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ON THE TRACE OF AN ENDOFUNCTOR OF A SMALL
CATEGORY

EMILIO FARO

ABSTRACT. The trace of a square matrix can be defined by a uni-
versal property which, appropriately generalized yields the concept of
“trace of an endofunctor of a small category”. We review the basic
definitions of this general concept and give a new construction, the
“pretrace category”, which allows us to obtain the trace of an endo-
functor of a small category as the set of connected components of its
pretrace. We show that this pretrace construction determines a finite-
product preserving endofunctor of the category of small categories,
and we deduce from this that the trace inherits any finite-product al-
gebraic structure that the original category may have. We apply our
results to several examples from Representation Theory obtaining a
new (indirect) proof of the fact that two finite dimensional linear rep-
resentations of a finite group are isomorphic if and only if they have
the same character.

1. THE PRETRACE OF A SMALL CATEGORY

1.1. Trace or “dimension” of a small category. The trace or “di-
mension” of a small category C is defined as the coend of its hom functor

C(—,—)C°? x C — Set:

(1) Tre(C) = /AC(A, ).

Thus, Trc(C) is a set which comes equipped with a canonical map tra:
C(A,A) — Trc(C) for each object A of C in such a way that all these maps
are “compatible” in the sense that for every map f: B — A in C, the
following square is commutative:
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c(A, B) -1 0B, By

C(lA,f)l J'trg

C(AA) —a Tre(C)
In other words: For every g: A — B,

(2) tra(fg) = tre(gf),

Furthermore these data are “universal” in an appropriate and obvious way.

Definition (1) suggests that Trc(C) should be something like the set of all
endomorphisms of C modulo an equivalence relation which identifies every
pair of endomorphisms A”v and B for which there is a pair of maps,
f: A= B:g,such that u = gf and v = fg. Unfortunately, this does not
define in general an equivalence relation on the set of endomorphisms of C,
although it does if C is a groupoid:

Proposition 1. IfC is a small groupoid, the binary relation defined on the
endomorphisms of C by

u ~ v if and only if there exist maps f : A = B : g, such that u = gf and
v=fg
18 an equivalence relation.

Proof. Reflexivity, u ~ u, is proved by the pair 14 : A 2 B : u. Symmetry
is formally evident. Finally, if u ~ v is proved by the pair f: A = B: g,
and v ~ w, is proved by the pair h: B = C': k, then u ~ w is proved by
the pair hf : A= C :gh™! = f~1k O

1.2. The dual concept of trace is “center”. The dual concept of the
trace of a small category C is the center of C, which is defined as the end of
its hom functor:

(3) Cen(C):/AC(A,A).

It is easy to prove that for any small category C the center of C is the
set of natural transformations from the identity functor of C to itself.! In
the case that C is a monoid (a category with only one object) then Cen(C)
is the set of elements (arrows) which commute with all the elements of C,
that is, the usual notion of center.

lMacLane, Categories for the Working Mathematicien, ch.IX, 5.
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1.3. Even if C is not a groupoid, the binary relation of Proposition 1 is
reflexive and symmetric. Therefore, it generates an equivalence relation
which is the smallest equivalence relation containing it. This equivalence
relation identifies two endomorphisms wu, v if and only if there is a finite
sequence (h1,k1), ..., (hn,k,) of pairs of maps such that

(4) klhl =u, hnkn =, and hiflkifl = kzh“ for 2 é ) S n,

or, equivalently, such that the following diagram is commutative:

A—>—> e —>%B
o // n//

Definition 1. An arrow r: A — B in a category C will be called a trace
arrow from u to v if there is a finite sequence (h1,k1), ..., (hn,kn) of pairs
of maps such that r = hy, ---hy and equations (4) are satisfied. Note that
in this situation the composite s = ky - - - ky, is a trace arrow from v to u.

Clearly, in any commutative diagram like (5) all vertical arrows are en-
domorphisms of C having the same trace.

1.4. The endomorphisms and trace arrows of a small category C are respec-
tively the objects and arrows of a small category ﬁ(C) which will be called
the pretrace category of C. Clearly, “there is a trace arrow from u to v” is
an equivalence relation on the set of endomorphisms of C and (the elements
of) the corresponding equivalence classes are (the objects of) the connected

components of Tr(C). We have:

Proposition 2. If C is a small category then the trace of C is the set of
connected components of the pretrace category Tr(C):

Tre(C) = mo(Tx(C)).

Proof. There are obvious maps 74: C(4, A) — mg (ﬁ(C)) (taking an endo u
of A to the connected component of A% in T;(C)) which are obviously
“compatible”. This implies that there is a unique map h: Trc(C) — m (ﬁ(C )
such that for all A € C, htrq = 74. We just need to prove that this map has
an inverse k: (ﬁ(C)) — Trc(C). Define the map k: obj (ﬁ(C)) — Trc(C)
on the set of objects of ﬁ(C) by k(A“%) = tr(u). It is easy to see that
k is constant on connected components and hence it determines a map
k: mo (ﬁ(C)) — Trc(C) which is easily seen to be inverse to h. O
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1.5. Every arrow 7: A”* — B in ﬁ(C) should be regarded as a “reason”
to identify the traces of u and v (or as a “proof” of tra(u) = trg(v)). The
same must be said of any sequence (h1,k1),. .., (hn, kyn) verifying (4). Such
a sequence of length n will be called a n-step proof that u and v have the
same trace, or a proof of length n that r is a trace arrow from v to v.

Evidently, for any sequence (hi,k1),. .., (hn,ky) of pairs of arrows of C
verifying (4) each map h; and k; is a (one-step) trace arrow in C.

1.6. If there is no reason to identify the traces of two endomorphisms, their
traces are different. For example, if C is a commutative monoid (seen as a
one-object category), any one-step proof of tr4 (u) = trg(v) will imply u = v
(if w = kh and v = hk then, on account of the commutativity, u = v). This
implies that no two different elements can have the same trace and therefore
the trace of a commutative monoid is the set of its elements (arrows). It
turns out that in this case of commutative monoids, the trace coincides with
the center. Recall (Paragraph 1.2) that the center of a small category C is
the set of natural transformations from the identity functor of C to itself:
Cen(C) = Nat(1¢, 1¢). Evidently this is a monoid and even a commutative
monoid. If C is already a commutative monoid then Cen(C) = C. Thus:

Proposition 3. If C is a commutative monoid, then
Tre(C) = {elements (arrows) of C} = Cen(C).
Furthermore:

Proposition 4. If the small category C is discrete, then ;[‘\;(C) =Trc(C)=C.

Proposition 5. If the small category P is a poset, then ﬁ(P) = Iso(P)
and

Trc(P) = {Classes of isomorphic objects}.

(In a poset the only endomorphisms are the identities. Thus, all trace
arrows are isomorphisms.)

1.7. The forgetful functor. Identities and compositions in Tr(C) are
those of C, so that we have an obvious forgetful functor

(6) €c: ,T\E(C) —C
given by ec(A”%) = A and € (AO“ N BO”) =7

2. TRACE VIA CYCLIC NERVE

We see in this section a second construction of the trace set of a small
category based on the calculation of the cyclic nerve of the category.
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2.1. The cyclic nerve of a category. If the simplicial category A is en-
larged by adjoining in each dimension one extra degeneracy s, : [n] — [n+1]
subject to the condition (dys,)™ = id, one obtains a category CA whose
presheaves are the cyclic sets and which plays in cyclic (co)homology the
same role that A plays in regular (co)homology. As objects of CA, the ob-
jects and arrows of A cannot be thought of as ordinals and order preserving
maps. The intuition behind “the point” [0],
“the arrow” [1], “the triangle” [2], etc. breaks down in CA and has to
be substituted by a different picture of the objects of CA. In order to re-
flect this change of picture we shall denote the objects of A, when viewed
as objects of CA, as [n].. To each category C we can associate a “cyclic
nerve”, which is the cyclic set CA°® — Set defined by [n]. — Func([n]c,C).

N,: Cat — Set®” | N,(C) = Func(—,0).

2.2. Trace and cyclic nerve. A functor [0} — C is the same as an en-
domorphism in C, therefore the 0-cells of the cyclic nerve are the endomor-
phisms of C, that is, the objects of the pretrace ﬁ(C) A functor r: [1]. — C
is completely determined by a pair of arrows in C, f: A & B: g, such that
do(r) = gf and di(r) = fg; in other words, r is determined by a length 1
trace arrow in C, or simply by an arrow in ﬁ(C) Thus, the 1-cells of the
cyclic nerve are the the arrows of Tr(C). We have:

Proposition 6. The trace set of a small category C is the set of connected
components of its cyclic nerve of C: Tre(C) = mo (Ne(C)).

3. THE Set-TRACE OF FINITE DIMENSIONAL VECTOR SPACES

3.1. In this section we address the question of what is the trace set of the
category of finite dimensional k-vector spaces for an arbitrary field k. Thus,
our objective is to determine the coend:

v
Trcset (k—Vecthd,) :/ | hom(V, V)|

where hom is the (enriched) hom functor of finite dimensional vector spaces,
hom: k-Vecty g °F X k-Vectq, — k-Vect, and | — | means “underlying set”.
In other words, we are asking the following question: Given two arbitrary
rectangular matrices A and B with the appropriate sizes so that the two
products AB and BA exist, what do the two matrices AB and BA have in
common?
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3.2. It is a known theorem in Linear Algebra that if A and B are arbitrary
rectangular matrices of appropriate sizes, AB and BA have the same invari-
ants. That is: for every non-negative integer p, the trace of the matrix of
p-minors of AB is equal to the trace of the corresponding matrix of p-minors
of BA. These invariants are (up to a factor of £1) the coefficients of the
corresponding characteristic polynomial.

Proposition 7. Let A and B be matrices of respective orders m X n and
n X m. If m > n, then the characteristic polynomials of AB and BA,
pap(A) =det(AB — AI) and ppa(N\) = det(BA — M), are related by:

pap(A) = (=A)"""pra(})

3.3. It is tempting to conjecture that “all that the matrices AB and BA
have in common is their reduced characteristic polynomial”, where by the
“reduced polynomial of p(z)” is meant the monic polynomial obtained when
dividing p(z) by the highest degree monomial dividing p(z). (In other words,
the reduced polynomial of p(z) is p*(z) = p(x)/ax® where « is the multi-
plicity of zero as a root of p(z) (o = 0 if p(0) # 0) and a is the leading
coefficient of p(x).) The following example shows that the said tempting
conjecture is not true.

Counterexample 1. Let H and K be the matrices

101
H=|1 1 1|, K:Ig:(é?).
00 0

The characteristic polynomials of these are:
pr(x) = (—2)(x —1)?; pr(z) = (z—1)*,
which have the same reduced form. However, there are no matrices A, B
such that H = AB and K = BA as this would imply H? = H, which
is not true. In fact, it is not hard to prove that there exist no matrices
H\,Ky,...,H,, K, verifying
K1H1 = A, Hme = B7 and Hi—lKi—l = KZ‘Hi, for 2 < 7 < m,

for this would imply that H"*! = H™ which is impossible:

1 0 1
H" = n 1 n
0 0 O

Thus, although H and K have the same reduced characteristic polynomial,
yet they do not have the same set trace.
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As we will see, the problem with H and K is that they do not have the
same reduced minimal polynomial, their minimal polynomials being

my(z) =z(x - 1), mg(x)=2-1.

3.4. The question of what do two matrices AB and BA have in common
was considered by Harley Flanders in a 1951 paper (see [2]) The following
proposition is an immediate consequence of Theorem 2 in that paper:

For any endomorphism f € hom(V,V) of a finite dimensional vector
space, let my¢(x), be its minimal polynomial, and let Ky be the kernel of the
endomorphism m’(f ), so that f restricts to an endomorphism f’: Ky — K.

Proposition 8. Let f € hom(V, V) and g € hom(W, W) be endomorphisms
of finite dimensional vector spaces. If there exist linear maps h, k such that
f = kh and g = hk then m}(z) = my(x) and there is an isomorphism
p: ker (m}(f)) — ker (mj(g)) such that

KfLKg

(7) f’J lg'

KfT>Kg

Conversely, if there exists an isomorphism ¢ verifying (7) then m}(z) =

my(z) and there exists a finite sequence (hi,k1),..., (hn,kn) of pairs of

linear maps such that
kihi = f, hnkn =9, and h;_1ki_1 =kih;, for 2<i<n.

It follows from this that the Set-trace of a linear endomorphism f of
a finite dimensional vector space is precisely the set of reduced invariant
factors of f. This set is completely determined by the structure of the
powers of those irreducible factors of the minimal polynomial m(z) of f
which are not equal to x. The Set-trace of the category of finite dimensional
k-vector spaces is a set T that encodes such structure for all possible
endomorphisms. There are two equivalent ways of describing 7. The
first one is as the set of finite chains pi(x) |pa(x)| -+ | pn(x) of normal
polynomials (i.e. such that p;(0) = 1). Using this description we have:

Theorem 9. The Set-trace of the category of finite dimensional k-vector
spaces is the set T of finite chains py(z) | p2(x)| -+ | pn(z) of polynomials
in klz] such that p;(0) = 1. For a given endomorphism f: V — V of a finite
dimensional k-vector space, the trace function trif': hom(V,V) — T can
be defined as trif'(f) = chain of normalized reduced invariant factors of f.
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For example, let py(z) be the reduced characteristic polynomial of
f:V — V. If pg(x) has degree 1, then tris*(f) = pr(x)/ps(0). If ps(x)
has degree 0, then tr§s*(f) = 1.

Another description of T is as the set of all possible shapes of normal
forms of matrices. More specifically:

Let P denote the set of all partitions of natural numbers and let F denote
the set of all finite subsets of P. There is a function

! F—-P

assigning to each finite set of partitions ¢ = {o™), ... ¢(™} the partition
obtained by adding up all elements in each partition o(); that is: Y(o)=
{Eiot o)

On the other hand, there is a function mult: k[z] — P assigning to
each polynomial p(x) the partition of the degree of p(x) consisting of the
degrees of the irreducible factors of p(x) multiplied by their multiplicities.
For example, if £ = R then mult((z® + 1)(z — 1)%) = {2,3}. Obviously,
if k is algebraically closed all irreducible factors of p(z) have degree 1 and
mult(p(x)) is just the set of multiplicities of the different roots of p(z).

An element of T° can be described as a pair formed by a monic poly-
nomial p(z) with nonzero independent term (a reduced characteristic poly-
nomial of a linear endomorphism) and, for each irreducible factor p;(z) of
p(z), a partition of the multiplicity n; of p;(z) in p(x). Since among the
constant multiples of p(z) there is exactly one with constant term equal to
1, if we denote k[z]* = {p(z) € k[z]|p(0) = 1}, we can say that T is the
subset of k[z]* x F formed by all those pairs (p, o) such that mult(p) = 3(0)

(8) T% = {(p,0) € k[z]* x F |mult(p) = X(0)}.
Using this description of 7 we have:

Theorem 10. The Set-trace of the category of finite dimensional k-vector
spaces is the set T® defined by (8). On a given endomorphism f:V — V
whose reduced characteristic polynomial is p*(x) and whose reduced min-
imal polynomial has a decomposition into irreducible factors as m*(x) =
my(z)™ ---my ()", the trace function try : hom(V, V) — T is defined by
try (f) = (p(x), o) where p(x) = p*(x)/p*(0), and o is the set of partitions
{r@ Y where for each i, v = {TY), . ,rgi)} is the partition of
d') =dim(ker(m;(f)")) defined as r](;) :dg-l) —at

s (0= 1,00, my), with
d = dim (ker(m;(f)7)) for j =0,...,n.

For example, the identity map of an n-dimensional vector space has re-
duced characteristic polynomial (1 —z)™ and minimal polynomial (z — 1)!.
Thus, the set trace of this identity is the pair ((1 —z)™, {n}).
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4. PROPERTIES OF THE TRACES OF ENDOMORPHISMS

4.1. One has to be careful when trying to apply the results of this section
to the traces of matrices. In order to do that it is necessary to interpret
“trace” of a matrix as Set-trace (see Section 3).

We begin with a useful lemma:

Lemma 11 (The Reduction Lemma). In any small category C if v is a
trace arrow of length n from u to v, then r is a trace arrow of length 1 from
u” to v™.

Proof. Let’s begin with the case n = 2. If (hy, k), (ha, k2) is a proof that
r is a trace arrow from wu to v (that is: r = haohy, k1hy = u, hoks = v, and
hiki = kahs), then we can put s = k1ky and we have

A*> *>B -
”i ﬁ v A——B
I I AL
w| A /l A——B
-—— B

rs = (hghl)(klk‘g) = hgkzhgk‘g = 1}2 and ST(/ﬁkz)(thl) = klhlklhl = ’LL2.
Essentially the same proof is valid for a trace arrow of arbitrary length n; we
just need to paste n copies of a diagram like (5). If (hy, k1), ..., (hn, kn) is a
n-step proof that tr(u) = tr(v) then putting r = h,, - hy and s = ky - - - ky,
we get rs = (hn-- h1)(ky- kn) = (hp-ho)(koho)(ko - kn) = -+ =
ho(knhy) -« (kphp)kn, = v™ and similarly that sr = (k1 - kp)(hy -+ - h1)

u™.

Ol

This has the following immediate consequence:

Proposition 12. In any small category C all trace arrows from one idem-
potent to another are of length 1.

It follows that the identities of non-isomorphic objects have different
traces.

Proposition 13. In any small category C a map is a trace arrow from one
identity to another if and only if it is an isomorphism.

Proof. Obviously isomorphisms are trace arrows between the corresponding
identities. Conversely, by the previous lemma all trace arrows between
identities are of length 1, hence isomorphisms. O

As a consequence of this we have:
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Proposition 14. In any small category C two identities have the same trace
if and only if their corresponding objects are isomorphic.

4.2. Let us now consider the question of what endomorphisms A“* in C
have the same trace as an identity map. First, we remark that a one-step
proof that u has the same trace as the identity map of E is the same as a
proof that u is a split idempotent with object of fixed points E:

A——FE

Al

AﬁE

Thus, every split idempotent in C has the same trace as the identity of its
fixed points. With a similar reasoning to the proof of Lemma 11 it is easy
to show that the converse also holds, so that:

Proposition 15. In any small category C an idempotent has the same trace
as an identity if and only if it splits (in which case it has the same trace as
the identity of its object of fized points).

Proof. By hypothesis there is a trace arrow from the given idempotent to the
given identity. By Proposition 12 this trace arrow is of length 1. Therefore
this trace arrow is a splitting of the given idempotent. O

As a consequence of this we have the following generalization of Propo-
sition 14:

Proposition 16. In any small category C two split idempotents have the
same trace if and only if their objects of fized points are isomorphic.

4.3. Let now u be an arbitrary endomorphism and let us suppose that there
is a 2-step proof that tra(u) = trg(lg)

It follows that, if we put v = hik;, then v is an idempotent and u? =
(k1h1)(k1h1) = kyvhy and u? = kyv?hy = kjvh; = u?. This calculation can
be easily generalized to yield a proof of the following:

Proposition 17. If v is an endomorphism in C such that v = v+ and u

is an endomorphism in C such that there is a k-step proof that tr(u) = tr(v)
then, setting m =n + k, we have u™ = u™*1.
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Note that the particular case n = 0, k = 1 captures the case of a split
idempotent discussed above. The particular case n = 0 (v is an identity)
gives a necessary condition for a map to have the same trace as an identity:

Corollary 18. If u is an endomorphism in C having the same trace as an
identity then the sequence of powers of u stops (becomes constant).

Corollary 19. If u is a oot of unity in C having the same trace as an
identity then u is an identity.

4.4. When does the converse of Corollary 18 hold? If C has splitting of
idempotents (i.e. it is Cauchy complete) then, by the previous remarks,

every idempotent has the same trace as an identity map. Hence, for an

n n+1)

endomorphism A" whose sequence of powers stops (u" = u , since u"
is an idempotent, we have tr4(u™) = trg(1g) where E is the object of fixed
points of u”.

A better result can be obtained if we assume a stronger condition on C.
If C admits epi-mono factorizations then we can restrict any endomorphism
to its image and get an endomorphism of the image which has the same
trace as the given one:

s im(u

A )
uJ / lv u=sr, v=rs, tr(u) = tr(v).
A )

—» Im(u

T

r
s

If the original endomorphism satisfies u”t! = u™ then sv™r = sv™ !r, which
implies (since s is mono and r epi) v™ = v™~!. We can continue doing image
factorizations so that in each step the exponents get reduced by one unit
until we get an idempotent and a splitting for it. The final result is the
following converse of Corollary 18:

Proposition 20. Let’s assume that C has epi-mono factorizations. If u is
an endomorphism in C such that the sequence of powers of u stops, then u
has the same trace as an identity.

A more complete statement is:

Proposition 21. Let’s assume that C has epi-mono factorizations. If u is
an endomorphism in C such that the sequence of powers of u stops, then all
powers of u have the same trace. If u"t! = u™, this trace is the trace of the
identity of the object of fized points of u™.
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5. THE TRACE SET OF A GROUPOID

5.1. Conjugate endomorphisms of a category have the same trace: If h is
an isomorphism in C and u and v are two endomorphisms in C related by
v = huh™1, then, evidently, tr(v) = tr(huh™t) = tr(uh~'h) = tr(u). The
converse (endos with same trace are conjugate) is true if C is a groupoid.
In fact we have:

Proposition 22. IfC is a groupoid then:

(1) An arrow in ﬁ(C) from A% to BV is the same as a commutative
square of the form:
A B
A B
(2) ﬁ(C) is a groupoid.
(3) Two endomorphisms of C have the same trace if and only if they

are conjugate of each other: v = huh™'.
(4) The trace of C is the set of conjugacy classes of C.

h
—

—
h

In this case it is easy to give a direct proof of Proposition 22 item 4. We
leave it as an exercise for the reader.

5.2. When C is a groupoid, the forgetful functor ec: ﬁ(C) — C is actually
a fibration of categories. This is basically due to the fact that the lifting of
maps of C to Tr(C) is unique once the codomain has been chosen:

Proposition 23. IfC is a groupoid then the forgetful functor ec: ,ﬂ(C) —C
taking every endomorphism of C to its underlying object is a fibration of
categories (groupoids).

Proof. Let f: A — B be a map in C and v an endomorphism of B. Then
obviously f is a map in ﬁ(C) from A”* to B where u = f~luf, and
ec(f) = f. We just need to prove that f, regarded as a map in :l’vr(C), is
cartesian. Let g: C™% — B“? be a map in Tr(C) (so that w = g~ 'vg). Any
map r: C — A verifying fr = ¢ uniquely determines a map C°% — A7
over r, and this map is r itself since rw = r(g~tvg) = r(fr)"to(fr) =
fYofr=ur. O

5.3. For every object A of C the fiber of ez over A is the discrete cat-
egory whose objects are the endomorphisms of A. We can regard the
fiber functor as a functor End: C — Set. As a corollary of Proposition
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22 (item 4.) and Proposition 23 we have that the set of connected com-
ponents of the Grothendieck construction on this fiber functor is the set of
conjugacy classes of the groupoid C.

Corollary 24. If C is a groupoid, then ﬁ(C) is equivalent to the
Grothendieck construction applied to the “fiber of e¢” functor End: C — Set,
so that

{ Conjugacy classes of C} = Tre(C) ~ mo( [, End).

6. THE PRETRACE COMONAD

6.1. The pretrace construction is functorial:

Proposition 25. The pretrace of a category is the objects function of a
functor Tr: Cat — Cat and the functor “trace of a category”, Trc: Cat —
Set, is the composite myTr:

Cat

>

Cat Tre Set.

Proof. The definition of Tr on arrows is as follows: It F': C — D is a functor,
Tr(F) takes A°% to F(A)“F®) and an arrow r in Tr(C) to F(r), which is
easily checked to be an arrow in Tr(D). The functoriality is evident. O

6.2. The pretrace functor Tr restricted to groupoids is a 2-functor
Tr: Gpd — Gpd; if7): F' — G is a natural transformation between functors
of groupoids, then putting Tr(n)(4,.) = F(n4) we get a natural transforma-

tion, :I‘VI‘(’I]), from ﬁ(F) to ﬁ(G)
6.3. The commutativity of
A——A
| AL
A——A

shows that for any endomorphism A% of C, u is an arrow from A" to
A°" in :l’vr(C), that is, an endomorphism in ﬁ(C) and therefore an object in
Tr(Tr(C)). This object will be denoted 8¢ (u). If r: A% — BV is an arrow
in ﬁ(C) then any proof of it, (h1, k1), ..., (hn, kn) gives rise to a proof that
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r is actually a map in ﬁ(:er(C)) from d¢(u) to dc(v). In fact, it is easy to
prove that d¢ is the objects function of a functor

8¢ Tr(C) — Tr(Tr(C))
such that on arrows d¢ (1) = r. Furthermore, it is easy to prove the following:

Proposition 26. Fach of the functors ec and d¢ depend naturally on C and
we actually have natural transformations

— ~ ~2
e:Tr—1, §:Tr—Tr
which are the counit and comultiplication of a comonad structure on Tr.

6.4. What are the coalgebras for this comonad? A coalgebra in this case
is a category C together with a structure functor ¥: C — ﬁ(C) satisfying
identity and associative laws. Before discussing these coalgebras it will be
useful to address this other question: What is a functor X: C — ﬁ(C)?, or,

more generally: What is a functor into a pretrace category ¥: C — Tr(D)?

7. FUNCTORS INTO A PRETRACE CATEGORY

7.1. Obviously, a functor X: C — ﬁ(D) determines a functor S: C — D as
the composite ep3l. Furthermore, it also determines for each object A of C
an endomorphism o4: S(A) — S(A) so that on objects $(A) = S(A4)“74
and on arrows X(r) = S(r). The fact that for each arrow r: A — B in
C, S(r) is an arrow in Tr(D) from S(A)“74 to S(B)“7% implies that o
is a natural transformation from S to S. Thus, a functor ¥: C — Tr(D)
determines a functor S: C — D and a natural transformation o: S — S,
that is, an object in :er(DC). The converse falls short of being true: Any
object $°7 € ﬁ(DC) determines a functor X: C — Tr(D) provided that for
every arrow 7: A — B in C, S(r) is a trace arrow from o4 to op. In other
words, there is an injective but not necessarily surjective function

(9) obj(Tr(D)¢) — obj(Tr(DC)).

Proposition 27. For any small category C, each functor %:C — ﬁ(D)
determines an object 59 ¢ :l’vr(Dc) where S = ecX and o is determined by
the fact that for every object A € C, ¥(A) = S(A) 74 This correspondence
@termz’nes an injective function (9) from the objects of Tvr(D)C to those of
Tr(DC).
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7.2. Could the above function (9) be the objects function of a functor

ﬁ(D)C — i’vr(DC)? This seems unlikely because for an arrow in D¢ (natural
transformation) to be a trace arrow is not sufficient that each component

be a trace arrow in D. The hom sets in ﬁ(D)C are “bigger” than those in
Tr(DC). What is obviously true is the reverse, that is: for any two functors

%, @ in Tr(D)¢ we have an inclusion of hom-sets:
Tr(D°) (2, @) C Tr(D)C(Z, @)
(each component of a trace arrow in D€ is a trace arrow in D). Thus,

the full subcategory of ﬁ(DC) determined by the objects of ﬁ(D)C is a

subcategory of :er(D)C, this inclusion being bijective on objects.

Proposition 28. If we regard each object of ﬁ( d)¢ as an object ofﬁ(DC)
and denote Ecp the full subcategory of Tr(DC) determined by the objects of
Tr(D)C, we have a faithful functor

fep: Eep — Tr(D)°
which is bijective on objects.

7.3. In the case that C is a groupoid, the above function (9) is a bijection
and therefore E¢p = Tr(DC).

Proposition 29. IfC is a groupoid, the forgetful functor epc : ﬁ(DC) —DC
factors through the functor €: Tr(D)¢ — D€ via a faithful functor which

18 bijective on objects:

DC s DC

7.4. If C is a groupoid Cen(C) is an abelian group which has a canonical
map to ﬁ(C)C:
Cen(C) — obj(Tr(CY)).
The neutral element of the abelian group, 1 = id,,, is mapped to the special
functor
ic = (1¢,idy,): C — Tr(C)
for which ecic is the identity of C. For an object A € C, ic(A) = APla

and for an arrow r in C, ic(r) = r. This functor ic, section of e, is full and
faithful.



16 EMILIO FARO

7.5. If C is a groupoid, then the set of connected components of C is a
retract of the set of traces of C: mo(C) — Trc(C), the retraction being the
map induced by € on connected components. The idempotent endomap of
the trace set Trc(C) determined by this section-retraction pair is the map
assigning to each conjugacy class of C the corresponding conjugacy class of
identities. If C is a group, this idempotent is the constant “conjugacy class
of the identity”.

7.6. According to Proposition 13, if C is any small category, for an arrow
r: A — B in C to be an arrow in Tr(C) from 14 to 1p it is necessary and
sufficient that it be an isomorphism:

A——B

la 1B
l T l

This implies that there is a full and faithful functor, F, from the category
of isomorphisms of C, Iso(C), to Tr(C) defined on objects as F(A) = 14 and
on arrows as F(r) = r. Thus, the inclusion functor of Iso(C) into C factors
through the forgetful functor e¢:

Iso(C)rC — C.
Obviously, if C is a groupoid then F is a section of ec. This functor F' is
nothing but the composite of the functor ij(c): Iso(C) — Tr(Iso(C)) with

the inclusion functor Tr(inc): ﬁ(lso(C)) — Tr(C)

7.7. If ©: C — Tr(C) is a functor given by & = (1¢, 1) and r: A — B is any
arrow in C, then r(= X(r)) is a trace arrow from p4 to pup and therefore
tra(pa) = trp(pp). It follows that if A and B are in the same connected
component of C, so that there is a path A -5 E; <= Ey — --- « B, then
tra(pa) = trp(pup). Thus, any two components of u, e.g. pa and ppg, have
the same trace if and only if A and B are in the same connected component
of C. This implies that the function tr(u): obj(C) — Trc(C) defined by
tr(p)(A) = tra(ua) is defined on the set of connected components of C so
that we have a map:

tr(p): mo(C) — Tre(C).
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It is clear that this map is precisely the map obtained by applying mo to the
functor £: C — Tr(C):

Proposition 30. Any functor ¥ € ﬁ(C)C induces a map m(X): mo(C) —
Trc(C). If ¥ = (S, 0) and we put trs, = mo(X) then this map is given by:

trs([A]) = trgay(oa),
where the square bracket means “connected component”.
8. COALGEBRAS FOR Tr

8.1. A coalgebra for Tr is a small category C together with a structure
functor ¥: C — Tr(C) satisfying the identity and associative laws:

c C————Ti(C)
EJ le EJ{ Jéc
Te(C) ——C. Tr(C) = Tr(Tr(C)).

As we saw before, Y is essentially an object $°7 € ﬁ(Cc). The identity law
says that S is the identity of C, so that we are left with o, an endo natural
transformation of the identity of C (that is, an element of the center of C).
The associative law in this case follows from the identity law and therefore
does not impose any further condition on o.

Proposition 31. A ﬁ—coalgebm is a pair (C, ) where C is a small category
and p is an element of the center of C such that every arrow r: A — B in
C is a trace arrow from pa to pp. If (C,u) and (D,v) are Tr-coalgebras,
a ﬁ-coalgebm homomorphism from (C, ) to (D,v) is a functor F: C — D
that preserves the chosen element in the center: F(ua) = vpa.

In view of Proposition 13 we have:

Proposition 32. A small category C is a groupoid, if and only if (C,id;,)
1 a Tr-coalgebra.

Proof. The previous proposition implies that for a groupoid C, (C,id;,) is a
ﬁ—coalgebra. Conversely: if (C,id;,.) is a ﬁ—coalgebra then every arrow
r: A — Bin C is a trace arrow from 14 to 1g and, by Proposition 13 this
implies that r is an isomorphism. Thus C is a groupoid. O
Proposition 33. If C is a groupoid, every element of the center of C de-
termines a ﬁ—coalgebm structure on C (and vice-versa), so that the set of
Tr-coalgebra structures on C is Cen(C).
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9. ALGEBRAIC STRUCTURES

9.1. In this section we are concerned with the question of what extra struc-
ture may the trace set of a category have (beyond being a set) on account of
the special structure C may have. In other words, does some of the structure
of C get inherited by Trc(C)? We have an example of this in Proposition 3,
which implies that if C is a commutative monoid so is Trc(C).

9.2. Suppose C has a monoidal structure. Does this induce some sort of
algebraic structure on its trace, Trc(C)? In order to focus on this ques-
tion let’s suppose that we have a binary operation defined on C, that is,
a functor C x C = C. Under what conditions does this induce a functor
Trc(C) x Tre(C) — Tre(C)? One obvious way in which this can occur is if *
induces a binary operation on :fvr(C) In that case we would automatically
get an operation on Trc(C) because the connected component functor, 7,
is product-preserving and therefore any bifunctor induces a bifunctor on
connected components.
So, the question is whether * induces a functor

Tr(C) x Tr(C) — Tr(C).

9.3. If one tries to define this by letting * act componentwise, one finds that
there is no problem at the level of objects: (AO“)Q(BO”) = (A% B)“uwv,
but if we try to do the same at the level of arrows then for any two given
arrows r : A% — A2 and s: BYY — B’ in Tr(C) the question arises
of whether the natural candidate, namely the map r *s: A* B — A’ x B’,
is actually a map in ﬁ(C) from (A% B)“u* to (A’ s B')2w*",

The answer to this question is positive and the proof of it not very com-
plicated. It is easy to see that r x 1 is a map in ﬁ(C) from (A % B)“u*v
to (A’ % B)“v*v. Similarly 14 * s is a map in ﬁ”(C) from (A’ x B)“%* to
(A’s B")?u*v" Therefore we do have a composite map from (A x B)““** to
(A"« B’ )O“l*vl. Functoriality of * implies the middle-two interchange law,
from which it follows that this composite map is precisely r * s:

(larxs)o(rxlg)=(laor)x(solp)=r=x*s.

9.4. It is clear that the above reasoning goes through for any operation of
any finite product theory and that the induced operations would satisfy the
same axioms as long as they are equational axioms. We can therefore state:

Conjecture 34. For any Lawvere theory T if C is a small category with a
structure of T-algebra in Cat, then Trc(C) is a T-algebra in Set.

This immediately follows from the following:
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Theorem 35. The trace functor Trc: Cat — Set preserves finite products.

Proof. Since my preserves finite products and Trc = 7o Tr (see Proposition
25), it is sufficient to prove that Tr preserves finite products. It is a simple
exercise to check that Tr preserves the terminal category 1 (see Proposi-
tion 4). It only remains to prove that Tr preserves binary products, which
amounts to prove that, for any small categories A, B, the canonical functor
Tr(A x B) — Tr(A) x Tr(B)
has an inverse. Given an arrow (r,s) in Tr(A) x Tr(B) from (AO“,BO”)
0 (CQ”, Doq), we need to prove that (r,s) is an arrow in ﬁ(.A x B) from
(A, B)°(w?) to (C, D)°®49) . By hypothesis r is an arrow in Tr(A) and s is
an arrow in ﬁ(B) Let (r1,7}),. .., (rn, 7)) be a proof of the former and let

(s1,81), -+, (Sm,s,,) be a proof of the latter. Doing a trick similar to the
one used in Paragraph 9.3 we can obtain a commutative diagram in A x B:

(7“1715) ) ) (rn,1B) (cs1) ) ) (1cssm) (C,D)

(u,v) (1 0) (p v) (p,sh) (,q)
(nwv) (Ps57,)

-— (C, D)

(r1, 1B (rn,1B) (1cssm)

where
(1cvsm) O~~~O(lc751)0 (TfhlB)o”'o(Tl?lB) = (T‘n"'T1,Sm"'81) = (T7S)
and therefore this proves that (r,s) is an arrow in Tr(A x B). O

Corollary 36. For any Lawvere theory T the trace functor Trc: Cat —
Set induces a functor Trc'™): T-Alg(Cat) — T-Alg(Set) and we have a
commutative square:

T-Alg(Cat) "5 T-Alg(Set)

forget.l lforget.

_
Cat e Set

Corollary 37. If C is a small monoidal category then Trc(C) is a monoid
and so is Trc(CD) for any small category D.

9.5. For any small category C, the functor category C¢ is an internal monoid
in Cat. Therefore, we have:

Proposition 38. For any small category C, Trc(CC) is a monoid.
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10. TRACE SETS OF GENERAL ENDOPROFUNCTORS

10.1. The construction of the category ﬁ(C) can be generalized for any
endoprofunctor ¢: C°P x C — Set to obtain a category Tr(y) such that

Tre(p) = mo(Tr ().
The definition of Tr(¢) is as follows:
(1) The objects of Tr() are the pairs (A, u) where A is an object of C
and w is an element u: 1 — p(A, A).
(2) An arrow from (4, u) to (B,v) in Tr(y) is an arrow r: A — Bin C
such that there is a finite chain

h1 ho hn—1 hn
A By R E, 1—B

in C such that h,, - -- h1 = r and there is a cone in Set from 1 to the
diagram

h1 . hy* ho, hn™*
(10)  @(A,A) = p(E1, A) — (B, Er) ¢—— -+ —"= ¢(B, B)

(where for any arrow h in C, h, = ¢(h,1) and h* = ¢(1,h)) such
that the map in this cone from 1 to ¢(A, A) is u and the map
1 — (B, B) is v.
(3) Identities and composition are those of C.
With this definition it is immediate to show that:

Proposition 39. Identities in C are arrows in :f\;(go) and the composite in
C of two composable arrows in Tr(p) is an arrow in Tr(p). Hence the above
definition gives us a category Tr(yp).

Theorem 40. For any endoprofunctor ¢: C°? x C — Set the trace set of
@ 1s the set of connected components of the category Tr(p):

Tre(p) = mo(Tr(p)).
Proof. This is essentially the same as the proof of Proposition 2. O

Proposition 41. For any endoprofunctor ¢: C°? x C — Set there is a
forgetful functor
€yt Tr(p) — C.

10.2. If ¢ is and endoprofunctor of a groupoid C, for any given arrow
r: (A,u) — (B,v) in Tr(¢) each of the maps in diagram (10) is a bijec-
tion because for any map h in C, (h™ 1), = (hs)"! and (h71)* = (h*)7L. It
follows that the cone over (10) is unique if it exists and it exists if and only
if v = hZ(hny) "t hi(hiy) " tu, that is, if and only if v = p(r=1, 7)(u).
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Definition 2. If ¢ is and endoprofunctor of a category C, we will say that
an element uw € (A, A) is a @-conjugate (or simply a conjugate if ¢ is
understood) of an element v € ¢(B,B), if an invertible map r: A — B
exists in C such that o(r=1,7)(u) = v. (Note that this particularizes to
the usual concept when ¢ is the hom-set functor of a groupoid.) Each map
r: A — B in C induces a map

p(r~tr): 9(A, A) — ¢(B, B)
which will be called p-conjugation by r.

It is clear that for any isomorphism r, @-conjugation by r is a bijective
map whose inverse is ¢-conjugation by r~!. A result similar to Proposition
22 holds:

Proposition 42. If ¢ is an endoprofunctor of a groupoid C, then:
(1) An arrow r: (A,u) — (B,v) in Tr(p) is just an arrow r: A — B
such that *(v) = r«(u), that is, such that the following diagram is
commutative:

u

1 —— (A, A)

vl Jm:cp(l,r)

(p(B,B) T>90(A7B)

(2) ﬁ"(gp) is a groupoid.

(3) Two elements u € (A, A) and v € (B, B) have the same trace if
and only if they are p-conjugate of each other: v = @(h~' h)(u).

(4) The trace of @ is the set of p-conjugacy classes of C.

10.3. Can the construction of our old functor Tr: Cat — Cat be extended
to a functor such that to each endoprofunctor ¢: C°? x C — Set it assigns
the category Tr(p)? We need to clarify what the domain of such a functor
would be. The objects of the domain should be all the endoprofunctors of
categories, that is, pairs (C, ¢). What would an arrow (C, ) — (C’,¢’) be?

10.4. It is a known general fact that given profunctors ¢: C — D and
1: D — C, the following “generalized trace property” holds:

Tree () = Trep(pe).

this establishes a suggestive analogy: Trce is to the category of small cat-
egories and profunctors as try (for A an object in C) is to the category
C. The analogy can be stretched: We have defined a category ﬁ(C) whose
objects are endomorphisms in C. We now want to define a category whose
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objects are endomorphisms in the category of small categories and profunc-
tors. The arrows in Tr(C) are arrows in C with a special property... Could
the appropriate arrows we are looking for be profunctors with a special
property?

In order to answer this question, let’s consider this other one: Given
endoprofunctors ¢: C — C and ¢: D — D, what condition must a functor
F: C — D satisty so that it induces a functor from Tr(y) to Tr(y)?

10.5. Clearly, a functor F: C — D would induce an object function
(A,u) — (F(A),u) from obj(Tr(y)) to obj(Tr(y)) if we had a map
Aa: @(A,A) — ¢(F(A),F(A)) so that we can put v’ = As(u). But this
would not be sufficient for an arrows function. It would be necessary to have,
for each pair (A, B) of objects of C, amap Aa,5: ¢(A, B) — ¢(F(A), F(B))
which is natural in (A, B). In short: we need a natural transformation from
ptoYoF x F.

CP xC

\ML/
DOP x D

It is clear that taking as objects the endoprofunctors of small categories
and as arrows from (C, ) to (D, ) the pairs (F, ) where F is a functor
F:C — D and X is a natural transformation A\: ¢ — ¢ o (F x F) we get a
category. We shall denote T the category so defined.

Proposition 43. There is a functor Tr: T — Cat taking (C, ) to ﬁ(go)
and there is an inclusion Cat — T taking C to (C,1¢) such that the follow-
ing diagram of functors is commutative:

/ﬁ

Cat —> Cat.

10.6. There is an ObVlOUb forgetful functor U: 7 — Cat and a natural
transformation e: Tr — U whose component at an object (C,p) of T is

the forgetful functor e : Tr( ) — C of Proposition 41. Furthermore, the
composite

ﬁ/
T

Cat- Sy T €l . Cat

U
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is the counit of the comonad structure of Tr seen in Proposition 26.

11. Set-TRACE OF ENDOFUNCTORS

11.1. An intermediate situation between the case of the trace of (the iden-
tity functor of) a category and that of a general endoprofunctor is the case
of the trace of an endofunctor of a small category. Given an endofunc-
tor F: C — C of a small category C there are two ways to regard it as a
profunctor, that is, it determines two endoprofunctors of C, namely:

(1) ¢"(A,B)=C(A,F(B)), and ¢"(A,B)=C(F(A),B).
Let us consider the first one. The general construction of the pretrace

R —
category Tr (F) = Tr(p®) is particularized in this case to the following

—~R
construction: The objects of Tr (F') are pairs (A, u) where A is an object
of C and u is a map A % F(A). A C-map r: A — B is a (right) F-trace
arrow from w to v if and only if there is a finite chain

R — n
A=EB, g 2y o Np M p —B
in C such that h,---hy =r and for each ¢ =1,...,n there is a map k;:

E; — F(FE;_1) verilying
(12) k‘1h1 =u, F(hn)k}n =, and hi—lki—l = k‘lh“ for 2 S ) S n,

or, equivalently, such that the following diagram is commutative:

—>FE1 *>FE2 F(B)
F(h1) F(h2) F(hn 1) F<hn)

11.2. Any natural transformation u: F' — G between two endofunctors of
C induces a functor

— ~R
(13) f:Tr (F) = Tr (G)
taking an object (A, u) € ﬁR(F) with u: A — F(A), to the object (4, pau)

—~R
of Tr (G). It is a simple exercise to show that if r: A — B is a (right) F-
trace arrow from u to v then r is also a (right) G-trace arrow from pau to
wpv so that [ is indeed a functor.
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11.3. If the endofunctor F' of C has a comonad structure, let’s say with
counit €: F — 1¢ and comultiplication §: F — F2, then every F-coalgebra

determines an object in ﬁR(F) and therefore it makes sense to ask what is
the trace of an F'-coalgebra. To investigate this question, let’s suppose that
A and B are F-coalgebras with respective structure maps u, v, and that
r: A — B is a l-step F-trace arrow from u to v, that is

A—"——B

| AL

F(A) W (B).
We see that r is a coalgebra morphism, but even more: composing k with
the counit at A we get a map s = eqk: B — A which:

(1) is inverse to r (sr = eqkr = equ =14 and rs = regk = epF(r)k =
ERBV = ]-B);
(2) It determines k (since us = krs = k); and
(3) It is a coalgebra morphism (F(s)v = F(s)F(r)k = F(sr)k = k =
The situation is similar to that of Proposition 13. In fact, a very similar
proof gives us the following:

Lemma 44. Let F be an endofunctor of a small category C and p: F — 1¢
a natural transformation. If u: A — F(A) and v: B — F(B) are such that
pau =14 and ppv = 1p then any (right) F-trace arrow from u to v is an
isomorphism from A to B.

Alternatively, this can be proved by applying the induced functor i (13)
to the F-trace arrow to get a trace arrow in C between two identities and
then applying Proposition 13.

It is now immediate to deduce from Lemma 44 that any two coalgebras
with the same trace are isomorphic. A simple clculation shows that iso-
morphic coalgebras have the same trace (if r: (4,u) — (B,v) is an iso,
w= (ur~Y)rand F(r)(ur=t) = (F(r)u)r=! = (vr)r—! = v). Thus, we have:

Proposition 45. Given a comonad (F,e,0) on a small category C, the
following hold:

(1) Ewery right trace arrow between F-coalgebras has length 1 and it is
an isomorphism.

(2) Two F-coalgebras have the same right F-trace if and only if they
are isomorphic.
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—~R
(3) The full subcategory of Tr (F) determined by all the F-coalgebras
is the groupoid lso( F-CoAlg) of isomorphisms of F-coalgebras.

By duality (and using the second induced profunctor in (11)) we also
have:

Proposition 46. Given a monad on a small category C, the following hold:
(1) Ewvery left trace arrow between F-algebras has length 1 and it is an
isomorphism.
(2) Two F-algebras have the same left F-trace if and only if they are
isomorphic.

~L
(3) The full subcategory of Tr (F) determined by all the F-algebras is
the groupoid Iso(F-Alg) of isomorphisms of F-algebras.

This result is in part a generalization of a known theorem in Represen-
tation Theory.

11.4. Observe that the multiplication/comultiplication played no role in
Propositions 45 and 46. Hence they apply more generally than in the case
of monads/comonads. In general, for any natural transformation u: 1¢ — F
we can define a category of “u-retractions” whose objects are pairs (A, u)

such that ups = 14 and arrows (A,u) — (B,v) are those A > B such that
ru = vF(r). Then, two p-retractions are isomorphic if and only if they have
the same left F-trace.

11.5. Suppose now that we have two functors F,U: C — C and that F is
left adjoint to U, F' 4 U. Then it is clear that:

A A
TrcH(F) = / C(F(A),A) = / C(A,U(A)) = Tr*(U).
In fact, in this situation there is an isomorphism of categories between the
~ L ~R
pretrace categories Tr (F') and Tr (U):

Proposition 47. In the situation described above, let pap: C(F(A), B) —
C(A, U(B)) be tha canonical isomorphisms of the adjunction F 4 U. Then
@ induces an isomorphism of categories,

~I —~R
o:Tr (F)—Tr (U)
—~
which takes each object (A, u) € Tr (F) to (A, u) = (A, paa(u)) and each
left trace arrow r: (A,u) — (B,v) to $(r) =r.

Proof. It (h1,k1),...,(hn,kn) is a proof that r is a left trace arrow from
(A, u) to (B,v) then (hy,o(k1)), ..., (hn,¢(ky)) is a proof that r is a right
trace arrow from (A, paa(u)) to (B, ppp(v)). O
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12. AN EXAMPLE FROM REPRESENTATION THEORY

12.1. Let k be a field and G a finite group, and let’s consider the endofunc-
tor of k-Vectsq F = “tensoring with the group algebra k[G]”:

(14) F: k-Vectsq, — k-Vectrq, F(V)=k[G]®V.

This functor is a monad whose algebras are the finite dimensional k-linear
representations of G. Since

(15) hom (k[G] ® V, V) ~ hom (k[G], hom(V,V)),

an F-algebra (that is, a finite dimensional k-linear representation of G)
can be regarded as a special k-linear map p: k[G] — hom(V, V), “special”
meaning “k-algebra homomorphism.” Note that, since the elements of the
finite group G form a basis of the group algebra k[G], giving a k-linear map
k]G] — hom(V, V) is equivalent to giving a set map G — hom(V, V). In this
section, unless indicated otherwise, we shall regard any linear representation
V, of the group G on V' as a k-linear map p: k[G] — hom(V, V) or even as
a set map G — hom(V, V).

12.2. The character of a linear representation V, of the group G is the class
function try op where p is regarded as a group homomorphism G — Aut(V).
A classic theorem in Representation Theory asserts that two finite dimen-
sional k-linear representations of a finite group G have the same charac-
ter if and only if they are isomorphic. In view of Proposition 46 this
suggests that the character of a representation may be its trace from the
point of view of that proposition. Thus, it is reasonable to conjecture that
the trace of “the representations monad functor” (14), Trc(F), contains
all characters of G-representations and that the canonical F-trace maps
trf;: hom(F(V),V) — Trc(F) assign to a linear map p: F(V) — V that
happens to be an F-algebra (G-representation), the character of V,. So, we
make the following conjecture:

Conjecture 48. If k is a field, G a finite group, and F' the representations
monad functor (14), then the characters of the finite dimensional k-linear
representations of G are the linear F-traces of these representations regarded
as F-algebras.

Proposition 49. If G is a finite group and k is a field then the (set) trace,
in the sense of the previous section, of the representations monad functor
(14), F = k[G])® (—), is the set Set(G,T?) of maps from G to the set trace
of finite dimensional vector spaces; that is,

Tre(k[G)®(-)) = Set(G,T%) or /V Set (G, hom(V,V)) = Set(G,T%).
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For any finite dimensional k-linear space V', the corresponding trace func-
tion tr58%, assigns to a linear map k[G] @ V. — V —regarded as a map
p: G — hom(V,V)—, the function tr$s* o p, that is,

(16)

trisy, = (tr?,et)G: Set(G,hom(V,V)) — Set(G, T9), tr5%(p) = trist o p.

Proof. Given any linear map f: W — V we can apply the functor Set (G, —)
to the following commutative square:

hom s
hom(V, W) 22y (v, v)

hom(f,lw)l J/trﬁ{ft

hom(W, W) ———— 7S

set
tryy

to obtain a commutative square:

hom (k[G], hom(V, W)) M hom (k[G], hom(V, V))

hom(fylw)*l Jtr?\t/

hom (k[G], hom(W, W)) ————— Set(G, T%)

Trw

where for each linear map p: k[G] — hom(V, V) we have tr55,(p) = tr{s* o p
(and similarly for tr55Y;,). This shows that (16) indeed defines a compatible
family. Let us now show that it has the required universal property. If T'
is a set and {7y : hom (k[G],hom(V,V)) — T}y is a compatible family of
maps, we must show that there exists a unique map L: Set(G,T°) — T
such that for every map x € Set(G,T?), if x = tr{¢* o p then L(x) =
Tv(p). Obviously, if such a map exists it is unique since it is determined
by the condition it must satisfy. It only remains to prove the existence.
Let x: G — T° be any map; it is clear that there exists at least one linear
map p: k[G] — hom(V,V) such that x = tr{s* o p. We define L(x) by
choosing one such linear map p and setting L(x) = 7v(p). Suppose that
p: k[G] — hom(W, W) is another linear map such that y = trjsf o u. We
must show that 7y (p) = 7v(u). For each group element g € G the linear
endomorphisms p(g): V — V and p(g): W — W have the same set trace.
Therefore, for each group element g € G there is a linear map 79 : W — V
which is a trace arrow from u(g) to p(g). There is no loss of generality in
assuming that all v(9) have “proofs” of the same length, say n. Since G is
finite we can rearrange the maps involved in v(9) so that for every g € G



28 EMILIO FARO

we have a commutative diagram of the form:

W4>E14>E2

u(9) / /2(9) /(g A)
Qp—1 Qn
n. 1

W4>E14>E2

This shows that for each ¢ € G, we have linear maps v;(g): E; — E; and
that we can define linear maps

a; € hom (k}[G], hom(Ei, Ei—l)) ,  V; € hom (k}[G], hOIIl(E’i7 Ez))

such that
hom(h1,lw)(a1) = u, hom(1g,,h1)(a1) = v1, implying: 7w (1) = 78, (V1)
hom(he, 15, )(a2) = v1, hom(1g,, h2)(a2) = ve, implying: 7, (v1) = TE, (V2)

hom(h’ﬂ7 1En,_1)(a”7«) = Vn-1, hom(leh’ﬂ)(an) =P implying: TEn_1(V”—1):TV(p)'

It follows that Ty (1) = 7v(p) and therefore L is well defined. O

12.3. In this paragraph we show that the “linear” trace of the representa-
tions monad functor (14) is the vector space k¢ = hom(k[G], k) = k[G]*
and therefore prove Conjecture 48.

As before, G is a fixed finite group. If V is a finite dimensional vector
space we can use a base {e1,...,e,} of V to define a base {y;j4]1 < i,
j <n, g € G} of the vector space Set (G, hom(V,V)) as

Pijg, (9) = 5g90 Eij.
Lemma 50. For everyi,j € {1,...,n} and g,9, € G,

tr?cet (trl‘l/n(()ozggo (g)>) - trsVet (‘pijgo (g))
Proof.
tryet ()" (pijq, (g ) =ty (trl‘}“(éggo E;j))
= tr}; it (5990 52])
= ey (59 o Eij)
(5

= tr%,et (g ) O
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Proposition 51. Let F', as before, denote the representations monad func-
tor (14). The coend of

hom (F(—), —) : k-Vecty 4P x k-Vect;, — k-Vect
is the vector space k€ with canonical maps
tri%, : hom (F(V), V) ~ Set (G, hom(V,V)) — k“

given by .
tri, = Set (G, tr5s}))

Proof. Suppose that T is a vector space and that to every finite dimensional
vector space V' there is associated a linear map 7y : Set(G, hom(V,V))— T
so that the family {7y }y is compatible. Then there is a unique map
B: TS — T such that for every V, 7y = o triet,. Define o = o I'¢ where
I' = tr§°*. Let now V be a finite dimensional vector space and let’s choose
a base {e1,...,€,} in it so that we get the base ¢;;, of Set(G, hom(V,V))
indicated above.

Let go be an element of G and 4,5 € {1,...,n}. It will be sufficient to
prove that the maps a o trlit, = 30 T'% o trli?, and 7, agree on ¢;j,, and
for that it is sufficient to show that the maps T'C o trlit, and tr5%}, agree on
Pijg- But for every g € G,

(T o trE3) (9ijgo) (9) = T (trv" (9ijgo (9)))
=t (ijgo (9))
= (i) (p110) (9)
= trEv (Pijgo) (9)-
therefore
TS o trfy (Pijg) = 5V (Pijao)- O
Thus, Proposition 46 has the following immediate corollary:

Corollary 52. If k is any field, two finite dimensional k-linear representa-
tions of a finite group G are isomorphic if and only if they have the same
trace.
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