left-hand being the specific usual criterion from the risk-neutral case. We can

speak about a dual control problem. We have that U(Wp 1) - —Wh ) (the quadratic loss
p—

function is obtained as a special case).
If ¢, <0 < ¢y, then we can write the following inequalities:

U<P <VV[§7T]) < UO(W[?T}) < Uﬂ% (WELT])

1

We give below a graphical representation of the three above cases.

)

"§

+----1

e e e

Figure 1: Risk-Aversion / Risk-Neutrality / Risk-Taking

Despite the fact that risk-averse agents hate uncertainty whereas the risk-neutral are
indifferent (their behavior remains unchanged), they often place a lower value on forecasting
than risk-neutral decision-makers do.

The need for a new approach requires a consistent study concerning the agent’s attitude to
risk in complex stochastic environments. It is important to have a very good understanding of
the way the evolution of the environment affects the risk perception of rational decision-makers.

6. Adaptive Endogenous Risk-Aversion
6.1. General Framework

Although there is a large amount of literature on risk (SEE, AMONG OTHERS, FRIEDMAN,
M. anD L. J. SAVAGE, 1948, BERNOULLI, D., 1954/1738, PrATT, J. W., 1964, ARROW,
K. J., 1951, 1971, D. KAHNEMAN & A. TVERSKY, 1979, Ross, S. A., 1981, YAARI, M.,
1987, KimBALL, M. S.; 1993, RAaBIN, M. AND R. H., THALER, 2001), there is no theoretical
and empirical work for comparing the degree of risk-aversion of rational decision-makers in the
context of controlled dynamic stochastic environments.

Our purpose is to extend the ARROW-PRATT traditional approach, which takes into account
only attitudes towards small exogenous risks, to the context of potentially high endogenous
risks. To do this, we focus our analysis in the general context of a varying-risk environment.
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The history of the process as well as the agent’s anticipations on the system behavior in the
future are closely linked to his attitude to risk over time. We formalize this point of view for
a general class of models and we detail the positive effects that it implies in the context of a
dynamic stochastic system which evolves over a finite and discrete horizon.

Because the behavior of the environment changes continuously, the agent’s sensitivity to
risk will also change, particularly when these changes are significant. We can speak about a
systematic risk assumed by the agent at each period of control.

There will be a better risk management due to a better learning (even if it is not perfect).
Following a permanent risk adjustment process, the agent’s objective is to diminish his degree
of risk-aversion over time. He moves from risk avoidance to risk elimination.

Consider a family of exponential anticipative local utility functions (performance criteria)
U generated by a dynamic absolute risk-aversion index ¢, and an evolutive loss W/ 4:

def 2
Ut(VV[l,t]a(tpt) :f E {exp(—% : W[l,t]) - 1} ) l= ]-7 7T
t

with

It follows that: "
U"(Wpg, @) _ %

U Wiy, 2
where a prime denotes the partial derivative with respect to Wy 4.

Therefore, W measures locally (at the point W} 4) the decision-maker’s risk-aversion.
We define the local sensitive criterion to dynamic risk (at time t) by:

def
Yoler) = EoU(Winy, @)

We have:
min Eo[Wp g (y1, ...4:)] < maxyy(¢,)

To illustrate why the proposed risk-aversion index is informative about how attitudes
towards risk of the decision-maker change along the working horizon, we prove several
theoretical results in this direction.

Proposition 1. A more (less) risk-averse decision-maker is characterized by a smaller
(higher) local anticipative utility level.

Proof. In the appendix. |

This result characterizes the agent’s utility in function of the risk-aversion index evolution
over time. The objective is not to exceed a fixed limit threshold for the index over which the
agent becomes excessively risk-averse (being characterized by an over-pessimism). This strategy
prevents to exceed some threshold utility level under which the agent’s ex-post preferences are
suboptimal. Over-pessimism is an induced deviating behavior with respect to perceived states
of the system.

At each period of control, the interest of the agent is to choose an optimal action with a
higher ex-ante expected utility. We provide below a suggestive graphical representation of the
above result.



Evolution of the local utility function: the case of a riskaverse decision-maker

100 —f

local utilty level
N
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200 —

250 —
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0.0 02 0.4 0.6 0.8 1.0 10 local anticipative loss

local riskaversion index

Figure 2:

In an evolving environment, the utility function obviously does not remain constant over
time. It changes at each stage of the control, even if not significantly (the case of smooth
preferences). It does not exclude the possibility to have the same level of utility for various
periods. In this direction, we note a large class of decision rules which is representable by a
variation of the utility between each two consecutive periods (SEE, GILBOA, 1989). It comes
to consider the agent at different periods as though he were different individuals (SEE, ALLAIS,
1947). It is important to stress that the current decision can affect the agent’s utility level
in the future. The decision-maker can benefit from the learning of preferences. This idea was
developed in first by STIGLER AND BECKER (1977). However, it is far from probable that
the decision-maker exactly maximizes his utility (as well-being) at each stage of the control.
We rather face a nearly optimization behavior, where the control variable is continuously and
optimally adjusted over time to maximize some objective function (SEE, AMONG OTHERS, VAN
DE STADT, H. ET AL., 1985, AND VARIAN, 1990). The stochastic disturbance in the system
will produce random shocks in the decision-maker’s preferences.

Before introducing new theoretical considerations on the concept of risk-aversion, a natural
question arises: how become the standard conclusions when modelling the attitude to risk of
the decision-maker according to the past and future dynamics of the system?

6.2. Risk-Aversion Based on a Truncated History of the Process and Rational
Anticipations of the System Behavior in the Future

The environment evolution can change the agent’s attitude to risk over time. In a dynamic
context, the agent can fully take advantage from the learning benefits. He can influence the
likelihood of the environment states by using a reinforcement of the active learning. We say
that the agent is not myopic in the sense of expecting. Future anticipations play an important
role in how the agent will decide what strategic actions and optimal risk to take. Suppose
that the agent is a strategic decision-maker. He thinks about the future. Depending on the
way the agent perceives future outcomes, both risk sensitivity and optimal decisions will be
affected during the process of optimization and control. An increased power of prediction is
an efficient method in order to reduce the uncertainty about the future system trajectory. The
forecast is updated each time as new observation becomes available. The future is regarded as
an extended present. A correct evaluation of the past is crucial for making optimal predictions
in the future. This is necessary for an optimal assessment of the agent’s risk-aversion over time.
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We make the following useful notations:

t.
St, p_d = || Yi—1 — ?Jffl ||2 +.o+ || Yt—ky — ?Jf_kl ||2

(the sum of squared past deviations at time t)

not. a g 112 a g 2
St, a_f_d = | Y, — Yt F+.. 4+ YtrkolLvry, — Yitho |
(the sum of squared anticipated future deviations at time %)

not.

St, w_p_d — | -1 — ytgq ||2 Liy A4 o4 | Yemry — ?Jf—kl ||2 Ly,

(the weighted sum of squared past deviations at time t)

not. a g2 T a g 27
St7 w_a_f_d - || yt‘lt - yt H Lt + + || yt+k2ut+k2 - yt+k2 || Lt+k2
(the weighted sum of squared anticipated future deviations at time t)
where yf,; (1 =0, ..., k) represent fixed targets in the future (taking into account foreseeable
movements in y), YirsilL,, (1 =0, ..., ka) are expected values of the target variable at time ¢ + i
K3

based on non-decreasing endogenous information sets I;;; and L;—j (j1 = 1,..., k1), ftﬂé
(j2 =0, ..., ko) are weighting scalars attached to the system deviations (in the past and future)
with respect to the equilibrium path 7. Permanent fluctuations in the system target variable
generate time-varying risk-aversion for the economic agent.

We are now in a position to give a definition of the agent’s risk-aversion index by taking
into account past performances of the system (a truncated history) and rational anticipations
of the system behavior in the future.

Definition 1. Using ¢ to denote time, the absolute risk-aversion index <p:’—pa ; evolves
according to:
r_a def. St, w_p_d + St, w_a_f_d

.~ = ,t=1,..,
bt S(Shp dtSha s altl

where [ > 1 is a positive integer which characterizes the agent’s type, and:

T

1§k1<T7 k2207 1§k1+k2§T_1

(fixed integers)

1<Li 1 <. <L, <0, —1<L;<...< L, <0

The weights may differ across individuals. They are updated during the control period
each time as new observation becomes available. The decision-maker gives a higher importance
to the past and future deviations which are closer to the moment of implementation of a new
optimal action. Smaller the weight is, higher is the importance given by the agent to the system
deviation from his local objective. Given the potential destabilizing role of a long memory, the
agent will include in the analysis only a limited history of the process. Distant past observations
might increase significantly the biais of the estimators in the econometric model. It generally
exists an arbitrary element as regards the choice of the backward lag k;. The objective is to find
the better compromise between fit and complexity. The larger the forward lag ks is, the more
the prediction error increases. Distant forecasts are difficult to formulate due to unpredictable
external disturbances (which generally affect the system performance).

The risk can be interpreted like the agent’s degree of confidence in the future. It decreases
with uncertainty. It is only by taking into account both, the past and the expected future,
that the agent can optimally evaluate the risk in a changing environment. It allows for a better
risk allocation at each period of control. A mixing of objectivity and subjectivity will always
characterize the agent’s degree of risk-aversion. The complexity of this mixing is given by the

11



changing environment design and the agent’s typology. Generally, there is an inherent inertia
effect of the environment due to its capacity of reaction.

Remark 1. We underline here the local nature of the agent’s risk-aversion. This is defined
for a neighborhood of the optimal fixed targets y; ,, ...,/ and respective 37, ..., 37, . It will
therefore exist some neighborhood effects of the system dynamics on the risk-aversion index.
There is a strong relationship between the optimal targets selected by the decision-maker and
his attitude to risk during the control period. Smaller values of the targets are correlated with
a smaller degree of risk-aversion and hence a higher sensitivity to risk for the decision-maker.

Remark 2. The higher (lower) the degree of risk-aversion at time ¢, the lower (higher) the
absolute risk-aversion index c,p:’—pa_ ;- It is important to distinguish between local risk-aversion
(at each period t) and global risk-aversion (over the whole).

Remark 3. There is no loss of generality as regards the upper and lower bounds of the
absolute risk-aversion index c,p:jpa_ ; (by construction, it belongs to (—1,0]) because we can
always find an one-to-one function from (—1,0] to (a, 0], with a < —1 a fixed real number.

Remark 4. Large deviations of the system with respect to the decision-maker’s fixed targets
leads to the following conditions:

|| yt*jl - yf—jl || > 17 jl - 17 "‘7k1

|| yzl+j2ut+j2 o yf—i—jz || > 1, j2=0,.. k2

Proposition 2. The absolute risk-aversion index function t — ¢," ; (t = 1,...,T) is
non-monotonous over time. Risk perception changes with the system behavior as well as the
way the agent interprets its evolution.

Proof. In the appendix. |

In real world, the risk is not uniformly distributed over the entire working horizon.
During the control period, the decision-maker becomes more or less risk-averse according to the
system fluctuating behavior. Uncertainty does not necessarily diminish over time. It verifies
for simple systems as well as for complex dynamic environments. We give below a suggestive
graphic in this sense.

the context of small and large system deviations

It is interesting to remark that for smaller (higher) deviations of the system, we obtain
a smaller (higher) value of the quadratic loss function but a higher (smaller) value of the
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risk-aversion index. In other words, goz—pa_ ; is a decreasing function of Wy,  The
decision-maker more readily accepts the risk when his loss is decreased. His behavior is
characterized by a smaller degree of loss aversion. It changes with increasing gains. We call
this the Decreasing Absolute Dynamic Risk-Aversion (DADRA) assumption.

Remark 5. In dynamic systems with a smooth evolution (but not only) it may be possible
to obtain the same index value at distinct periods of time. Mathematically speaking, this
behavior is due to the non-injectivity of the index function. We illustrate below two examples
of scenarios when all system deviations are small (high).

Figure 5:

6.3. Risk-Aversion Based only on Past Performances (a Truncated History of
the Process)

Suppose that the decision-maker takes into account only a truncated history of the
system in the process of estimation of the index. More exactly, only the most informative
information is considered. In this particular context, we propose the following definition for
the risk-aversion index:
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Definition 2.

radet N =yl P Lo+ oo+ e =0l I Lo

tp ,t=1T; ks =1,T -1
VU ges =gl 1Pt g =yl 2 +1

with [ > 1, a fixed integer which characterizes the agent’s type, and
1<l 1 <. < Ltfkrl <0

some weighting scalars attached to the system deviations with respect to the optimal path 7.
For further details, see PROTOPOPESCU, D., 2003A.

Two system deviations with respect to the agent’s fixed targets are said to be comparable
if and only if their ratio is very close to 1 in magnitude.

Proposition 3. Suppose that all system deviations are comparable. In this context, the
agent is characterized by a higher degree of risk-aversion at the same stage of the control if a
smaller value for the backward lag k; is considered in the estimation of the local index ¢}

Proof. In the appendix. |

This result proves the role played by the system history in estimating the agent’s degree of
risk-aversion. It is important to optimally use all the available information from the system. It
improves the risk assessment during the control period.
When all system deviations are small and comparable, we say that it is characterized by a
smooth evolution (i.e., without significative time-shifts). By contrast, a model with relevant
time-shifts is characterized by large (comparable) deviations.

It is interesting to underline that the shift amplitude of the system target variable is
computed with respect to the (fixed) optimal reference path 1. We present below a graphic
illustration of this theoretical result.

Risk-aversion index based only a truncated history: The context of comparable deviations

Figure 6:

6.3.1. High Potential Shifts

Shift happens. The agent learns from failures. Every high deviation (seen as a failure) is
analyzed in order to avoid unexpected fluctuations of the system in the future. The moment
when a large deviation from the target is perceived is significant. We call a high positive shift
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a context where the system is characterized by consecutive small levels of performance followed
by a high level one. In the opposite case, we call this a high negative shift.

The agent’s objective during the period of control is to obtain smooth forward shifts with
respect to the fixed optimal targets. It contributes to the dynamic equilibrium and stability of
the system. The risky shift phenomenon is one of the key issues in economics, and in the study
of controlled dynamic systems in particular.

The concept of risk-aversion is appropriate to dynamic stochastic environments whose
behavior change significantly over time. It is the case of high fluctuating systems.

Proposition 4. Consider the following two opposite scenarios: i) the transition of the
system is from consecutive small deviations to a large deviation; and ii) the transition of the
system is from consecutive large deviations to a small deviation. For this type of scenarios,
the agent’s degree of risk-aversion is highly dependent on the weights attached to the large
deviations of the system.

Proof. In the appendix. |

It is an astonishing result. Sudden significative changes in the system behavior can affect
differently the agent’s risk perception. Large shifts are correlated with large deviations of the
system with respect to the fixed targets. The shift amplitude is generally different in different
contexts, depending on one hand, on the type of transition, and on the other hand, on the size
of the transition shock.

We give below three distinct attitudes to risk as regards the agent’s individual
perception about large fluctuations of the system (in both above contexts).

a) the large deviation of the system at time ¢ — 1 (in the context of the first scenario) is
much more important for the decision-maker than all other (k; — 1) large deviations obtained
in the context of the second scenario.

High potential shifts: transition from small consecutive deviations to a large deviation and vice-versa

1{—1=10
1|— =10

Figure 7:

b) the large deviation of the system at time ¢ — 1 (in the context of the first scenario) is
much less important for the decision-maker than all other (k3 — 1) large deviations obtained in
the context of the second scenario.
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High potential from small alarge deviation and vice-versa

Figure 8:

c) the large deviation of the system at time ¢t — 1 (in the context of the first scenario) is
either much more or much less important for the decision-maker than all other (k; — 1) large
deviations obtained in the context of the second scenario.

High potential shifts: transition from small consecutive deviations to a large deviation and vice-versa

4
1|—1=10
1|— =10

-0.16-

Figure 9:

We underline that for the three above graphics, the risk-aversion index value at time
t = 1,..,4 corresponds, respectively, to the following distinct scenarios: 1) system
transition from four large deviations to one small deviation; 2) system transition from three
large deviations to one small deviation; 3) system transition from two large deviations to one
small deviation; 4) system transition from one large deviation to one small deviation.

6.3.2. Fluctuating System

In what follows, we analyze the impact of the system fluctuations on the agent’s attitude to
risk during the period of control. Suppose that all high deviations are comparable in magnitude.
We can distinguish two cases, according to the parity of k;.

Case 1. k; is an even number (k; = 2k’). We can imagine two distinct scenarios:

Scenario 1. System deviations fluctuate successively from one period to another such
that: || y—ow — y) o | is high, || yi—@w—1) — yff(%,fl) | is small,..., || y—o — 4/ 5 || is high,
| ye—1 — vi_1 || is small.
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Scenario 2. System deviations fluctuate successively from one period to another such
that: || ye—aw — gy | i5 small, | ye—a1) — 5 sy | 35 Bighoes | Yo — yis | is small,
| ye—1 — i1 || is high.

For this type of scenarios, the system deviation at time ¢ — 1 is the most significative for
the decision-maker. The value of the parameter L; ; is considerably higher than all others
parameters L;_; (i =2, ..., k).

Proposition 5. For an even backward parameter k1, the agent is characterized by a smaller
degree of risk-aversion at time ¢ for the first scenario, even if the negative and positive shifts
are in equal number.

Proof. In the appendix. |

This result proves that the sense of transition is perceived differently by a risk-averse
decision-maker. The initial state of transition plays a crucial role in estimating his degree
of risk-aversion at a given period of time. His objective is to anticipate significant fluctuations
in the target variable. It allows for a more refined perception of large system deviations and
thus for an improved assessment of the risk-aversion index over time.

Case 2. k; is an odd number (k; = 2k" + 1)

Proposition 6. For an odd backward parameter k;, the agent is characterized by a smaller
degree of risk-aversion (at the same control period) for the second scenario compared with the
first one. We have the following inequality:

r_a_ first.sc. r_a_second.sc. -
Ot okl < Prp ksl o V=11

Proof. In the appendix. |

A natural question arises: in real world, does one more often envisage to pass from a high
variation of the system to a small one or the opposite? The answer is not obvious. When the
system inertia is high, the first scenario is not easy to be carried out. Also, an effective control
will prevent the realization of the second scenario. The decision-maker must avoid to much
deviate from the fixed targets. A robust control strategy (i.e., with a low sensitivity to changes
in the input data) is necessary in order to reach this objective. We give below two suggestive
graphics which illustrate the agent’s behavior to risk in the context of a fluctuating system. The
first (second) graph corresponds to a high (weak) risk-averse decision-maker who implements
his optimal policy in the context of a dynamic environment characterized by a large inertia.

Figure 10:
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Figure 11:

Effective management of the system inertia will have a positive impact on the agent’s
attitude to risk. It is interesting to analyze the correlation between the agent’s behavior to
risk and his degree of inertia. This is an exciting fruitful area for future research, with strong
implications in terms of policy-making.

6.4. Risk-Aversion Based on Past Overall Performances (a Progressive History
of the Process)

Suppose that the decision-maker has the interest to use a progressive history of the process
in the valuation of the risk-aversion index. This may be the case where the horizon length is
short and the agent needs more information useful in improving the process of risk-assessment.
The index value will be updated each time as new observation becomes available. In this
particular context, we define:

Definition 3.

roadef ey =yl P Lica+ o+ lyo — 9 II” Lo
t,w T )
VUl gy =yl P+ 4+ Tyo—ud [12)2+1

g eeey

with [ > 1, a fixed integer which characterizes the decision-maker’s type, and
—1<L; 1 €L 2<...<Ly <0

some weighting scalars attached to the system deviations with respect to the optimal reference
path 7.

We denote by yg the target variable at time ¢ = 0 (the initial state of the system) employed
by the decision-maker in the previous optimization scheme. It is supposed to be small.

The initial state of the process will influence the system trajectory and implicitly the
decision-maker’s attitude to risk during the period of control. For a dynamic system
characterized by a sensitive dependency of initial conditions, the variations of the index over
time will be significative. Agent’s sensitivity to risk (generally non-uniform over time) will
be more relevant. This behavior may be captured by the shape of the agent’s index curve.
An empirical analysis in the case of a free-floating initial state can illustrate this risk-sensitive
behavior.

We can imagine two distinct scenarios concerning the agent’s attitude to risk before to start
the control:
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a) yo is small; in this case, the deviaiton || yo — v || is small and thus the absolute
risk-aversion index gpﬁ;j will have a high value. It is a strategic attitude for the agent to
start the control with a smaller degree of risk-aversion.

b) 1o is high; in this case, the deviation || yo — %§ || is high and therefore the absolute
risk-aversion index gozjs) will have a small value. This will determine the agent to start the
control process.

The observability of the system is dependant only on the system states and the system
output. In real world, the relationship between the agent’s reaction to the perceived states of
nature and his attitude to risk is complex. This is a consequence of the importance the agent
places on the system states.

Generally, risk-aversion makes the reaction stronger than risk-neutrality. However, when
both players are risk-averse but at very different degrees, the less cautious of the two can have
a weaker reaction than in the risk-neutral case. This is an astonishing result that naturally
follows from the analysis of the relationship between high deviations and perceived states of
nature.

We give below two suggestive graphics which illustrate the variation of the risk-aversion
index ¢y, in function of the system initial state yo.

Riskaversion index based on a progressive history: the case of a small initial deviation

Figure 12:

Risk-averson index based on a progressive history: the case of a high initial deviation

Figure 13:
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Proposition 7. A decision-maker who manages more and more hardly the evolution of the
system will become more and more risk-averse over time.

Proof. In the appendix. |

As the number of consecutive failures increases, the economic agent will become less and less
confident and thus his degree of risk-aversion will be more and more raised. It is the context
when the agent becomes excessively risk-averse during the control period.

This type of scenario is possible when large deviations are correlated with a high inertia of
the system. The potential for learning is limited in this particular context.

In a noisy environment, the actions implemented by the agent have a weak impact on the
system irregular trend. The agent must avoid to much deviate from the optimal path 7.

Reasoning by analogy, we conclude that in the case where the agent controls better and
better the system trajectory, he will become more and more confident over time; his degree of
risk-aversion will be less and less raised. It is important to note that the two above scenarios
are not symmetrical.

We give below a graphical illustration for these two distinct scenarios in the case where the
amplitude of the system deviation at time ¢ = 1 is relatively small or very large.

Agent's degree of riskaversion when he manages more and more hardly the system trajectory

1 — =
1 — =2
0.4 \

Figure 14:

Agent's degree of riskaversion when he controls better and better the system trajectory

Figure 15:

It is interesting to remark that in the case where the agent more and more hardly controls
the system trajectory, the index value decreases more quickly, while in the opposite case, this
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increases slowly. In other words, it is more easy to loss the control of the system than to
improve its trajectory. For the second scenario, the shape of the index curve is almost linear,
while for the first scenario, this is characterized by an important degree of nonlinearity. This
is a very surprising result, far from intuitive.

6.5. Risk-Aversion Based only on Rational Anticipations of the System Behavior
in the Future

In this section, we analyze the case where the agent takes into account only rational
anticipations about the system behavior when modelling the risk over time. It implies a
risk-attitude adjustment during the period of control. This may be the case where the agent
look towards the future rather than evaluating the evolution of the system in the past. In other
words, deviations from past targets are ignored except to the extent that they affect the future.
In this particular context, the absolute risk-aversion index is defined as follows:

Definition 4. s
r_a def. t,w a f d
Py = —— ,t=1,...,T.
L \/(St’ a_f_d)2 +1

6.6. Comparing the four Dynamic Risk-Aversion Definitions

Proposition 8. In a dynamic environment, the agent’s degree of risk-aversion varies
according to his adopted strategy to manage exogenous and endogenous risks.

Proof. In the appendix. |

Future uncertainty affects the agent’s attitude to risk. Anticipation of higher (smaller)
system deviations with respect to the fixed targets corresponds to a higher (smaller) degree of
risk-aversion only if the agent attributes appropriate weights to these deviations.

More information helps for better forecasting the risk but it does not necessarily decrease
the agent’s uncertainty. System dynamics and its inherent inertia can produce a significative
change in the agent’s attitude to risk.

Errors from learning occur. They can be improved but not eliminated when analyzing real
phenomena. The potential for learning is limited in a noisy environment.

It is useful to underline that the process of learning is generally non-monotonous over time.
We also note that for a risk-averse decision-maker, the benefits of active learning are important.
The agent dynamically adjusts his actions in order to minimize the distance between actual
state of the system and target trajectory.

Large endogenous risks are not easy to avoid due to their high correlation with high fluctu-
ations of the system. Random transitory (or permanent) shocks in observed movements of the
system will influence the agent’s degree of risk-aversion.

Contrary to what is generally believed or the intuition should suggests, the sensitivity to
risk can be lower when the agent does not explicitly integrate knowledge of the past in the
index formula. The observed outputs depend upon his ability to anticipate the future, as well
as other factors that are outside the agent’s control.

A natural question arises: how to define the optimal trade-off between past and expected
future when dealing with adaptive risk perception and optimal risk assessment?

We give below four suggestive graphics (corresponding to the four proposed risk-aversion
index definitions) which illustrate numerically the above theoretical result.
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Riskaversion index based on a truncated history and future rational anticipations

risk-aversion index level

time

Figure 16:

Riskaversion index based only on a truncated history
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Figure 17:
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index based on a p history

Figure 18:

Riskaversion index based only on future expectations

Figure 19:
We have the following index inequalities:
Pl < Prrw < P1rp < @17, while i < b <@ <oy
Piap < 1w < Piap 5 < iz, While w57 <0+ <05 < P67y

Py 1 < P < Py < Pupy while 9t < 05y < 9pF < Py
Distinct agents, characterized by distinct risky preferences, have in general distinct perceptions
of endogenous risks in a given environment. It generally depends on how they succeed to manage
the available information from the system as well as future information from outside the system.
It is important to make distinction between risk-aversion before and after starting the control
process. They are not generally based on the same information set. Before to start the control,
the agent’s degree of risk-aversion is measured on the basis of an exogenous information set; it
defines the agent’s type at a given period of time. After to start the control, the agent’s degree
of risk-aversion is estimated on the basis of a non-decreasing endogenous information set. In
a dynamic evolving context, the agent’s type can change. In a static context (one aggregated

period of time), it is not justified to fix an arbitrary value for the risk-aversion index. All the
more, in a multiple-horizon dynamic environmemt, this procedure does not make sense.
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7. Qualitative Consequences on Risk Management

The object of this section is to explore the implications of the proposed risk-aversion concept
on the decision-maker’s adaptive behavior by developing realistic scenarios for the dynamic
environment (for further details, see PROTOPOPESCU, D., 2003B).

7.1. Small System Deviations

Proposition 9. Suppose that all system deviations in the past and future are small. For this
type of scenario, the decision-maker is characterized by a small risk-aversion
during the control period. When all system deviations are almost null (a borderline case), the
decision-maker becomes almost risk-neutral.

Proof. In the appendix. [ |

This result reveals the correlation that exists between risk-aversion and highly fluctuating
systems. It is interesting to note, in this case, that for small symmetrical deviations with
respect to the fixed targets, the decision-maker will adopt the same attitude to risk at time ¢.

Zero risk can exist if the agent does not attribute any importance to the system
deviations. This may be the case of a dynamic system characterized by small deviations.
However, when the deviations are (relatively) large, this scenario is not compatible with a
rational behavior (SEE, AMONG OTHERS, DOUARD, J., 1996). Because at least one of the
system deviations (in the past or future) is strictly positive, the index value is non null.
This can be explained by the presence of significative random disturbances, the inherent
inertia of the system and the inevitable forecast errors in predicting the system trajectory.
The hypothesis of risk-neutrality for the entire working horizon, very often employed in the
literature, is very restrictive. In real world, this work-hypothesis is non-realistic, taking into
account the dynamic complexity of the environment. Its use in many theoretical and em-
pirical studies is satisfactory only for parsimony purposes. The apparent need for parsimony
is derived by the facility brought in the construction of the models. Parsimony may seems
desirable, but is in fact not because it generally introduces non-negligible errors in the model. It
limits an adaptive endogenous behavior to an exogenous pseudo-optimal one. We give below two
suggestive graphics that illustrate the adaptive behavior towards risk of the decision-maker in
the context of small (almost null) system deviations.

Evolution of the riskaversion index when all system deviations are small but non-negligible

Figure 20:
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Evolution of the risk-aversion index when all system deviations are almost nul

Figure 21:

We observe here the non-monotonous character of the risk-aversion index as well as the
intimate correlation between the choice of the parameter [ and the agent’s risk perception
during the control period.

7.2. Small and Large System Deviations

Proposition 10. In the context of a dynamic system characterized by small and large
deviations, the agent will not be necessarily more risk-averse for the same control period
compared to the case where all system deviations are small. It depends on two distinct factors:
i) the moment of time when these deviations arrive in the past or are expected to be realized
in the future; and ii) the weighting scalars the agent will attach to the system deviations with
respect to the equilibrium path 7.

Proof. In the appendix. |

The theoretical intuition of this result is based on two evidences: i) the effect of high
deviations in the past will diminish in time; and ii) large expected deviations in distant future
will have a non significative effect on the agent’s risk sensitivity. Individuals are more risk
tolerant on distant horizons. We give below a realistic scenario for the system evolution which
confirms this intuition.

Evolution of the riskaversion index when there is small and large sysem deviations

risk-aversion index level

Figure 22:
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As is easily seen, at time t = 5, we ascertain a higher index value compared to that one
obtained when all system deviations are small.

7.3. Large System Deviations

Assumption 6: The parameter [ verifies the additional conditions:
D)1 gy — i, 1P =0V =1,k

i) 1/ | i, — W 120V jo =0,k

Proposition 11. When all system deviations are large and comparable, the agent’s
degree of risk-aversion is highly dependent on the weighting scalars attached to the system
deviations.

Proof. In the appendix. |

There is a relationship between risk-neutrality and perverted perception of the
environment. This is the case where the agent does not attribute any importance to the
system deviations. When the importance attached is negligible, the agent is characterized by
an almost risk-neutral behavior. By contrast, for non-negligible weighting scalars attached to
the system deviations, the agent’s degree of risk-aversion is significative. Risk perception and
environment impact are highly correlated.

It is interesting to note that for this type of scenario, the boundary condition imposed on
the fixed targets does not allow for a symmetrical evolution of the dynamic system.

In order to illustrate the above theoretical result, we give below three suggestive graphics
which show the strong correlation between the agent’s risk perception and the size of the
weighting scalars attached to the system deviations.

Evolution of the riskaversion index when both system deviations and weighting scalars are large

risk-aversion index level

Figure 23:
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Evolution of the riskaversion index when system deviations are large and weighting scalars are small

Figure 24:

Evolution of the riskaversion index when system deviations are large and weighting scalars are variable

risk-aversion index level

Figure 25:

Proposition 12. Suppose that all system deviations are comparable. A higher value of the
sum of k; (feedback period) and ko (forward period) does not necessarily diminish the agent’s
degree of risk-aversion at the same stage of the control.

Proof. In the appendix. ]

This result proves the trade-off between past and future evolution of the system. Neither
the past nor the future have a dominant effect on the agent’s risk behavior. In general, risk
perception is influenced by the aggregate cumulative effect of both temporal dimensions.

Often the past is a backwards indicator of the future. The weight that the agent places on
the future may be correlated with exogenous signals from the past. Depending on the context,
the past can provide more (or less) informative signals about the system future trend. They can
change the agent’s behavior to risk during the period of control. We give below two suggestive
graphics which illustrate this theoretical result.
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Evolution of the riscaversion index when there is small and large system deviations

Figure 26:

Evolution of the riskaversion index when there is small and large sysem deviations

risk-aversion index level

Figure 27:

A smooth (or almost constant) evolution of the system will not significantly change the
agent’s attitude to risk. In this case, the past and the expected future will have relatively the
same impact on the agent’s risk behavior.

Generally, the agent’s risk sensitivity is highly correlated with a significative change in the
dynamic of the system. As a consequence, the more the system is non-linear, the more marked
will be the agent’s degree of risk-aversion over time.

There is a close relationship between the system inherent inertia and the agent’s risk
perception. Distinct agents develop individual behaviors with regard to how they respond in
similar risky situations. They are most often characterized by different degrees of risk-aversion.
However, it may be possible that their attitudes to risk be similar in a given risky situation.

8. Excessive Risk-Averse Decision-Maker

Experimental evidence shows that individuals overweight extreme events. They can modify
their individual type behavior. The ability to assess future risks associated with extreme events
is increasingly important to decision-makers.

Let ¢~ be an optimal risk-aversion threshold fixed by the agent before starting the control
and for the entire working horizon. His objective is not to exceed it, if not he becomes excessively
risk-averse for the current period of control, being characterized by an extreme pessimism

(prudence).
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We correlate the exceeding of the threshold gomH{ during the control period with at least one
high deviation of the system from the agent’s fixed targets.

There is a close relationship between the choice of the agent’s optimal targets and the
possibility to exceed the fixed risk-aversion threshold Sf)i)n?r{ . Smaller optimal targets will
generally imply a smaller absolute risk-aversion index and thus a higher “probability” to exceed
the threshold V=

An agent with a higher (smaller) risk-aversion before starting the control will choose a
smaller (hlgher) threshold <pmm

If cpt * ; characterizes the agent’s local risk-aversion (at time t), cpfngr{ will characterize his

global risk-aversion (over the whole). The optimal threshold gomm must be selected such that it
offers the best characterization of the agent’s type. It depends on the particular environmental
context.

We must distinguish between o'= and p1-, ;- It is a strategic attitude for the agent to fix

a threshold <pmm inferior to gol o I

The above definition of gpmir{ give us a good explanation why the absolute risk-aversion
index is a non-monotonous function with respect to the time variable.

An increasing index would be in contradiction with the definition of gpmm (it would be never
exceeded). In real world, this limit threshold is most often exceeded by risk-averse agents.

In the case of a decreasing index, the dynamic learning would be inefficient. It would
constrain the decision-maker to exceed the threshold "=’ ! over time, whatever his strategy, and
hence he would become excessively risk-averse for the remaining period of control. It would be
non-realistic.

The demsmn—maker’s global utility function corresponding to the risk-aversion optimal
threshold gpmm is given by:

/
def 2 Plnin
Uy (Wi, i) = ——{exp(— 5 W) — 1}

Proposﬂzlon 13. Any risk-averse decision-maker is characterized by an optimal risk-aversion
threshold gpmm chosen in function of his individual type.

Proof. In the appendix. |

This result allows for a differentiation of common types as well as a total separation of
distinct types. Two common (distinct) types of decision-makers will not generally give the
same interpretation to the system evolution. Its endogenous impact is perceived differently by
different decision-makers.

With the same control policy instruments and some linear decision rules, they can implement
distinct optimal actions for a given period ¢t. However, it may be possible that their actions be
the same for the same control period. It is the case of non-linear decision rules. This can be
explained by arguments based on the non-injectivity of the control rule, regarded as a function
of the index variable.

In this approach, we deal with a continuum of agents’ types and heterogenous risk
preferences. This type of modelling provides a better description of agents’ behavior as
decision-makers.

We illustrate below a realistic scenario concerning the choice of the agent’s
risk-aversion threshold.
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Choice of the risk-aversion threshold in the context of a six periods horizon

fisk-aversion threshold
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Figure 28:

In the following, we give an interesting theoretical result which characterizes the boundaries
of the decision-maker’s utlity function during the period of control.

Proposition 14. Any risk-averse decision-maker is characterized by a local utility function
whose upper and lower bounds vary according to the risk-aversion index level relative to the
optimal threshold "=,

Proof. In the appendix. ]

An important consequence of the above result is the complete separability of the agent’s
risk-averse preferences, depending on the index variation with respect to the fixed optimal
threshold @ﬁl—h{ . It allows to characterize the agent’s type in function of his individual prefer-
ences.

The inherent disutility of the risk associated with extreme events is also proved from this new
perspective. We give below two suggestive graphics in this sense, in the case where gpﬁl—h{ = —0.5.

Evolution of the local utility function: The agent does not exceed the optimal riskaversion threshold
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Figure 29:

30



Evolution of the local utility function: The agent exceedsthe optimal riscaversion threshold
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Figure 30:

In order to illustrate the potential correlation between the length of working horizon and the
agent’s degree of risk-aversion, we give in the following an interesting result in this direction.

Proposition 15. There is a potential effect of the working horizon length on the
decision-maker’s attitude to risk.
Proof. In the appendix. ]

This approach allows to characterize a closed-loop strategy as regards the attitude to risk
of a rational decision-maker in a dynamic environment. It is useful to note that the horizon
length may generate variations of risk-aversion over time. We illustrate below a realistic scenario
concerning the potential effect of the horizon length on the agent’s risk attitude.

Choice of the optimel riskaverson threshold in the context of a four periodshorizon

risk-aversion threshold
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Figure 31:

We remark that in the context of a four periods horizon, the decision-maker can choose an
optimal risk-aversion threshold gofn*ir{ inferior to —0.45, while for a six periods horizon, @f;}{ is
inferior to —0.57. In other words, the agent’s risk-perception (and implicitly his degree of risk-
aversion) is dependent on the fixed-horizon length. The above result proves that risk-aversion

increases with horizon length.
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9. Potential Sensitive Periods

It may exist some significant periods (with an important degree of uncertainty), when the
decision-maker has as objective not to exceed a local fixed risk-aversion index level. More

exactly, suppose that for each significant period ¢, the agent chooses, based on his rational

expectations, an optimal local value ¢}  that he wants not to exceed (¢} ; < ¢, /)

and such that goﬁl—h{ < 3055?;7 ;- This can be explained by the fact that a global minimum is
always smaller or equal than a local one. One should not confuse goffcl;i s (which is fixed before

starting the control and thus does not depend on the evolution of the system, like gpfn—f ; these

two thresholds are strictly exogenous, by definition) with <p:7—pa s (estimated after the control

begins). It is also important to distinguish between gofn*h{ and goffi, ;- The first one defines

the decision-maker’s type (for the entire period of control), while the second depends on his
objective at time t.

Let t; (j = 1,...,k) be all significant periods on the interval [1,7], where {ti,...,t;} C

1,...,T}. Note that ©l°> . are defined only for the periods t;, while ¢” ~/ is chosen by the
gpt], p_ f y p 7 ¥min y

decision-maker according to his expectations on all ¢

(j = 1,..., k) that influence @ﬁﬁr{

loc. loc.
i.p - Consequently, these are ¢, ¢
loc.

and not vice versa. One can say that iy f s the equivalent

of ‘Pﬁﬁf , but only locally. In this context, we define:
f - loc. loc.
gpﬁqin Smln{gpt?,cpifw"?wt%?pif}

The agent’s utility level at time ¢, defined for a fixed threshold 9055?6157 f» 18 given by:

loc.
oc 2 (‘Ot7 f
Ut(VV[l,t]»@; bff) = oc. {eXp(— —21)7 : W[l,t]) - 1}
Pt.p_f

We can write:
Ud(Wina, @o) < U(Wing, 1% 5) < U(Wina, €4 f)

if and only if
Pt < (pff;-_f <@, Vt=1,..T

Note that goi‘]?f'p s can be viewed as a first control-threshold imposed by the agent in order not

to exceed cpﬁl—ir{ . At each stage t;, it is possible to exceed gpffj’f'p ; but not gpfn—h{ . This can be
explained by the fact that, in general, the local conditions are more restrictive than the global
ones. Since a real time control process is necessarily discrete, the dynamic of the risk-aversion
index cpé‘f‘;i s cannot converge with precision to any fixed optimal value 9055?,6’1)7 s> but only to a
neighborhood of it. When the process of control is finished, the decision-maker will obtain a

stochastic neighbouring-optimal trajectory of the risk-aversion index which is expected to be
close to the optimal path <pl1‘fcz',_ Freees cpéﬁf'p_ f}. It is very likely that difference between ex-ante

and ex-post behavior towards risk exists.
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10. Agent with a Changing Risk Behavior

The way the risk-aversion index is parameterized depends on the problem statement. We
refine the analysis by taking into account the case of an economic agent characterized by a
changing risk behavior. There may be periods when the agent is risk-averse and others when
he becomes (almost) risk-neutral or risk-lover. A mixture of pessimism and optimism can exist
(sSEE, TOULET, 1982).

We consider the same definition of the index as in Chapter 6.2, with the only difference
that the weighting scalars attached to the deviations of the system from its reference level lie
inside the unit circle. Let us make the following notations:

~ ‘ ~ ~
St,w_p_d = | ye1 — Yi H2 Liv+ ot || Yoy — yffkl H2 Ly,
(the weighted sum of squared past deviations at time t)
t.
tw o fd = Yiir, — Ui 1> Li+ ...+ | 3/?+k2\1t+k2 — Yk 1> Lty s,

(the weighted sum of squared anticipated future deviations at time ¢)

where B B
—1<Li 1< S Ly <1, =1<Li<.. <L, <1

are weighting scalars attached to observed and expected deviations of the system. Their values
are selected according to the importance the agent places on the past and future.

Remark 6. We distinct, in this general context, two completely opposite scenarios:

i) the pure risk-aversion case, defined according to the following boundaries conditions:
1 <L < <Ly <0, —1<Ly<..<L, <0
ii) the pure risk-taking case, defined according to the symmetrical boundaries conditions:
0<Lig < <Ligy <1,0<Li<..<Li, <1

A changing risk behavior can be regarded as a mixed case of risk-aversion, risk-neutrality
and risk-taking. System evolution will refine the agent’s type.

r a n_l

Definition 5. Using ¢ to denote time, the absolute risk index ¢~~~ evolves according
to: _ N
Si 4+ S
T il e e Y 4

\/(St, p dt S@ a,f,d>2 + l~

where ZNZ 1 is a positive integer which characterizes the agent’s type, and k; (i = 1,2) represent
the backward (forward) lag parameters verifying the following constraints:

1§]€1<T, ]{3220, 1<k +k, <T-—-1

In this general context, the boundary condition for the index changes. It is possible to
obtain negative values for some periods and positive (or null) values for others. All these
values are obtained by a “constant” mixing of objectivity and subjectivity. They depend on
several factors including, the available exogenous information from the system, the accuracy
of perception and respective the inherent discrepancies between ex-ante anticipations and the
corresponding ex-post quantities.
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The evolution of the system will not have, in this case, the same impact on the agent’s risk
perception. His optimal actions will be generally different compared to those selected in a pure
risk-aversion (risk-taking) context.

This type of modelling represents an important refinement of the concept of temporal
risk-aversion, very often employed in the literature (SEE, AMONG OTHERS, MACHINA, M.,
1984 AND VAN DER PLOEG, 1992). A clear useful distinction between temporal and timeless
risks is provided by our model. It improves the standard analysis of economic behavior under
temporal unceratinty (SEE, AMONG OTHERS, CHAVAS, J-P., AND LARSON, B. A., 1994).

Proposition 16. A more (less) risk-taker decision-maker is characterized by a smaller
(higher) local anticipative utility level.

Proof. In the appendix. [ |

Agent’s preferences level will decrease with the growth of the risk-taker index.
His objective is not to exceed a fixed limit threshold for the index over which he becomes
excessively risk-taker, and thus he will be characterized by an over-optimism.

This strategical attitude prevents to exceed some threshold utility level over which the
agent’s ex-post preferences are suboptimal.

In order to reach his objective, the agent must avoid to much deviate from the fixed optimal
trajectory n. Over-optimism is an induced deviating behavior with respect to perceived states
of the system.

We give below a suggestive graphic which illustrates the evolution of the agent’s utility
function with respect to the anticipative loss and the risk-taker index.

local utilty level

local antici pative loss %10
10 09 08 07 06 05 04 03 02 01 00

local risktaker index

Figure 32:

Proposition 17. Any risk-lover decision-maker is characterized by an optimal risk-taker
threshold gp%gi chosen in function of his individual type.

Proof. In the appendix. [ |

It is useful to note that risk-taking and risk-aversion are non-symmetrical behaviors. They
are analyzed in non-symmetrical contexts. We give below a suggestive graphic which illustrates
this theoretical result.
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Choice of the optimal risktaker threshold in the context of a six periods horizon

risk-taker threshold

Figure 33:

Proposition 18. Any risk-lover decision-maker is characterized by a local utility function
whose upper and lower bounds vary according to the risk-taker index level relative to the
optimal threshold (%

Proof. In the appendix. |

A direct consequence of this result is the complete separability of the agent’s risk-taking
preferences It depends on the index variation with respect to the fixed optimal threshold
gpmax It allows to characterize the agent’s type in function of his individual preferences. We
give below two suggestive graphics in this sense, in the case where ¢~ I =0.5.

min

Evolution of the local utility function: the agent does not exceed the optimal riskaker threshold

local utilty level
© b 4 b b A b B s o

s

Figure 34:
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Evolution of the local utility function: the agent exceedsthe optimal risktater threshold

local utiity level

Figure 35:

Proposition 19. There is a potential effect of the working horizon length on the
decision-maker’s risk-taking bahavior.

Proof. In the appendix. |

As in the case of risk-aversion, the agent’s goal is to reduce the exogenous effect of the
horizon length on the optimal policy decisions.

A particular environmental context can change the agent’s strategy employed in the process
of optimization and control and thus his adaptive behavior to risk. To fix a smaller / higher
horizon length generally depends on the agent’s strategic objective and his individual type.

This study take a step towards a more refined understanding of the concepts of short and
long horizon risk. This is a key topic for future research with implications in a wide range of
economic applications intrinsically linked to the study of policy implementation and analysis.

We give below a graphic representation of this theoretical result.

Choice of the optimal risktaker threshold in the context of a four periods horizon

risk-taker threshold
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Figure 36:

We remark that in the context of a four periods horizon, the decision-maker can choose an
optimal risk-taker threshold @pmai inferior to 0.4, while for a six periods horizon, gopm3£ is inferior
to 0.55.
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Proposition 20. Any rational decision-maker with a changing risk behavior is characterized
by two optimal thresholds chosen in function of his individual type: a “minimal” risk-aversion
threshold goﬁ;ir{ and respective a “maximal” risk-taker threshold ¢Pzl.

Proof. In the appendix. |

The objective of a decision-maker characterized by a changing risk behavior is to maintain
the index risk level inside the interval defined by the risk thresholds goﬁ;hf and @hal. It can be
possible if and only if the decision-maker succeeds to constrain the dynamic system to follow
the fixed optimal path 7. When at least one of these thresholds are exceeded, the economic
agent is characterized by an excessive risk behavior.

Significative changes in the system evolution are necessary such that a transition from an
extreme risk behavior to the opposite one be possible. An interesting question is: which of these
two extreme attitudes are most probable to arrive in real world? The answer is not obvious.

The risk-neutrality case can be regarded as a transitory state in this dynamic process.
A changing risk behavior can be defined as a free floating state with respect to the agent’s
attitude to risk over time. For a stochastic system characterized by an “uniform” trend towards
lower values for the target variable, the agent’s behavior to risk is defined in a reasonably
neighborhood of the risk-neutrality transitory state.

Generally, risk-taking makes the reaction stronger than risk-neutrality. However, when both
players are risk-taker but at very different degrees, the more optimistic of the two can have a
weaker reaction than in the risk-neutral case. This is an astonishing result that can be explained
by the relationship that exists between high deviations and perceived states of nature.

The environment can encourage risk-taking or induce risk-aversion behavior. Outcomes as
large losses can induce risk-aversion, while outcomes as large gains can induce risk-taking.

We give below a realistic scenario which illustrates the strategic attitude to risk of a rational
decision-maker characterized by a changing risk behavior during the control period.

Choice of the optimal riskaversion threshold: the case of an agent with a changing risk behavior

fisk-aversion threshold

Figure 37:

For this scenario, the agent’s objective is not to exceed the optimal fixed thresholds
=l = —0.6 and ¢hl = 0.4. If @~/ (vespective ©hal) is exceeded at time ¢, the agent will
implement an excessive risk-averse (respective risk-taking) decision which will be
suboptimal. His utility function during the entire control period evolves according to the
following formula:
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r_a_n_l1
sor,a%n,l {eXp<_%’ pif ’ W[Lt]) —1pif 1< 90: pa fn l <0
t,p_f
I\ def . r an
U(Wnas 1) Wi if e, =0
r_a_n_l1
i {exp(—%’ e W) —1p 0 <@ <1
t, p_

We illustrate below its changing evolution as well as the agent’s adaptive behavior to risk
during the period of control.
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Figure 38:

In order to illustrate the complexity of the agent’s behavior to risk in a changing
environment, we give below a suggestive plot in the particular case where the objective is
not to exceed the optimal thresholds gpﬁ;h{ = —0.3 and cpﬁqaf( = 0.4 during the entire period of
control.

Agent with changing type: riskaverse, riskneutral, risklover

Figure 39:

The action taken at time ¢t = 1 will induce a weak risk-taking for the next period; the agent is
characterized by a small degree of confidence. A reinforcement of the active learning correlated
with an efficient feedback (closed-loop) strategy will progressively decrease the agent’s degree
of confidence in the two next periods.

At time ¢ = 4, the agent becomes (almost) risk-neutral. For the following three periods,
we ascertain an increasing tendence in taking higher risks. However, the agent succeeds in not

overreaching the fixed optimal threshold @ﬁzﬁ.
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At time t = 8 and ¢t = 10, the agent’s degree of confidence is almost null. Given the inherent
inertia of the system, the agent’s risk-aversion will increase (even if not significantly) for the
next period. He succeeds in not overreaching the fixed optimal threshold @ﬁl—ig . In other words,
the agent’s strategic objective is reached.

The agent’s optimal policy employed in the process of optimization and control succeeds to
constrain the dynamic system to follow the reference trajectory 7.

An interesting question arises: from what values, the optimal thresholds gpfn—h{ and gpﬁl—ai
chosen by the economic agent, can be regarded as small or large? This generally depends on
the particular environmental context as well as on the agent’s individual type.

11. Concluding Remarks and Possible Extensions

The present paper contributes to the literature on risk by exploring the crucial role played by
the dynamics of the system on the agents’ attitudes towards risk. The definitions of the absolute
risk-aversion index proposed in this paper offer a variety of advantages. First, they allow to
see how endogenous uncertainty is captured over environmental changes and to make better
comparisons between risky situations. The agent interprets the system evolution and reveals his
adaptive behavior to risk over time. It is only by optimizing the past and present that he will
optimally anticipate endogenous risks in the future (regarded as an extended present). Second,
they allow for a better risk management by the use of reinforced active learning and closed-loop
feedback information. The integration of the risk-aversion index in the agent’s optimal policy
will improve the control and implicitly the system trajectory. The risk-aversion index provides
a good understanding on how the agent’s perception to risk evolves over time. Third, they
allow to characterize the agent’s type according to his degree of risk-aversion and individual
preferences. An interesting relationship emerges between behavior to risk and length of working
horizon. Although often criticized, the most widely used hypothesis for the analysis of economic
behavior is risk-neutrality. It appears as a borderline case in our model. We propose a natural
extension of the ARROW-PRATT theory (which takes into account only attitudes towards small
exogenous risks) by including in the analysis potentially high endogenous risks (the case of
large-amplitude fluctuations). This is necessary in order to overcome the limits imposed by
the standard measures of risk-aversion. Furthermore, we refine the analysis by developing
the general case of changing risk behavior. This type of modelling has the potential to be a
powerful tool for characterizing (based on the system evolution and the importance attached to
the past and future) the agent’s attitudes towards risk, including risk-aversion, risk-neutrality
and risk-taking. This study also contributes to the bounded rationality literature (SEE, AMONG
OTHERS, SIMON, H. A., 19824, 19828, AND T. J., SARGENT, 1993) in that it allows for
a refinement of the agent’s individual preferences in discrete time. The proposed analysis can
be easily extended to the more general context of stochastic dynamic games (cooperative or
non-cooperative), the objective here being to define and characterize the equilibrium of the
game according to the optimal risk-sharing between strategic players. We can also study the
identification of the emerging endogenous coalitions in interactive strategic environments, in
function of the players’ types and their risky objectives. Exploring such possibilities appears
to be a good topic for further research.

Appendix

Proof of Proposition 1.
Differentiating the expression of Uy(W g, ¢, ;) with respect to ¢, ; (for an arbitrary
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fixed value of W} 4), we obtain:

2 - exp[— &L 2’p*f : Vlf[l,t]](_%w Wi — D+1

U{(W[Lt], szjpaif) =

(wz,ipaif)z
Let us define:
T o a d . (pryia g0T77a
ViWia, e ¢) = exp|— t2p_f Wial(= tzp_f Wy —1)+1

as a function of <p;—pa ;- After simple algebraic computations, we find for the first derivative of
Vi B

W[21 ] @:J f
ViWias iy ) =@y 5 =4 eXp(—’Tp* W) <0,

that is, V; decreases with <p£*p‘i 5
0 < 0= ViWung, e ) > Vi(Wpng, 0) =0

It follows that Uj(Wp 4, goz—pa_ f) > 0. The local utility function Uy (W 4, cp:,—pa_ f) is therefore
increasing in cp:jpa - We also have that U, is decreasing in Wy 4. This is in agreement with the
real world and strong empirical evidence.

Proof of Proposition 2.

Simple algebraic manipulations show that the sign of the difference:
o g = SoLt + o+ &1Lk 1+ gl?t—kl + - + Erpr1Lirien
R VE+ ot Gy Bt G2+
&L+t &y L + &L+ .+ & Liin
VE+ ot G +E+ o+ G2+

is either positive or negative or zero (it is extremely rare), depending on the values taken by
the norm-deviations:

t. .
é.jl = ” Yt—jy — ytgfjl H, N = O, ooy ]{,‘1

(exogenous variables)

- t. .
5_]’2 né H y?+j2|lt+j2 - ythFJZ H? j2 = O? t k:2 + 1

(random variables)

Proof of Proposition 3.

Suppose that k; < k}. Let us consider that k{ = k; + k, with £ > 1 a fixed integer. By
hypothesis, we have:

Li oy <Lig<...<Lypy <Li—(gy41) < oo < Ly ey 4h)

We can write:
Ltfl + ...+ Ltfkl + ...+ Lt_(k1+k) . Ltfl + ...+ Lt,]{;l

lfl + k kl
—k[Ley+ ..+ Lig] + [ Li—(er41) + -+ Loy 4]
ki(ky + k)
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[—kLt_l + Lt_(k1+1) + + Lt_(k1+k)] + + [—kLt_kl + Lt_(k1+1) + + Lt_(k1+k)]
= >0
ki(ky + k)

In other words, we have proved that:

Ltfl —+ ...+ Lt—kll Lt—l + + Lt—kl
k. ey

(the average of kf weights) (the average of k1 weights)

]{71<k/1:>

Proof of Proposition 4.

Consider first the case where the system transition is from consecutive small deviations
to a large deviation. Denote by gosza’ - the risk-aversion index at time ¢ for this type of
— L;_q, where L; 1 represents the weight attached to the

r a,s_h
t,ip B

system deviation at time t — 1. Let us denote by cpz—pa’ "% the risk-aversion index at time ¢
when the system transition is from consecutive large deviations to a small deviation. In this

case, we can write:

scenario. We have that ¢

r a,h_s Lt—2 + ...+ Lt—k1
—

gpt,ip kl o 1
where EH, e Zt_kl are weighting scalars attached to large system deviations (in the context
of the second scenario). Depending on the size of the parameters L, ; and %, we

can imagine three distinct situations:

a) the large deviation of the system at time ¢ — 1 (in the context of the first scenario) is
much more important for the decision-maker than all other (k; — 1) large deviations obtained
in the context of the second scenario:

Lio+ ..+ Ly

Lin <Ly gy Lin K Ly = L1 K

(sufficient condition) kl —1
In this case, it follows that gosza’ s o gpsza’ h*S, and hence a higher degree of risk-aversion

for the same control period in the context of the first scenario compared with the second
scenario.

b) the large deviation of the system at time ¢ — 1 (in the context of the first scenario) is
much less important for the decision-maker than all other (k; — 1) large deviations obtained in
the context of the second scenario:

Lio+ ..+ Ly,

Loy Lyg, oy Ly > Zt—kl = L1 > y—
=

(sufficient condition)

In contrast with the previous case, we obtain that gosza’ st gpfjpa’ h*s, and thus a smaller

degree of risk-aversion at time ¢ in the context of the first scenario compared with the second
scenario.

c) the large deviation of the system at time ¢t — 1 (in the context of the first scenario) is
much more or less important for the decision-maker than all other (k; — 1) large deviations
obtained in the context of the second scenario:

Lt,I < (OI‘ >>) thg, ceey Lt,]_ <K (OI' >>) thkl

In this case, it may be possible to obtain:
either



or

This completes the proof.
Proof of Proposition 5.

In the context of the first (second) scenario, we obtain respectively:

r_a_ first.sc. Lt72k:’ + Lt7(2k’72) + ...+ Lt72
Pt p, ki=2k' L'

r_a_ second.sc. Lt7(2k:’71) + Lt7(2k:’73) + ...+ Lt—l
3075, p, k1=2k' - k!

Suppose without loss of generality that:

Liop + Li—orr—2) + . + Ly > Ly (o —1) + Ly —3) + ... + Ly

It follows that:
r_a_ first.sc. r_a_ second.sc.
Pip =2k = Pip, ka=2k'
Proof of Proposition 6.
We have respectively:

r_a_ first.sc. Ltf(Zlc’+1) + Ltf(Zk’fl) + ...+ Lt73 + Ltfl
Sot, p, k*=2k'+1 - k! + 1

r_a_ second.sc. Lt—Qk’ + Lt—(2k’—2) + ...+ Lt—2
Pt p, k*=2k'+1 %

Suppose without loss of generality that:

Liop + Li—orr—2) + ... + Ly Li—p1) + Li—owr—1) + oo + Li—s+ Ly
W > )

It follows that:
r_a_ first.sc. r_a_ second.sc.
Pt p k=2k+1 < Pt p, ky=2k/+1

We also have:

r_a_ first.sc. r_a_ first.sc.
Pt p k=2k'+1 < Pt p, ky=2k/

r_a_ second.sc. r_a_ second.sc.
Pt ki=2k' < Pip, ki=2k'+1

This completes the proof.

Proof of Proposition 7.

It results from the following sequence of inequalities:

L Lo+ L Lo+ ...+ L
T0>> 02 L t t—1

Each above ratio corresponds (in this order) to the estimation of the risk-aversion index at
time 7 = 1,2, ..., t. For this type of scenario, it is supposed that L; < Lg. In other words, the
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impact of the deviations from 7 = 1 to 7 = t on the agent’s future uncertainty is much more
important compared with the impact at 7 = 0.

Proof of Proposition 8.

It is easy to see that the sign of the following differences:
Cip =Pt Pip P Pif —Pips Pif P
may be either positive or negative. In other words, the agent’s degree of risk-aversion is

correlated with his adopted strategy to manage the inevitable risk and uncertainty involved
in the process of optimization and control.

Proof of Proposition 9.
not.

. = not.
Denote by 5]1 = || Yt—jn — y;fg—jl ||7 Ji = 17"'7k17 and 5]2 = H yg+j2|]t+j2 - yf—&-jg ||7
J2 = 0,...,ky, the system norm-deviations at time ¢t — 1,....t — k, and ¢,....t + ko,
respectively. These are supposed to be small but non-negligible. The absolute risk-aversion
index ¢, ,, s evolves according to:

o0 = Silia+ o+ &y Ligy + &L+ ... + gkzzt-l—kg
Lo_f — —
VE o+ G +E 4t B2+

t=1,..T

For ease of exposition, assume that [; = [* (a small value from (0,1)) for all ¢t =1,....;T. It
follows that: _
< Via=1. kand{, <I', Vj=0,.. k

We have:

" a G4+ & +E+ .+ &
|Q0t,p7f| S — —
VE A+t & +Eot ot B+l
(k1 + ke + 1) 1
< —
VR 4+ ke + 1241 /1+1/(1*(k + ko +1))2

Because the agent anticipates small deviations of the system from the fixed targets, his de-
gree of risk-aversion will be small before starting the control. Consequently, he will choose a high

value for the parameter [. As k; and ko have generally small values, the ratio L
11/ (1% (k1 +ha+1))2

(and implicitly the risk-aversion index <p:7—pci ) will be small. We have:

1
T+ (b + ks £ 1)

rT_a

In the particular case where || y;—j, — v/ ; [| = 0,V j1 =1,....k and | Yeriollipsy — Y |l
— 0,V jo = 0,..., ko, it is clear that <p:7—pci ;— 0 (a borderline case). In real world, this type
of scenario is rare to be realized due to continuous endogenous fluctuations of the system. The
assumption of risk-neutrality for the entire working horizon is generally non-realistic.
We have the following implication:
r_ a r a def 2 ng,ipai f
¢ 0= Ur(Wpg, ‘Pt,_p_f) = ———{exp(— Wig) =1} = =Wy

) p_ (pt’ p_f 2

and thus
max EgUy(Wiag, 0,5 ;) = min Eo[Wi g (v, --y1)]
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Proof of Proposition 10.
Suppose there is some large deviations of the system (in the past and future), say &, , ..., & oy

and Eﬁl’ ey Eﬁwz’ respectively. We have:

Qag,.., N, € {1, ...,]{31}, N < k1 and ﬁl? ...,61\;2 € {0, ...,]{32}, Ny < ks.

For simplicity, assume that all high deviations of the system are comparable. Denote by

©1 f*h the risk-aversion index at time ¢ in the case when system deviations are mixed (i.e.,
small and large). Its value is defined by the following expression:

§1Li-1+ o+ &y Licay, + oo+ & Lici + &L+ ..+ .+ EBNQZHBNQ + o4 &, Lithy

\/(§1+...+ oy, Tt &y T+t &gyt t §,)2

where

§o i=1,...k1, j1 #any, Ny =1,...,N;
and

€y J2 =0, ko, ja#ang, Ny =0,..., N,

represent the system small deviations.
Denote by c,p:’;a’fs the risk-aversion index at time ¢ in the case where there is only small
deviations of the system from the fixed targets. We can write:

as SLia+ oo+ & Liw + &L+ .+ &y Lin

S0;19,]” - - —
\/(51 ot &y H ot )P

Without loss of generality, we also assume that all small deviations of the system are com-
parable. We have the following inplications:

n Loy ot Licay, + Lysp, + - +Zt+5N2

r_a,s_h
Pt f VN + N2 £ 1
and — —
roa,s Liv+ ..+ Ly +Li+ ..o+ Lygyg,
Prop f

V k4 ke +1)2+1
Depending on the moment when high deviations arrive in the past or are expected to be
realized in the future as well as on the weighting scalars attached to the system deviations, we
can obtain two distinct scenarios:
Li—ay + -+ Li—ay, + Liig + ... +ft+5N2
V(NT+ No)? +1

Liy+4 .. Lyg, + Ly + ...+ Ly,
V k4 ke +1)2+1

< (or >)

It follows that:

r_a,s_h r_a,s

gpt, p f < (OI‘ >> Spt, p_ f

In other words, the decision-maker’s risk-aversion at time ¢ is not necessarily higher when
system deviations are mixed, compared to the case where all system deviations are small. This
surprising result reveals the complexity of the agent’s behavior towards risk in a changing
environment.
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Proof of Proposition 11.
By hypothesis, we have:

I it = vty I/ N yegy =iy | = Lo gy #575 Jis Ji € {1, ka}

iy — Ve W Wein Ly — Wi | = Fox o2 385 Jo 5 €40, o}

Ul gy — i, 18 =0,V 51 =1 ks 1 | Yersallis sy — Yiris 10,V j2 =0,k
It follows that:

ra Lii+ ..+ Ly, +Li+ ... + Ligp,

@t,_p_f k‘l + ]Cg +1

(the average of all the weights - in the past and future)

€ (—1,0)

Depending on the weighting scalars values attached to the system deviations, the
risk-aversion index level at time ¢ may be more or less close to —1 or 0. Thus, if all weighting
scalars approach —1, then the index value will be close enough to —1. In this case, the agent
will be characterized by an excessive risk-aversion. Contrary to what is generally believed, it
may be possible to have a small risk-aversion when the system deviations are large. It is the
case where all weighting scalars approach 0. We say that the agent is almost “risk-neutral” by
nature, that is, there is a small variability in his risk sensitivity over time.

Proof of Proposition 12.
Suppose that all system deviations are comparable. For ease of exposition, we consider that

k1 < Kk} and ko < k. Let us make the following notations before proceeding: &} "%y + k* and
k"L by + k** with k%, k™ > 1. We have:

Ltfl + ...+ Ltfk;/l +Zt + ... +Zt+k/2 . Lt—l + ...+ Lt—kl +Zt + ... +Zt+k2
W+ 1 [

(Li-r+ oo+ Liciy) + Le— o) + oo+ Loy + (Lo + oo+ Ligiy) + Lt (har1) + oo+ L (hpries)
ki +ko+ 14+ Kk*+ k**
CLia At Ly, + Ly 4 ..+ Ligp,
ki+ ko +1
(k1 4 ko + D[Li—(ry+1) + - + Ltk T Loty + oo + Lt (hpson)]
(ky + ko + 14+ k* + k) (ky + ko + 1)
(K* + k*)(Ly_y + ... + Ly, + Li+ ...+ Ligry)
(ki + ko + 14k + k=) (ki + ky + 1)

It is easy to see that:

k(Li—y + oo+ Liogy) < k1lLigisn) + oo+ Li—(iwn] ¥V k€ {k5 K™}

R(Li + .. + Litky) < (k2 4 1)[Lis (ky1) + - + Lt (i) ¥V & € {K* ™}

It follows that: . .
(K" +E)(Le—r+ oo+ Ligy + Lt 4+ o + Liggy)

< 2]€1 {Lt_(k1+1) + + Lt_(k1+k*)] + 2(]{32 + 1){Zt+(k2+l) + + zt+(k2+k**)]
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Let us examine the sign of the following difference:
k1[Li—gr41) + -+ Li—or)) + (k2 + D [Let(kot1) + - + Lot (ot

—{E1[Lit(hys1) + -+ Lohprr) + (k2 + D[Li—ry) + -+ Limryan)]}
= (ko +1— kfl){[zt+(k2+1) + .. +Zt+(k2+k**)] — [Li—(or41) + -+ Lo 09))

Several distinct scenarios can be taken into account in the analysis:
i)

ko < kq and Zt+(k2+1) + ... +zt+(k2+k**) > Lt—(/ﬂ-‘rl) + ...+ Lt—(k1+k*)

1
) k'g > l{fl and Zt+(k2+1) + ... +Zt+(k2+k**) < Ltf(k:1+1) + ...+ Lt,(k.lJrk*)
iii) - -
ko < k1 and Lt+(k2+1) + ...+ Lt+(k2+k**) < Ltf(k1+1) + ...+ Ltf(lirk*)
iv)

ko > kq and Zt+(k2+1) + ... +ft+(k2+k**) > Lt—(k1+1) + ...+ Lt—(kﬁ—k*)

For the first two scenarios, we obtain:

Liv+ 4L + Lo+ o4 Ly, Ly + oo+ Lygy + Ly + oo+ Ly,
/ / >>
Ky +ky+1 fr + ke 41

and hence, a smaller degree of risk-aversion for the agent (at the same stage of the control)
when he considers a higher value of the sum of k;(feedback period) and ks (forward period).
We underline, in this context, the trade-off between complexity and perception.

For the last two scenarios, the agent’s degree of risk-aversion does not necessarily diminish
(at the same stage of the control) when the sum of k; and ks is higher. This is the case where
the agent attributes more importance to the past or to the future.

Proof of Proposition 13.

We can write the inequality:
ra St,p d+Sta f d
| gpt, p f | < B )
\/(St, p d+ S, a_f_d) +1

The agent’s objective is to constrain the system in such a way that:

t=1,..,T.

I ye—gy — vl | <1 =1,k
H yt+j2|1t+j2 - yf+j2 H < l*7 jZ = 07 i k2
where [* is a small value from (0, 1). It follows that:

T a | < l*(k1+k2+1)
VI +ky + D21

that is,
* 1
VI + ke + D)2 +1 P
f

The objective is not to exceed the fixed optimal threshold ¢”=’

fn—h{ Vit=1,..T). Two distinct scenarios can be possible:

during the entire period of
control (i.e., goz—pa P> P

46



Either
IF(ky + ka+ 1)

\/U* (kl + k2 + 1)]2 + lmore

-1< gpmln more <~ —

or
l*(l{?1+/€2+1> p f

- (pmm ess
VI 4 Fg + D2+ less !

with 1 < [0re < liess two regulator parameters which characterize the agent’s type.
The first (second) scenario corresponds to a more (less) risk-averse agent. The two fixed

thresholds, gof;m{ more aNd gpfn*h{ less» are not exceeded during the control period if and only if

the agent succeeds in controlling the system fluctuations.

<0

Proof of Proposition 14.
Suppose that W14 >0,V t=1,...,T. We have the following inequality:

T _a T a

P P
eXp(—t’Tp_f . W[l,t]) —1> —t’Tp_f . W[l,t} >0

and hence
UWig, 91 p) < —Wing <0

The agent’s local utility level varies with the value of the risk-aversion index. If the agent
succeeds to manage the risk at time ¢ (i.e., gofn*h{ < ngga 5 < 0), then one can write:

UWis ) < UlWins 915 1) < Wi = Jim Ui(Wisa, 215 )
B Lpt P fH
In the case where the agent does not succeed to manage the risk at time ¢ (i.e., —1 < gozy—pa ;<
¢"="), we have:

im  U;(Wig, o, 5) = UWiag, —1) < Ui(Wia, 01, ) < U(Whg Lol

‘ptp Fna 1
What is optimal for the agent in the first context becomes unoptimal in the second context.
Optimality generally depends on context and adopted criteria.

Proof of Proposition 15.

We can write the sequence of inequalities:

gO v f c_ l*(lﬁ—l—l{g—f-l)
min, more \/U*(kl ¥ gt 1)]2 n lmore,
T Uk + k2 + 1) o f

- <= < gpmln ess
VT? T liess /T (kr + ko + D2 + liess :

For a higher (smaller) number of periods 7', the value of the parameters k; and ky can be

higher (smaller) and thus the ratio ———tfthetl) (respective — Lk ko t1)
\/[l*(k1+k2+1)}2+llsss \/[l*(k1+k2+1)]2+lmore

take a smaller (higher) value. In other words, a less (more) risk-averse decision-maker can
choose a smaller (higher) risk-aversion threshold @iﬁr{ less (LESpECtive goﬁmf more) depending on
the length of the working horizon. We must distinguish between “nature” and type. The agent
is considered risk-averse by nature, while his individual type is “more or less risk-averse”. The

evolution of the environment will refine the agent’s type.

) can
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Proof of Proposition 16.
Following the same reasoning as in Proposition 1, we obtain that U, —I(W[Lﬂ, <p:7—pl f) is

. . l .
decreasing in gozfp s and respective W 4, where:

r 1 r 1 def 2 SOZ_G_f
U~ (W[l,t]a %fpff) = 1 {GXP(_ 2p : VV[l,t]) - 1}
Pr.p 1

represents the local utility function at time ¢ of a risk-taker decision-maker.

Proof of Proposition 17.

Consider the case of a risk-taker agent. The weighting scalars verify the following conditions:
0<Ly1<..<Lijp<1 0<Li<.. < Ly, <1
Following the same reasoning as in Proposition 13, one can write:

§t7 p_d + S;, a f d
2 )
\/(St, p dTt St, a,_f_d) +1

(pt_p f < tzl,,T

It follows that: *(ky + ko + 1)
r 1 - 1 + 2 +
Sot,ipif <

)

VI + ks + DP 41

where [* is a small value from (0, 1) such that:
H Yt—j — yffjl || < l*a jl = 1a '--7k1

H Yttjollirjy — yf+j2 H <, J2=0,... ko

The agent’s objective is not to exceed a fixed optimal risk-taker threshold @?@i during the

control period (i.e., gz):*pl ;< @bk WVt =1,..,T). Two distinct scenarios can be possible:

Either Ik " )
p_f < (k1 + ko +1) <1

\/[l*(kl + k? + 1)]2 +Eess

0<op

max, less

or
I (ky + ko + 1) ot

— < Pmax, more
VI G+ ko + DP + Tore

with 1 < Tmore < Eess two regulator parameters which characterize the agent’s type.

The first (second) scenario corresponds to a less (more) risk-taker agent. The two fixed
thresholds, goﬁla{g more and @f;—ai less» are not exceeded during the control period if and only if
the agent succeeds in controlling the system fluctuations.

0< <1

Proof of Proposition 18.

Following the same reasoning as in Proposition 14, we obtain the inequality:
r_1 r ol
U~ (Wi eip g) > —Woag, t=1,..,T

where by hypothesis, W ;) > 0. We distinguish two asymmetrical cases:
i) the agent does not exceed the optimal threshold wﬁﬁi at time ¢ (i.e., <p:’—pl ;< gOﬁﬁi).
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ii) the agent exceedes the optimal threshold <p§l—a£ at time ¢ (i.e., goz—; ;> @f@i).
In the first case, we have: -

r 1 r 1 r 1l r 1
U= (Wi, ehad) < U~ (W, ey ¢) < U= (Wi, 0)
In the second case, we can write:

. r 1 r 1 r 1 r 1 r 1
rl%m Ui~ (W[Lt]’gotfp,f) = —Wny <U;~ (VV[Lt]aSthpJ) <U;~ Wy, Sﬁp*f)

max
Pop 0

Proof of Proposition 19.
We can write the sequence of inequalities:

(ki + ko + 1 T
(pfn;f(, less ( . - ) P < —
VI G+ ko + DR 4 sy /T2 + T,
" (ky + ko + 1) < b S
/VW@a+ky+DP+me

For a higher (smaller) number of periods 7', the value of the parameters k; and ky can be

higher (smaller) and thus the ratio ClkithtD) _ (respective Clkithot) Y can take
VI (ko + D)+l VI (Bt D +more

a (higher) smaller value. In other words, a less (more) risk-taker decision-maker can choose a

)

higher (smaller) risk-taker threshold SOifai, less (TESpECtive ol more) depending on the length
of the working horizon.

Proof of Proposition 20.
We have the inequality:

§ 4+ S a
l ‘ < t,p_ t, _f_d2 .
\/(St, p dTt S@ a_f_d) + 1

T_ n_
‘ ()Ot, p_ f

t=1,..,T.

It follows that:

a n l*k k 1 . T a n
! (1+ 2 + ) ~1f%0t,_p:f_l>0

P <
VI G+ by + DR +1

o 1*(ky + ki + 1)
l * 1+ 2+ . r . an
- > — = if Cip f

\/[l*(k1 + ke +1))2+1

where [* is a small value from (0, 1) such that:

<0

| Yt—jr — yf,jl | <U*, h1=1,...k

H Yttjallirjy — yf+j2 H < l*7 J2=0,.., ko

Following the same reasoning as in Proposition 13 and Proposition 17, we obtain the
following distinct scenarios:

i) either
p f.c b [* (lﬁ + lfg + 1)

1< < — —
\/[l*(k;l + ko 4 1)]% 4 Lnore

min, more
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or

*(k k 1 c
= by ke 1) —— <l <0
VI G+ ko + DP + T,
ii) either
* 1
0< bt < k1) — <1
\/[l*<k1 + k2 + 1)]2 + lless

o *(k k 1

0< (1+ 2t ) <SO£1_a£:in_obre<]‘

\/[l*(k1 +Ey + D)2 + Lore

with 1 < Tmore < Eess, two regulator parameters which characterize the agent’s attitude to
risk. This completes the proof.
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