STABILITY AND ASYMPTOTIC ANALYSIS OF A
FLUID-PARTICLE INTERACTION MODEL
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ABSTRACT. We are interested in coupled microscopic/macroscopic
models describing the evolution of particles dispersed in a fluid. The
system consists in a Vlasov-Fokker-Planck equation to describe the
microscopic motion of the particles coupled to the Euler equations for
a compressible fluid. We investigate dissipative quantities, equilibria
and their stability properties and the role of external forces. We also
study some asymptotic problems, their equilibria and stability and
the derivation of macroscopic two-phase models.

1. INTRODUCTION

Fluid-particle interaction is of primarily importance in sedimentation
analysis of disperse suspensions of particles in fluids, one of the issues being
the separation of the solid grains from the fluid by external forces: gravity
settling processes or centrifugal forces. These procedures find their applica-
tions in biotechnology, medicine, waste-water recycling and mineral process-
ing [11]. On the other hand, aerosols and sprays can be also modelled by
fluid-particle type interactions in which bubbles of suspended substances are
seen as solid particles [5, 6]. Eventually, such problems also arises in com-
bustion theory, when modelling Diesel engines or rocket propulsors [45, 46].

In what follows, we describe a single specie of disperse particles by a
density function f(t,z,£): f(t,z,£)d€ do gives the number of particles en-
closed at time ¢ > 0 in the infinitesimal domain of the phase space centered
on (r,€) € R® x R3, with volume d¢dz. A macroscopic description of
the dispersed phase is obtained by looking at averages with respect to the
& variable like the macroscopic density fRS f d¢&, the macroscopic momen-
tum [ps £f d€ and so on. The surrounding fluid is described by its density
n(t,z) > 0 and its velocity field u(¢,z) € R3. In this work, we will consider
the fluid as compressible and we will describe it by the compressible Euler
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equations. The coupled system of the kinetic transport equation for the
particles and the compressible Euler equation for the fluid will be referred
as the Vlasov-Euler system.

Throughout the paper, particles are assumed spherically shaped with
constant radius a > 0, so that the mass of a particle is given by m, =
% ppma’, p, being the particle mass per unit volume. The evolution of the
two phases is coupled through friction force terms. Indeed, the surrounding
fluid produces a friction force on the particle, which is proportional to the
relative velocity

F(t,z,§) = 6mpa (u(t,z) — £),

with g > 0 being the (dynamic) viscosity of the fluid. Accordingly, the force
exerted by the particles on the fluid is given by the sum

6rpa /}R3 (f — u(t,x))fdf.

Furthermore, both phases are affected by the external forces, which are sup-
posed to derive from a time independent potential ®(z). Precisely, we de-
note by —m, V,® the force exerted on the particles, and ap, V,® the force
exerted per unit volume on the fluid, where p, is the fluid mass per unit
volume and « € R is a dimensionless parameter (which measures the ratio
of the strength of the external force on each phase). External forces can be
produced by a great deal of relevant physical mechanisms: gravity, centrifu-
gal, electric or magnetic forces on charged particles/fluid... Throughout the
paper, we assume that the potential ® does not depend on the unknowns
f,n,u. It is worthwhile to have in mind the simplest example of settling
gravity processes. Here, the force exerted on each particle is the sum of the
weight and the buoyancy force:
2 pemd® g ( - pi) es,
3 P

where g is the gravity acceleration and e3 the upwards unit vector. There-
fore, in such a case we have

_ 1
]‘_pF/pP.

Note in particular that the sign of ® depends on the ratio of the densities
Another example is given by considering a centrifugal force: ®(z) =
f‘;clj ¢o(z)dz > 0, for some function ¢ : RT — R which tends to 0 at
infinity.
Finally, the particles are also subject to Brownian motion, which trans-
lates into diffusion in the variable &, the diffusion coefficient being defined

(x) = (1= pe/pp)grs o
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by the Einstein formula [25]
kbo 6mpa kb  9p

P
mP mP mP 2a/ pP

Here k stands for the Boltzmann constant, and 8y > 0 denotes the tempera-

ture of the surrounding fluid, assumed to be constant. Therefore, we arrive
at the following PDEs system

k6
(LIPS + € Vaf = V.- Vef = gl dive (6 = u)f + 22 Vi),

(1.2) Ogn + divy(nu) = 0,
(1.3)
Pr (@ (nu)+Divy(nu ® u)—i—anvm@) +Vap(n) :67ma/ (E—u)f dé&.
R3

In (1.3), p(n) is a general pressure law, for instance p(n) = C, n?, v > 1,
C, > 0. The system is completed by the initial condition

fo >0, ng > 0, ug € R3.

Besides, if fluid and particles evolve in a domain © C R3, we should also add
boundary conditions. Boundary conditions will be considered in such a way
that the total number of particles and mass of the fluid remain constant on
the evolution. The precise boundary conditions are discussed in Section 3.

Although the fluid has been described by the compressible Euler equa-
tions, the fluid viscosity plays a major role in the definition of the friction
forces. This is completely coherent since in a lot of practical situations
viscosity effects are negligible on the fluid evolution. For instance, such
a Vlasov-Euler description was introduced for reacting flows of sprays in
[45, 46] and it is used in Los Alamos National Laboratory by O’Rourke and
collaborators [41, 1, 2] to derive the code KIVA-II, as well as in the French
Atomic Commission, [5]. This remark will be completely clarified once we
choose relevant dimensionless parameters.

Coupled kinetic-fluid model have been introduced in [13]. Derivation of
such coupled micro/macro systems are discussed with various viewpoints in
[26, 33, 36]. Mathematical analysis of a system coupling the Vlasov equation
(1.1) to the constant density incompressible Navier-Stokes equation can be
found in [31], while hydrodynamic limits for this model are considered in [28,
29], following the preliminary work [32]. Similar singular perturbations
problems are dealt with in [10, 22, 23, 24, 27, 35]. Existence of a smooth
solution to the Cauchy problem (1.1), (1.2), (1.3) on a small enough interval
of time, is discussed in [5].
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We wish to address some stability and asymptotic limit questions for
the problem (1.1)-(1.3). To this end, it is more convenient to work on the
dimensionless version of (1.1)-(1.3). This is discussed in Section 2. The
cornerstone of our analysis relies on a dissipation property of the system
(1.1)-(1.3), which is presented in Section 3. In turn, this leads to the defini-
tion of (non trivial) equilibrium states which can be shown to be nonlinearly
stable. Then, we can also guess on formal grounds the asymptotic behavior
of the system with respect to the evolution of the physical parameters of the
problem. In the spirit of hydrodynamic limits, we obtain coupled two-phase
macroscopic equations. This is explained in Section 4. However a complete
and rigorous proof of convergence for this problem is far beyond the scope of
this paper. Instead, we refer to the progresses obtained in [40]. In Section 5
we explore the limiting two-phase systems and we show the dissipation of a
quantity that implies again the nonlinear stability of non trivial equilibrium
states. In the gravity settling case these equilibrium states correspond to
sedimentation profiles. Despite of the lack of a rigorous proof of convergence
in the studied asymptotic limits, we bring out the relevancy of our analysis
by studying rigorously the linearized version of (1.1)-(1.3) in the Section 6.

2. MODELLING ISSUES

2.1. Dimensionless System. Let us first remark that

Te = me 2p,a?
6mpa I

is the natural relaxation time for the kinetic equation (1.1), usually referred
in these applications as the Stokes settling time. We consider as usual

ko
Vin = 1| —

P
as the measure of the fluctuation of particles velocity, called their thermal
speed.

Let us introduce time and length units T and L respectively, which define
the time and length units of the observation. We associate a velocity unit
U = L/T. Then, we can define dimensionless variables. Adopting the
convention that primed quantities are dimensionless, we set

t=T¢, z=La, &=Vl

n(Tt',La’) =n'(t', ') u(Tt', La’) = U/ (¥, 2")

p(Tt', La') =P p'(t', ),
where P is a pressure unit, and

4

2, ¢) = §7ra3 Vi (T, L', V).
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Note that p.ndx gives the mass of fluid enclosed in a domain with volume
dz, so that n is already dimensionless. We eventually associate to the
external potential a velocity Vs by setting

L
O(Tt ,La') = YsL Phi'(t',2).
Ts
Therefore, (1.1) can be recast as
1 Vth VS
20, Dt w//_ I/(I)/. L
FOL €V - Ve Ve

= 77—5%/th dng/ ((Vthfl _ Uu/)f/ 4 Vthvg’f/) ’
while (1.2) and (1.3) become

1
T@'t/n' + % div, (n'u’) = 0,

Vap' (n') + aﬁnlvm@'

2
% Oy (n'u’) + % Divy (n'u’ @ u') + P

pFL TS
]‘ pP / ! !/ ! !/
= — Vi€ —U d¢’.
T e ]R3(th§ U)f §
Let us define the following dimensionless quantities
T ~ Vu 1T
ﬁ*LVth*Ua €7T5'7
(2.1)
VsT PT 9
= = = U-.
= Te X= T fracPpy
Hence, dropping the primes we are led to
(2.2)

0uf + B =V Ve = dive((€ = Fu)f +Vef).

Ogn + divy(nu) = 0,

O¢(nu) + Divy(nu @ u) + xVzp(n) + afn nV, o = E—(J — pu),
where we use the notation
ora) = [ fergae Jan=p [ ¢ fanod

For further purposes, it is also convenient to define the kinetic pressure

Plo) = [ €0 a9
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Remark 1. Let us go back to the example of the gravity to explain in this
particular case the meaning of Vs. Consider a particle with radius a and
mass per unit volume p,. The particle is dropped in a fluid at rest, having
viscosity p and mass per unit volume p,. Hence, the motion of the particle
is simply described by the ODE

4 d? d 4 p

3 np,a’ @X(t) = —6mpua &X(t) ~3 mppatg(l — —i)

Then, as time becomes large, the velocity of the particle %X(t) has a limit,

the modulus of which is

Vs=Ts g |1-Lx|.
Pr

This is referred as the Stokes settling velocity.

Remark 2. Still for the example of gravity, the dimensionless coefficient
afn is nothing but the inverse of the Froude number of the flow. Accord-
ingly, 1/n can be seen as the (reduced) Froude number of the dispersed phase.

Remark 3. We have mentioned in the Introduction that it could be strange
to neglect the viscosity term pAgzu in the fluid equation, while viscosity plays
a crucial role in the definition of the friction force. However, when writing
the equation in dimensionless form, the corresponding diffusion coefficient
reads

2 raN2 T p,
9 (L) Ts pe
Hence, we realize that this term is negligible under the natural modelling

assumption a < L, whatever will be our scaling assumptions on p,/p. and
T/7s.

2.2. Boundary Conditions. From now on, we consider the problem (2.2)
with the space variable € Q C R3, with either Q = R? itself or a bounded
domain with smooth boundary. In such a case we denote by v(z) the out-
ward unit vector at x € 9€2. Then, the problem has to be completed with
boundary conditions. For the fluid, it is natural to require

(2.3) u-v(zr) =0, for z € 002

for solid boundaries. For the particles, we consider a general boundary
condition which describes how particles are reflected by the boundary. Let
us denote by fi(t,x,€) the trace of f on the set

Yo ={(t,r,£) € RT x 90 x R® +¢-v(z) > 0}.

Details on the theory of traces for transport equations can be found in e.g.
to [8, 16, 17, 19]. The boundary condition relates the incoming trace to the
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outgoing one as follows
& v(@)|f-(t,z,8) = / K(z,&,¢) f+(t,2,¢) & vz)dd
& v(z)>0

for (¢t,2,8) e ¥_

where the kernel K is required to satisfy the following properties

e Non negativeness:
(2.4) K(2,£,¢) > 0.

e Normalization:
(25) | Kweea-1,
Ev(z)<0
e Preservation of equilibrium:

26) vl [ K e v
& v(x)>0

The first condition preserves non negativeness of the solution; the second

condition implies the mass conservation: boundaries are neither a source

nor a sink of particles and we always have

d
a/Q Rgfdgdx—o.

The simplest example is given by the total accomodation reflexion law

. _lE. —le22 L Nl /
vl =le vl 0 S [ v ag,

which means that particles are re-emitted by the wall according to a Gauss-
ian law with a temperature coinciding with the temperature of the sur-
rounding fluid (here 1 in dimensionless variables.)

In some particular cases, periodic boundary conditions are more physi-
cally reasonable in certain variables. For instance, in the gravity settling
case we might consider the simplest situation of a box Q = [0, L]? x [0, L3] in
which periodic boundary conditions are considered for both x, xo-directions
and no-flux boundary conditions of the type described above are imposed in
the boundaries on the vertical direction x3 since our given potential depends
only on the zz-variable. Again, with these boundary conditions, particles
and fluid total masses are preserved and global boundary fluxes of inter-
est are zero over the variables in which periodic boundary conditions are
imposed.
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3. ENTROPY DISSIPATION AND STABILITY

As mentioned in the Introduction, the system enjoys a remarkable dissi-
pation property. This needs a crucial relation between the scaling parame-
ters, and in turn, it leads to stability properties.

3.1. H-Theorem. Let us assume the following hypotheses on the pressure

function p:

(HP1) p : Rt — RT is continuous, strictly increasing, satisfies p(0) = 0
and is of class C? on (0, +00).

(HP2) The enthalpy function h, defined by

h(n) := /1n P(s) ds, n € (0,00),

S

belongs to Li (0, 00).
These hypotheses allow us to introduce the internal energy function II as-

sociated to the pressure function p by
II:[0,00) = R, II(n) = / h(s) ds.
0

It is well-defined due to (HP2), with II'(n) = h(n) and nIl”(n) = p’(n) for
all n € R* and with II(0) = II'(1) = 0.

Remark 4.

e Considering a power pressure lawp(n) =n7, v > 0, we have II(n) =
(nY —n)/(v—=1) for v #1 and II(n) = nln(n) — n for v = 1.

e Standard physical assumptions give pressure-laws functions with ex-
ponents v > 1, and therefore they give rise to degenerate pressure
functions at zero in the sense that p'(0) = 0. Nevertheless, we in-
clude here the most general case allowing atypical pressure func-
tions. Let us mention that compressible Fuler equations with a
pressure function like p(n) = nY, 0 < v < 1, were considered in
hydrodynamic limits of granular media [9].

Proposition 1. Assuming the scaling

1
(3.1) Z—‘;‘:@, n=p

let us define the free energies associated respectively to the particles and the
fluid as follows:

2= [ [ (mi+ s +or) s

Fe(n,u) = /Q (ng + xII(n) + aﬁn@n) dx.
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Then the total free energy functional, F(f,n,u) = F.(f) + Fp(n,u), is
dissipated along the flow, precisely
(3.2)

d 1 _ 2
Q(f(f(t),n(t),u(t))) + f// |(v— B u)/f +2Ve/f|  deda < 0.
€ JaoJrs
Proof. In the proof below, we perform integration by parts reasoning in

the whole space. The slight modifications when dealing with boundaries are
detailed at the end. We compute successively the following time derivatives:

e Entropy and kinetic energy of the particles

/RB/ fIn(f) + f)dxzdx

*"/W/Rs (€= wf +9ef) - (VL 4 ¢) das
/Vcb ¢fde da

R3JR3
e Potential energy of the particles

G L[ eracan=s [ [ v.e-gracan

e Kinetic energy of the fluid

2
% |u2| dz = —X/ up’(n) - Vxndx—aﬂn/ nu-V,®dzx
R3
e N R
EPF R3J/R3

e Entropy of the fluid
d
— [ I(n)dx = 7/ IT'(n)div, (nu) dz = / 1" (n)Vyn - nuda.
e Potential energy of the fluid
i n@dx:/ nu-V,ddr.
dt R3 R3
Now, we sum these relations. Taking into account (3.1) and using the fact
that [psu- Vefdé =0, we arrive at

% (f(f(tL n(t), u@))) _

g R (R R

o= S 6 e - 57 Ver) g,



10 JOSE A. CARRILLO, THIERRY GOUDON

which ends the proof in the whole space.
When considering boundary conditions, integration by parts yields an
additional boundary term, which reads

/m/Rg (fln(f)+ % +<I>f) ¢ - v(z) dé do(z)

with do(x) the Lebesgue measure on 0f). All boundary terms from the
fluid equation vanish, by using the physical boundary condition (2.3). The
mass conservation property (2.5) satisfied by the kernel K implies that

/89 2(=) (/R Je-vl) df) do() = 0.

Then, by combining the conditions (2.4), (2.5) and (2.6), we can check that
the remainder term
& _ f
L (mn+5) € v@ag= [ () € vt ag

is non positive, as a consequence of the Jensen inequality, a property known
as the Darrozeés-Guiraud inequality [18, 16]. ]

3.2. Relative Entropy. The remarkable fact is that the dissipated quan-
tity can be seen as a relative entropy, which evaluates how far the solution
is from an equilibrium state. We refer to [21] for related problems in which
similar properties were found. Indeed, let us start with the dispersed phase
and set

(3.3) fs(2,6) = Zpp e M(€)
with
e—€2/2
M(f) = Wa

and the normalization condition
M
I = .
/ e~ @) 4z
Q

Such a definition makes sense provided ® fulfils the confinement condition:
(HC1) z+ e *@ e LY(Q).

Then, fs is a (non homogeneous) stationary solution of the kinetic equa-
tion in (2.2) with v = 0, since (- V, — V@ - V¢)fs = 0 as well as
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dive(§fs + Vefs) = 0. When taking into account no-flux boundary con-
ditions, condition (2.6) ensures that fg is still a stationary solution. Since
the kinetic equation preserves the total number of particles

d
a/s; Rgfdfdx—o,

we select the equilibrium state fg which has the same total particles mass
as the solution of the evolution problem

MP:/Q Rsfdgdx:/ﬂ Rsfodfdx:/ﬂ/wfsdgdx.

Of course, our equilibrium should be of finite free energy and therefore,
we further assume that Fp(fs) < oo, which is equivalent to the following
confinement condition:

(HC2) z+— &(x)e ®®) ¢ LI(Q).

Finally, we remark that

F.(f) :/Q/R (fln (J{S) —f+fs) d¢dz +1n (é%) M,,

and the first term is nonnegative and vanishes if and only if f = fs.
More precisely, let us define the relative entropy functional with respect
to fg for the particles: RE, (:|fs) : L1 (Q x R¥) — RU {oo} is given by

/ﬂ/ (fln (f) —f+fs> dédz  if fIn~ feLY(Q x R3),
RE, (f|fs)=4 Jo/rs fs

oo else,

{f € LY(Q x R3) : f > 0}. Here, we follow the
) whenever g(z) < 0 and zero otherwise, analogously

where L (Q x R?) =
notation g~ () = —g(z
for g7T.

Thus, the free energy of the particles is nothing but the relative entropy
with respect to the equilibrium state fg up to a constant, i.e.,

Folf) = BB (f1f5) + n () M,

Regarding the fluid part of the free energy, we define the functional E, :
Li_ () - RU {0}
(3.4)

B (n)= /Q <a§7n¢+ﬂ+(n)> dx— /Q I~ (n) dz if T~ (n) € L}(Q)

oo else,
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where L (Q) = {n € L*(2) : n > 0}. Restricting this functional to the set
of L1 (Q2) functions with total fluid mass

MF:/ndx:/nodx,
Q Q

and including this restriction as a Lagrange multiplier for (3.4), we obtain
the formal Euler-Lagrange condition, whenever ng > 0:

(3.5) I (ns(z)) + O‘Tﬂ%(:ﬂ) = Zm, €R

to be satisfied for a minimizer ng of (3.4) in this set, where Zp, is a
normalization constant.

The assumptions (HP1)-(HP2) on the pressure function p allow us to
define rigorously a stationary state out of the implicit definition (3.5). In
fact, h = IT’ is a diffeomorphism from (0, 00) onto its range (h(0T), (o))
and thus, one has to give sense to ng outside the range of h. This is done
using the generalized inverse o of h defined as

0 for s<h(0+),
oc:R—[0,00], o(s)=< h7l(s) for h(0+)<s < h(x),
oo for h(co) <s.

Now, we can define our candidates to be minimizers of the functional
E,(n) on the set of L! (Q) functions with total fluid mass M, by

where Z ;. is fixed by imposing the conservation of fluid mass, i.e., Zpq, is
implicitly defined by

MF:/ndx:/nodx:/nsdx.
Q Q Q

Under the generality of the pressure function (HP1)-(HP2), the fact
that the candidate ng is integrable and that there exists a normalization
constant Zuq, achieving the total fluid mass M, is not trivial. Therefore,
additional confinement assumptions on the potential have to be done in
order ng to become a suitable candidate for being a minimizer for E,(n).
These assumptions, the rigorous proof of the fact that ng is a minimizer
and the connection of the functional F_(n) to a suitable notion of relative
entropy towards the steady state ng have already been analyzed in complete
detail in [14, Subsection 3.1] for general nonlinear diffusions based on ideas
developed for the power-law pressure functions in [15]. We will summarize
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the main relevant results. One needs at least a basic regularity assumption
on the potential:

(HP3) & ¢ Wh1(Q) if  is bounded, or ® € W/} (Q) otherwise.

Further additional confinement conditions on the potential are:

(HC3) a® is a bounded below function on €2, i.e., there exists a constant
C € R such that a®(z) > C a.e. z € Q.
(HC4) o is coercive on {, i.e., VA € R: {z € Qla®(x) < A} is bounded.

Due to (HC3) we can assume without loss of generality that the poten-
tial a®(x) has zero infimum over 2 by adding a suitable constant to the
potential, which is anyhow defined up to a constant.

Let us consider the one parameter family of functions

nzla) = (2= o),

with Z € R and be Z* = sup{Z € R|nz € L'(Q)} which is well defined by
assuming the additional confinement assumption:

(HC5) There exists Z € R such that ny € L1 (Q).
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Let us denote by TM(Z) the total mass of ny in  defined on (—oo, Z*). It
is obvious that T M (Z) is strictly increasing, and thus, its limit as Z  Z* is
denoted by M*. We will assume that the total fluid mass is in the integrable
range:
(HC6) M, € (0, M*),
or in other words, that there exists a unique normalization constant Zq,
such that ng is well defined. Finally, our candidate ng has to have finite
free energy and thus, we further assume:
(HCT7) E.(nz) < oo and II™(ny) € LY(Q) for Z € (—oc0, Z*).
Remark 5.
e If h(0") > —oo and h(co) = oo, which is the case if p(n) = n7,
v > 1, then hypotheses (HC5)-(HCT7) are trivially satisfied with
M* = o00. Note also that for p(n) =n", we have

o(s) = [(7715+1)+}1/(%1).

o If h(0T) = —o0 and h(cc) = oo, which is the case if p(n) = n,
then M* = oco. In case p(n) =n, hypotheses (HC5)-(HCT) are
equivalent to hypotheses (HC1)-(HC2) and o(s) = e®.

e In case Q is bounded and ® is bounded the conditions (HC3)-
(HC7) are trivially satisfied.

The following result is proven in [14, Proposition 5, Lemma 6]:

Theorem 1. Assuming the conditions (HP1)-(HP3) on the pressure and
the potential and the confinement conditions (HC1)-(HCT), then the func-
tional E,(n) has a unique minimizer given by

o
(3.6) ns(z) = o (ZMF = X77<I>(x)> :
in the set of L1 (Q) functions with total fluid mass M. Moreover:

(3.7)  E,(n) - Ey(ns) > / [M(n) — T(ns) — I (ns) (n — ns)] (x) da

with equality if and only if
047577(1)(%) + h(ns(x)) = Zpmp, for almost all x € Q.

Let us remark that the right-hand side of (3.7) is positive and equal to
zero if and only if n = ng. Thus, previous theorem allows us to rewrite the
fluid free energy functional as

Jul?

Fo(n®)u(t) = [ 0l o+ x (Byn) = By (15)) + Xy (ns)
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and we observe due to (3.7) that again

RE, ((n,)](ns.us)) = [ 0l do 4 x (B, (n) = By (ns)

is a functional that controls the distance from the pair (n(t),u(t)) to the
equilibrium solution (ng,us = 0).

Therefore, the whole free energy functional F(f,n,u) can be considered,
up to a constant, a relative entropy functional towards the equilibrium so-
lution (fs,ns,us = 0), i.e., defining the relative entropy functional from
(f,n,u) to (fs,ns,us =0) as

(38) RE((fﬂnvu)‘(fS7nS7uS)) = REP(f|fS) + REF((n’ u)|(ns,us)).

Thus, we have

RE((fyn,0l(fsoms us) = F(fm,0) 1 (2240 ) M, = XE, (ns) 2 0

and this quantity vanishes if and only if f = fg, n = ng and u = ug = 0.

Remark 6.

e In the gravity settling case and as we discussed before, the physical
boundary conditions of interest are periodic boundary conditions in
the x1,xo directions and no-flux boundary conditions as (2.3)-(2.6)
for the x3-direction. All boundary terms in the periodic boundary
conditions disappear while boundary terms in the xs-direction are
treated as above. All conclusions of the last subsections apply equally
well to this case.

e For the gravity settling case, in the particular case of a > 0, which
means that gravity dominates over buoyancy force, fs and ng repre-
sent the typical sedimentation profiles of particles and fluid respec-
tively. It is interesting to remark that the steady density of dispersed
particles will be always positive according to (3.3) while the steady
fluid density given by (3.6) might be compactly supported for pres-
sure functions of the form p(n) =n%, v > 1.

o Let us remark that (fs,ng,us = 0) is a stationary classical solution
of (2.2) wherever ng is regular.

3.3. Nonlinear Stability. It is now standard to obtain stability results
from the non increasing character of the relative entropy as was done in
[12, 21, 42] and references therein. In fact, everything is reduced to use the
relative entropy functionals to control the distance in L! or in L? between
the solution (f(¢),n(t), u(t)) of the system (2.2) and the equilibrium solution
(fs,ns,ug). These inequalities called in the literature Csiszdr-Kullback-
Pinsker type inequalities are well-known in the linear case [4] and they are
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already available in the literature [14, Section 4] for the nonlinear case. As
a consequence, we obtain directly the following non-linear stability result
for the equilibrium solution (fs,ng,us).

Theorem 2. Given (f(t),n(t),u(t)) a solution to the Cauchy problem for
the system (2.2) and (fs,ns,us = 0) with fs and ng given respectively by
(3.3) and (3.6), such that

0 T = S x an nodr = ng dz,
foded feded d d d
QJR3 QJR3 Q Q

then for any € > 0, there exists § > 0 such that if
RE((fO,nOau0)|(f5’n37us)) S 5a

we conclude the solution satisfies

[u®)

5 dx <e

1£(8) = Fslluaxgsy < & () - nslliey < e and / n(t)

for allt > 0.

4. ASYMPTOTIC ANALYSIS

4.1. A priori Estimates and Moments. We are interested in hydrody-
namic limits for the problem (2.2), which means that the relaxation time
75 is small compared to the observation time scale T, i.e., we deal with
the singular perturbation problem ¢ — 0. We expect that the limit can be
described by macroscopic equations, with unknowns that do not depend on
the variable . Indeed, coming back to the entropy dissipation (3.2), we
realize that the system then relaxes to

x — B Yult. )2
(4.1) f(t,z,8) ~ (p2(;,)3/)2 exp(fw).

Hence, of course, the limiting behavior highly depends on the behavior of
the other scaling parameters.

Since we are interested in hydrodynamic limits, it is convenient to write
the macroscopic equations satisfied by the moments of f. Integrating the
kinetic equation in (2.2) with respect to £ leads to

{ Ogp + divyJ =0,

(4.2)

Oy J + B2Div,P + nBpV,® = —= (J — pu).

Before we specify the behavior of the parameters with respect to ¢, let us
emphasize the main features of the problem. First, the entropy dissipation
can be used to establish useful a priori estimates.

1
€
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Proposition 2. Assume that (3.1) holds and that the conditions (HP1)-
(HP3) on the pressure and the potential and the confinement conditions
(HC1)-(HCT) are satisfied. Moreover, we assume further confinement
conditions:

(HC8) @ is a bounded below function on Q, i.e., there exists a constant
C € R such that ®(z) > C a.e. z € Q.
(HC9) (1 + ®)exp(—v®(z)) € LY(Q), for some positive constants C > 0,
and 0 <v <1,
(HC10) If h(0+) = —o0 we assume there exists 0 < s1 < 1 such that

II(n)

supy ——,0 <n <s;p < 4o0.
nh(n)

We suppose that the initial data (fo,no,uo) satisfies fo > 0, ng > 0 and

that the quantities

/ fo(1+ |In( f0)|+—+|<1>|)d§dx

/ (no + TL0|UO|2 + |H(no)| + 710577|0z<13\) dz
Q

are finite and bounded uniformly with respect to all the parameters
g,8,m,a,pp/pn- Then, we have

(1) f(1+&2+|®|+ |In(f)|) is bounded in L=(RT; LY (Q x R3)).
(i) n, [II(n)| and Bn|la®|n are bounded in L°°(R*;L1(£)).
(iii) \/ﬁ u is bounded in L>°(RT;L2(Q)).
(iv) %((5 — B VT +2Ve/T) = % is bounded in L2(RT x Q x R3).

In this statement “bounded” means “bounded uniformly with respect to all
the parameters €, 3,1, @, p/ps’.

Deducing these estimates from the relative entropy is somehow classical.
We will give some details of the proof. To this end, we need the following
claim.

Lemma 1. Let Q be a subset of RP, possibly RP itself. Let U : Q — RT
such that (1+U)e Y € LY(Q) for some 0 <v < 1. Let g: Q — R*. Then,
we have

OS/gln’(g)dySV/Ugdy+/(1+yU)e—”Udy.
Q

Q
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Proof. We follow arguments in [20]. We split

/0 _ o= In(g)) dy =
— / g(—ln(g))dy+/ 9(—In(g)) dy
0<g<e—vVU

e~V <g<1

90 I g
- 6/0<g<ewe( ln(e))dy /()<g<qugln(6)dy

—H// Ugdy.
vU>—1In(g)>0

Then, since s — s(—1In(s)) is non decreasing on (0,1/e), we can dominate

o MO [t

<g<e—vU € €

Hence, since g > 0, we obtain

/ g(—In(g))dy < / e Y (vU +1) derz// Ugdy.
0<g<1 Q Q

Proof of Proposition 2. Integration of (3.2) yields

R0+ Fmo.um)+ [ [ | Zacaras<an,

where Cjy depends on the initial data. In order to obtain all the conclusions
of the claim it suffices to control the negative terms in the free energy func-
tional by the positive terms and prove that all positive terms are uniformly
bounded.

By hypotheses (HC3) and (HC8) we can replace ® (resp. afn®) by
® + C (resp. afn® + Cs) and thus, we can assume that the contribution
of the potential energies is non negative.

To control the negative term coming from the particles free energy func-
tional, we apply Lemma 1 using (HC9) with y = (z,v), g(y) = f(z,v) and
Ul(y) = €2/2 + ®(z). We obtain

[ swracasra-v) [ [ perz+o)dgdos 7 o) u0)
QJR3 QJR3

<Cp+ // (1/52/2 +v®(x) + 1)efu(£2/2+q>(w)) dé da.
QJR3
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Now, we need to control from below the negative term coming from the
fluid free energy functional, i.e.,

—/QH_(n) dz.

This control is quite similar to what it has already been done for the particles
free energy. Let us distinguish three cases:

e If A(0T) > —oo, then II(n) = II(n) — A(0T)n with II(n) > 0 and

thus,
/ I~ (n)de < h(0T)M,.
Q
e If p(n) = n, one can use exactly the same argument as for the
particles. In fact, Lemma 1 using (HC9) with y = z, g(y) = n(z)
and U(y) = ®(x) gives

) =
— UV n T nﬂ X

/ n)dx + (1 )/Q dd —i—/Q 5 d

< Fo (), u»+xxwm@+akﬂ@mdw

e In the general case when h(0T) = —o0, one proceeds in a similar way
to the above arguments using assumptions (HC7) and (HC10).
These arguments correspond exactly to [14, Theorem 18, Step 7]
and we refer to it for details. As a conclusion, assumptions (HCT7)
and (HC10) gives us again an estimate of the type

/H_(n)deB—l—u/n(I)da:
Q Q
with B € R.

As a consequence of the estimates in each case, one is always able to prove
that

— UV n X n% X n u
/Qn+(n)dx+(1 )/Q b d +/Q e < £ (1) u(t) + Oy

with C; € R.
Putting together the estimates for the particle and the fluid free energies,
one deduces that the positive integrals

‘L@ﬂfmﬁw’AAJ@B+@@M7AXAJT@MM
/Qnm; dz, /Q I*(n)de  and /Q n® dz
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are uniformly bounded. Coming back to the estimate given by Lemma 1
yields the bound on fIn (f). Analogously for the estimate on I~ (n) coming
back to the estimate listed in each of the above cases. [ |

Let us turn to macroscopic quantities.

Corollary 1. We have the following expansions
1
32
where the components of the vector K and of the matriz K are bounded in

LR LYQ)).

J = pu+ BvVeEK, P=pl+ —J®u+VeK

Proof. We write J and P by introducing the entropy dissipation as follows

D
= d — d
7 /Rguf 5+ﬁﬁ/ﬂ{3ﬁ\/f ¢
and

P=ve [ evVFe i [ pevFeu/Tas- [ ev/FerveTas

Then, the conclusion follows from an application of the Cauchy-Schwarz

inequality, and remarking that [ps &3/ ® 2Ve/fdE = — [po I dE, by in-
tegrating by parts. n

In what follows, we distinguish two different scalings.

4.2. Flowing Regime. We suppose

1
Pe _ n =0 a fixed positive constant,

pe B
(i.e., 0 does not depend on the small parameter ¢; actually this can be
slightly relaxed, assuming that § tends to some 0 < (o, < 00). Coming
back to the physical quantities, this scaling assumption means

Vs < U = Vi,

while p, and p, have the same order. We suppose that « is also a fixed
quantity. Note that the ratio p,/p, as well as a can take any fixed value;
we only suppose that they remain large compared to € — 0. Therefore, we
are concerned with the behavior as € — 0 of
(4.3)
1 . 1
Oufet (€ Vafe = Val Vo) = — dive((€— 5 we) f+ Vele),
Or(ne) + divg(neue) =0,

. 1
Oy (n€u6)+Dlvx (naue @ ue)+Xva(ne)+aﬂ2 nevxq):%(ls _psue)a
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with
Pe 1
T | tha) = / g | nita wi)de.
P, w\ cne

The macroscopic quantities satisfy the following moment system

atpe +div,Je =0,

(4.4) 1 . 1

@atjs + Div, P, + p.V, & = _% (JE - paue)'
Using the fluid momentum equation, we are led to
(4.5)

Oy (nete + 872 J.) +Divy (nette @ue +P.) + X Vap(ne) + (af?ne 4 pe ) Vo ® = 0.
Now, coming back to (4.1), it is tempting to infer

Je = pee,  Popdl 4 577 peus ® ue,
which is made more precise in Corollary 1.

Theorem 3. Let f.,n.,u. be a family of solutions of (4.3). Let us suppose
that, as € — 0,

Pe — P Ne — N, Ue — U

in the sense of distributions. Suppose also that the non linear terms pass to
the limat

Pelle = PU,  Pelle @ Ue — PURD U, Nele @ U — NU R U, p(né‘) - p(n)
in D'(RT x Q). Then, (p,n,u) satisfy the following system
Op + divy(pu) =0,

(4.6) On + divy(nu) = 0,

9 ((n+ B72p)u) + Divy((n+ B 2p)u @ u)
+Va(p + xp(n)) + (af’n+ p)V,® = 0.

4.3. Bubbling Regime. In this case, we assume

p 1
i:?’ 77:67 ﬂ:

and thus, according to (3.1), we also have

)

-

Pr 1
— =5, n=—
Pr Ve
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(This can be slightly modified to 8 — S /v — 0 with 0 < S < 00.)
Coming back to the physical quantities, it means that

VS = U < Vth-

Finally, we assume that a = sign(a)e with sign(a) = £1. Therefore, we
are concerned with the behavior as ¢ — 0 of
(4.7)

1
atfs + —=

NG

One + divg(neue) =0,

(6 Ve~ 922 Ver.) = 1 dive( (€~ VEw)f + Ver.),

Or(neue ) +Divy (nete ® ue)+XVap(ne ) +sign(a)nV, @ = (Je: — peu),
with
1
plt) = [ (tng)d it = [ T E R m

R3 R3 g

We still denote
Poto)= [ €0¢ Ltn,)de

Then, we obtain the following moment equations

6tp5 +div,J. =0,
(4.8)
e e + DivyPe 4+ pe Vo ® = —(J: — peue).

Using the formal ansatz (4.1), and Corollary 1, the distribution function
can be approximated as f. ~ (Q;ﬁ 6*52/2, and P, ~ p_II, but it remains
to describe the behavior of J.. Letting € go to 0 in the first order moment

equation yields
Vaep+ pVe® = —J + pu.

Inserting this result in the continuity equation, and passing to the limit in
the fluid equation, we are led to the following claim.

Theorem 4. Let f.,n.,uc be a family of solutions of (4.7). Let us suppose
that

pe = P Je—=J,  ne—mn, U —wu

in the sense of distributions. Suppose also that the non linear terms pass to
the limat

Pelle — pPU, \/g Je®@ue — 0, Nele QUs — NUR U, p(ns) - p(n)
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in D'(RY x Q). Then, J = p(u — V,®) — Vup, and (p,n,u) satisfy the
following system
(4.9)

Orp + div, (p(u - V.®)— pr) =0,

Ogn + divy(nu) =0,

O¢(nu) + Divy(nu @ u) + Vi (xp(n) + p) + (sign(a)n + p)V, P = 0.

Remark 7. The continuity equation for the particle density p in (4.9) is
often referred as the Smoluchowski equation. Note that in the limit equations
(4.9), the behavior of the fluid remains dependent on the evolution of the
particles, even in absence of external forces, through the Vi p. It is worth
pointing out the difference with incompressible models, as studied in [28],
where this term disappears due to the incompressibility constraint.

Remark 8. For both the flowing and the bubbling regimes, the scaling as-
sumption on the parameter o, which measures the ratio of the effect of the
external force on the fluid and on the particles, is particularly clear when
looking at the example of gravity force. Indeed, we have seen that o is a
simple function of p, /p, which then imposes the scaling behavior.

Remark 9. For both regimes, the available bounds, provided by the entropy
dissipation, leads to some weak compactness properties on the sequences f.,
pe, ne and \/n. u.. However, we do not have any estimate on the product
peue, and thus on J.. Therefore, this is certainly a great mathematical
difficulty when dealing with a Tigorous proof of convergence. When Navier-
Stokes equation is considered, one obtains an additional H' estimate. Then,
in dimension two, this combines with the L1nL estimate on p, so that p.u. is
a bounded sequence of integrable functions which passes to the limit, see [28].
We refer to [40] for an attempt dealing with a relative entropy approach.

Remark 10. When considering the problem in a bounded domain, boundary
conditions have also to be discussed for the limit equations. For the flowing
regime the physical boundary condition u-v(x) =0 on 052, preserved by the
asymptotic procedure, is enough since p and n satisfy the same transport
equation with velocity w. For the bubbling regime, the limit equation for
the particles density is a convection-diffusion equation. While the boundary
condition for the equation in n is still the physical boundary condition wu -
v(z) =0 on 09, the boundary condition for the equation in p, which comes
from the asymptotic analysis, is the no-flux boundary condition

PV ® —u)-v(x)+0p=pVy®-v(z)+0p=0
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on 0. We refer to [39, 7] for similar considerations and rigorous proofs in
a different physical context.

5. PROPERTIES OF THE LIMIT SYSTEMS

We will show that both limit systems (4.6) and (4.9) have first order terms
with a hyperbolic structure while keeping the main qualitative property of
the original Vlasov-Euler system, that is, the nonlinear stability of steady
states.

5.1. Hyperbolicity. Consider the equivalent flowing regime system to
(4.6) given by
Op + divy(pu) =0,

(5.1) Oyr + divy(ru) = 0,

Oy (ru) + Div, (ru ® u) + V. (,0 + Xp(n)) +aB?rvV,® =0,

with » = n + 372p. Therefore, the first order term has a flux function
Fy, R® — M;y3(R) given by:

jp . J®J _
Fp(U) = <f,J, =t Oplr -6 ’p)+p) 1T>
with U = (p,r,j) and j = ru. Taking the component in the z;-direction
given by

. >2 . . . .
ne . J — J1J2 J1J3
F}.(U) = (rﬂhrl + xp(r — B%p) +p7r7r>,

it is easy to check that its jacobian matrix has real eigenvalues given by
ZL (triple) and two simple eigenvalues 2t 4 /2 + xp/(n)%. Therefore, the
system (5.1) is hyperbolic.

Regarding the bubbling regime system (4.9), we see that this system
consists in a drift-diffusion equation for the particle density p coupled with
a system on (n,j = nu) which is clearly hyperbolic. Alternatively, one
can write an equivalent system to (4.9) by the standard change of variable
r = pe® obtaining:

Oy + divy(ru) = r(u- Vo®) + ePdiv, (e~ *V,r),
Ogn + divy(nu) =0,

9y (nu)+Div, (nu ® u)+ V. (xp(n)+re=?)+(sign(a)n+re~ )V, 0 =0,

for which the first order term gives a hyperbolic system.
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5.2. Nonlinear Stability. Both limit systems: the flowing and the bub-
bling regime systems keep the remarkable property of the original Vlasov-
Euler system. Both systems have a natural entropy which implies the non-
linear stability of the corresponding steady states.

Following the ideas of Section 3, it is easy to guess the following free
energy functional:

2
(5.2) Frrlp,n,u) = / [(n—&—ﬁ”p)%—l—xH(n)—i—plnp—l—(aﬁQn—i—p)@} dux,
Q
for the flowing regime system (4.6). It can be checked easily that:
d
(5:3) g7 (p(t),n(t), u(t)) = 0

since we have the following identities:
e Entropy of the particles

d
P Qplnpdgc = /Qu - Vyepdzx.
e Entropy of the fluid

d
—/ II(n)dz = / u - Vgp(n)de.

e Potential energy of the particles and fluid

%/Q(aﬁ%z +p)0dx = / (aB?*n + p)u -V, ®dax.

Q
e Kinetic energy of the particles and fluid
d N
— [ (n+87p)—-dz = — [ u-Vi(xp(n)+p)dz
dt Jq 2 Q

- / (aB*n + p)u - V,®dax.
Q

Therefore, analogously to Section 3, one considers the free energy func-
tional F,(p, n, u) that has a unique minimizer in L} () x L1 () xL? (2, R?)
with total particles and fluid masses equal to M, and M, respectively. This
minimizer by Theorem 1 is given by (ps,ns,us = 0) where pg is given by

o—®(@)

64 psta) = [ fede= My =28,
R? /e_q)(””) dz
Q

and ng given by (3.6) where n = 3. We can define the relative entropy in
the flowing regime case as

REj, ((p.n,w)l(ps. s, us)) = Frelpom,w) =In (25, ) My = XEq (ns) > 0,
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and again, this relative entropy functional

REp (o l(ps.nsus) = [ (ot (2) < pt ps) da

2
vanishes if and only if p = pg, n = ng and u = ug = 0. Moreover, we easily
obtain the following non-linear stability result.

u2
N /Qn| " o+ x (B (n) - By (n9))

Theorem 5. Given (p(t),n(t),u(t)) a solution to the Cauchy problem for
the system (4.6) and (ps,ns,us = 0) as above, such that

/podxzfpgdx and /nodx:/nsdx,
Q Q Q Q

then for any € > 0, there exists § > 0 such that if
RE{((po, 10, uo)|(ps, s, us)) < 6,

we conclude the solution satisfies
Ju(t)[?
2

10(8) — pslluiaxgs < € lIn(t) — nsllsa) < € and / n(t) O 4y < ¢
Q
for allt > 0.

For the bubbling regime system (4.9), we can proceed analogously, and
find the following free energy functional

For(p,n,u) = / [nT + xII(n) + pln p + (sign(a)n + p)q)} dz,
Q

which in this case is dissipated along the flow, i.e.,

d
= Fon (p(0),0(0) u(1) = _/ p|Va® + Vo In pl? da < 0.
Q

Jul?

A completely analogous non-linear stability result to Theorem 5 can be
written in the bubbling regime case, being the stationary state (pg,ng,us =
0) with pg given by (5.4) and ng given by (3.6) where the constant afn is
substituted by sign(a).

6. ASYMPTOTIC ANALYSIS OF THE LINEARIZED PROBLEM

It is certainly difficult to rigorously justify the asymptotics described in
Section 4. However, we can validate our approach by the analysis of the
linearized version of the problem. To this end, let us go back to (2.2), and
expand the solution as follows

{ ft,2,6) = M(€) + 0. f(t, 2,€),

n(t,z) =n+ o.n(t, ), u(t,x) = opu(t, ),
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where M (&) = (2r)~3/2 e~¢"/2 and 7 is a given positive constant. We shall
discuss the choice of the parameters o, ;. by means of the other dimensionless
coefficients. Inserting the ansatz in (2.2) and dropping all terms with high
power of the o, .’s, we get

(6.1)

Ouf +BE-Vaf — 1V Vef

_ 1 og 7 " _ % Y.

~ - dive (5f+v§f) n (UP v, u) VeM,
047t + mdiv, i = 0,

1
nou+p'(M)Ven + « il AV (PJ H) )
op £ Pp

where

pita)= | ftaod,  Jta)=6 | ¢fteode

We expect that the Fokker-Planck operator is the leading term in the equa-
tion, and that both force terms associated with the Maxwellian have the
same order, a step higher than V,® - V¢ f:

Ui o 1
= = —, = 1
Op €ﬁUP \/g K

Furthermore, the moment equations now read

6tﬁ+ lewJ: 0,
8.7 + *Div, (/s ¢ fdﬁ) OV =~ T+ 2 (7= V.0).

We require that the terms in the right hand side contribute at the same
order, which gives 8 = 1/4/e. In turn, we get o, = o, = /. Eventually,
we assume that all force terms in the fluid momentum equation are of order
O(1); which motivates p, /p, = ¢, and « = sign(«)e. This still agrees with
the formula of « for the gravity force.

Coming back to the physical interpretation, we linearize around a con-
stant state, with zero bulk velocity, at order /¢ and we assume

VS < UK Vth7 Pr <<pFa a1
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Summarizing, we wish to investigate the asymptotic behavior € — 0 of the
following problem

(6.2)
1
atfs + %5 : vzfe - v:r(bl v§f€
= —dive (£ + Vefe)

3

1
+ %(ue -V, ®) - EM(E),

o +ndivyu. = 0,

1
noue + p'(M)Vne + sign(a)nV,® = — / Efed€é —ue = Jo — ug,
\ﬁ R3

with J.(t,z) = ﬁ Jgs Efc dE.
Some straightforward manipulations leads to the following entropy rela-
tion

(6.3)
‘2

(i@é%@$®@m5&wﬁ¢&m

el o [ Inel’ .
—|—7”L/]R3 5 dx—i—p(n)/Rg 5 d$+51gn(a)/R3n€<I>dx
1 |6f- = VE ueM(€) + Vef|”
+ £ /]R3/]R3

M(¢)

Aﬂwm@ﬁvxé)&m;

Using Cauchy-Schwarz and Young inequalities, the right hand side can be
evaluated by

1 |6F: = VE u-M(€) + Vef|’
2e /RJ/H@ M(f)

1 e , 1) 1 2
—|—(§ + §HV;C(I)||L°°(]R3)> /]R3/R3 M) d¢dz + 5/}123 |u5| dz.

Using the Gronwall lemma, we deduce the following a priori estimates.

d¢dz

d¢ dz

Lemma 2. Let f.,n.,u: be a family of solutions of (6.2) associated to
initial data f. o >0, nco > 0,uc o such that

’f€,0|2
>0 {/Rs/Rg (fE’O + M(€) + feo \‘I’D d¢ dw
2 2
+AS (ns,O + @ —+ |u52,0| —|—n670|(1>‘) dm} < 0.
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We also suppose that V,® € L>°(R3) and

either sign(a) =1 and ®(z) > C a.e. x € Q,
or sign(a) = —1 and ® € L>=(R3).
Let 0 < T < 00, 0<e < 1. Then, the following properties hold:
(i) (fo)eso is bounded in L°(RT; L} (R? x R?)), (®f.)e>0 is bounded
in L0, T; LY(R® xR?)), and moreover (f.//M(§))e>o is bounded
in L0, T; L2(R? x R?)).
@) (Jarg 16F = VaM(©) + Vefel = JzDe)eso is bounded in
L2((0,T) x R3 x R?).
(pe)eso is bounded in L>°(0, T; L*(R?)) N L>°(RT; L' (R?)),
(Je)eso is bounded in L2((0,T) x R3).
(v) Po = p.I + /R, with (R.)e>o bounded in L*((0,T) x R?).
(vi) (n€)5>0 and (u5)5>0 are bounded in L>=(0,T;L23(R3)).

(6.4)

Proof. Obviously, the mass conservation

d
7/ fedédx =0, /ngdfdgj:()
dt R3JR3 R3

hold. Then, by using (6.4), the potential energy contribution is bounded
from below. Thus, we deduce readily (i), (ii) and (vi) from (6.3). Next, the
Cauchy-Schwarz inequality implies the following estimates

petta)? < [ arag [ b

EIng
M b)
D,
/}RB%\/Mdg—i—ug/Rst{

D 2
2(/ |€|d§+|u5|2),
R3 g

which proves (iii) and (iv). Finally, we write

Pe(t,x):ﬁ/ﬂggfx/ﬂc@%dgjt/w (ﬁf@uEM—§®nga)d§.

The last integral is equal to p.l, by using an integration by parts. An
application of the Cauchy-Schwarz inequality proves that the first integral
reads /R, (¢, z), with R. bounded in L2((0,7) x R3). ]

and
2

e (t,2) 2

IA

Hence, for any 0 < T < oo, we can assume that p., Je, n. and u,
converge weakly in L2((0,T) xR?) to p, J,n and u respectively. The moment



30 JOSE A. CARRILLO, THIERRY GOUDON

equations read
atps +div,J. =0,
(6.5) ey Je + Div,P. + /ep. V@ = —J. + u. — VP
= \/g(\/gatje + Div.R. + pevxfb) + Vape.
Hence, letting € — 0 yields
—J4+u—V,P=V,p

Accordingly, we deduce that the limit satisfies V,p+V,® € L2((0,T) x R3).
Furthermore, the equations for 0;p., d¢n. and Jiu. provide compactness in
Cu ([0, T], L*(R?)).

Theorem 6. Let the assumptions of Lemma 2 be fulfilled. Then, up to a
subsequence, pe, ne, u. converge in Cy, ([0, T],L2(R?)) to p, n, u respectively,
where the limits satisfy

Orp + divy(u — V@) — Ayp =0,
(6.6) On + ndiv,u = 0,

nowu+p' (MVen+ (1 4+ a'n)V,® + Vep =0,
with initial data (p,n,uw)i—o = lim._o(pe.0, Ne.0, Ue,0) weakly in L2(R3).
Corollary 2. Under the same assumptions, p. converges to p strongly in
LZ (R* x R?). When sign(a) = 41, assuming that
(6.7) lim ®(x) = +o0,

|z|— o0

then p. converges to p strongly in LP((0,T) x R3), for 1 < p < 2. Further-

more, we have
T
lim/ /J |fs - pM(f)’ dédzdt =0,
€=0Jo Juw/rs

where w is any bounded set or w = R3 when sign(a) = +1 and (6.7) holds.

Proof. We obtain the strong convergence of the macroscopic density by
using a compensated compactness argument. This argument first appeared
for diffusion asymptotics of hyperbolic problems in [38]; then, it has been
applied in the framework of kinetic equations [37, 30]. First, we write (6.5)
as dive 5 (pe, Jo) = 0, and

Vape = \@( - \ﬁ&tjs - DiVa:Rs) +ue — Je,
respectively. Therefore, the curl (with respect to (¢,2) variables) of the vec-
tor field (pe,0,0,0) € R* belongs to a compact set of H=1((0,7) x B(0, R))

for any 0 < T, R < co. Then a direct application of the Div-Curl lemma
[44] tells us that (p-, Je) - (p=,0) = p2 = (p, J) - (p,0) = p? in D'(R* x R?).
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This proves the strong convergence of p. to p in L . (RT x R?). When (6.7)
holds, we have furthermore

lim sup / pe(t,x) dx + / p(t,z)dz » | =0.
A—0oo \ >0, te(0,1) | J)z|>R |z|>A

This allows to obtain the strong convergence globally in L((0,7) x R3),
and then in LP((0,T) x R?), 1 < p < 2.
Eventually, we split as follows

/OT/w /RT|f — pM (&) d¢dz dt T
S/O /W/Rer—peM(é)!dgdxdtJr/o /w’p_/)s|dxdt.

We have just shown that the second integral in the right hand side tends to
0 as € — 0. Then, in the case w = R3, (6.7) together with Lemma 2 imply

that
T
AlgnOo <§1>113/0 /I|>A/]RS (fe + pM(8)) dgdzdt> = 0.

Therefore, it only remains to study the integral over the bounded set w =
B(0, A). By using the Sobolev inequality [3, Corollary 2.18] we obtain for

some A >0
. 1 . 1/2
e EM NI e
([ 1= bt 7€)

[ 15— pedrc]ag
< o (LI ‘1‘2M(€)d£>m

peA(/RS Ve(-—L )‘QM(E)df)l/Q

psMQ(i) ”
A(/R Vely1g)| M(E)df) .

The integral of the right hand side over (0,7) X w is dominated by

1 ([ e

M(¢)

- 1/2
< 2T (/0 /R/R (1D.? +5|u52M(§))d§dxdt>
<C

This ends the proof. [ |

IN

IN

IN

, 1/2
Ve(r=)| Mg dfdxdt)
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Remark 11. By uniqueness of the solution of the limit system, if the initial
data converge, then, the statement holds for the entire sequence.
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