THE THIRD ORDER MELNIKOV FUNCTION OF A
QUADRATIC CENTER UNDER QUADRATIC
PERTURBATIONS
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ABSTRACT. We study quadratic perturbations of the integrable sys-
tem (14 z)dH, where H = (22 + y2)/2. We prove that the first three
Melnikov functions associated to the perturbed system give rise at
most to three limit cycles.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Planar vector fields & = X(x,y), ¥y = Y(x,y) defined in the real plane,
when X (z,y) = 0 and Y (z,y) = 0 are arbitrary conics, are usually called
quadratic systems. The Hilbert sixteenth problem [5] restricted to them
asks for the number and distribution of limit cycles inside this family. It
is known that each limit cycle must surround a unique singularity of focus
type, that at most two nest of limit cycles can coexist and that the following
distributions of limit cycles exist: (0,0), (1,0), (2,0),(3,0),(1,1),(2,1) and
(3,1), see [1, 2, 3, 8]. It has been recently proved that (2,m) distribution is
only possible for m € {0, 1}, see [10, 11]. It is also generally believed that no
more distributions of limit cycles than the ones listed above can exist and
so, that quadratic systems have at most four limit cycles. Nevertheless the
proof of this assertion turns out to be a very elusive problem. So, nowadays
some people pretends to prove this result while other people studies different
degenerate bifurcations inside quadratic systems to check whether there
appear or not more limit cycles. This paper goes in this second direction.
We study how many limit cycles can appear in the following quadratic
system

(1) t=—-y(l+2z)—eP(x,y),
y= z(l+2)+eQ(z,y),
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where € > 0 is a small parameter and P and @ are arbitrary polynomials
of degree two given by P(x,y) = ago + a10 + ap1y + a20x? + a1y + agoy?
and Q(z,y) = boo + biox + bo1y + bagx? + b112Y + bo2y?. The unperturbed
system (i.e. for ¢ = 0) has a center at the origin and the first integral
H = (2% +9?)/2 in the region 22 + y? < 1. Using the energy level H = h
as a parameter, we can express the Poincaré map P of (1) in terms of h
and e. For the corresponding displacement function d(h,e) = P(h,e) — h
we obtain the following representation as a power series in ¢:

(2) d(h,e) = eM;(h) + 2 My(h) + 3 Mz (h) + ...,

which is convergent for small e. The Melnikov functions My (h) are defined
for h € (0,1/2). Each simple zero hg € (0,1/2) of the first non-vanishing
coefficient in (2) corresponds to a limit cycle of (1) emerging from the circle
22 +4y? = 2hy. We compute these functions by using the algorithm developed
in [4, 7). Our main result is:

Theorem 1. Fori = 1,2,3, let M;(h) be the first Melnikov functions as-
sociated to system (1). Then Mi has at most 2 zeros, taking into account
their multiplicities. If My(h) = 0 then My has also at most 2 zeros, taking
into account their multiplicities. If My(h) = Ma(h) = 0 then M3 has at
most 3 zeros, taking account their multiplicities, and all these upper bounds
are sharp. Moreover, the functions M;(h),i = 1,2,3, can be explicitly ob-
tained from the coefficients of the polynomials P and Q given in (1) and are
elementary functions of h.

We have the following corollary:

Corollary 2. For system (1) at most three limit cycles can bifurcate from
the set of periodic orbits of the unperturbed system, when considering the
expansion of the displacement map (2) up to third order in €. Furthermore
this upper bound is reached.

2. PROOF OF THEOREM 1

We consider the following 1-form

_ Qz,y) P(z,y)
(3) W= T dx + Ttz dy,

such that we rewrite (1) in a Pfaffian form

dH = cw.
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The Melnikov functions will be calculated using the ideas of Frangoise [4]
and Tliev [7]. For example, the first order Melnikov function is given by

Mi(h) = ﬁ:hw.

In order to go further with the calculation of M; and, after, to give the
integral expression of My, we need the relative cohomology decomposition
of w (see [4, 6]). We denote

xiyj Z‘iyj
1 +x 1+
and we give first the decomposition of these forms.

Wij dy, 0<i+j<2

dl‘, (Sij =

Lemma 3. All the I-forms w;j and 6;5, for 0 < i+ j < 2, can be expressed
as follows:

do1 = H%dH —d(x —In(1 +)), d10 = dy — oo, do2 = 7L;dH — w1,
b1 = pdH —d (5 —w+In(1+2)), 820 = 2Hdoo — tdH +wny,
and
woo = d(In(1 + z)), wip = d(z—In(1 4 z)), wyo = d(% —z+In(1 + z)),
wor = d(zy) —dy+ 5 dH+(1-2H)doo —2wi1,
woo = 2d(HIn(1 + 2))—2In(1 4 2)dH —d(% —z+In(1 + z)).

Proof. First of all, by definition, we have

dy? d(2H — z?%) 1
do1 = = = dH — d(x — In(1 .
Mo +2) 2042 14z (z = In(l +2))
In a similar way, we can check one by one the following relations, where we
omit some relations whose validity is obvious.

d 2
do2 = yd(y’) - Y dH — i dr = Y dH — w11.
20+z) 14=x 1+zx 1+zx
2
(511 Y Yy = fﬁ dH — l' dl‘,
1+ 1+ 1+
2H —y* y
1 ———dy =2H0dgg — 6p2 = 2Hbgg — ———dH —
20 ltx Y 00 02 00 1tz w11,
and y
wo1 = 1 +xd.’£ = d(xy) —dy+ de—f— (]. — 2H)50(). O
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With the above notations, the 1-form w given by (3) becomes w = agpdpo +
10010+ 01001 +a20020 +a11911 + a2002 4+ boowoo +b1ow1o +bo1wor +baowag +
b11w11 + bpowpz. Replacing these with the expressions given in Lemma 3 and
collecting the terms correspondingly, the following result can be found.

Lemma 4. The 1-form w given by (3) can be expressed in the following
way

(4) w = 7’1dH+dSl +N1,
where r1 = r1(x,y), dS1 = dSi(x,y, H) and Ny are given as follows:
aop1 + a1 + (ap2 — ago + bo1)y

T1 = 1 g 72()02 1n(1 +£C),

dSl = (al() - b(]l)dy + b()ld(fﬂy) + 2b02d(H ln(l + (E))

+b00 + (b1o — a10)z + (bao — b2 — a11)z?
1+
N1 = (bi1 + a20 — ao2 — 2bo1)wi1 + 2(az0 — bo1)Hdoo + (ago — a10 + bo1)doo-

dr.

Using (4) the expression of the first order Melnikov function M (h) = % w
H=h
follows as,

(5)
M (h) = (br1taz0—ao2—2bo1) J1 (h)+2(az0—bo1 ) hJo (h)+(ago — a10 +bo1)Jo(h),

where
Jo(h,):% 5007 Jl(h) = f wi1-
H=h H=h

The explicit expressions of Jy(h) and Ji(h) are

1
Jo(h) =21 (1— ——— ), Ji(h) = 27(1 — h) — 271 — 2h.
o() =2m (1= ). Al =2m(1 - )~ 2m
We notice that, for each z € (0, 1),
1_
Mi((1—22)/2) = ~——2(A+ Bz + C22),
z

where A = 27r(a10 — apg — agg), B = 7T(b11 + a0 — ag2 — 2b01) and C' =
m(ag0 —b11 +aoz2). Then, the equation My (h) =0, h € (0,1/2) is equivalent
through the change 2h = 1 — 2% with A+ Bz + C22 =0, z € (0,1). Now
it is clear that M; has at most 2 zeros, taking into account their multiplici-
ties, and there are some coeflicients such that M; has exactly 2 simple zeros.
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Since Jo(h), hJo(h) and Jy(h) are linearly independent, M;(h) = 0 if and
only if all the coefficients of Jy(h), hJo(h) and Ji(h) vanish, namely,

(6) bor = a2, @10 = az + ago, b1 = az + age-

From now on we assume that

Mi(h) = f;{:hw =0.

Then, from (4) and (6) we have the decomposition
w=ridH + dS,

where r; and dS; are given in Lemma 4. This assures that Assertion 2.1
from [7] holds true. On the basis of this assertion, it is proved in [7] that
the second order Melnikov function is given by

My(h) = %{:h riw.

In order to go further with the calculation of My and, after, to give the
integral expression of M3, we need the relative cohomology decomposition
of mw. Before stating this result, we make some notations.

(7) co = ap1 — a1, €1 = boo — b1o + a1 + bag — bo2 — a1,

¢y =bog —c1, €3 ="byy —bo2 —ai.

Lemma 5. The following decomposition holds,
(8) rw = rodH + dSy + N,
where
Ny = (apoco + ap2c1 + agzcz + 2ao0bo2)d00
+2(ao2bo2 — azoco — aozc2 — 2ag0boz) H oo

+(ap2¢3 + 2a20bo2 — 2a20¢o — 2ap2¢2 — 4agoboz)wii,

and where ro = ro(x,y) and dSs = dSs(x,y, H) are given by the following
relations

1
rg = 1]+ agaz + (2coboz + ao2ag — a02a20)71 T 205, (In(1 + 2))?
In(1+ x) yln(l 4+ x)
-2 In(1 2 — +2  E Er—
ag2az20 In(1 + x) + 2cobo2 1+ + 2ap2bo2 1tz

+(coaz0 + c2a02 + 2apobo2 + 2ag2bo2)

Y
142’
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dSy; = (a1162 + cocz — 2a02a90 + aogaoo)d(E + (CL1103 — 2a02a20)xdx

dxr

+(ai1c1 + coca — cocs + agpao2 — 2a2a20) 1+

+cocr dx — 2bgaca In(1 + x)dx — 2bgaczz In(1 + x)dx

1
1+ 22
In(1+ z)
1+
_2b82d(H(1n(1 + x))2) —agecid (ny> — 2bgaaged(yIn(1 + x))

—2b02a20d(xy hl(l + l’)) —+ (a00a11 — ap2C2 — 2a00b02)dy

H
—2bgac dx + 2a11bo2d(H In(1 + z)) — 2bgacod <1+x>

H
—2ag2bg2d (1_~_yx) + (az0a11 + azoco + ap2c2 + 2ao0bo2)d(zy).

Proof. First we notice that rjw = r%dH + r1dS7. We sketch in the sequel
how the decomposition of r1dS; can be obtained.

r1dS1 = a11dS1+agocodoo+cocawoo+Ccoc3wio+Coa20010+Coa20wot +
H In(1 + z) 1

—d 2cobgs———=dH —d

T A pr ey i P

+a00@02001 + @o2C2wo1 + Go2c3wWi1 + Ao2a20011

2cobo2

H
“+ag2a20wo2 + 2a02bo2 L

(1+2)?

yln(l 4+ x) y

2 dH ——d
1+ +a02cl(1+x)2 v

—2bgaago 111(1 + Ji)dy — 2bgaco ln(l + $)d$

—2bgaesx In(1 4 x)dx — 2bgaazg In(1 + x)d(zy)

Hln(1

Hin(l+z),

14+ =z

+2ap2bo2

—4b2,

(1+2)

In
—4b2,(In(1 2dH -2 .
byo(In(1 + x))°d c1bo2 T2 dx

In the above relation, we replace all the expressions of these 1-forms given
in Lemma 3 and also the following equalities

Yy Yy
B A
(1+ )2 v =000 <1+aj>’

In(1+ z)dy = d(yIn(1 + z)) — wor,

In(1+ x)d(xy) = d(zyln(l + z)) — w1,
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and

(1+x)? 1+z
Then the decomposition follows by collecting these terms correspondingly.
O

jit Ji
Y dw = Héoo — d (y) +- Y 4m.

Using (8), the expression of the second order Melnikov function,
Ms(h) = % r1w, is given by
H=h
M2 (h) = (aooco + agpa2c1 + apgace + 2a00b02)J0(h)

+2(ao2bo2 — azoco — aozca — 2anoboz)hJo(h)

+(aozcs + 2a20bo2 — 2a20co — 2a02¢2 — 4agoboz)J1(h).
It is not difficult to see that the coefficients of Jy(h), hJo(h) and Jy(h) in-
volved in the above expression of My are independent and, hence, they can
be considered like three arbitrary real numbers. The discussion concerning

the number of zeros of My is the same as for M;. Thus, the statement of
Theorem 1 about Ms is proved.

The relation Ma(h) = 0 holds if and only if one of the following three cases
holds.

9) ag2 = azg = ago = 0,

(10) ag2 = bgz = cp = 0,

(11) ap2 70, ap2c1 = a20co — aooCo — ao2bo2,
ap2c2 = ag2bo2 — coazo — 2appbo2,  ap2cz = —2bg2 (a2 — apz).

From now on we assume also that
My (h) = j{ rw = 0.
H=h

Then, from (8), in each of the three cases listed above, we have the decom-
position

mMw = TQdH + dSQ,
where 73 and dS3 are given in Lemma 5. Since this decomposition holds
true, according to Remark 2.3 from [7], the third order Melnikov function

is given by
Mg(h) :f ToW.
H=h
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Theorem 6. We assume that My(h) = Ma(h) = 0. Then, when (9) or
(10) holds true,

Mp(h)=0, k>3

When (11) holds true, the third order Melnikov function has the following
general form:

(12) M3z (h) = (a0 + Boh)Jo(h) + a1 Ji(h) + azJ2(h),
where
zyln(l + )
13 Jo(h) = - Zdx
(13) = L
and
a0 = 2a00a3y — 6b3gag0 — 4adsas0 + agoanz — 3cobozacn + ao2a20a00,
Bo = —2(3ap2a20a00 + a00ags — 6bgaao0 — ao2a3, — 2ag,a20 +

3ap2a11bo2 + 6coanzboz — 3aozbozazo — 3aozbozac — 3bozcoaszo),

(651 = —2(—6b(2)2a00 + aooagz + 3b(2)2a20 — a%zago — 2a02a§0 — 3b32a02
+3ag2a11bo2 + 6coan2bo2 + 3ap2a20a00 — 3ap2bo2a20
—3a02bo2a00 — 3bo2c0a20),

ay = —2ap2bo2(—co — a11 + azo + ago)-

Proof. We denote sy = 1y — rf and we write row = r%w + Sow = rirodH +
r1dSs + sor1dH + s2dSy. Then, the third order Melnikov function can be
calculated as

Ms(h) = % row = j{ r1dSs + s2dS;.
H=h H=h
Now we notice that we can write
ri(z,y) = fi@) +gi(x)y,  dS1 = Fi(z)dz + dGi(z, H) + d (Ri(x)y)
so(z,y) = fa(x) + g2(x)y, dSe = Fo(x)dz + dGo(x, H) + d (Re(x, H)y)
where
ao1 +anx

(o2 — az0 + bo1)
= G TAT o (1 -
fi(z) T+ bo2 In(1+z), g1(x) 12

Rl(l‘) == (am - bOl) + b()ll‘, Gl(I,H) = 2602H 111(1 + I’)

_boo + (bio — a10)x+(b2o — boz — a11)z?
1+«

Fi(z)

)
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and
fg(.%‘) = ag2a2 + (260b02 + ageagy — a02a20) Tz — ngQ(ln(l + x))Q
In(1+=x
-2 In(1 2¢0bgy —————=
agzaz0 In(1 4 x) 4 2cobo2 T
In(1
g2(z) = 2a02602%+ (Coa20 + Czaoz+2aoob02+2a02b02) Tz
Fr(x) = (anica + cocs — 2ap2a20 + ao2a00) + (a11¢3 — 2ag2a20)x
1
- )
+(ai1c1 + coca — cocs + agoao2 an2a20) 1+
1
+0001m — 2bgaco In(1 4 ) — 2bgacsz In(1 + )
In(1+ z)
—9 i S
02€1 112
H
Go(z,H) = 2a11bpoH In(1+ z) — 21;0200ﬁ — 203, H(In(1 + z))?
z
1
Ro(z,H) = —agyei—— — 2bgaago In(1
o(x, H) ap2C1 1+ 02a00 In(1 + x)
—2bg2ager In(1 + ) 4+ (agoa11 — apzc2 — 2a00bo2)
H
72&021)02 1 g + ((120@11 + a20Co + ap2C2 + 2&001)02)1’.
Then

% 1 dSQ =
H=h

= p f1(x)Fy(x)dz + fi(x)dGa(z, H) + fi(x)d (Re(z, H)y) +

q1(x)yFe(x)dr + g1(7)ydGe(z, H) + g1(x)yd (R2(z, H)y) =
- ]il_h fi(@)Ra(z, H)ydx + g1 (x) Fa(x)ydx + g1 (x)ydGa(z, H)
and, analogously,

j{ 52dS1 = —j{ fs(x)Ri(z, H)ydz + go(2) Fi (2)ydx + g2 (2)ydG (z, H).
H=h HEh

Taking into account the conditions between the coefficients that guaran-
tee that M;(h) = Ma(h) = 0 and the notations (7) we make the following
substitutions:
bor = azo, a0 = azo + ago, b1 = a0 + a2, ao1 = co +ai, b =
boo + ao1 + b2o — bo2 —ai1 —c1, boo =c2 +c1, b =c3+ b2 + an
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and, moreover,

Case (i):  ap2 = a0 = ago =0,

Case (ii):  ag2 = bpa = ¢g = 0,

Case (iii):  ¢1 = (ag0co — agoco — ao2bo2)/ao2, c2 = (ao2bo2 — coaz0 —
2a00boz2)/ao2, €3 = —2boz(az0 — ao2)/aoz.

After these substitutions, all the remaining coefficients are independent.
In Case (i) we have g = go = Ry = Ry = 0, while in Case (ii) we have
ry = ay; and s = 0. From all these we deduce that, in both cases,
Ms(h) = 0. Moreover, going further with the procedure of Frangoise [4]
and Iliev [7] for finding higher order Melnikov functions (described for ex-
ample in Remark 2.3 from [7]), it can be seen that all the Melnikov functions
vanish in these cases.

In Case (iii), the expression of Mj is found as linear combination of Ja(h)
and the integrals of the following 1-forms:

2y
(1+=x)

y dzr it dxr i
(142277 (142277 (1+x)2

Using the following relations

% w11 = Jl(h), % wo1 — (]. — Qh)Jo(h) — 2J1(h),
H=h H=h

~7€{:h ﬁdm = Jo(h), f;{:h ﬁdw = —2hJo(h) — 2J1(h),

jé Y i — o o(h) + 31 (h)
Aty
a=n (1+7)? ’ e

w11, Woi, dz, sdz.

the expression (12) is obtained. O

The function Jy given in the integral form (13) can be expressed in terms
of elementary functions as:

(14)

2w 1+v1-2h
Jo(h) = ——— |2h—(1+V1-2h)*In ————+4(1-h) InV1-2h| .
Since the method of calculating Js is not a standard one, we will present it
in an Appendix at the end of the paper. It remains to study the number of
zeros of Ms. Through the change 2h = 1 — 22, the equation

Ms(h) =0, h€(0,1/2)

is equivalent with

1
A+Bz+C2=— =

5752 ((1=29)/2), 2€(0,1),
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where A = (2ap + o) /202, B = —a3/2as and C = (—fy + a1)/2as.
‘We denote

fle) = g e

and g(z) = f(z) — A — Bz — C2? such that we need to study the number of
zeros of the function g. We have

Jo((1 = 2%)/2),

B (14272 1+2z _1+22
fzy=1+z2 T In 5 —|—21_Zlnz

L P(z), where

28— 25 1924 4+ 723 42222 — 142+ 4 1 z+1
—In .
2423(z+ 1) 2z

P(z) =

After noticing that lim,_,g P(z) = oo, P(1) = 0 and that for all z € (0, 1),

24423 + 822 + 122+ 6)(2 — 1)3
1224(z +1)2

P(2) = (

<0,

we deduce that, for all z € (0,1), P(z) > 0 and, as a consequence, g"’(z) > 0.
By applying the Rolle‘s rule we have that g has at most 3 zeros, taking into
account their multiplicities. Hence, M3 has also at most 3 zeros, taking into
account their multiplicities, as we wanted to prove.

We consider now the system (1) with the following coefficients ago = 0,
aig = 3/4, apr =— —V 3759/358+3/4, a0 = 3/47 aj]p = —3\/ 3759/1253+3/4,
ap2 = —1, bgp = 0, byg = —v/3759/1432, by = 3/4, bay = 75v/3759/716 +
3/4, bi1 = —1/4 and bpa = v/3759/42. By direct calculations, it can be seen
that relations (6) and (11) hold, i.e. M;(h) = Ma(h) = 0. The coefficients
from the expression (12) of M3 are ag = =3, B =0, a3 = —25, ag = 1/2
and, moreover, A = —6, B = 25, C = —25. It can be easily seen that
¢(0.01) < 0, g(0.1) > 0, g(0.4) < 0 and ¢(0.8) > 0. Hence, g has at least
3 zeros. Since we have proved before that g has at most 3 zeros, it follows
that it has exactly 3 zeros. Then, the corresponding M3 has exactly simple
3 zeros and the theorem follows.

APPENDIX

This appendix is devoted to proving that the function Jy(h) defined in (13)
is given by (14), i.e. that
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(15)  Jo(h) = f;{ B xy(infgf)dx _

21 1+v1-2h
= — |2h—(1+V1-2h)?In —— " +4(1—-h)InV1—-2h| .
o - VTR T

First denote for each —1 < r < 1,
/2" sin? @ cos A In(1 + 7 cos A)
0

(14 7 cos )2 d0-

J(r) =

Once the expression of J is known, we calculate Jy as
Jo(h) = —2hV2RJ(V2h), for 0 < h < 1/2.

In order to find J we will find first the expression of

27 k
Fi(r) :/ cos an(l-l-TCOS@)dg,
0

1+ rcosf
for k =0 and k£ = 2. We will prove that for each —1 < r < 1,

2 1 2(1 —1?)
n )
V1i—rZ2 14+v1—12
2 2 14++v1—172
(i) B() = —2(1-V1—r2)- DtV
T

r2 2

(i) Fo(r) =

2r 2(1 —1?)
n :
r2V1—7r2 1+V1—12
Proof of (i): Mainly, we use the Poisson‘s formula [9]. A function f that is

harmonic in the unit disk of the complex plain can be calculated using only
its values on the boundary of the disk according to the formula:

) 1 2 ) 17p2
ity 0
f(pe ) - o2 /0 f(e )|1 _ peite_i9|2 )
forall 0 < p<1and 0 <t < 27 For ¢t =0 we have

/% G 1)
0

1+ p2—2pcosh T 1—p?

+

Now let f(pe') = In|1 — spe’| that is an harmonic function in the unit
disk of the complex plain for each fixed 0 < s < 1 and we write the above
equality for this function:

2 2 2
In(1 -2 0 In(1 —

/ n( —|—§ s cos )d9:27r n( 32p) .
0 14 p? —2pcosh 1—0p
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Taking s = p in this last formula, we have

2 2 2
In(1 -2 0 In(1 —
/ n( +;2J p COs )d9:47r n( ;2))
0 14 p? —2pcost 1—p

Using this we obtain
2p (1+ % 2 (1+p%) 2
Fy <1+p2> =4 T In(1—p%) — 2« —, In(1 + p?),
where we have also used that

/ - ! do =2 !
——————df =21——.
o Ll+4+p?>—2pcosd 1—p?
Then (i) follows now for —1 < r < 0 and, using that it is an even function,
also for —1 <r < 1.

Proof of (ii): Denote

27 2
f(r) = / cosfIn(1 +rcosf)dd and g(r) = / In(1 + 7 cos )d6.
0 0

Then . i )
Fy(r) = ;f(r) - ﬁg(r) + ﬁFO(T)-
In order to find f and g we notice that

2 2
, cos” 0 2m —

= — 1— 1— 2
) /0 1+rcos€d9 7"2'/1—7’2( %),

27

, cosf ,
g(r) /0 1+ rcosé rfi(r)

Then, taking also into account that f(0) = ¢g(0) = 0 we obtain

f(r)= 277T(1 —v1—-72) and g¢g(r)=2rln Hfl_ﬂ,

and (ii) follows.

The last step in finding the expression of J is noticing that
J(r) = F(r) — Fg(r) + h(r),
where

2™ sin% 6 cos 6 27
= T = ———(1—+/1-72)2.
hlr) /0 (1+7‘cos€))2d9 7“3\/1—7“2( )

Hence we obtain

V1—72
J(r) :—7327 % lrQ—(l—f—\/l—rz)anHlT+2(2—r2)ln 1—r2
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From the above formula the expression (15) follows.
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