PERIODIC SOLUTIONS FOR NONAUTONOMOUS SECOND
ORDER DIFFERENTIAL INCLUSIONS SYSTEMS WITH
p~LAPLACIAN

DANIEL PASCA

ABSTRACT. Using the nonsmooth variant of minimax point theorems, some
existence results are obtained for periodic solutions of nonautonomous second-
order differential inclusions systems with p—Laplacian.

1. INTRODUCTION

Consider the second order system
i(t) = VF(t,u(t)) a.e. t €[0,T7],
(1) u(0) —w(T) =4(0) —u(T) =0
where T'> 0, F': [0,T] x R" — R satisfies the following assumption:

(A) F(t,z) is measurable in ¢ for each z € R" and continuously differentiable
in z for a.e. t € [0,T], and there exist a € C(R,,R,), b € L'(0,T;R,) such that

[E (@t 2)| + [VEE 2) || < alllz])b(?),

for all z € R" and a.e. t € [0,T.
Suppose that the nonlinearity VF(¢,z) is bounded, that is, there exists g €
L'(0,T;R,) such that
IVE( 2] < g(t),
for all z € R™ and a.e. t € [0,7]. In [3] the authors proved the existence of
solutions for problem (1) under the condition that

T
/ F(t,x)dt — 400 as ||z|| — oo,
0

or that .
/ F(t,z)dt — —c0 as ||z|| — co.
0

Tang in [5] proved the existence of solutions for problem (1) under more general
conditions. He supposes that assumption (A) holds, that

IVE®, )| < f@)]l=]|* + 9(b),
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for all z € R™ and a.e. t € [0,T], where f,g € L'(0,T;R,), a € [0,1) and
T
lall =2 [ F(t,z)dt — +o00 as [|o]] — oo,
0

or that .
||x||—2a/ F(t,z)dt — —oo as ||z]| — oo.
0

In order to prove the above results, Mawhin-Willem and Tang apply the classical
(smooth) variant of minimax methods. In [4] we have considered the following
problem which is a generalization of problem (1)

u(t) € OF (t,u(t)) a.e. t € [0,T7,
2) w(0) — u(T) = (0) — a(T) = 0
where "> 0, F': [0,T] x R* — R, 0 denotes the Clarke subdifferential (see [2])
and F(t,z) is measurable in ¢ for each x € R", and locally Lipschitz and regular
(see [2]) in z for each ¢ € [0,T]. Under some additional assumptions (see [4]) on
F and OF we proved the existence of solutions for problem (2).
The aim of this paper is to consider the problem (2) in a more general sense.

More exactly our results represent the extensions to systems with p—Laplacian.
Consider the second order differential inclusions system

L (i) -2a(t)) € OF (¢, u(t)) ac. t € [0,7],

(3) dt
u(0) = u(T),u(0) = u(T),

wherep > 1,7 >0, F: [0, 7] xR" — R, and 0 denotes the Clarke subdifferential.
The corresponding functional ¢(u) : W;* — R is given by

1T T .
go(u):p/o ()| dt+/0 F(t,ult))dt.

2. MAIN RESULTS

Theorem 1. Let F': [0, T] xR™ — R such that F(t, ) is measurable in t for each
x € R™ and regular in x for each t € [0,T]. We suppose that exist k € L1(0,T;R)
such that

(4) F(t, 1) — F(t, )| < k(8)]l21 — ]

for allt € [0,T] and all x1,xo € R™. If there exist c1,co > 0 and « € [0,1) such
that

(5) G €OF(t,x) = [|G]l < allz|” + e
forallt € [0,T] and all z € R, and if for ¢ = p%l
T
(6) ||35||_qa/ F(t,x)dt — 400 as ||z]| — o0
0

then problem (3) has at least one solution which minimizes the functional ¢ on

1,p
Wi,
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Theorem 2. Let F' : [0,T] x R" — R such that F(t,x) is measurable in t for
each x € R™ and locally Lipschitz and regular in x for each t € [0,T)]. We suppose
that ezist a € C(Ry,Ry) and b € L'(0,T;R,) such that

(7) 1F(t, z)]| < a(llz])b(t)

for allt € [0,T) and all x € R™. If there exist ¢;,co > 0 and « € [0,1) such that
G € 0F(tx) = |Gl < ezl + e

forall t €10,T] and all x € R™, and if for g = -2

T
(8) ol [ F(t,@)dt — =00 as |jal] — o0

then problem (3) has at least one solution on WP .

Remark 1. Theorems 1 and 2 generalizes the corresponding Theorems 1 and 2
of [4]. In fact, it follows from these theorems letting p = 2.

3. THE PRELIMINARY RESULTS

We introduce some functional spaces. Let T a positive real number and 1 <
p < oo. We denote by Wq‘l«’p the Sobolev space of functions v € LP(0,T;R")
having a weak derivative @ € LP(0,T;R"™). The norm over X is defined by

fulhge = ([ puoipac+ [ acipar)”

We recall that

" ;
faller = ([ lu@ldt)” and ul = max [u(®)]

te[0,7

For our aims it is necessary to recall some very well know results (for proof and
details see [3]).

Proposition 3. If u € W} then
[ulloo < ellullyze -
If u € Wi and [ u(t)dt = 0 then
|lulloo < ¢||@]|rr (Sobolev inequality),
llullr < cljt||ze (Wirtinger’s inequality).

Proposition 4. If the sequence (uy)y, converges weakly to u in WP, then (ug)y
converges uniformly to u on [0,T].

Let X be a Banach space. Now follows [2], for each z,v € X, we define the
generalized directional derivative at  in the direction v of a given f € Lip,.(X, R)

as
fO(z;v) = limsup fly+ ) — fly)
’ y—z,AN0 A
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and we denote by
Of (x) = {z* € X*: fO%x;v) > (z*,v), forallv € X}

the generalized gradient of f at z (the Clarke subdifferential).
We recall the Lebourg’s mean value theorem (see [2], Theorem 2.3.7).

Theorem 5. Let x and y be points in X, and suppose that f is Lipschitz on open
set containing the line segment [r,y]. Then there ezists a point u in (x,y) such

that
fy) = flz) € (Of (u),y — ).

Clarke consider in [2] the following abstract framework:

e let (7,7, u) be a positive complete measure space with u(7") < oo, and
let Y be a separable Banach space;

e let Z be a closed subspace of LP(T;Y) (for some p in [1,00)), where
LP(T;Y) is the space of p- integrable functions from 7T to Y

e define a functional f on Z via

fl@) = [ fle)u(d),

where f; : Y — R, (t € T) is a given family of functions;
e suppose that for each y in Y the function t — f;(y) is measurable, and
that x is a point at which f(x) is defined (finitely).

Hypothesis 1: There is a function &k in LY(T,R), (; + % = 1> such that, for all

terT,

[fe(y1) = fewo)l < k(@)llyr — y2lly for all y1,y2 €Y

Hypothesis 2: Each function f; is Lipschitz (of some rank) near each point of Y,
and for some constant ¢, for all t € T', y € Y, one has

¢ € 0fily) = Iy~ < {1+ lylli -
Under this conditions described above Clarke prove (see [2], Theorem 2.7.5):

Theorem 6. Under the conditions described above, under either of Hypothesis 1
or 2, fis uniformly Lipschitz on bounded subsets of Z, and one has

Of(x) [ Ofa(®)nlar)
Further, if each f; is reqular at x(t) then f is reqular at x and equality holds.
Remark 2. f is globally Lipschitz on Z when Hypothesis 1 hold.
Now we can prove the following result.

Theorem 7. Let F' : [0,7] x R* — R such that F(t,x) is measurable in t for
each x € R™, and locally Lipschitz and regular in x for each t € [0,T], and there
exista € C(Ry,Ry), be LY(0,T;R,), ¢1, ¢o >0 and a € [0,p — 1) such that

(9) |F(t,2)| < a(]l=])b(t),
(10) G €OF(t,z) =[G < alz|* + e,
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for allt € [0,T] and all x € R". We suppose that L : [0,T] x R" x R" — R, is
given by L(t,x,y) = S[lyll” — F(t,2).
Then, the functional f : Z € R, where

7z - {(u,v) € [2(0,T:Y) : u(t) = /Otv(s)ds fece R"}

given by f(u,v) =[] L(t,u(t),v(t))dt, is uniformly Lipschitz on bounded subsets
of Z and one has

(11) af (u,v) C /OT OL(t, u(t), v(t))dt.

Proof. We can apply Theorem 6 under Hypothesis 2, with the following cast of
characters:

o (T,7T,u) =1[0,7T] with Lebesgue measure, Y = R" x R" be the Hilbert
product space (hence is separable);
e p>1and

7 = {(u,v) € LP(0,T,Y) s u(t) = /Otv(s)ds+c,c € R"}

be a closed subspace of LP(0,T;Y);

o filz,y) = L(t,x,y) = S|lyl|” + F(t,2); in our assumptions it results that
the integrand L(t,z,y) is measurable in ¢ for a given element (z,y) of Y,
locally Lipschitz in (z,y) for each t € [0,T].

Proposition 2.3.15 from [2] implies
OL(t,2,y) C O, L(t,x,y) x 9, L(t, v,y) = o{F(t,z)} x {lly|"*y}.
Using (3) and (4), if ( = ((1,() € OL(t,x,y) it results (; € O{F(t,z)} and
¢ = ||y||P~2y, and hence
ISl = lISull + NIzl < eallel® +ea + llyllP™" < {1+ [l )P}

for each t € [0,T], since &« < p— 1 and p > 1. The hypotheses of Theorem 6 are
satisfied, therefore f is uniformly Lipschitz on the bounded subsets of Z and one

has (11). d

Remark 3. The interpretation of expression (11) is as follows: if (ug,vo) is an
element of Z (so that vo = 1) and if ( € Of (ug,v), we deduce the existence of
a measurable function (q(t),p(t)) such that

(12)  q(t) € O{F(t,uo(t))} and p(t) = |lvo(t)||P *vo(t) a.e. on [0,T]

and for any (u,v) in Z, one has

(G (we)) = [ {{al®) u®) + (ple), w(e) e

In particular, if ¢ = 0 (so that ug is critical point for o(u) = [ I%Hu(t)“” +
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F(t, u(t))} dt), it then follows easily that q(t) = p(t) a.e., or taking into account
(12)

d :

dt(||u0( )P~ (t)) € OF (¢, uo(t)) a-e. on [0, T,
so that ug satisfies the inclusions system (3).

Remark 4. If p = 2 then the system (3) becomes system (2). If in addition F is
continuously differentiable in x, then the system (3) becomes system (1).

In proving Theorem 2 we will invoke the following nonsmooth variant of the
Rabinowitz’s saddle point theorem (see [1], Theorem 3.3):

Theorem 8. Let X be a real Banach space, and let f be a locally Lipschitz
function defined on X satisfies (PS) condition. Suppose X = X; & Xy with a
finite-dimensional subspace X1, and there exist constants by < by and a bounded
neighborhood N of 6 in X, such that

[ x> ba, [ lon< by,

then f has a critical point.

The definitions of a critical point and the Palais-Smale condition are now re-
called.

Definition 1. A point u € X is said to be a critical point of f € Lipi.(X,R)
if 0 € Of(u), namely fO(u,v) > 0 for every v € X. A real number c is called a
critical value of f if there is a critical point w € X such that f(u) = c.

Definition 2. If f € Lip,.(X,R), we say that f satisfies the Palais-Smale con-
dition (in short (PS)) if each sequence (x,) in X such that (f(x,)) is bounded and
lim,, o0 A(z) = 0 has a convergent subsequence. We denote A(x) = ming-cop() |2

4. PROOF OF THE THEOREMS

4.1. Proof of Theorem 1. For u € W;7, let @ = L5 u(t)dt and @ = u — a.
From Lebourg’s mean value theorem it follows that for each ¢t € [0, 7] there exist
z(t) in (uw,u(t)) and ¢ € OF(t, z(t)) such that F(t,u(t)) — F(t,u) = (C,a(t)). It
follows from (5) and Holder’s inequality that

‘/ F(t,u)]dt‘ < /0T|F(t,u(t))—F(t,u)|dt§

T
< /0 Cllaede < [ [2ea(fal” + a1 + o (t) dt <
< Gillills ! + Callalc " + Collilo <
L. . e
< Uil + 5 il + Calilse + ol

for all u € W%’p and some positive constants Cy, C5 and Cs. Hence we have

L e Pt YR ult)) - it
o) > /0 () |Pdt + /0 F(t, a)dt + /0 [F(t,u(t)) — F(t,)]dt >
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. : . _ T _
> %HUH% = Cullallzs" — Csllillze — Collaf ™ +/0 F(t, u)di >

1

s

.. . . _
> ool = Calll " — ol + 1l {

/OT F(t,u)dt — 06}

for all u € W;*, which implies that ¢(u) — oo as ||u]| — oo by (6) because

a < p—1, and the norm |lul| = (||a|? + ||u||1£,,)% is an equivalent norm on W;?.
Now we write p(u) = ¢1(u) + ¢2(u) where
1 /T T
pr(w) = - [ li)Pat and gaw) = [ F(t,u(®)de.
pJo 0

The function ¢, is weakly lower semi-continuous (w.ls.c.) on W?. From (4), (5)
and Theorem 7, taking to account Remark 2 and Proposition 4, it follows that g
is w.l.s.c. on W;*. By Theorem 1.1 in 3] it follows that ¢ has a minimum wuy on
WP, Evidently Z ~ W}? and ¢(u) = f(u,v) for all (u,v) € Z. From Theorem
7, it results that f is uniformly Lipschitz on bounded subsets of Z, and therefore
© possesses the same properties relative to WTI’p . Proposition 2.3.2 in [2] implies
that 0 € 0p(ug) (so that wug is critical point for ¢). Now from Theorem 7 and
Remark 3 it follows that the problem (3) has at least one solution u € Wz*.

Remark 5. Fuvidently if p = 2 then we obtain the existence of solutions of prob-
lem (2). If in addition F is continuously differentiable in x, then we obtain the
existence of solutions of problem (2).

4.2. Proof of Theorem 2. We will see that the functional

o) : WP =R, o(u) /OT |a(t)|Pdt + /OT F(t,u(t))dt.

1

p
verify the assumptions of Theorem 8. Evidently Z ~ Wz and ¢(u) = f(u,v)
for all (u,v) € Z. From Theorem 7, it results that f is uniformly Lipschitz on
bounded subsets of Z and regular at each (u,v) € Z, and therefore ¢ possesses
the same properties relative to W%’p . The functional ¢ is neither bounded from
below, nor from above. Indeed, if w € W%’p is a constant function, then

T T
plw) = [ Ft.wydt =l (ol [ Pt w)dt) = ~oc as u] - o
0 0
and, if v € Wr}’p has mean zero, by the proof of Theorem 1 one has

LT T YR o)) — -
= tepar+ [7 @0+ [TIF(u() ~ F(0)dr

| Lo
:péhﬁﬂﬁ+éﬁwmﬁ+é<g(mﬁ2

p(v)

L. e : T
> %HUI!’& — Cullall ™ — Csllillz +/0 F(t,0)dt



8 DANIEL PASCA

where we applied the Lebourg’s mean value theorem and Sobolev inequality, and
where ('} and Cy are positive constants, so that ¢ is not bounded from above.
We denote

X, = {w € W}” : w = constant}

and .
Xy = {v c W7 / v(t) = 0}.
0

Evidently W%’p = X1 ® X5 with dimX; < co. From the above observations, we
see that there exists R > 0 such that

sup p < inf ¢
Sr Xo

where Sgp = {w € X : ||w||W%,p = R}.

We shall show that ¢ satisfies the (PS) condition. Let (uy) be a sequence in
WP such that ¢(uy) is bounded and A(uz) — 0 as k — co. Writing u(t) =
Uy (t) + ug with ay, = % fOT ug(t)dt, and using the definition of A(uy) it results that
there is some kg such that for each k > kg there exist uj € dp(ux) with

[(uis )] < [l2flyyw,  forall he WP

From Theorem 7, if uj € Op(uy) it results that there exist gx(t) € OF(t, ux(t))
such that

uts il = | [ (sl + o), (o)) ae

In similar way to the proof of Theorem 1, we have
IRCCRAG

for all k. Hence one has
lielhge > ki) = [ [l + (ax(0), o) >

>2p—1

< ||11k||W%,p, for all k > k.

L. e . .
< %Huk\\’ip + Cullin]| 72" + Cs ]| 2o + Collux |

e — Callinl| 3" — Cslltikllze — Collae]|*
for k > kqg. It follows from Wirtinger’s inequality that

~ 1.
ke < (14 )|t e

for all k. Hence we obtain
2p—1

1. B 3 B3 _
(L4 )7 |kl = [tk][70 — Calltgl| 3" — Csllg] o — Col|ag]|*

for k > kg, and it follows that
2p—1 1

Colla* = Il — Calliill 5 = [(1+ €)% + ||l o

or

(13) Crllwel|* > Jlux]lzs
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for some C7 > 0 and for k£ > ky. By the proof of Theorem 1 we have
1 . o . — 16%
| [ PG unte) = Fetalde| < ol + Callinl5 + Calinlo -+ Calan

for all k. It follows from the boundedness of (gp(uk)>, (13) and the above inequal-
ity that

T
Cs < olug) = / i (1) |Pdt + / (8, u(t)) — F(t, @)]dt + /0 F(t, a)dt <

<2p—1
=79

T
i+ il + ol + ol + [ Pt )t <

T
<l (= [ Pt ade + C)

for k > ko and some positive constants Cg and Cy. The above inequality and
(8) implies that (||uk||) is bounded. Hence (uy) is bounded by (13). Thus (ug)
is bounded in W;” and hence contains a subsequence, relabeled (uy), which
converge to some u € W;”, weakly in Wz and strongly in C(]0,T];R") (see
Proposition 4). Therefore we have for u; € dp(ux) and u* € dp(u)

(up —u",up —u) — 0 as k — oo.

But

(uf — u*,uy, — u) = /0 [l = a(t), unt) — u(®)) + Nie(t) — at) 7]t =

= i 0l + [ an(t) — a(0),wn(t) — (o)t

where ¢,(t) € OF(t,ux(t)) and ¢(t) € OF(t,u(t)). It is easy to verify, that
i, — || » — 0 as k — oo, and hence uj, — u in W;*. We conclude that (PS)
is satisfied and from Theorem 8, ¢ admits a critical point. Now from Theorem 7
and Remark 3 it follows that the problem (3) has at least one solution u € Wi

Remark 6. Fuvidently if p = 2 then we obtain the existence of solutions of prob-
lem (2). If in addition F is continuously differentiable in x, then we obtain the
existence of solutions of problem (2).
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