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FORMAL DEFORMATIONS OF POISSON STRUCTURES
IN LOW DIMENSIONS

ANNE PICHEREAU

ABSTRACT. In this paper, we study formal deformations of Poisson
structures, especially for three families of Poisson varieties in dimen-
sions two and three. For these families of Poisson structures, using an
explicit basis of the second Poisson cohomology space, we solve the
deformation equations at each step and obtain a large family of formal
deformations for each Poisson structure which we consider. With the
help of an explicit formula, we show that this family contains, mod-
ulo equivalence, all possible formal deformations. We show moreover
that, when the Poisson structure is generic, all members of the family
are non-equivalent.
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1. INTRODUCTION

Poisson structures first have been introduced in the realm of classical me-
chanics, by D. Poisson. Indeed, he discovered in 1809 the natural symplectic
structure on R?". This structure permits one to write Hamilton’s equations
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in a more natural way, with positions and momenta playing symmetric
roles. This symplectic structure is, in a sense, the most simple example of
a Poisson structure and it takes the following form:

"\ (OF 0G  OF 9G
1 F, G == - 9
W el ; <8(Ji Opi  Ops aqi)

for smooth functions F,G on R?". In 1839, C. Jacobi showed that this
bracket satisfies the now called Jacobi identity:

(2) {{FvG}7H}+{{G5H}5F}+{{H7F}>G}:07

thereby explaining Poisson’s theorem: the bracket of two constants of mo-
tion is a constant of motion. In general, one defines a Poisson structure
on an associative commutative algebra (A, -), over a field F, as being a Lie
algebra structure on A, {-,-} : A x A — A, which is a biderivation of A,
i.e., satisfies the derivation property in each of its arguments:

(3) {F-G.H}=F-{G,H}+G-{F,H}, foral F,G,H € A

A smooth manifold M is said to be a Poisson manifold if its algebra of
smooth functions C*° (M) is equipped with a Poisson structure.

Poisson structures are also inherent in quantum mechanics, since it was
observed by P. Dirac that, up to a factor 2im/h, the commutator of ob-
servables, appearing in the work of W. Heisenberg, is the analogue of the
Poisson bracket (1) of classical mechanics. They also play an important
role in the theory of deformation quantization, which is linked to quantum
mechanics, as shown in [2]. Translated in a mathematical language, this
theory is the study of deformations of associative, commutative algebras.
In 1997, M. Kontsevich proved that, given a Poisson manifold (M, {-,-}),
the equivalence classes of formal deformations of the Poisson structure {-, -}
correspond to the equivalence classes of formal deformations of the associa-
tive product of C*°(M). This result underlies the importance of formal
deformations of Poisson structures, which is the subject of the present pa-
per.

Let (A, {-,-}) be a Poisson algebra over F. A formal deformation of {-,-}
(see [29] and [13]) is a map . : A[[v]] x A[[v]] — A][v]] which extends {-,-}:

7'('*:{.,.}+ﬂ-11/+7—r2y2+...+7Tn]/n+...’

where each map m;: AXx A — A is a skew-symmetric biderivation of A, and
which makes (A[[v]],7,) into a Poisson algebra over the ring F[[v]], where
the associative product on A[[v]] is the one inherited from the initial one
on A. To simplify the notation and to emphasize the fact that the Poisson
structure {-,-} is the first term of 7., we also denote it by 7. Notice that,
similarly to the associative product, each skew-symmetric biderivation of A
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(like the 7;) can be seen as a map A[[v]] x A[[v]] — A[[v]], by considering
its extension by F|[[v]]-bilinearity. In particular, such an extension of 7 is a
formal deformation of my = {-,-}, but we stress that our goal is to consider
all formal deformations of my and not only the one obtained in this way.
If one works modulo v"*!, then one speaks of an n-th order deformation.
Deformations are always studied up to equivalence, two formal deformations
. and 7, being equivalent if there exists a morphism ®: (A[[v]],m.) —
(A[[v]], 7.) of Poisson algebras over F[[v]] which is the identity modulo v.

Studying deformations of a Poisson structure {-,-} means studying the
following questions:

(Q1) Rigidity: Do there exist non-trivial formal deformations of {-,-}?

(Q2) Extendibility: Given an n-th order deformation of {-,-}, does it
extend to an (n + 1)-th order deformation?

(Q3) Formula: Is it possible to obtain an explicit formula for all formal
/ n-th order deformations of {-,-} (up to equivalence)?

(Q4) Properties: Which properties of the Poisson bracket {-, -} are stable
under deformation?

In general, the deformation theory of a structure (an associative or a Lie
product, for example) is governed by an associated cohomology, which pro-
vides some tools to give an answer to the questions (Q1) — (Q4). In the
particular Poisson case, the cohomology which plays this role is Poisson
cohomology (introduced in [19], see also [16] for an algebraic approach).
For a Poisson algebra (A,my = {-,-}), the Poisson complex (which will
be explained in Paragraph 2.1) is defined on the space X*(A) of all skew-
symmetric multiderivations of A (in particular, my € X2(A)). For k € N,
the k-th Poisson cohomology space is then denoted by H* (A, m).

As we will see in Paragraph 2.1, the third Poisson cohomology space
H3(A, ) appears naturally in the construction of formal deformations
of mp: a map of the form 7, = > w0 A[[V]] x Al[v]] — A[[V]] is
a formal deformation of my if and only if each 7, (n € N*) is a skew-
symmetric biderivation of A which satisfies a certain cohomological equa-
tion in H3(A, ). That is why one refers to H3(A, my) as being the set of
obstructions to deformations of my. The second Poisson cohomology space
H?(A, ) plays also a fundamental role in this study. Indeed, if 7, € X2(A)
is a solution of the equation mentionned above, then 7, = m, + P, where P
is any 2-cocycle, is also a solution, but if in particular P is a 2-coboundary,
then the corresponding =], gives rise to a (n-th order) deformation, equiv-
alent to the one obtained with m,. Hence, the choice at each step of the
construction of , is a choice in H?(A, ). The difficulty for constructing
a formal deformation of 7wy can now be explained as follows: even if, at one
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step, one finds a solution for the cohomological equation mentionned above,
the choice (in H?(A, m)), which one has to make at this step, changes the
cohomological equations (in H3(A, 7)) which one will have to solve at each
of the following steps. Now, depending on the choices that have been done
previously, the cohomological equation at one step can even be solvable
or not! This explains why, in general, it is difficult, even with a precise
knowledge of the corresponding cohomology, to answer the above questions

(Q1) — (Qq):

In the first part of this paper (Section 2), we prove a proposition which
gives, for a class of Poisson structures, a system of representatives for all
formal deformations, modulo equivalence. We formulate it here for the case
of formal deformations, even if it is equally valid for the case of n-th order
deformations.

Proposition 1.1. Let (A,mg) be a Poisson algebra. Denote by (9 €

X2(A))rex, a set of 2-cocycles, whose cohomology classes form a basis of

H?(A, 7). Define S, the set of all a = (a¥ € F) kex , such that, for every
neN*

ng € N*, the sequence (aﬁo)ke,c has a finite support.

Suppose that, to each a = (a¥) rex , element of S, is associated a se-
neN*
quence (2 € X%(A))

of skew-symmetric biderivations of A, satisfy-

neN*
ing:
o The skew-symmetric biderivation ¥§ of A is zero: ¥F = 0;
e For all n € N*, U2 only depends on the aF,, with k € K and
1<m<n—-1;
o The skew-symmetric biderivation of A[[v]], defined by
=T+ Z (Wi + Zaﬁ ﬁk> v,
neN* kek
is a formal deformation of my.
Then,

(a) For every formal deformation m. of my, there exists an element
a= (af) rex of S, such that m. is equivalent to T2;
neN*
(b) If, in addition, the first Poisson cohomology space H'(A, o) is zero,
then the element a € S, whose existence is mentionned in (a), is

unique.

We stress that not only the space H?(A, ) (implicitly in the existence
of the family (72)acs) and the space H?(A, ) (explicitly in the writing of
the family (72)acs) are involved in this proposition, but also H*(A, 7).
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The hypotheses in the previous proposition are strong, but in a second
part of this paper (Section 3), we will show that they are satisfied for several
large families of Poisson structures in low dimensions. We will do that, for
each family, by using an explicit basis of H?(A,m) and by constructing
an explicit formula for suitable W2 which means solving the cohomological
equations in H3(A, ), that govern the extendibility of deformations.

We first consider a big family of Poisson structures that equip A :=
F[z,y, 2], the algebra of regular (polynomial) functions on the affine space
of dimension three, F3. Indeed, to each polynomial ¢ € A, one can associate
a Poisson structure {-,-}, on A, defined by the brackets:

_ 9 _9¢ _ %
(4) {mvy}ga - 82’ {y’z}gp - axa {Z7x}@ - ay

Notice that this Poisson structure appears for example as the transverse
Poisson structure to a subregular nilpotent orbit of a Lie algebra (see [4]).

In [26], we have already obtained explicit bases for the Poisson cohomol-
ogy spaces H'(A, {-, },) and H?*(A,{-, ‘},), in case the polynomial ¢ is
(weight) homogeneous with an isolated singularity, i.e., when the surface
F, : {¢ = 0} (the singular locus of ¢) is given by a (weight) homogeneous
equation and admits an isolated singularity (at the origin). In Section 3, we
will use these results to show that, after a change of basis of H2(A, {-, Fo)s
we are able to exhibit a family of skew-symmetric biderivations W2 of A
which satisfy the conditions of Proposition 1.1. Since we obtain in fact an
explicit formula for every U2, the proposition 1.1 permits us to write an ex-
plicit formula for all formal deformations of {-, '}w’ up to equivalence. More
precisely, we have the following proposition (see Proposition 3.3), given here
in a formal context although it is also valid for n-th order deformations.

Proposition 1.2. Let ¢ € A=TF[x,y,z| be a weight homogeneous polyno-
mial with an isolated singularity. Consider the Poisson algebra (A, {-,-},),
where {-, -}, is the Poisson bracket given by (4).

(a) There exist skew-symmetric biderivations W2 of A (for which we
have explicit formulas), satisfying the hypoheses of Proposition 1.1,
fOT (-Aa { ) }¢)

(b) The Poisson algebra (A,{-,-},) satisfies the particular conditions
of item (b) of Proposition 1.1, unless the (weighted) degree of ¢
equals the sum of the weights of the variables x,y, z.

At that point, we have obtained a clear answer to the question ((1) and
(Q3) above (questions of rigidity and formula). Because Proposition 1.1 is
also true for n-th order deformations, we also have an answer to the question
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(Q2) of extendibility, which is the following: FEwvery n-th order deformation
of {-,-}, extends to a (n+1)-th order deformation (Corollary 3.5).

Finally, using the explicit formula mentionned above (for all formal de-
formations of the bracket {-,-} ), we will also give a partial answer to the
question (Q4) of the properties stable under deformation, with the following
result: The formal deformations of {-, '}so all admit formal Casimirs, for
which we also have an explicit writing (Corollary 3.8).

The polynomial ¢ € F[z,y,z] is a Casimir for the Poisson structure
{-,-},, so that this Poisson structure restricts to a Poisson structure {-, -} , ,

on the quotient algebra A, := %, which is the algebra of regular

functions on the surface F, : {¢ = 0} C F3. The deformations of the
Poisson structure {-,-} 4, are studied in Paragraph 3.5. In fact, under the
previous hypotheses on ¢, the cohomological equations mentionned above
are in this case trivial and this fact, together with an explicit basis of the
second Poisson cohomology space (obtained in [26]), permit us to give an
explicit formula for all formal deformations of {-,-} A, up to equivalence
(see Proposition 3.9).

Acknowledgments: 1 wish to take this opportunity to thank P. Vanhaecke
for drawing my attention to these questions about deformations and for
useful discussions about this subject. I also would like to thank B. Fresse,
C. Laurent-Gengoux, M. Penkava, R. Yu and N. T. Zung for valuable con-
versations which contributed to this paper. The hospitality of the University
of Antwerp and of the CRM (Centre de Recerca Matematica, Barcelona) is
also greatly acknowledged.

2. CONDITIONS FOR A SYSTEM OF REPRESENTATIVES FOR ALL FORMAL
DEFORMATIONS

In this part, we want to show Proposition 1.1, anounced in the introduc-
tion. To do that, we will need several intermediate results, which will be
proved in an elementary way, in the sense that our proofs will only need
the properties of the Schouten bracket and the definition of the Poisson
cohomology, that are recalled in the first paragraph 2.1.

2.1. Preliminaries. In this paper, F is an arbitrary field of characteris-
tic zero. We recall that a Poisson structure {-,-} (which is also denoted
by m) on an associative commutative algebra (A,-) is a skew-symmetric
biderivation of A, i.e., a map {-,-} : A2 A — A satisfying the derivation
property:

(5) {FG,H}=F{G,H}+ G{F,H}, forall F,G,H € A,
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(where F'G stands for F - G), which is also a Lie structure on A4, i.e., which
satisfies the Jacobi identity.
We denote by F¥ the ring of all formal power series in an indeterminate

v and with coefficients in F, i.e., F¥ := F[[v]]. We will also consider the
F¥-vector space A" := A[[v]] of all formal power series in v, with coefficients
in A. The associative commutative product “-”, defined on A4, is naturally

W

extended to an associative, commutative product on A", still denoted by
In the following, any map defined on A4 or on A®*A is possibly seen as a map
on A” or A*A” (the exterior algebra of the F¥-vector space A”), which
means that we consider its natural extension by F¥-linearity. We point out
that an F¥-k-linear map 1: (AY)* — AY can be written as: ¢ = g+ +
oo 4 Y™ + - - -, where each ; is a k-linear map A* — A. This permits
us to write a natural isomorphism of F”-vector spaces Hom((A")F, AY) ~
Hom(AF, A)[[v]].

A formal deformation of a Poisson structure mg on A is a Poisson struc-
ture on the F”-algebra A", that extends the initial Poisson structure. In
other words, it is given by a map m,: A” x AY — AY satisfying the Jacobi
identity and of the form :

7]'*:7]'0+7T1V+...+ﬂ'nyn+...’

where the 7; are skew-symmetric biderivations of 4. If one works modulo
vt (for n € N), i.e., if one replaces the F”-algebra A" with the F¥ /(v"1)-
algebra AY/(v"*1) in the previous definition, one then speaks of n-th order
deformation of m.

In order to have some tools to study formal (or n-th order) deformations
of Poisson structures, we recall the notion of Poisson cohomology. The
Poisson complex is defined as follows: the space of all Poisson cochains is
X*(A) := PBjen XF(A), where X°(A) is A and, for all k& € N*, X*(A4)
denotes the space of all skew-symmetric k-derivations of A, i.e., the skew-
symmetric k-linear maps A* — A that satisfy the derivation property
(5) in each of their arguments. Then, the Poisson coboundary operator
6%+ X¥(A) — X*+1(A) is given by the formula

67kr0 = ['77T0]S’

where [, ] : XP(A)xX?(A) — XPT771(A) is the so-called Schouten bracket
(see [18]). The Schouten bracket is a graded Lie bracket that generalizes the
commutator of derivations and that is a graded biderivation with respect
to the wedge product of multiderivations. It is defined, for P € XP(A),
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Q € XI(A) and Fy,...,F,1,-1 € A, by:
(6)
[PvQ}S [F17 .. '7Fp+q71]
= E €<U)P I:Q[Fo'(l)?---7F0'(q)]?Fo'(q+1)7~-~7Fa-(q+p71)j|

0€ESyp—1
- (_1)(]9—1)(!1—1) GSZ G(U)Q [P[Fa(l)a R Fo’(p)]a Fa(p+1)7 v 7F0'(p+q71)]7

where, for k,¢ € N, S}, denotes the set of all permutations o of the set
{1,...,k+ ¢}, satisfying 0(1) < --- < o(k) and o(k+ 1) < --- < o(k + 1),
while €(0) denotes the signature of such a permutation o. Notice that,
similarly to the case of multilinear maps, it is easy to verify that, for all
k € N, the F”-vector space X¥(A") of all skew-symmetric k-derivations of
the associative algebra (A”,-) is isomorphic to X*(A)[[v]]. Indeed, every
Y € X¥(AY) can be written as ¢ = ¢ +Y1v + - - -+ 1P, " + - - -, where each
1; is an element of X*(A). In the following, the Schouten bracket will often
be considered as a map, defined on X*(A") x X*(A”), with the meaning that
it is simply extended by F"-bilinearity and still denoted by [-,-]5. The map
[-,-]g then obtained is in fact a graded Lie algebra structure on X*(A"),
that could also be defined by a formula analogous to (6).

It is then easy and useful to see that, given a skew-symmetric bideriva-
tion 7 € X2(A), the Jacobi identity for 7 is equivalent to the equation
[r,m]g = 0. Then, because of the graded Jacobi identity satisfied by
[-,]g and the fact that [mo,m0]g = O, the operator 0, is a coboundary
operator, leading to the Poisson cohomology spaces associated to (A, )
and defined by H*(A,m) := KerdF /Imd%-1, for k € N*. Elements of
ZF(A,mo) :=Ker 6k C X¥(A) are the (Poisson) k-cocycles, while elements
of B¥(A,mg) :=Imd¥~! C X¥(A) are the (Poisson) k-coboundaries.

Moreover, given a map m, = mg +mV+---+w "+ AV x AY — AY
where for all i € N, m; € X2(A) is a skew-symmetric biderivation of A, we
have that 7, is a formal deformation of m, if and only if, [r,, 7|4 =0, i.e.,
if and only if, for all n € N,

7) RCHEE D SR e
itj=n+1
i,j>1
Similarly, an n-th order deformation T(n) = To+mT1V+- - +m, " will extend
to an (n + 1)-th order deformation 7,41y = 7y + TVt if and only
if, there exists 7,41 € X?(A), solution of the previous equation (7).

2.2. Equivalent formal deformations. In this paragraph, for an arbi-
trary Poisson algebra (A, m), we write a formula, involving only the
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Schouten bracket [-,-]¢, for the elements of the equivalence class of a given
formal deformation of mg.

First, we recall the notion of equivalence for deformations of my. Two
formal deformations ., and 7, of 7y are said to be equivalent if there exists
an F”-linear map ®: (AY,7w,) — (AY, 7)) that is a Poisson morphism and
which is such that ® is the identity modulo v. In this case, we write 7, ~ 7/,
and we call ® an equivalence morphism from m, to w,. In other words, an
F”-linear map ®: AY — A” is an equivalence morphism from m, to 7, if
and only if, it is a morphism of associative algebras, equal to the identity
modulo v and which satisfies

O(m.[F, G]) = m[®(F), 2(G)],

for all F,G € A (and therefore, for all F,G € A"). Notice that, of course,
if ® is an equivalence morphism from 7, to 7/, then ®~! is an equivalence
morphism from 7/, to .. Similarly, one defines the notion of equivalence
for n-th order deformations, by replacing F¥ with F”/{v"*1) and A" with
AY /(v 1) in the previous definition.

Now, it is straightforward to show that the exponential map gives a bijec-
tion between the space X$(A) = {& =3, &v* | & € X1(A), k € N*}
and the space of all automorphisms of A” that are equal to the identity
modulo v. This permits us to write an equivalence morphism ® between
two formal deformations of my as the image of an element of X}(AY), by
the exponential map. This implies that the equivalence classes of formal
deformations of 7wy can be defined as the equivalence classes of the action,
defined as follows, of X}(A”) on the formal deformations of mg. For a for-
mal deformation 7, of mp and for £ € X{(AY), we define the action & - m,,
mentionned above, by:

(8) £ |F,G] :=ef (s [e_g(F),e_g(G)]) ,
for all F,G € A. It is then possible to show the following equality:

£y = eadg(ﬂ'*)v

where adg := [¢,]4. This equality involves two notions of exponential:
(a) ef:i= 3 H&F A — A,
kEN
(b) e = kZN pi(ade)® : X2(AY) — x°(A4Y),
€

for € = G+ &2+ + &+ € X(AY), with & € X1(A), for
all ¢ € N*, and where ad¢ is the graded derivation (of degree 0) of the
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associative algebra (X*(A"),A), ade = [&, ] In fact, we have

et (7 [e_E(F),e_é(G)]) =
RIFGH Y Y ()T (e (F),E(G)]) =

kEN* s teN

r+s+t==k

RF.Gl Y (ade) ()[R G = e (n) 7, G,
keN*

where the second equality is easily proved by induction on k& € N*. Notice
that this action of X}(A”) can be extended on the space X*(AY) of all
skew-symmetric multiderivations of A” and then, for any Q € X*(A"), the
formula ¢ - Q = e3¢ (Q) still holds.

This result can be seen as an analog of the well-known formula that links
the adjoint representation Ad of a Lie group G on its Lie algebra g and the
adjoint action ad of G on g: Ad,e = e, for all £ € g.

Finally, we have obtained the following:

Lemma 2.1. Let (A, m) be a Poisson algebra. Let m, be a formal defor-
mation of mg. The formal deformations of mg that are equivalent to m, are
precisely the maps ., of the form

7l = ede(r,)

<—7T*+ Z %[Ea[&a 7[€7W*}S"']S]S>

keEN*
k brackets

with € € X5(A”) (i.e., £ =315 &k, with &, € XH(A), for all k € N*).

Notice that there is an analogous result if one considers rather the formal
deformations of an associative commutative or a Lie product, but then,
the & do not have to be derivations of A and the Schouten bracket has
to be replaced by the corresponding graded Lie algebra structure on the
cochains of the Hochschild (Gerstenhaber bracket) or Chevalley-Eilenberg
cohomology (Nijenhuis-Richardson bracket).

2.3. Deformations of Poisson structures in a good case. In this para-
graph, we prove a proposition which gives, for a certain class of Poisson
structures, all formal deformations up to equivalence. The hypotheses in-
volved in this proposition are strong, but we will be able to apply this
result to big families of Poisson algebras that we will consider in Section 3
of this paper.
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Proposition 2.2. Let (A,m) be a Poisson algebra. Suppose that (9) €
X%(A))rex is a set of 2-cocycles, whose cohomology classes form an F-basis
of H*(A, 7o) and define S, the set of all a = (ak € F) kex such that, for
every ng € N*, the sequence (aﬁo)kelc has a finite support.

Suppose that we have a family (12)acs of formal deformations of the
Poisson structure mg, indexed by the elements a = (aF) = of S, and of
the form: "

(9) =T+ Y <\1/:+ > ak ﬁk> v,
neN* ke
where, for alln € N*, U2 € X2(A) is a skew-symmetric biderivation of A,
depending only on the a®,, where k € KK and 1 < m < n; and ¥§ = 0. Then,
we have the following:
(a) For any formal deformation 7, of mg, there exists an element a =
(aF) rex of S, such that m. is equivalent to T2;
neN*
(b) For any m-th order deformation m(,,y of mo (m € N*), there exists
an element a = (a¥) vex of S, such that T(m) 8 equivalent to 7%
neN*

modulo v™ % .., in AV /(™ FL).

Proof. Let m, = w9+ Y, m,v* be an arbitrary formal deformation of 7.
keN*
According to the lemma 2.1, the existence of an element a of S, such that

. ~ 72, is equivalent to the existence of an element £ = 7, \. &k €
X{(AY) such that
7, = e (72),

In order to simplify the notation, for every a € S and every & € X}(AY), we
write 720 := €24 (12) and 72 = mo+ Y one TSV, T2 = Mo+ D jene T2V,
with 7%, 72 € X2(A), for every i € N*,

We will then show that, for every N € N*, there exist a}, a5, ..., a% € F,
for k € K (such that, for every 1 < i < N, only a finite number of a are
non-zero) and &1,...,&n € X1(A) such that

(10) 7 = o e (72 ) o N

where a(y) = (a},a5,...,a%,0,0,.. e = (bf) rex € S with b = af
neN*

n?
for 1 <n < N and b¥ = 0 as soon as n > N and vy = G4+ &N €
X§(AY). We will do that by induction on N € N*. Notice that, in order to
prove the second point of the proposition, with m-th order deformations of
Ty, we just have to use the same proof, but only for 1 < N < m.

First of all, suppose that N = 1. We know, according to (7), that
62 (m) = 0, so that, by definition of the ¥y, there exist af € F, for all
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k € K (with only a finite number of non-zero a¥), and & € X'(A) such
that:

™= Z aky, — 6x (&)
kek
Denoting by a1y := (a§,0,0,... )kex € S, and &) := &v € X§(AY), we
have:
e = + Z a¥ 9y mod 2,
kel

hence the following equalities in LAY /({1?):
qu),&(l) = ™% (W:(l)) mod v/

=Ty + Z a’fﬁkv + (&1, molg v mod 12
ke

= g + m v mod V2,

which achieves the case N = 1. Suppose now N > 1 and assume the
existence of elements afL e€F, for ke Kand 1 < n < N (with, for every
1 < ng < N, only a finite number of non-zero afm) and the existence of
£1,...,En € X1(A), satisfying:

a ’
(11) T = 72N od N+

where a(y) = (af,a5,...,a%,0,0.. pex € S and &y == G+ - +
EnvN € XE(AY). We want to show that this equality can be extended
to the rank N + 1, with some a% ., € F, k € K and {vy1 € X1(A).
As, by induction hypothesis, we have m; = 71'?(”)’5“\'), forall 1 <4 < N,
Equation (7) implies

2 ) any &)
5#@ (ﬂ-N-i—l) - 67r0 (ﬂ-N-&-l ) )

so that there exist a%; 41 €F, for k € K (among which only a finite number
are non-zero) and £y41 € X*(A), such that

(12) e = 105 3 ak g 9k — 6k, (Ena) -
keK
Similarly to previously, let us denote by a(y41) the element of S given by
a4 = (af, a5, 0k, 1,0,0..) and i) = Gv 4+ vV T €
X§(AY). By definition of the WP, for b € S and of the elements a 1) and
a(N+1)

a(y), the skew-symmetric biderivation Wy 7"’ depends only on the ak
with k € L and 1 <m < N + 1, i.e., only on a(y) and \Il?\;fi” = \II?\;J]:)I
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b

*

A(N+1) _ \yN) k _ &) k
i1 =¥y + E :aN+1 U =71y + E :aN+1 V.
keX ke

By definition of the formal deformations of the form 72, we then have:

Then, using the fact that 7, V™ = 7, for all £ < N 4 1, we also have:

aAN+1)E(N+1) __B(N+1)
N+1 =TN+1

LN
a
+ Z ﬁz Z |:§i17[§i27~..,[£ir77re N“)]S...]SL
rEN* =0 iy =N 41
1<iy,oin <N+1

a
=mnh1 " + v+, molg

1 S A(N+1
+ Z ﬁz Z |:§i17|:§i27...,|:£ir77re( )]S"']S]S

TEN* =0 §y4opipH=N+1
1<iy o in<N

a(N)

=TNyy T+ Z aljc\[+l Ur + [Ens1, 770}5
ke

I S S N N R SO

reEN* =0 i 4ti,l=N+1
1<in,oin<N

23
= ”7\[@1 ™+ Z afe 1 Ok + [En1,molg = T4,
ke
where, in last step, we used Equation (12). This achieves the proof. O

2.4. The case of H'(A,my) = {0}. In this paragraph, we study equivalent
formal deformations of a Poisson structure, under the assumption that the
first cohomology space H'(A, ) is zero. We will in fact study in Section 3
of this paper, a family of Poisson structures, for which this space is gener-
ically zero. We use the result given in this paragraph. Before giving this
result, we need the following

Lemma 2.3. Let (A, ) be a Poisson algebra and let w, be a formal defor-
mation of my. Suppose that the first Poisson cohomology space, associated
to the initial Poisson algebra, is zero:

H'(A,m) = {0}.
Then, we have the following:
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(a) The first Poisson cohomology space, associated to the Poisson alge-
bra (AY,m,), is zero:

H'(A”,m,) = {0};

(b) For all N € N*, the first Poisson cohomology space, associated to
the Poisson algebra (A”/(UN), 7, modvN), is zero:

H' (A /(v™), 7 modv™) = {0}.

Proof. Let (A, m) be a Poisson algebra such that H'(A,7p) = {0} and
let m, = mo + ) ;N m;v’ be a formal deformation of my. Suppose that
1 € X1(AY) is a 1-cocycle for the Poisson algebra (AY, 7). It means that
we have

(13) [V, m]g = 0.

We write ) = Y, . ¢iv", with ¥; € X'(A) for all i € N. Now, in order to
prove the first part of the lemma, we will show that for all m € N*, there
exist hg, h1,...,hm_1 € A, satisfying

(14) P+ [ho +hww+---+ hm,lum_l,ﬂ*]s =0 modv™.

Indeed, denoting by H € A" the element H = ), h;v', this shows that
Y = —[H,m]g =65 (H) is a 1-coboundary for the Poisson algebra (A", )
and it permits us to conclude that H!(A",7.) = {0}. Notice that in order
to prove the second part of the lemma, it suffices to do exactly the same
proof but only for 1 < m < N.

By induction, we will show the equality (14), for all m € N*. First
of all, let us consider the case m = 1. In fact, (13) implies in particular
that 0 = [¢,m.]g modv = [, mo]g = —0%, (o). As H'(A,mg) = {0}, we
then obtain the existence of an element hg € A, such that ¢y = 69 (ho) =
— [ho,mo] g, which is exactly (14), for m = 1.

Now, suppose m > 1 and that we have hq, h1, ..., h,_1 € Asuch that the
derivation W := ¢ + [hg +hiv + -+ + hm_lymfl,m}s € X1(AY) satisfies
U = 0 modv™. We then write ¥ = Y .o U,v' with U; € X'(A) for
all i > m. As ¥ and v differ from a 1-coboundary of the Poisson algebra
(AY, ), Equality (13) together with the fact that ¥ = 0 mod ™ imply that

(15) 0 = [th, m]g mod ™ = (¥, 7,] g modv™ ! = [U,,, mo]q V™.

We then have obtained that 63 (U,,) = — [¥,,, 7] g = 0 and, since we have
H'(A, ) = {0}, we obtain the existence of an element h,,, € A, such that
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W, = 09, (hrm). This can be written as follows :

_[hmaﬂ'o]squm :wm'i' Z [hiaﬂ-j]57

i+j=m
0<i<m—1
jEN
which is exactly ¥, = — > [hs, mj]g. Using this and (14), we obtain
1+j=m
i,jEN
m—1 m _ m—+1
¢+[h0+h11/+---—|—hm,1u + Ay 77r*L;—0modu ,
which we wanted to show. O

Remark 2.4. We point out that Lemma 2.3 is also valid if the first Poisson
cohomology spaces associated to (A, ), (A”,T.) or (A”/(N), 7, mod ™)
are replaced by the k-th Poisson cohomology spaces associated to these
Poisson algebras. The proof is clearly analogous. In fact, in the present
paper, we will only need the result as stated above. The generic Poisson
algebras which we will consider in dimension three, in Section 3, will have
indeed a first Poisson cohomology space which is zero and non-zero k-th
Poisson cohomology spaces, for k € {0,2,3}.

Before the main result of this paragraph, let us give another lemma.

Lemma 2.5. Let (A, m) be a Poisson algebra. Let us suppose that mw, ~ 7,
are two equivalent formal deformations of my. According to Lemma 2.1,
there exists an element & € X§(AY) such that wl, = e*de(m,). If

7, =7n.modvY  for some N € N*,
then € mod v is a 1-cocycle of the Poisson algebra (A”/(VN>, . mod VN),

i.€e.,
¢, m]g mod v = 0.

Proof. By hypothesis, we have the following equality :

(16) 7‘['; :eadﬁ(ﬂ'*):ﬂ'*—k Z %[67 [67 ’[5777*]8"']5]5'
k brackets

We will prove the desired result by induction on N € N*. If N = 1, then
the hypothesis becomes the trivial one my = mp and £ mod v = 0 is trivially
a 1-cocycle of the Poisson algebra (A, m).

Now, suppose that N > 1 and suppose also that if 7, = 7/ modv?,

then € mod " is a 1-cocycle of the Poisson algebra (A”/(VN>, T, mod I/N).
N+1

Assume that 7, = 7/ modv then of course we have 7, = 7. mod v
* ’ *
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and by induction hypothesis, [¢,m.]g modvY = 0. This last equality and
Equation (16) lead to :

k brackets
1
0= Z il [f,[@... ,[fm*]s...]s]s mod V1
keN* 7
= [¢, 7] g mod N T
N41

which exactly implies that £ mod v is a Poisson 1-cocycle of the Poisson
algebra (A”/(N 1) 7, mod vNT1), hence the result. O

Now, let us give the main result of this paragraph.

Proposition 2.6. Let (A, ) be a Poisson algebra and assume that its first
Poisson cohomology space is zero: H'(A,mo) = {0}. Let us suppose that
T =0 + D sens Ml and w, = o+ > e TV' (with m;, ) € X2(A), for
i € N*) are two equivalent formal deformations of mg. If

7. =7m.modv  for some N € N*,
then there exists 1 € X'(A) such that:
TN — 77?\/ = 5;0(1/))'

Proof. Let us consider (A, ) a Poisson algebra. We suppose that 7, and
7 are two equivalent formal deformations of my. According to Lemma 2.1,
there exists £ = >, on- &ev* € X§(AY) satisfying : 7, = e(m,). As-
sume that 7, = 7/ mod vN for some N € N*. Then Lemma 2.5 implies
that £ mod vV is a 1-cocycle of the Poisson algebra (A”/(vV), 7, modv?).
By hypothesis, H!(A,m) = {0}, so that, according to the point (b) of
Lemma 2.3, there exists an element H € AY such that the derivation
X = ¢+ [Hm]g € X'(AY) satisfies X = 0 modv?. We then write
X =3,y X, with X; € X'(A) for all i > N. Now, because [¢,7,]q =
[X, 7], we have :

7, — 7 mod vV = m, — e*e(m,) mod N H!
=7, — e (7,) mod V!
= —[X,m]g mod N T
= — [Xn, molg 7.
We conclude that 7y — 'y = — [Xn, 7o) g = 0r, (Xn), with Xy € A, which
the desired result. O

Combining Proposition 2.2 and Proposition 2.6, we obtain the proposi-
tion 1.1 anounced in the introduction. In particular, we obtain the
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Proposition 2.7. Let (A, m) be a Poisson algebra. Using the notation and
under the hypotheses of Proposition 2.2 and if, in addition, the first Poisson
cohomology space H(A, ) is zero, then we have the following:

(a) For any formal deformation 7. of mg, there exists a unique element
a of S, such that w, is equivalent to m2;
(b) For any m-th order deformation () of mo (m € N*), there ex-

ists a unique element a(,+1) € S which is of the form a(y, 1) =

k ook k : — (k T
(af,as,...,a;,,0,0,.. Yrex (i-€., Apmi1) = (ay)) keX with a;, =0,

for every k € K and n > m + 1), such that 7y, is equivalent to
e modulo v™ Y e, in AV /().

Proof. The existence of the elements a and a(,,41) are given by Propo-

sition 2.2, we now study the unicity. To do this, we point out that if

a = (a*) vex and b = (bF) rex  are two elements of S, defining two dif-
neN* neN*

ferent formal deformations 72 and 72 of the form (9) and N is the integer
defining by N := min{n € N*|r2 # 7P}, then ¥ = ¥R, and 7% — 7% is an
element of @, . F 9 which is a complementary of B*(A, ) in Z*(A, m).
According to Proposition 2.6, if 72 and 7P were equivalent, then 7% — 7%
should be a Poisson coboundary of (A, m) (an element of B%(A,m)), we

then conclude that 72 and 7P can not be equivalent. (]

Remark 2.8. Notice that this result, and also the propositions 2.2 and 2.6,
could be stated in an associative or Lie context, in a very analogous way (by
replacing the Poisson cohomology by the Hochschild or Chevalley-Eilenberg
cohomology and the Schouten bracket by the appropriate graded Lie algebra
structure on the spaces of cochains).

3. FORMAL DEFORMATIONS OF POISSON STRUCTURES IN DIMENSION
TWO AND THREE

In this section, we consider a large family of Poisson structures on the
affine space of dimension three F3 and on singular surfaces in F3. We
study their formal deformations. Using the general results obtained in Sec-
tion 2 and the Poisson cohomology of these Poisson structures, obtained
in [26], we obtain an explicit expression of all their formal deformations,
up to equivalence. For more details about these Poisson brackets and their
Poisson cohomology, see [26]. As previously, F' denotes an arbitrary field of
characteristic zero.

3.1. Poisson structures on F3 associated to a polynomial. In this
paragraph, we denote by A the polynomial algebra A = F[z,y, z]. To each
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polynomial ¢ € A, one associates naturally a Poisson structure {-, '}sa on
A, defined by the brackets:

_ 9 _9¢ _ 9
(17) {xVy}(‘p - 82’7 {ywz}@ - 855’ {va}gp - ay .

It is indeed easy to show that the skew-symmetric biderivation {-,-} o €X-
plicitly given by:

_Op 0 0 O0p 0 0 Op 0 0

ble=5 "oy "o oy oo

(18) 5T 3y 72

satisfies the Jacobi identity, i.e., equips the associative commutative algebra
A with a Poisson structure. In the following, we will assume that ¢ is a
weight homogeneous polynomial of (weighted) degree w(p) € N, i.e., that
there exists (unique) positive integers wi, wy, w3 € N* (the weights of the
variables z, y and z), without any common divisor, such that:

dp

+wzy8—¢ +wsz — =w(p)p.
y 0z

9

(19) WL

This equation is also called the Euler Formula. If this weight homogeneous
polynomial ¢ has a so-called isolated singularity (at the origin), then the
Poisson cohomology of the Poisson algebra (A, {-,-} ) has been explicitly
determined in [26]. Recall that a weight homogeneous polynomial ¢ €
Flx,y, 2] is said to have an isolated singularity (at the origin) if the vector
space

(20) Aving () 1= Fla,y, 222 22 0%,

Oz’ Oy’ Oz
is finite-dimensional. Its dimension is then denoted by p and called the
Milnor number associated to ¢. When F = C, this amounts, geometrically,
to saying that the surface F, : {¢ = 0} has a singular point only at the
origin. In [26], it has been shown that the singularity of ¢ intervenes in the
Poisson cohomology of (A, {-,-}), with Asing(¢). In the following, we will
see that it also appears in the formal deformations of {-,-}.

In the following, the polynomial ¢ will always be a weight homogeneous
polynomial with an isolated singularity. The corresponding weights of the
three variables (w1, ws and ws) are then fixed and the weight homogeneity
of any polynomial in F[z,y, z] has now to be understood as associated to
these weights. We will also use the fact, that, for A = F|x,y, 2], we have
natural isomorphisms

(21) X0(A) ~ X3(A) ~ A, XHA) ~ X2 (A) = A3,
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chosen as
xtA) — A3 X2(A) — A3
Vo— (V[z],V]yl, V[z]) Vior— (Vly,z],Vlz,z],V]z,y]);

and X3(A) — A: V — Vlz,y,2].

The elements of A? are viewed as vector-valued functions on A, so we de-
note them with an arrow, like Fe A% In A3, let -, x denote respectively the
usual inner and cross products, while ﬁ, ﬁx, Div denote respectively the
gradient, the curl and the divergence operators. For example, with these
notations and the above isomorphisms, the skew-symmetric biderivation
{-.-}, is identified with the element Vi of A3, Similarly, the so-called Eu-
ler derivation (associated to the weights of the variables), €, 1= w; x a% +
wa Y a% + w3 z % is viewed as the element € := (w1 &, w2y, w3 2) € A3
and, with the notations above, the Euler formula (19), for a weight homo-
geneous polynomial F' € A of (weighted) degree w(F') becomes:

(22) VF -é, =w(F)F.

Remark 3.1. Using the identifications above, it is possible to write the
Poisson coboundary operator, associated to (A, {-, -} <p)7 in terms of elements
in A and elements in A3. Denoting this coboundary operator by 55,, we
obtain:

0%(F) VF x Vg, for FeA~ZXA),
(23)  OL(F) = —V(F-Vy)+Div(F)Vy, for F € A> ~X}(A),
82(F) Ve (VxF), forFed®~Zx2A).

From [26], we know that, if ¢ is a weight homogeneous polynomial with
an isolated singularity, then the Casimirs of the Poisson algebra (A, {-,},)
(i.e., the elements of the center of the Poisson bracket, which are also the
elements of HO(A, {-, },) = Ker 6 are exactly the polynomials in ¢.

3.2. The second Poisson cohomology space of (A, {-, -}@). We recall
from [26] that, as ¢ € F[x,y, 2] is a weight homogeneous polynomial with
an isolated singularity, the second Poisson cohomology space associated to
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(A, {-,-},) is given by:

p—1
HQ(A7{."}@) = @ F[‘P]vuj
j=1
@ (u;)#w(p)—|=]
(24) 1 b ® i
® Flplu;Ve @ @ FVu;,
j=0 j=1
w(u;)=w(p)—|=| @ (uj)=w(p)—|=]
where |w| := @ +ws + w3 denotes the sum of the weights of the three vari-
ables and where the family ug := 1,u1,...,uu—1 € A is composed of weight

homogeneous polynomials in A whose images in A, 4() give a basis of this
F-vector space (and ug = 1). In order to study the formal deformations of
the Poisson bracket {-,-} , we need another basis of H2(A, ).

Lemma 3.2. Ifp € A= F|z,y,z] is a weight homogeneous polynomial with
an isolated singularity, then the second Poisson cohomology space associated
to (A, {-,-},) is the Flp]-module:

pn—1 p—1
=0 j=1
H* (A, },) =
p—1 p—1
PFluVe & PF Vu,, if w(p) # |wl,
j=1 j=1
p—1
(25) ~ P Flelu;Ve & F Vu,,
je&, j=1

where we have used the above notation and where we have denoted by &,
the set

{Oa SRRy 1}7 Zf ’[D((p) = "(D‘,
{1,...,,&— 1}7 Zf w(@) 7& ‘w‘

Proof. Using (23), we can compute, for alli € Nand 0 < j < p—1,

&, =

6% (P'uiw) = (@) = w(e) + |l ) ', Voo — () ¢ V.

Now, using this equation, it is easy to verify that (24) can also be written
as (25). O
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3.3. The formal deformations of {-, ~}¢. In this paragraph, our purpose
is to consider the formal deformations of the Poisson bracket {-,-} on F3,
where ¢ is a weight homogeneous polynomial with an isolated singularity.
For this work, the Poisson cohomology that appears is the one associated
to the Poisson algebra (A = F(z,y,2],{-,-} ).

We first need to obtain a formula for the Schouten bracket of two spe-
cific skew-symmetric biderivations of A. In fact, for the study of the
formal deformations of {-,-} o We will see that one only has to consider

the skew-symmetric biderivations of the form FVG € A* ~ X2(A), with
F,G € A. Let us compute the Schouten bracket of two such skew-symmetric
biderivations. So let F,G,H,L € A. We compute the Schouten bracket

[FﬁL, GﬁH} o € X3(A) ~ A, which we identify (according to (21)) to its
value {FﬁL, GﬁH} < [,y, 2] € A and obtain:

(26) [FﬁL,GﬁH}S — FVL- (6G x ﬁH) +GVH- (ﬁF X ﬁL) .
According to this equation we have, for all/,m € Nand all0 <i,5 < u—1,
(27) {apluzﬁgo, o™ u; ﬁcp}

while, with the help of (26) and (23), we obtain,

0, [ﬁu“ ﬁuj} =0,

s s

(28) [@luiﬁtp, 6%] = 53, (gpluiﬁuj) .

The following proposition gives a formula for all formal deformations of
{, '}90’ up to equivalence.

Proposition 3.3. Let ¢ € A= F[z,y, 2] be a weight homogeneous polyno-
mial with an isolated singularity. Consider the Poisson algebra (A, {-,-},)
associated to p, where wg := {-, '}sa is the Poisson bracket given by
dp 0 0  Op 0 0 Odp 0 0
{.,.} :ﬁi/\i_kﬁi 7_‘_7('07 .
® Oxr dy Oz Oy 0z Ox 0z dr Oy
Then we have the following:

(a) For all families of constants (sz €F) (ienxe, and (¢} €F) 1<t

such that, for every ko € N*, the sequences (Cf%)(l,i)eNxsv, and
(ek0)1<r<u—1 have finite supports, the formula

(29) o=t 3

neN*
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(30)

(d)
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where, for all n € N*, m, is given by:

bl
Ty = E E c?z ¢, @ u; Vu,

(L,i)eNxE, a+b=n
1<r<p-—1 a,beN™

+ Z Cm,j P ujﬁap + Z c Vs,
(m,j)ENXE, 1<s<pu—1
defines a formal deformation of {-,-},, where theu; (0 < j < pu—1)
are weight homogeneous polynomials of A = F[z,y, 2], whose images
in Asing(p) = F[x,y,z]/(‘g—i, g—‘g, g—f) give a basis of the F-vector
space Aging(@) (and up =1).

For any formal deformation w., of {~,~}W there exist families of

constants (cfz) (Liyenxg, Gnd (Ef) 1<r<u—1 (verifying that, for every
’ kEN* kEN*

ko € N*, only a finite number of cf”z and ¢ are non-zero), for
which 7l is equivalent to the formal deformation . given by the
above formulas (29) and (30).

Moreover, if the (weighted) degree of the polynomial ¢ is not equal

to the sum of the weights: w(p) # |w|, then for any formal de-

formation w, of {-,-},, there exist unique families of constants

(sz) (LiyeNxe, and (Ef)lgrgkl (with, for every ko € N*, only a
kKEN* keN*

finite number of non-zero cf‘z and ¢k ), such that 7', is equivalent
to the formal deformation m, given by the formulas (29) and (30).

This means that formulas (29) and (30) give a system of repre-
sentatives for all formal deformations of {-, ~}¢, modulo equivalence.

Analogous results hold if we replace formal deformations by m-th
order deformations (m € N*) and impose in (c) that cﬁi =0 and

Erk:O, as soon as k> m + 1.

Remark 3.4. In particular, the previous proposition implies that, if the
(weighted) degree of ¢ satisfies w(yp) # |w|, then the formal deformations
of {-,-}, defined by (29) and (30) and different from {-,-}, (i.e., with
some non all zero constants cﬁi € F and ¢f € F) are all non-trivial formal
deformations of {-,-} (i.e., non equivalent to {-,-} ).

Proof. In fact, by proving the part (a) of the proposition, we will show that
the Poisson algebra (A, {-, '}w) verifies the hypotheses of Proposition 2.2,
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with:
K= (NxE)U{L,....u—1},
(Cﬁia 57? | (lvi)eNXEgpa]-Srgﬂflalga»bgn)neN* €S,

19T,j = (pr ujﬁ%% (T,j) €N x 6907

o
Il

0; = Vu;, 1<i<p—1,

a b, 1 =
U2 = » > a8l u Vay,

(L,i)eENXE, a+b=n
re{l,...u—1} a,beN”

which implies part (b). According to Proposition 3.2, the elements " u; ﬁgo
and ﬁui, for (r,j) € N x &,, 1 <i < p—1 give an F-basis of the second
Poisson cohomology space H%(A, {-,-} ») so that it suffices, for the parts (a)
and (b) of the proposition, to show that Equations (29) and (30) define a
formal deformation of mg = {-,-} - Let us consider some constants cﬁi cF
and ¢* € F, with (I,i) € Nx&,, 1 <r < p—1and k € N*, and
e ={,}, + Dhent 7k, with each 7, given by:

T = E E i éf gpl u; Vg,

(1,i))eNXE,  a+b=k

(31) re{l,..p-1}  abeN”
Y dyemuVe Y eV
(m,j)ENXE, se{l,...,u—1}

(Notice that, for every kg € IN*, only a finite number of cf‘; and ¢ are
non-zero.) We have to verify (see Equation (7)) that the following equation
holds, for every n € N,

1
(32) 5i(ﬂ7l+1) =3 Z [, 75 -
i+j=n+1
i,j>1

For n = 0, it becomes 62 (m;) = 0 and, according to (31), we have
m= Y " wuVe + Y &V,
(m,j)ENXE, se{l,...,u—1}

which is an element of Z*(A,{-,-} ). Now, assume that n > 1 and let
us prove that the skew-symmetric biderivations my, ma, ..., 7,41, defined
by (31), satisfy the equation (32). By using (27), one obtains that the
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element % > [7s, mj] g consists of six types of sums, listed here:
itj=n+1
3,521
(33) V2 Yetelen el [fuiVun eV
(34) 1/2 Zcﬁi el Conj [(pluiﬁur, wmujﬁap} o
(35) Y2 Yeieleh,  [PuVune™uy V|
(36) 1/2 Zérq i el _goluiﬁuh 6%]5
(37) 1/2 Zcﬁi clep _gpluiVur, VUS]S
_ _ [ = =
(38) 1/2 Z(cl{’i el +efel) Ve, Vu,n] <
where the sums are taken over the a,b,c,d,p,q,7,s,l,m,i,j € N satisfying:
p+qg=n+1,; I,meN
a+b=p;, c+d=yg; 1,j €&,
a,b,e,d,p,q > 1; 1<rs<pu—1.

One can observe that for all family of indices (a, b, ¢, d, p, q,, 8,1, m, i, 7), sat-
isfying the conditions above, the indices (a’,0', ¢, d’,p', ¢, ', s, I',m’ i, 7'),
defined by:
d=atd ¥=b =i
=, c =a, U'=m,
s =s, d =d, m' =1,

satisfy the same conditions, so that, in the first sum (33), one finds the
element

(39) ey el el el {cpluiﬁur,gomujﬁus]s

m,j ~s

and the element

Cﬂ,’i/ el Cvcr:',j’ e [‘Pl/ui’ﬁur’a @mluj’ﬁus/} s
By definition of the primed indices, this second term is then equal to the
element ¢/; el Conj ed [gomuj Vu,, cpluiﬁus} & whose sum with (39) is zero,
according to (26). This fact proves that the first sum (33) is equal to zero.
With analogous arguments, one finds that the sums (34), (35), (36), (37)
are also zero. We have then obtained that £ >° [m4, Tj] g is just given
i+j=n-+1
i,j21
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by the sum (38), that is to say:

1

3 > Immilg

itj=nt1

3,521
1 5 o

w =5 XY et [fuve Yul

(l,i)eNxE, pt+g=n+1
re{l,...u—1} p,geN”

j - 2 1,
E E i & Ony (gp uiVur) ,
(L,i)eNxE, pt+g=n+1
re{l,...,u—1} p,qeN~

where, for the second equality, we have used (28). Now, let us consider
62 (mn41). According to Equation (31), for k = n + 1, and Lemma 3.2,
(41)

Tp+l1 € Z Z C{iég Sol Uj §UT+Z2(A?{.7'}¢)'
(L,i)eENXE, p+qg=n+1
re{l,...,u—1} p,qeEN™
Combining the equations (40) and (41), we obtain that (32) holds, hence
the first and second parts of the proposition. For the part (c), we use
Proposition 4.5 of [26] to obtain that, if w(p) # |w|, then H'(A,{-, },)
is zero and we conclude with the help of Proposition 2.7. Part (d) follows
finally from the fact that Propositions 2.2 and 2.7 are also valid for m-th
order deformations. O

This proposition leads to the following result:

Corollary 3.5. Let ¢ € Flz,y, 2] be a weight homogeneous polynomial with
an isolated singularity. Then, for allm € N*, every m-th order deformation
of {+,}, extends to a (m + 1)-th order deformation of {-,-},.

Proof. According to part (d) of Proposition 3.3, any m-th order deformation
Ty of {+ -}, is equivalent to an m-th order deformation of the form () :=
ot + o mav"™, where the m, are defined as in (30). Let us denote
by ®: A”/(u™ ) — A”/(y™*!), the equivalence morphism from () to
ﬂzm). Let us extend ® to an automorphism of (A”/(v™*+2) ), in a natural
way.
. eps m—+1
According to Proposition 3.3, we have that 7(,,4.1):={-, ~}¢+Zn:+1
where 7,41 is defined with an analog of the formula (30), extends m(,,) as

T,
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an (m + 1)-th order deformation. Then, the (m + 1)-th order deforma-

tion 7TEm+1), defined by the formula

772m+1)[F’ G] =@ (T(mi1) [@~H(F), <I>_1(G)]) mod ™2

(for F,G € Aor F,G € A”/(v™"2)) extends T(y s an (m + 1)-th order
deformation. g

We point out that, in general, this property of extendibility of deforma-
tions is not satisfied by an arbitrary Poisson structure and the particular
family of Poisson algebras associated to weight homogeneous polynomials
with an isolated singularity (A, {-, '}w) has specific and nice properties of
deformations.

Let us now consider the particular case where w(p) = |w|, for which we
have H(A, {-, ‘},) = F[p]é, according to Proposition 4.5 of [26]. In this
case, the part (¢) of Proposition 3.3 and the uniqueness of the constants
c{“)i and ¢* do not hold anymore. In particular, we will see that ® = =",
which is an algebra morphism AY — AY, equal to the identity modulo
v, is always an equivalence morphism between two different (except in a
very particular case) formal deformations of the family given in Proposition
3.3. To see that, assume w(p) = |w| and define £ := €5v as being the
element £ = wizv % + waz/a% + w3z v a% € X}(A¥). Then take the
formal deformation 7, of mp = {-, '}w’ given by two arbitrary families of

a _b . N
constants (cl,i) (enxe, and (cr)lgbz%;l (with, for every ag,by € N*,
aEN*

only a finite number of non-zero ¢} and ¢to) and formulas (29) and (30) of
Proposition 3.3. Let us denote by 7., the formal deformation of mg given by
7! := e (r,). According to Lemma 2.1, the deformation 7/, is equivalent
to m, and ® = €f is an equivalence morphism from 7, to 7,. Then a
direct computation (using Euler Formula (22)) shows that 7, is also given
by 7, = mo + >, en- T V", where, for all n € N*,

~

la /b, 1 =
m, = g E ¢ Cs @ ui Vg

(1,i))eENXE, a+b=n
se{l,...,p—1}  a,beN~

+ Yo e uVe + Y &V,
(m,j)ENXE, se{l,...,u—1}
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with, forn e N*, ([,i) e Nx€&,and 1 <r<p—1,

n 1 r
dr= Y el 1) - ()
k+r=n ’
k,reN*

and

_ 1_,

CALEES Z % (w(us) — |=])".
k+r=n )
k,reN™

Moreover, 7, = 7, if and only if, ¢f’; = 0, for all (/,i) € (N x &,) —{(0,0)}

and e¥ =0, for all 1 < s < p — 1 such that w(us) # |w|. So that, 7, = .
if and only if 7, is of the form:

Ty = Mo+
pn—1 pn—1
a =by n —n n
E E g Co0Cs Vs + oo Ve + g ¢ Vug | V",
neN* | a4b=n s=1 t=1
a,beN*  w(us)=|w]| w(ut)=|w]|

ie., 7, is a weight homogeneous formal deformation of my of (weighted)
degree equal to zero, in other words, each 7, is a weight homogeneous
biderivation of weighted degree equal to zero, for all n € N. (For more
information about weight homogeneous biderivations, see [18]).

3.4. Properties of the formal deformations of {-, ~}(p. As in Proposi-
tion 3.3, we have obtained an explicit expression for the formal deformations
of the Poisson bracket {-, ~}¢, we will now be able to give some properties
of these deformations, when ¢ € F|x,y, 2] is supposed to be weight homo-
geneous with an isolated singularity. First, we obtain the following:

Proposition 3.6. Let ¢ € A= F[z,y, 2] be a weight homogeneous polyno-
mial with an isolated singularity. Consider the Poisson algebra (A, {-,-},)
associated to ¢, where {-,-}  is the Poisson bracket given by {-,-} =
el el o

o 8% A a% + 75 a% A a% + 52 8% A 8%‘ Then, for every formal deforma-
tion m, of {-,-},, there exist X", " € A", such that 7, is equivalent to the

formal deformation m, = x" ﬁcp”.

Proof. According to Proposition 3.3, an arbitrary formal deformation 7 of
{, ~}</J is equivalent to a formal deformation ,, of the form:

=t 3w

neN*
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with 7, given by (30) for all n € N*, where the elements ¢’; and ¢ (with
ke N* (I,i) e Nx&,and 1 <r < pu—1) are constants in F (and for every
a,b € N*, only a finite number of non-zero ¢}, and cb). Tt is easy to verify
that the elements of A", defined by

x" =1+ Z Z ciigolui v®

aeN* \ (1,i)eENXE,

and

p—1
pmer Y (z ety ) v
beN* \r=1
satisfy the identity m, = x* V¥ € (AY)3 ~ X2(A"), so that 7/, is equivalent
to a deformation of the desired form. O

Remark 3.7. It is easy to verify that, on F3, the multiplication of a Pois-
son structure {-,-} by any polynomial x € F[z,y, z] gives another Poisson
structure x {-,-}. We point out that this fact is in general not true in other
dimensions. In particular, for every x,¢ € F[z,y, 2], the skew-symmetric
biderivation x {-, -}, (identified to xV € A?) is a Poisson structure on F3.
In the previous proposition 3.6, we have seen that, morally, if one deforms
a Poisson structure of the family ({-, }, ~ Ve | ¢ € A), one obtains a
Poisson structure on A" which belongs to the family (x* {-, '}so" ~ X”ﬁg@” |
X7, " € AY).

The following corollary gives another property verified by the formal
deformations of {-,-}.

Corollary 3.8. Let p € A= F|x,y, 2] be a weight homogeneous polynomial
with an isolated singularity. Consider the Poisson algebra (A, {-,-},) asso-
ciated to p. Every formal deformation of {-, '}w admits a formal Casimir.

Proof. First, let us consider a formal deformation of my, supposed to be of
the form 7, = x*V¢", where x”, 9" € A" and let us show that ¢" is then
a formal Casimir for m,. Under the identifications X?(A") ~ (A")? and

XHAY) ~ (AY)3, we indeed have m.[p”, | = (X’jﬁ@”) x V", which is
equal to zero, as, by writing X = >, i’ and ¥ = ZjeN @17, where
Xi,» ¢; € A, we have:

(V") x Ve =33 x| DD Ve x Ve | 0

iENIEN j+k=l
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where, for each [ € N, the sum Z 6§0‘7‘ X ﬁgok is equal to zero, because
jrk=l

ﬁgpj X ﬁgpk = —ﬁnpk X ﬁgoj. Now, according to Proposition 3.6, any formal

deformation 7 of {-,-}, is equivalent to a formal deformation of the form

Ty = x”ﬁgpl’, where x”, ¥ € AY. Then, there exists a morphism of Poisson
algebras ®: (AY, m.) — (AY,n.) which is the identity modulo v. Thus, ® is
invertible and, for any F' € AY, we have

T [2(¢"), F] = @ (m[¢”, @~ (F)]) = 0.
Hence the fact that ®(p") is a formal Casimir for 7. O

3.5. The case of singular surfaces in F>. In this last paragraph, we
study singular surfaces in F?, equipped with Poisson structures, as regular
as possible and, as in the other cases above, we give an explicit expression
for all formal deformations of these Poisson brackets, up to equivalence.

As previously, ¢ € F[z,y, 2] still denotes a weight homogeneous polyno-
mial with an isolated singularity and the weights of the three variables x,y, z
are still denoted by wi, wa, ws, while their sum is |w| = wy + w2 + ws.
To such a polynomial, one can associate a surface F, in F3 whose singular
locus is exactly the set {g—i = g—‘; = g—f = 0}. In fact, this singular surface
is given by the zero locus of ¢, F, : {¢ = 0}. This affine space is equipped
with its algebra of regular functions A, := F[x;)y,z]

In Remark 3.1, we pointed out that ¢ is a Casimir for the Poisson struc-
ture {-,-} defined in (18), that is to say, is an element of the center of the
bracket {-,-} o Hence, the Poisson bracket {-, -} , goes to the quotient alge-
bra A, and it induces a bracket {-,-} 4, on Ay that is obviously a Poisson
bracket.

In this paragraph, our purpose is to study the formal deformations of
this Poisson structure. First, as proved in Proposition 5.2 of [26], we have
X%(Ay) = {0}, so that H*(Ay, {-,} 4 ) = {0} and, according to the equa-
tions (7) which govern the extendibility of deformations, every m-th order
deformation {-, '}Aw +myv+ -+ ™ of {- '}Aw (m € N*) extends to
a (m + 1)-th order deformation {-, '}Agj + TV A T V™ A T ™
by choosing for 7,41, any Poisson 2-cocycle of (Ag, {-,-} 4 )-

In Proposition 5.6 of [26], we have obtained that the family {p(u; V), 0 <
Jj<p—1|w(uj) =w(p) — |w|}, where p is the Milnor number of ¢ and
p: Flz,y, 2] — A, is the natural projection, gives an F-basis of the second
Poisson cohomology space of (Ay,{-,-} 4 ). Since H3(Ap, {-, ta,) = {0},
a simple case of Proposition 2.2, in which the skew-symmetric biderivations
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U2 can be chosen as being zero, leads to the following result (also valid for
m-th order deformations of {-, ~}A¢).

Proposition 3.9. Let ¢ € F[z,y, z] be a weight homogeneous polynomial
with an isolated singularity. Consider the Poisson algebra (Ay,{-,-} 4 )
and denote by K = {j € {0,...,u—1} | w(u;) = w(p) —|w|}. We have the
following:

(1) For every family of constants (oz? € F) jex 5 the formula
neN*

p—1
(42) mo={., a0+ > 3 ol o(u; V) | v
neN* j=0

@ (uj)=w(p)—|=|

defines a formal deformation of {-, '}Aw'

(2) For any formal deformation =, of {-, '}Aw’ there exists a family of

constants (a?) jex , such that . is equivalent to the formal defor-
neN*

mation 7, given by the above formula (42).

Remark 3.10. According to Proposition 5.5 of [26], we have

p—1
HI(AW{"'}AV,): @ Fp(Ujéw),
=0

@ (uj)=w(p)—|=|

which is zero if and only if H?(A,, {-, '} 4,) 1s also zero and, according to
the previous proposition 3.9, all formal deformations of {-,-} A, are in this
case trivial (i.e., equivalent to {-,-} , ). In the previous case, considered in
Paragraph 3.3, we have considered the algebra morphism ® = =", in the
case the Euler derivation €, was defining a non-trivial cohomological class
in the first Poisson cohomology space. Here, the derivation €, defines such
a non-trivial class, if and only if, w(yp) = |w|, but, in this case, according
to Proposition 3.9, all formal deformations of {-,-} A, are equivalent to a
formal deformation of the form:
= { b+ Y el p(Vepn,
neN*

where o € F, for all n € N*, and the algebra morphism ¢ = ¢, defined
above (with £ := €5v) is an equivalence morphism from such a 7, to

o= e (m) = {-, Ya,
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because {é’w,ﬁgo}s = 0. So that, if the (weighted) degree of ¢ satisfies
w(¢p) = ||, then the Poisson structure {-, ~}Aw is rigid, i.e., all its formal
deformations are equivalent to {-,-} ,  itself.

Remark 3.11. The limit case where the surface in F? is the plane F2,
equipped with its algebra of polynomial functions F[z,y] is studied in the
same way. Every Poisson structure is in this case of the form {-, ~}w =
P {% A %, with ¢ € Flz,y].

In [20], one finds explicit bases for the Poisson cohomology spaces in
dimension two, for the germified case, while, in [28], one finds the dimensions
of the Poisson cohomology spaces of the Poisson variety (F[z,], {-,-}*), in
the algebraic setting.

We now suppose that the polynomial ¢ € F[x,y] is a weight homogeneous
polynomial of (weighted) degree w(v), associated to the weights of the two
variables z and y, denoted respectively by w; and wy. The methods used
in [20] can be applied in the algebraic context and in particular permit to
obtain, when ¢ € F[z,y] is a weight homogeneous square-free polynomial,
the following:

(43) HEl g ) = Flelve ()70 ol 22

<%’ 8y> e

where F[z, y]n(y) is the F-vector space of all weight homogeneous polyno-
mials in F[z, y], of (weighted) degree equal to N(¢) := w(¥) — w; —wq. As
in the case of the Poisson algebra (A, {-,} A«p)’ this explicit basis leads to

an explicit writing of the formal / m-th order deformations of {-, -}w.

4. FINAL REMARKS

(1) We recall the result of M. Kontsevich, stated in the introduction and
saying that, for a Poisson manifold (M, {-,-}), there is a correspon-
dence between the equivalence classes of the formal deformations
of {-,-} and those of the associative product of F (M), which have
as a first order term the Poisson bracket {-,-}. Considering this,
a natural extension of the results given here would be to consider
the equivalence classes of the formal deformations of the associa-
tive algebra A = F[z,y, 2] which have as first order term a Poisson
bracket of the form {-,-} o With ¢ € A, and compare them to the
equivalence classes of the formal deformations of the Poisson struc-
ture {-, '}w’ obtained in this paper. We hope to come back to this
in a future publication.
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(1]

(5]
[6]
[7]

(8]
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(2) After obtaining these results of deformation of the Poisson struc-
tures of the form {~,~}¢, ¢ € Flz,y, z], B. Fresse pointed out to
me that they could come from a L..-equivalence between two L .-
algebras. This other point of view opens new perspectives of re-
search, which we plan to explore in the future.

(3) In their paper ([6]), P. Etingof and V. Ginzburg consider “deforma-
tions” of Poisson algebras, but with the meaning that the associative
product and the Poisson bracket are simultaneously deformed. To
do that, they use a notion of “Poisson cohomology” which is the
one defined in [7], [8], [10] and is different from the one used in [26]
and in the present paper. It would be interesting to compare the
present paper with the one of P. Etingof and V. Ginzburg.
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