RESTRICTED WALKS IN REGULAR TREES

LAURA CIOBANU* AND SASA RADOMIROVICT

ABSTRACT. Let 7 be the Cayley graph of a finitely generated free
group F'. Given two vertices in 7 consider all the walks of a given
length between these vertices that at a certain time must follow a
number of predetermined steps. We give formulas for the number of
such walks by expressing the problem in terms of equations in F' and
solving the corresponding equations.

1. INTRODUCTION

Let 7 be an infinite regular tree and n a positive integer. Fix two vertices
x and y in 7. By a walk or a path between x and y we mean any finite
sequence of edges that connect z and y in which backtrackings are allowed.
There are many formulas in literature which give the number of walks of
length n between = and y, such as recurrence formulas, generating functions,
Green functions, and others. Here we consider walks of length n between x
and y which at a certain time follow a number of predetermined steps.

This work was motivated by the following question of Tatiana Smirnova-
Nagnibeda, in relation to finding the spectral radius of a given surface group.
Let Fy be the free group on generators a and b, K a field of characteristic
0, 7T =a'+a+b"'+ban element in the group algebra K[F,] and
¢ = [a,b] = aba='b~'. What is the projection, for any m, and for any
m-tuple of integers (ky, ..., kp ), of Tc*Tc*2... Tk onto the group algebra
of the subgroup generated by c¢? Alternately, this can be formulated as a
question in the free group F5. Given an m-tuple of integers (k1, ..., k), how
many of the words of type x1c*t zock?. .z, cfm with z; € {a*!,b*1}, turn
out to be a power of ¢? In turn, this question can be translated into counting
certain paths in the Cayley graph of F3, since each word in F, corresponds
uniquely to a walk in the Cayley graph of Fy, the infinite regular tree of
degree four. In the rest of the paper we will use the formulation of the
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question in terms of the free group or in terms of walks in regular trees
interchangeably.

We answer this question in the case (k1,...,kn) = (0,...,0,k;,0,...,0),
k; # 0, not only for the free group on two generators, but on any num-
ber of generators, by counting (see Section 5) the number of solutions
(x1,29,...,2m,) of the equation z; ...z;cFx;yy ... 2, = c!. This equation
is a particular instance of an equation of type WX = YU in a free group,
where W and U are given fixed words. The study of equations in free
groups is a fully-developed area, with Makanin [3] and Razborov [4] having
provided an algorithm that finds the solutions to equations that have solu-
tions, and Diekert, Gutierez and Hagenah [2] having considered solutions to
equations with rational constraints. While WX = YU clearly has infinitely
many solutions (X,Y") in a free group and does not require the complicated
machinery developed by Makanin-Razborov, when we put restrictions on
the lengths of X and Y, finding the number of solutions becomes delicate.
We treat the equation WX = YU in Section 4. Section 3 contains results
about a type of restricted words or paths which will be used in later sections,
but is also of independent interest.

2. BACKGROUND AND EXAMPLE

Let us fix a set X = {a1,a2,...,a,}, where r is a positive integer, and
let X! be a set of formal inverses for the elements of X, that is, X! =
{a7!,...,a;'}. Let X* = XUX~'. Elements of X will be called generators
and elements of X* will be called letters. For z € X set (z7 1)1 = 2. A
finite string of letters is called a word. We define the inverse of a word
U=z -a,tobe Ut =g 1. .. xfl. The length of U will be denoted by
|U|. For a word W, a string of consecutive letters in W forms a subword of
W. A word W is reduced if it contains no subword of the form xz~! with =
in X UX~!'. We will denote the free group on generators ai,...,a, by F.
The elements of F, are the reduced words in letters af', ..., aF!. Reduced
words correspond to paths without backtracking in the Cayley graph of Fi.,
while unreduced words or simply “words” correspond to arbitrary paths in
the Cayley graph.

Let a and b be the generators of Fy, K a field of characteristic 0, T' =
a !+ a+b"t + b an element in the group algebra K[F,] and ¢ = [a,b] =
aba=1b™1. Let us consider the easiest case of the projection computation
we mentioned in the Introduction. In the case in which k; = 0 for all 4, one
simply counts how many words of length n in a®! and b*' are powers of the
commutator ¢ = [a,b]. This is a special case of the following computation.
Let x and y be fixed points in the Cayley graph of F,., let I = d(x, y) be the
distance between x and y, and let V}"(n) be the number of paths of length
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n between z and y. If » = 2, then the projection of TcF1 T'¢*>.. Tcf» with
klzk]g:...:k‘n:OiS

e V22 VE) T+ VE)E + VE()e+ VE(n)E + ...

In other words, among all the elements of length n in Fy we get ViZ(n) of
them equal to the identity, V2(n) equal to the commutator ¢, and so on.
‘We will use the same additive notation to count the number of words in Fy
equal to commutators. Note that if n — is an odd integer, then V;?(n) = 0.
Formulas for V;"(n) have been known for a long time and are often used in
the context of random walks on graphs [5, 1]. After computing the values
of V;*(n) we get, that among all the words of length 4 in Fy, there are
¢ 1 +28c 4+ ¢! commutators. Among all the words of length 6 in Fy, we get
16¢71 4 232¢Y 4 16¢! since the generating function for ViZ(n) is H\/ﬁ’
with VZ(0) = 1, VE(2) = 4, VZ(4) = 28, VZ(6) = 232, VZ(8) = 2092.

Bartholdi gives a generalization to the computation of V" (n) in [1], where
he considers more general graphs, not just regular trees. His computations
of the number of walks also involve the number of backtrackings or ‘bumps’
in the walks. One standard tool for studying random walks on graphs or
groups is the Green function.

Definition. Let G be a graph with z,y € G and let p™ (z,y) be the prob-
ability that the walker who started at point x will be at point y at the n-th
step. Then the associated Green function is

G(z,ylz) =D p"(z,y)2",
n=0

where z € C.

For a regular infinite tree of degree M the Green function is [5]

Gl ylr) = oM — 1) M- /arP=ai=nz2\ """
N VRSN YR Tg V) 2(M—-1)z

Thus the generating function for V;"(n) is G(z,y|2rz), where d(z,y) =1
is fixed.

3. RESTRICTED WORDS

In this section we count the number of a type of reduced words that will
appear in our later results.
Let | A| denote the cardinality of the set A, and let A=! = {a™! :a € A}.
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Proposition 1. Let ay,...,a, be the generators of F., A and B be subsets
of {af',... aF'}. The number of elements of length n in F, that do not
start with a letter in A and do not end with a letter in B is equal to

(2r —|A))(2r — |B|)(2r — 1)t + 6r + (=1)"(|A||B| — or)

#(4,B) = — ,

where § = |[ANB| - |A~'NB|, s =|ANB|+|A"' N B|.

Proof.

0 z¢ A’
At = An{ay,...,a,}and A~ = An{a;’,...,a,'}. Furthermore, let o; ,
be the number of reduced words of length n > 0 that do not start with a
letter in A, but end in a;, and let &; , be the number of reduced words of

length n that do not start with a letter in A, but end in a, ! Then we have

1 z€A
Let x , (z) be the characteristic function for A4, i.e. x,(z) = { * let

Qi i+ o+ Qg+ = (2 — AN =) (1)

and o1 =1 —x,(a;), @1 =1— XA(afl).
The following recursion relations hold

Qjn41 = (alm + dl,n +---+ 6737 + dnn) - di,n;

di,nJrl = (al,n + dl,n i Qo p + @r,n) — Q4 p,

where 7 > 1.

This implies a;, — @i = X, (a; ") — X, (a;) for all n and i. Now fix .
Then for any j with 1 < j < r, when we subtract the recursion relation
for aj 41, from the recursion relation for oy ,11, we get a; py1 — @j 1 =
Qjn = Qi = Qi — Qi + Xa(a5) = Xa(a;") + xala7 ") = x4 (ai). Let
€jn = Qin —jp and €, =a; , —&;n . Then e;1 = x,(a;) —x,(a;) and
it is easy to see that e; 2, = X, (agl) —Xa (a;1)7 €j,2k+1 = Xa (aj) —Xa(ai),
and €, = €5, + X, (a;l) — X (aj). Equation (1) can now be written as

(i —€1n) + (i — €1+ x4(a1) — Xa (afl)) +..
+  (in—ern)+(n—erntxa(ar)—x4(a ") =(2r—|A})(2r—1)""",
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. . 2r—|Al) 27'—1)"71—&-2 S €in— A+|+ A~
This gives o ,, = (@rl4D( 2 €| 471 where the sum runs
> 2r ?

from 1 to r. Thus

Q5 2k

(2r — [AD@r = 1)*71 + 2rx, (a7 ") — |4

2r
(2r — JA])(2r — 1)** — 2y, (a;) + |A]
QG 2k+1 s
2r
- (2r — |A])(2r — 1)** + 2ry, (a;) — |4
a2k = )
2r

_ (2r — JA[)(2r — 1)*% — 2rx, (a; ') + |4
QG 2k+1 = o .

Now, the number of reduced words of length n that do not start with a
letter in A and do not end with a letter in B is equal to

(al’n + dl,n + et + ar;n, + d’r,n) - Z aj,n - Z d],n
Jixg(a;)=1 Jixg(ay =1
B
= @r—aper -1 = Pl paper -y - coray @
n (1) —1)"™
S D DS el FEN SN el
Jix g (a;)=1 Jixg(ayh)=1

If n is even, then we have
Z Xa (a’j_l) + Xa (a’j) = |A71 N B‘
Jixp(a;)=1 Jixg(ay =1
If n is odd, then we have
Do oxala)+ Y xulegh)=[ANB
Jixg (a;)=1 Jixg(ayh)=1

By simplifying (2), one easily obtains that the number of these reduced
words is
{(%—A)(?T’—IB)Q(?T—D”1+|A|B| —|A'N B
2r—|A]) (2r—|B])(2r—1)"~' | A[| B
(2r—|A[( lDZ('r‘ ) ‘||‘+|AQB|

if n even,
if n odd.
The desired formula follows now by averaging the two expressions, then

adding and subtracting the deviation to and from the average for even and
odd n, respectively. a

A more natural quantity to count is the number of reduced words that
start with a letter from a given set and end with a letter from another set.
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By applying the De Morgan formulas for set identities to Proposition 1 we
obtain the following

Corollary 1. Let A and B be subsets of {alil, o,aft}y. The number of

elements of length n in F,. that start with a letter in A and end with a letter
in B is equal to

60 (A, B) = |A||B|(2r — 1) + 6r + (—1;:(|A\|B| —2r(|A| +|B|) + 0.7,),

where § = |A"*UB| - |AUB|, 0 =|AUB|+|A"'UB|.

4. MAIN RESULTS

In this section we count the number of solutions (X,Y") of the equation
WX =YU, (3)

in the free group Fi., for fixed elements W and U, and fixed lengths of X
and Y. The number of solutions varies widely, depending on the lengths
of W and U with respect to the lengths of X and Y. We will need the
following.

Definition. : (i) Let (W); be the i-th letter in the word W, where
1 < i < |[W|, with the convention that (W) = (W)jw|+1 = e,
where e is the empty word.

: (ii) Define (W)! to be the subword of W which starts with the i-th
letter of W and ends with the j-th letter of W and the convention

that (W) =eif j <.
: (iil) Let yw,u(i,n,j) be the correlation function of two words W,
U. Whenever W and U are fixed we will use v(i,n,j) instead of
yw.u (4,1, 7). The correlation function identifies whether W and U
have a common maximal subword s of length exactly n, followed by

j letters in W, and preceded by i letters in U. More precisely, when

n=0 1 if |W|—j _ i+n
if (W)iw)—njn = (U)iET,
V(i n, j) = M) w)—n—j # @)is W) jw—jr1 # (U)itn+1
0 else.
Lif (W)jw i (U)in #e,
If n=0,7(,0,j) = W)wi— #O)is W) w1 # (U)iva

0 else.

Ezxample. Let W = abc and U = bed be words in the free group on four
letters. Then v(0,2,0) = 1, but v(1,1,0) = v(0,1,1) = 0. In all three cases
the overlap between W and U is be, a subword of both W and U. Since bc
doesn’t have length 1 it follows that v(1,1,0) = v(0,1,1) = 0.
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Definition. Let Ly, (N, M) be the number of solutions of the equation
WX =YU, where X and Y are reduced words of length N and M, respec-
tively.

It can be seen at once that
Lyw(N,M) = Lw,u(N, M), (4)
Lwu(N,M) = Ly-1y-1(M,N) (5)
Lwy(N,M)=0 whenever |U|+|W|+ N+ M isodd (6)

In the following propositions we adopt the convention that if e, the iden-
tity element of F., is in some set A, then A = A\ {e}.

Proposition 2. The number Ly,y(N,M) of solutions of WX = YU,
where X and Y are reduced words of length N and M, respectively, is given
below. Let d — w and n — w7

: (i) If N+ M < ||[U| — |W|| orn &Z then Lw,y(N,M) =0,
(i) If [|U| = [W|| < N+ M < |W|+|U|, n€Z,
min(|U|,M)
v, —n,i+d) ifd>0

Lwu(N,M) = { i

> Ali—d,-ni) ifd<0
=0
2 (i) If N+ M > |W|+|U|, n € Z, then

min(|U|,|W|-d)
Lwu(N,M)= " Y ¢,(4;,B)
i=max(0,—d)
where Ay = {(W)jw)—a—i) " (W) jw|—a—is1};
B ={(U)s, (U)ig1) '}

Proof. : (i) If |W| — |X| > |U| + |Y|, then the length of the reduced
word equal to WX is strictly longer than the length of the reduced
word equal to YU, so there is no solution. Similarly, if |W|+ |X| <
|U| — |Y| there is no solution.

: (ii) For a solution (X,Y), |X| = N, |Y| = M, the length of the
resulting reduced words on both sides of the equation is N + |W| —
2|w| = M+|U|—2|ul|, and it is easy to see that U and W must have a
common subword s of exactly |W|—M+|u|—|w| = |U|—=N+|w|—|u
letters. From the equation above it follows that 2|w| — 2|u] = N —
M + |W| - |U| = 2d, thus |s| = WHIENZM )
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: (iii) The equation WX = YU can be rewritten as
WaowX' =Y val’,

where w,u, X', Y’ are reduced words with w and w maximal such
that W = W'w, X = wX’, Y = Y'u and U = wU’. From this
equation we have

2w| = |W|—|U|+ N — M + 2|u|. (7)

Since N + M > |W/| + |U|, the suffix of X' is U’" = U and
the prefix of Y’ is W/ = Ww. Thus we can write every solution
(X,Y) as (wX"uU, WwY"u) = (wX"U',W'Y"u), where X" =Y
is any reduced word of length n = w which does not
begin with the inverse of the last letter of W’ or w, nor end with
the inverse of the first letter of U’ or u, since X and Y are reduced
words. Notice that the inverses of the last letter of W’ and w are

(W)ﬁ/élf\w\ and (W) w|—|w|+1, respectively, and the inverses of the
first letter of u and U’ are (U)),| and (U)mﬂ,
that the length of X" is constant, regardless of the length of w and
w.
The following diagram better exemplifies the equalities between
the words.
W| X W/1D| wX' Ww | X" | U
Y \ U Y'u \ al’ W YY" | wU

respectively. Note

Let d = W, then it follows from (7) that |W|— Jw| =
|[W| —d — |u|]. For every (possibly empty) word u such that u~!
is a prefix of U, let A}, = {(W>\7M£|7d7|u\7(W)|W‘*d*‘“|+1} and
Bluy = {(U)yu), (U)11}-

Thus for a fixed u, and n = |X"| = w, the number
of choices for X" is ¢;,(Aju|, Bju|)-

To obtain the total number of solutions, we consider the cases
d > 0 and d < 0 separately.

e d>0

It follows from equation (7) that the smallest length of |w]| for
which there can be a solution is [w| = ZUEN=M 5y which
case we have |u| = 0. Thus |u| ranges from 0 to min(|U|, M —n),

) W|—|U|+N—M W|+|U|+N—M
while |w| ranges from (Wi—| 2\+ to Wl y =N—-n

(if |U| < M —n) or WITTEENEMZ2n 1y (glge).
e d<0
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It follows from equation (7) that the smallest length of |u| for
which there can be a solution is |u| = w in which
case |w| = 0. Thus |w| ranges from 0 to min(|W|,N — n),
|U=|W[+M=N . |U[+|W|+M-N _

5 to 5 =M-n

while |u| ranges from
(if [W] < N — n) or WIEIWHMEN=2n _ 1171 (glge).
In both cases, the formula follows immediately.

]

Note that Proposition 2 not only counts the number of solutions to an
equation of the form (3) but the proof also sketches a strategy for computing
the actual solutions of that equation. We can now use Proposition 2 to give
a formula for the number of restricted walks in regular trees.

Theorem 1. Let U be a fized element in F,., T the Cayley graph of F.,
and P a fixed point in T. Let W be the element in F,. describing the path
from the origin to P. Then the number of paths in T, from the origin to the
point P, of length M 4+ |U|+ N which after M steps follow the path outlined
by U and proceed with N arbitrary steps is equal to

N M

> Lwu(n,m)Vy (N)V;r (M),

n=0m=0
Proof. The Theorem follows easily from Proposition 2, because for every
reduced word R of length p, there are exactly V(1) words of length [ which
are equal to R. ]

5. THE COMMUTATOR, CASE

For ease of notation, let a = a1, b = ay and ¢ = [a,b] = aba~b~!. Here
we consider the projection computation in the case when k; = 0 for all
except one value of 7. Let us fix integers k£ and [. Then we want to find the
number of solutions of the equation:

Ty ... xic i, = (8)

where x; € {alil, ...,aft}. We count the number of solutions by first
rearranging the equation as

FX =Y, (9)

where X = 2;41...2, and Y = (z;...27) "L

Let Ly (N, M) be the number of solutions of the equation 9, where
X and Y are reduced words of length N and M, respectively. We com-
pute Ly ;(N, M) by specializing our results from the previous section to the
case when W and U are commutators. Clearly Ly (N, M) = L; (N, M),
Lk,l(N, M) = L_k7_l(M, N), LkJ(N, M) = 0 whenever N+ M =1 (mod 2),
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and Ly (N,M) = Ly (M,N). When N + M is smaller or equal to the
combined length of the commutators, then we have the following number of
solutions.
Proposition 3. Let k and | be positive integers.
: (i) If N+ M < ||4k| — |41|| then Ly (N, M) = L_j (N, M) = 0.
2 (it) For |4k — 4l < N + M < 4k + 41
2 ifdIN,k=land N=M
Ly (N,M)=4q1 if4|N, |4k —4l|= N + M or |4k — 4| = |N — M|

0 else

min(4l, M) ifdk+4 =M+ N +2
L_y (N, M) = and M =1 (mod 4)

0 else

. (iii) For N+ M = 4k +4l, M < N
min(4l2,M)+l—‘ if M odd
Ly (N,M) =2 w if M even and M # 4k
9 [mnULM| 4y if M =4k

min(4l, M) if M =2 (mod 4)

0 else

Ly (N,M) = {

Proof. Let n' = #HEN=M = (Here n/ = —n, where n is as defined in
Proposition 2.)

: (i) follows immediately from Proposition 2 (i).
: (ii) We can assume without loss of generality that & >l and N > M.
min(4l,M)
Here we determine Z y(i,n',i +d) for n’ > 0. Notice that

i=
d > 0, since d = %. Two commutators cannot have a
common maximal subword of a certain length in their interiors, but
only at the end or beginning of a commutator. In other words, ~
will be non-zero only when some of the following are satisfied: ¢ = 0,
i+d=0,n =4l

Let us first assume that n’ = 4/, which is equivalent to 4k — 4l =
N + M. Then we must have ¢ = 0, so in this case Ly ;(N, M) =1
because only ¥(0,n’,d) is nonzero. Now let’s assume n’ < 4l. If
d = 0, which is equivalent to k =1 and N = M. Then we can have
i =0and i = 4l — 1/, so in this case Ly ;(N,M) =2. If d > 0
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then ¢ = M, which is equivalent to 4k — 4l = N — M, and so we get
Liy(N, M) = 1.

Since n’, d and ¢ must be multiples of 4 in order to have solutions,
we get that M and N must also be multiples of 4. The formula now
follows.

If we consider ¢™*X = Y¢!, then we must consider v/(i,n’,i +
d) := Y-k o (i,n',i + d). Notice that +'(i,n’,i + d) # 0 if and only
if n’ = 1, which is equivalent to 4k + 4l = M + N + 2. Let the
common maximal subword s be the letter z. If x is the (i + 1)-st
letter in ¢!, then z~! appears in a position 4k — j — 1 in ¢~** where
i = j (mod4). Since z is two positions before or after 2! in a
commutator, we get that we must have i = i+d+2 (mod 4), which
is equivalent to d = 2 (mod 4). Since n’ = 2, after a few identities
we get M =1 (mod 4), and in this case ¢ can have the entire range,
and so the number of solutions is min(4l, M).

min(41,M)
: (iii) Here we determine Z ~v(i,n,i + d) for n = 0, which is

=0

equivalent to N + M = 4k + 4. Then ~(4,0,i+ d) is nonzero if and
only if (") ag—i—a(c)it1 # €, (M)ap—i—a # ()i and (M) ag—i—ay1 #
(c))iy1. Notice that the last two conditions are equivalent. Now
remove the last i + d letters from c* and the first i letters from
¢!, and concatenate the resulting words to get a word of lengths
4k + 41 — 2i — d. In order to satisfy the two conditions for v to be
nonzero we must have that 2i + d is My + 2 or My + 3, where M,
is a multiple of 4. Since d = —M (mod 4), we need to count for
how many ¢ between 0 and min(4l, M) the congruence 2i — M =
2,3 (mod 4) holds. By considering the cases when M is even or
odd, we get the desired formula.

If d = 0 we get M = 4k, and we get an extra solution to the ones
counted above.

As in (ii), let 4'(4,0,i + d) = ve-» (3,0, + d). In this case
7'(i,0,i + d) is nonzero if and only if (¢™%)sp_i_a(c)iz1 # e,
(¢ Mag—ica # ()i and (¢ Mag—i—ar1 # ()ip1. It is easy to
see that these three conditions are satisfied if and only if the
(cF)i=i=d+l — 2y and (¢!)i™* = yx. This can happen, similar
to case (ii), only when d = 2 (mod 4). Since n’ = 2, we get that
M =2 (mod 4), and the entire range for 7.
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The number of solutions to equation 9, when the combined length of the
solutions is greater than the combined length of the commutators, is given
by the following two propositions.

Proposition 4. The number of solutions of c*X =Y, where X andY are
words in F,. of length N and M, respectively, k,l > 0, N + M > 4k + 41, is
given by the following formulas. Let d = = W —20—2k,
R = min(4,4k — d) — max(0, —d).

(i) If d #£ 0 and 41 # 4k — d, then

2r—1)""t2r—2)(R(r—1)+7)+ R(-=1)"(2—7)

Ly (N, M) = "
N sgn(d)(—1)F"  d odd, [N — M| > |4k — 41|
0 else.

(i1) If d =0 or 4l = 4k — d, then Ly (N, M) =

(R—1) @2 @roWy (o072 | @ro)T AL g fa=0 k=1
(R—1)2r= 2)2 (20— 1)” Sy a 2r) | (4r= 3)(2r— 1%;+< D"(3=r)

o 5, else.

Proof. We begin by computing the sets A; and B; in Proposition 2. If
k,1 >0, then for max(0, —d) < ¢ < min(4l,4k — d)

{a} i=4k—d
{b} i=—d
) {a,b} i ¢ {—d,dk —d},i = d (mod 4)
A = {a,b1}  i¢{-d4k—d},i=1—d (mod 4) (10)
{a 1,071} i¢{—d,4k —d},i =2 —d (mod 4)
{a™1,b} ig{—d,4k —d},i=3—d (mod 4)
and
{a"1} i=0
(b1} i =4l
B, - {a=1, 071} i ¢ {0,41},i=0 (mod 4 (11)

( )
{a, b=} i ¢{0,4l},i=1 (mod 4)
{a,b} i ¢4{0,4l},i =2 (mod 4)
{a=' b} i ¢ {0,41},4 =3 (mod 4)

We will call the cases where ¢ € {0,4l, —d, 4k — d} borderline cases and
refer to all the other cases as the general case. Comparison with Proposi-
tion 2 shows that there are two borderline cases, namely i = max(0, —d)

and i = min(4l, 4k — d), while the remaining R — 1 cases form the general
case.
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General case. In order to compute the sum

min(4l,4k—d)—1

Z ¢ (A, By), (12)

i=max(0,—d)+1
we will first compute the (d,0) pairs in Proposition 1 from (4, B;) then
sum up the corresponding values of the ¢’-function. The following table
can be easily obtained from the definition of § and ¢ in Proposition 1. It
shows the values of (4, o) for all possible values of i, d modulo 4.

(mod4)| i=0 i=1 =2 i=3
d=01(-2,2) (2,2) (-2,2) (2,2)
d=1{ (0,2) (0,2) (0,2) (0,2)
d=2| (22) (-2,2) (2,2) (-2,2)
d=31] (0,2) (0,2) (0,2) (0,2)

TABLE 1. (4,0) for all possible values of i,d mod 4

Thus the sum in (12) is given by
e d=1,3 (mod 4)
(R-1) (2r —2)2(2r — )" L+ (=1)"(4 — 2r)
2r
e d=0,2 (mod 4)

Ifd =0 (mod 4) then R—1 = (min(4l,4k—d)—max(0, —d)—1) =
3 (mod 4) and i ranges from ¢ =1 (mod 4) to i =3 (mod 4), thus
we have (R — 2) + 1 values of the ¢/-function with (6,0) = (2,2)
and (R — 2) values with (6,0) = (—2,2).

If d =2 (mod 4) then (R—1) is odd, thus we can pair the values
of the ¢ function for (2,2) and (—2,2) in all but one case. Since ¢
ranges from i =1 or 3 (mod 4) toi =1 or 3 (mod 4) we have a ¢’
value for (—2,2) left over in all four cases.

Hence the sum is equal to

(R 1) (2r — 2)2(2r — 1)"2;1 +(=D)"(d-2) 1y,
Borderline cases. Let ig = max(0, —d), 41 = min(4l,4k — d). We need to
compute

(z);z(Aim BZO) + QS{n(All ) Bil )
We are going to compute the (4,0) pairs and corresponding values of
the ¢'-function from Proposition 1 for all possible values of i and 7;. The
results follow from simple inspection of equations 10 and 11. It turns out
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that for certain values of iy and iy we have ¢ (A;,, Bi,) = ¢, (4, Bi,),
thus we will list these cases under a common item and let i € {io, i1}
(-1,1) d=0,1 (mod 4)

oIfd>0and4l>4k—d,then(570):{(11) d=2.3 (mod 4)
, =2,3 (mo

o (A By = | B 4= 0,1 (mod 4)
n iy i) — (2r72)(2'r71)"+r+(71)"(27r’), dE2,3 (HlOd 4)

2r

(-1,1) d=0,3 (mod 4)

oIfd<Oand4l<4kd,then(é,a)_{(ll) I= 12 (mod 4)
, =1,2 (mo

¢/ (A B) _ (27“—2)(27"—1):2;7"-&-(—1):(2—7") d= 0,3 (mod 4)
n\4ty 21 (2r—2)(2r—1)"+r+(-1) (2—7’)7 d = 1,2 (mod 4)

2r

o If d =0 and 4] = 4k — d, then (d,0) = (0,0)

2r — )"t 4 (—1)”
! Ai Bi = ( .
4 (Ai, By) 5
Putting it all together. Adding up the solutions in the general and borderline
cases, we obtain
e d=0 (mod 4)

Ifd—Oandk:—lthen
2r—2)“(2r—1 +(—1 4—2r 2r—1 n"
(R — 1)@r=2@ron)" cnyrien 4y g @ronm eyt

If (d = Oandk#l) 01" (d#0, 4] = 4k — d) then

(R _ 1)(2r 2)2(2r— 1)" L (=1)"(4—27) 14 (2r— 1)";rl (71)”Jr

(2r=2)Cr) (1) Po—r) "

If d # 0, 4l;£4k:—d

(R—l) (27‘72)2(2r71);_14—(71)"(472r)+1+2 (2T72)(2r71)"24r+(71)"(27T) )
e d=1 (mod 4)

Ifd>0and4l>4k: d
(R— 1)(27“ 2)?(2r— 1)" (=) (4 2r) | o (2r=2)(2r— 1)"—r+( D" (2-r)

If(d>Oand4l<4k; d) or (d < 0 and 41 > 4k — d) then
(R - )(27« 2)%(2r— 1)"2 (=1 (4—2r)
9= @r—1) (-1 ()

2r
Ifd<0and4l<4k d then
(R 1)(2T 2)2(2r— 1)" 1-i-( )" (4— 2r)+2(27‘ 2)(2r— 1)”+r+( H"(2—r)

e d =2 (mod 4) This is the simplest case. For all possﬂale values of

d, I, and k, we obtain
2r—2)2(2r—1)" "1 —1)"(4—2r 2r—2)(2r—1)"4rH—1)"(2—r
(R—l)( )7 ( )27~H )" ( )71+2( )( )2TH )" (2—1)
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e d =3 (mod 4)
If d >0 and 4l>4k d then
(R— 1)(27 2)2(2r— 1)" Lp(=1)"(4—2r) L o@r=2)Cr- 1)”+r+( D" (2—r)
If(d>Oand4l<4k: d) or (d < 0 and 41 > 4k — d) then
(R— )(27‘ 2)2(2r— 1)" 1+( 1)"(4—2r) + 2(2r 2)(2r— 1)2"T+( 1)™(2—r)
If d <0 and 4l<4k dthen
(R—l) (2r—2)%(2r—1)" "4 (=1)"(4—27) +2(2r—2)(2r—1)"—r+(—1)"(2—r)

2r 2r

The proposition now follows after consolidating equal cases and simpli-
fying terms. (]

Since Ly (N, M) = L_j,_;(N, M), the number of solutions of equation 9
when k,l < 0 is equal to L, ;(N,M). Thus it remains to compute the
number of solutions when kl < 0. With minimal changes to the proof of
Proposition 4, we obtain

Proposition 5. The number of solutions of c*X =Y, where X and Y
are words in F,. of length N and M, respectively, k,l > 0, N+M > 4k+4l, is
giwen by the following formulas. Let d = N;M, = w —2l—2k,
R = min(4l,4k — d) — max(0, —d).

(i) If d # 0 and 41 # 4k — d, then

2r— )" t2r —2)(R(r—1)+7)+ R(—-1)"(2 1)

Ly _(N,M) = "
(—l)d/QR d even
—sgn(d)(=1)="  d odd, |N — M| > |4k — 4l|
0 else.

(ii) If d = 0 or 41 = 4k — d, then Ly _,(N, M) =

(R—1)Zr=22Cro1)" D42 | Gro )"0 poyf q—0, k=1
(R—1)2r=27@r- 1)” =) | (=) ”"** D"E220 R else.

The propositions in this sections now allow us to compute the number of
solutions of equation 8 in the following theorem, which is a special case of
Theorem 1.

Theorem 2. Let k,l be nonzero integers, and N, M be positive integers,
Ty, TN+M, A, b E {alﬂ, ..,af'} with a and b fived such that a,a™' # b,
and let ¢ = [a,b]. Then the number of solutions (x1,Za,...,xN+m) Of the
equation x1 . .. I’NCk:EN+1 o IN4M = s given by

N M

SN Lia(n, m)Vy (N) Vi (M),

n=0m=0
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We finish this section by computing the following expressions for the
Ly (N, M) function in the case r = 2 using Propositions 4 and 5. Let d =
2|k|—2[l|+ 55, n = MM _2(1|—2[k|, R = min(4]l|, 4|k| - d) —max(0, —d).
Proposition 3 directly computes Ly ;(N, M) for the case N+ M < 4|k|+4|l|.
If d # 0 and 4|!| # 4]k| — d, then Ly (N, M) =

(-1)¥?R d even, kl < 0
3" 1 (R +2) + sgn(kl) { sgn(d)(—1)=  d odd,|N — M| > [4]k| — 4]1]]
0 else.

If d =0 or 41 = 4k — d, then Ly (N, M) =

(R—1)3n—1 4 354CD" 4 =0 and k =1
(R—1)3"~ 3n“#—}z d=0and k= —I
(R—1)3"1+W+5 (d#0or k1) and kl > 0
(R—-1)3"" 1+w R else.

6. CONCLUSION

We have counted the number of bounded length solutions to two variable
equations of the form WX = YU, which is equivalent to counting the
number of restricted walks that lie in a given ball of an infinite regular tree
of even degree.

While we have tackled only the simplest case of the general question
posed in the Introduction, the methods used can be generalized to obtain
formulas for more complicated cases. The expressions for the Ly (N, M)
function in the case r = 2 indicate that writing out a formula for a more
general case will be very tedious.
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