COUPLING AND MONOTONICITY OF QUEUEING
PROCESSES

EVSEY MOROZOV

ABSTRACT. The main purpose of this work is to give a survey of main
monotonicity properties of queueing processes based on the coupling
method. The literature on this topic is quite extensive, and we do
not consider all aspects of this topic. Our more concrete goal is to
select the most interesting basic monotonicity results and give sim-
ple and elegant proofs. Also we give a few new (or revised) proofs
of a few important monotonicity properties for the queue-size and
workload processes both in single-server and multi- server systems.
The paper is organized as follows. In Section 1, the basic notions
and results on coupling method are given. Section 2 contains known
coupling results for renewal processes with focus on construction of
synchronized renewal instants for a superposition of independent re-
newal processes. In Section 3, we present basic monotonicity results
for the queue-size and workload processes. We consider both discrete-
and continuous-time queueing systems with single and multi servers.
Less known results on monotonicity of queueing processes with depen-
dent service times and interarrival times are also presented. Section
4 is devoted to monotonicity of general Jackson-type queueing net-
works with Markovian routing. This section is based on the notable
paper [17]. Finally, Section 5 contains elements of stability analysis
of regenerative queues and networks, where coupling and monotonic-
ity results play a crucial role to establish minimal sufficient stability
conditions. Besides, we present some new monotonicity results for
tandem networks.

1. INTRODUCTION

Coupling is a common way to present random variables, generally defined
on different probability spaces, as elements of a new common probability
space keeping their predetermined (marginal) distributions. Another im-
portant aspect we discuss in the work is a coupling time of two renewal
processes defined on a common probability space and governed by the same
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interrenewal distribution. We show how to couple different versions of re-
newal processes in particular, delayed renewal process with its stationary
version or with its zero-delayed version.

The concept of coupling is also very useful both in estimation the (steady-
state) performance measure and the obtaining the rate of convergence to
stationarity. The most interesting aspect of coupling we consider in this
work is its application to stability analysis obtained via monotonicity prop-
erties.

The most important sources on coupling method are [1, 6, 22], and other
sources for the survey are [17, 18, 25].

Consider two stochastic processes X = {X;,t > 0}, X' = {X{, ¢t > 0}
with distributions P, P’ respectively, with the same state space (E, B) (and
defined in general on different probability spaces) with the same parameter
te N=1{0,1,...} ort € Rp =][0,00). The coupling of X and X' is a
realization X = (X X! ) on a common probability space with state space
(E?, B® B) such that

X=uX, X' =4 X' (1.1)
(=st means equality in distribution). In other words, distributions of ran-
dom elements X, X’ are the marginals of the distribution of coupling X.
Coupling allows a sample-path comparison of realizations of random pro-
cesses. In what follows we (as a rule) assume that the process X = (X, X’)
is already a coupling with a distribution P.

Assume original processes have the same distributions, or the process X
could be obtained by a ”shift” of the process X’. Then the following notion
is used.

Definition. Let X = (X, X’) be a coupling. A random time T € [0, o] is
a coupling time of X if

Xy =X, for t >T on {T < cc}. (1.2)

The coupling is called successful if P(T' < oo) = 1. Note that for any
measurable set A,

P(X: € A) - P(X{ € 4)| =
= |P(X; €A, T<t)—P(X[eA T<t{
+ |[P(Xy € A, T>t)—P(X; €A T>t<P(T>t),
where we use (1.2). Now taking supremum over A, we obtain the main
coupling inequality
[IP(X; €)= P(X[ e )| <P(T>1), (1.3)

estimating the total variation distance between distributions X and X’. In
fact, this inequality holds in sample-path sense if we replace values Xy, X/
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by shifted versions 6X; =: (X35, s > 0) and 0X] =: (X, ,, s > 0), re-
spectively, because since instant T' both processes coincide. Inequality (1.3)
allows to obtain convergence rate to stationarity if say X’ is a strictly sta-
tionary version of X with P’(X; € -) = 7(-) for all ¢. If there is a function
¢(x) — oo such that E¢(T') < oo, then the following rate of convergence in
total variation holds:

P, e ) —n0 <P@>n< 220 o L)

~ (1) (1)

In the context of this work, it is especially important to discuss a special
case of the coupling leading to stochastic ordering. Let X, Y be real-valued
random variables with distributions Fx, Fy. Then X <, Y (in the sense
of stochastic ordering) if Fx(x) > Fy (z) for all z. (It is denoted Fx > Fy.)

This definition is equivalent to the following: i) Ef(X) < Ef(Y) for
all increasing functions f : R = (—00,00) — R or ii) there exist random
variables X', Y’ (defined on a common probability space) such that X’ =,
X, Y =4 Y and X’ <Y’ with probability 1 (w.p.1).

Condition ii) allows us to compare stochastic processes in a sample -path
sense given ordering between distributions. To construct a common proba-
bility space (supporting new random variables with the same marginal dis-
tributions), the quantile functions are used. We describe this construction
for the state space E = R.

Consider random variables X, Y with distributions Fx, Fy. Define quan-
tile functions Qx, Qy as

Qx(u) =inf(x: Fx(z) > u), Qy(u) =inf(x: Fy(x) > u), u e (0,1).
(1.4)
It is easy to see that

Qx(u) <z iff Fx(x)>u, Qy(u) <z, iff Fy(z) > u. (1.5)

To construct a common probability space, we take Q* = (0, 1) with Borel
sigma-algebra B* and Lebesgue measure P*(dz) = dz. In other words,
elements w* € Q* are uniformly distributed in (0,1). Define new variables
X*, Y* as

X" (w") =Qx(w"), Y (w") = Qy(w"), w* € Q" (1.6)
Then by (1.5),
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Thus, random variables X*, Y* defined on the common probability space
(Q*, B*, P*) have given (marginal) distributions Fx, Fy, respectively. Hen-
ce, an order Fxy > (<)Fy between given distributions implies P*-a.s. in-
equalities between new random variables

X" (w") =QxWw") < ()Y (w") =Qy W), w'e". (1.7)

2. COUPLING OF RENEWAL PROCESSES

Following [1], we construct a successful coupling of a renewal process
with its stationary version. This construction is used in stability analysis
in Section 5.

Consider a renewal (i.i.d.) sequence X,,, n > 1, with X, > 0, with mean
EX = u < oo (where X is a generic renewal period) and with spread-
out distribution F. It means that F*™, n-convolution F' with itself, has
an absolutely continuous component for some n > 1. Define Sy = 0 and
random walk S,, = X1 +---+X,, n > 1. Define also the number of renewals
in (0,¢] as

N{t)=#{n>1:8,<t}, t >0. (2.1)

By the Stone’s decomposition [19], the renewal function U(t) = EN(t) can
be written as

U=U; +Us, (22)

where U; are nonnegative measures on [0, 00), measure Us is bounded (total
variation ||Us]| < oo) and there exists a bounded continuous density for
measure Uy,

1
uy(x) = dUy (x)/dx — m as T — 00. (2.3)
For each t > 0 we define the forward renewal time (overshoot)

By = inf(Sp—t: S, —t>0).
n>0

In particular, By = 0. Define distribution Gi(x) = P(B; < z) and the
density of the stationary forward renewal time,

1
Fy(dx) = —(1 — F(z))dz. (2.4)
i
The following statements are adopted from [1].
Theorem 2.1.
|Gt — Fo|| = 0 for any X, (2.5)

if and only if F is spread-out.
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We recall the renewal equation
¢
Z(t) = z(t) +/ Z(t —u)dF(u), t >0, (2.6)
0
where Z is unknown function on [0,00) and z is a known one. In what
follows we will assume (without loss of generality) that
F(dx) > cdx if x € (a, a+ 2b) (2.7)
for some a, b > 0, ¢ > 0.

Lemma 2.1. If z is bounded on finite intervals then solution to renewal
equation (2.6) is

Z(t) = /0 (= w)dU (u). (2.8)

We include an instructive proof of the following statement.

Theorem 2.2. For the zero-delayed case (that is Xy has the same dis-
tribution as others), distribution Gy has a common uniform component on
(0,b) for all t > C where C is a finite constant. In other words, for some
0 €(0,1),

P(u<Bt§v)25%,0<u<v<b,tzc. (2.9)

Proof [1]. Denote X = X; and fix arbitrary v < v. Let Z(t) = P(u <
B; <w) and
zt)=Plu<Bi<v, X >t)=P(B;<v, X >t) —P(B: <wu, X >1).
Because P(B; <wv, X >t) = F(t + v) then it follows that
z2(t)=F(t+v)— F(t+u). (2.10)

By Stone’s decomposition, U > Uy, and then solution Z(t) to equation (2.6)
gives for t > a + b (see (2.3), (2.8))

a-+b

2(t) > /0 2y (t — y)dy > / 2(y)ur(t — y)dy. (2.11)

Ifye(a,a+b)and0<u<v<bthena<y+u<y+v<a-+2b and
we obtain from (2.6), (2.10) that

y+v
z(y) = / dF(z) > c(v —u). (2.12)

:y+u



6 EVSEY MOROZOV

By (2.3), there exists to such that

B>~ >t
ui(t) = o 2l
Then it follows from (2.11), (2.12) that for t > to +a + b,
ath b —u ch?
[ st -y =z o -ugs =5 (29

By (2.7),

a+2b 2 _ 2

2b)* —
M:EXZ/ xdF(x)ch:%c(a—l—b),
a

and we obtain 2y > 4b%c. Hence, (2.9) holds with § = % < 1/4 and with
any C' >tg+a+0 W

Above given construction is well-known and allows us to construct a (less
known) coupling of a few renewal processes. Consider two renewal processes,
zero-delayed and stationary, with the forward renewal times By, By, respec-
tively. Let C be fixed and satisfy (2.9). Define

to = 07 Bto = O, LO = IIla,X(BtO7 Bgo), tl = t() + LO —+ C,

where Bf  has distribution (2.4). We choose random variables Uy, V}, such
that
PU,=1)=1-P({U,=0)=46€(0,1),

and that Vj are uniform on (0,5). Also let

My = Lo+C — By, Mj=Lo+C—B,,
and define for any k£ > 1,

Ly =max(By,, Bi, ), tpy1 =t + Ly + C, My = L + C — By, ,
M, =Ly,+C-Bj,.
First of all we have
My, >C, M >C, tgr1 —tp = C + L > max(My, M}).

A key observation is that the instants ¢y — My, = tp+ By, and tg4 1 — M), =

ty, + Bj, are the renewal points of the corresponding processes. Now we put

By, = UV + (1 = Ug)Ry, By, , = UpVi + (1 = Up)Ry,

£k+1
where variables Ry, Rj are chosen with the rest distributions
P(B;, <) —min(z,b)d/b P(B}, <x)—min(z,0)6/b

ty —

1-6 ’ 1-6 ’
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respectively. Then it follows from Theorem 2.2 that By, ,, By, ,, have the
same distributions as My, M, respectively. At that, variables Uy, Vi, Ry,
R}, are taken independent of all preceding U,, V;, R,, R,..

The renewals for the zero-delayed process {5, } in interval [t — My, tx]
are constructed using the conditional distribution given that its forward
renewal time at instant My has the constructed value By, (similarly, for

the stationary process {S/,}). The procedure is stopped at the instant o =

inf(n > 0 : U, = 1), when both processes have a common renewal at
instant T' = t; + L,11. Indeed, if U,, = 1 then overshoots By, , B{Hl

are uniformly distributed in (0,b) and, by coupling, we obtain the common
renewal point tx1 + By, = tg1 + B{Hl = tg+1 + V. Then we construct
a new renewal process {S’n} (coupling of two original processes) which has
the same renewals as {S,,} before T and the same renewals as {S!,} after
T, and this new process has required marginal distribution. The stopping
time o has geometrical distribution P(c = n) = §(1 — )", so ¢ < oo and
T < oo (w.p.1).

A slight modification of this construction allows us to obtain common
renewal points for a superposition of m independent renewal processes, see
[18]. Let m = 2 and F; be the interevent distribution of the process i = 1, 2.
Assume Fi(dz) > cdz, x € (a,a+ 2b), for suitable constants a,b > 0, ¢ > 0.
Let Bfl) be the forward renewal time of the process ¢ at instant ¢; v be the

uniform measure on (0,b) and let tgf ), n > 1, be the renewal instants of the
process i = 1,2. Consider the i.i.d. sequence V;, i > 1, with distribution
v and independent of the i.i.d. 0 — 1 random variables U;, n > 1, with
P(Uy = 1) = 4. Introduce the overshoot process B; = (Bt(l), Bt(Q)), t > 0.
Then by Theorem 2.2,

P(BY € A) > 6v(A)
for any set A € B(0,b) and t > C. Let

to=0, Lo = B}

t07

t1 = min(t? : ¢ > tg+ Lo + O).

Then we take Bfll) = U1 Vi + (1 — Up)R; and define recursively

tr = min(tP ) >ty + Ly + O),
Bt(i) UcVi+ (1= Ug)Rg, Li = Bt(;), kE>1,

with Uy, Vi, R independent of all preceding U;, V;, R;. Let Ty = 0 and
Ty41 = min(ty > T, : Uy = 1), n > 0. It then follows that {T,} € {t&z)},
and the overshoot Br, = (B(Tln ), Bﬁ )) at each instant T;, has distribution
v ® Fy and is independent of the pre-history By, t < T,,_1. As a result,
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{T,} are regeneration points for the one-dependent process By, t > 0. (This
process has the i.i.d periods {T},+1 —T, } and one-dependent cycles, see [18].)

To couple m > 2 renewal processes, we assume that at least m — 1
interevent distributions Fs, ..., F,, say are spread-out. Then we replace L,,
by maxo<i<m Bt(i), constant C' by maxs<;<m, C; and the event {U, = 1}
by the event {mins<;<m U,(Li) = 1}, where constant C;, overshot Bg? and
variable U") relate to the ith renewal process. (For more details see [18]).

We mention splitting of a Markov chain {X,, n > 0} with the state
space (R,B) and transition kernel P"(x,-), n > 1 [1]. Consider a set A and
let 7(A) =inf(n > 1: X,, € A). The set A is recurrent if P, (7(A4) < c0) =1
(for all initial states x) and is regenerative if in addition,

P"(xz,-) > eA(:), z € A, (2.19)

for some r > 1, e € (0,1) and a probability measure A. If a regenerative
set exists, then the chain is called Harris recurrent, and one can construct
an embedded renewal process of regenerations as follows. We realize usual
version of the process up to the time 7(A). Then, with probability €, we
realize X, (4)4, according to distribution A, and thus a regeneration occurs
at instant 7(A) + r. Otherwise, with probability 1 — e, we use the rest
distribution,

P"(Xr(a),") — €A()

1—¢ '
Then we realize fragment {X,(4)4x, 0 < k <7} in according to the condi-
tional distribution of the process {X%, 0 < k < r} given boundary values
Xo = X7a), Xr = Xr(4)4»- The procedure is repeated with the new initial
value X;(4)4r = ¥, and so on. As a result we get a new Markov chain with
the same transition probabilities which is one-dependent regenerative with
dependent adjacent cycles and independent regeneration periods. As above,
the coupling time has geometrical distribution.

(2.20)

3. COUPLING AND MONOTONICITY OF QUEUES

3.1. Classical systems. In this section, we collect together the most im-
portant and interesting applications of the coupling in analysis of queues.
The main purpose is to find monotonicity properties of queues and use them
for comparison of queueing performance measures. The basic sources are
[1, 2, 4, 25].

First of all we will follow [4] to obtain monotonicity property for queue-
size and workload both in continuous and in discrete time. Our proofs are
mainly modified and simplified versions of that are given in [4].



COUPLING AND MONOTONICITY OF QUEUEING PROCESSES 9

We consider two GI/G/m queues @, Q with m > 1 servers. Let A, B
be interarrival time and service time distributions in queue @, respectively.
(Corresponding variables in queue Q we endow with tildes.) Let t, be
arrival instants and 7, = t,4+1 — tn, 7 > 1, be the i.i.d.interarrival times.
(In the delayed case, 71 has in general another distribution.) Denote the
ii.d. service times S,, n > 1.

To simplify notations, we will not often distinguish original and coupled
variables living in a common space. For instance, if distributions Fx > Fy
then we write X <Y instead of X* < Y™* (P*-a.s.) for the coupled variables
X*, Y™ such that X* =5, Y* =5 Y (see (1.7)). Also let S and 7 denote
generic service time and input interval, respectively. Let W;(t) be the (left-
continuous) ith smallest unfinished workload among all m servers at instant
t, and W (t) = (Wi(t),..., Wi (t)). Introduce backward interarrival time at
instant ¢, 7(¢) = max, (t —t, : t—t, > 0). Note that the process 7(t), t > 0,
is right-continuous and 7(¢,41) = 7,,. Let also N(t) = max(n > 1:t, <t)
be the number of arrivals in (0,¢). Unlike definition of the process N in
section 2, here N(+) is left-continuous, N(0) = 0 and N(¢,) = n—1. Denote
Wi(t,) = D i =1,...,m. We note the following relation connecting
processes W (t) and W,,:

W () = ROWS,) + Sniy — 7(8), Wiy —7(0), ..., Wy = 7(@)*, (3.1)
where operator (-)T is component wise and operator R puts components in
an increasing order. For ¢ = ¢, relation (3.1) transforms into well-known

Kiefer-Wolfowitz recursion for the workload vector W,, = (W,(ll), cee Wy(lm)):

+

Wor = RWW+S, — 7, W — o WM™ — 1)t
= R(W,+eS,—Ir)t, n>1, (3.2)
where vectors e = (1,0,...,0), I =(1,...,1) € R?. Now we prove mono-

tonicity of the workload process W = (W,,, n > 1). Assume that W, < W,
and that

S’n S S’I’L7 Tn é 717747
for some n. Then obviously,
(Wy +eSp, —I7,)" < (W, 4+ €S, —Ir,)t, n> 1.

Assume that m-dimensional vectors X,Y are ordered, X < Y, and show
that operator R keeps the ordering, that is

RX = X* = (X},..., X)) < RY = Y*. (3.3)

This implies the monotonicity of mapping (3.2) with respect to (w.r.t) input
interval (decreasing) and service time (increasing). Define index n(i) as

X,L*: n(i),iil,...,m.
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Since X,,(1) = ming(X}) then, by (3.3), the inequality

Xf = Xn(l) > Yi* =1 Yn(1)
is impossible and thus X7 < Y7*. Also inequality X5 =: X2y > Yy, (2) = Y5
is impossible since X,,(3) = ©2(X}, k = 1,...,m), where operator O, se-
lects the nth smallest element. These arguments show that operator R keeps
(component-wise) order. It immediately gives us the following result.

Theorem 3.1. Assume that Wl < Wi w.p.1 and

FeaT, S <y (3.4)
Then the following (component-wise) ordering holds:
Wy <st Wa, n> 1. (3.5)
In particular, waiting times are ordered as
W <, w n>1. (3.6)

In what follows, we write down stochastic relations for original variables
as X = (<, 2)Y (instead of =4 (<st,>4t)) although such (w.p.1) relations
indeed hold for the coupled variables.

The following statement is a revised and extended version of Theorem 3.1
from [4]. Let, in the system @, v, be the number of customers just before
arrival instant ¢,; D, be the departure instant of customer n; B, be the
nth service beginning epoch, and @,, be the number of customers waiting
in the queue just before t,.

Theorem 3.2. Ifv, =01 =0, 7 =7, 8>S, then

Dp < Uny Qn < Qn, n>1. (3.7)
Proof. Using coupling we have t,, = t,,, n > 1. Then by (3.6),
Dp=ta + W+ 8, >t, + WV +8, =D, n>1. (3.8)
Introduce the number of departures in interval [0, ¢,] in both systems:
A(n) = #{k: Dy, <t,}, A(n) = #{k: Dy, <1,}. (3.9)

It follows from (3.8) that A(n) > A(n) and we obtain the st inequality
(3.8):
Up=n—1-N(n)>n—-1-N(n)=10,,n>1. (3.10)
Because
B, = max(tn, Dp_m), n>1 (D =0 for k <0), (3.11)
then by (3.8),
B, > B,, (3.12)
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and thus,
M(n) =#{k: By <t} < M(n) =#{k: By, < tn}.
It implies desired inequality for the queue size,
Qn=n—1-M(m)>n-1-M(n)=Qnn>1
]

Note 3.1. It is possible to extend Theorem 3.2 for non-empty initial
conditions, when 7; < 1 and initial unfinished service times are ordered in
an evident way.

Let &, resp., £(00) denote a weak limit of the sequence &, resp., &(t).
Obviously, inequalities (3.5)- (3.7) hold also for weak limits (if exist) that
is (stochastically)

Woo < Wao, W < WL, 70g < oo, Qoo < Quo- (3.13)

Let v(t) be the number of customers in the system @ at instant ¢*. Now
we present a simpler proof of the following statement which includes theo-
rems 4.1 and 4.2 from [4].

Theorem 3.3. If v(0) =(0) =0, 7 =7 and S > S then
v(t) > o(t), W(t) > W(t), t >0. (3.14)
In particular, virtual waiting times are ordered as
Wi(t) > Wi(t), t > 0.
Proof. To establish first inequality in (3.14), we note that by (3.8),
A(t) = #{k: Dy <t} > #{k: D; <t} = A(t), t > 0.
Then the desired result follows since
v(t) = N(t) = ) = N(t) - A(t) = (),

where N(t) = N(t)~ is the number of arrivals in (0,¢]. (Note that A(n) =
A(t,) and A(n) = A(t,), see (3.9).) The 2nd inequality in (3.14) is a direct
consequence of the monotonicity of Kiefer-Wolfowitz recursion (3.2) and
its continuous-time analog (3.1), because Sy =s S, 7(t) =5 7(t) and
Wy <st W by (3.5). B

In the next two statements, we simplify and modify the proof of three
results from [4] for a single-server system GI/G/1. We assume that conti-
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nuous- and discrete- time processes in systems @, Q have (in evident no-

tations) weak limits, W (00), v(00), Weo, Voo and W(oo), 7(00), Wee, Voo,

respectively. Sufficient conditions for the discrete-time limits to exist are:
p=Er/ES <1, p=:EFf/ES < 1. (3.15)

These conditions in turn imply conditions P(7 > §) > 0 and P(7 > S) > 0,
respectively. These conditions also imply aperiodicity of the (discrete-time)
regeneration period and finiteness of its mean. If moreover, distributions
of 7, 7 are non-lattice then regeneration period is also non-lattice and weak
limits for continuous time also exist [1].

Theorem 3.4. Assume that
<7 8§=05. (3.16)

Then regardless of the initial state,

W(0) < W(00), 7(00) < v(o0). (3.17)

Proof. By (3.15),(3.16), 1 > p > j and, by (3.6), also W,, = W, >
W,S” = W,, and hence, Woo > Wa. As in [4] we now use explicit relations
between limit distributions. Denote S the stationary service time with
(common for both systems) distribution

= é /Or(l — B(y))dy,

where B is the distribution of service time. Then by (3.16) and [21],

P(S <)

Pv(c0) > k) = pP(ri+ -+ 7 < Wa +5)
> Pt T < W + 5)
= P(v(c0) > k),

and the 2nd relation in (3.17) follows. Also the 1st inequality in (3.17)
follows since for each = > 0,
P(W(c0) > ) = pP(Woe + 8 > ) > pP(Woo + S > z) = P(W(00) > ),

where the equalities have been proved in [21], Theorem 2. B

Let Q(t) be the number of customers waiting in the queue @ at instant
t and Q(o0) be its weak limit (if exist).

Theorem 3.5. Let, in a stationary queue GI/M/k, assumptions (3.16)
hold. Then

Q(o0) < Q(00).
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Proof. It is proved in [20] that P(Q(o0) > n) = £P(vee > n + k) for any
n > 0. Because p > p by (3.16), and vo, > Vs by Theorem 3.2, we obtain

gp(yoo >ntk)> gp(aoo >n+ k) = P(Q(c0) > n), n>0.
n

The proof of the following result in [4] is not satisfactory, and we give
another proof.

Theorem 3.6. Let, in m-server queues Q, Q,
Wi <Wy, 7<7 8=28. (3.18)
Then
Up < vp,n > 1 (3.19)
Proof. By (3.18) and Theorem 3.1, W,, < W,,, n > 1. It also follows from
(3.18) that the difference A,, =: ¢, — t,, > 0 is non-decreasing in n. Hence,
the departure instants of customer n in both systems satisfy inequality
Ty=tn+ W+ 8, <ty +A, + W +8, = A, +T,, n>1.
Because }
T <Tph + A <Tp+ A, n>k>1,

then we obtain

Cn) = #k:Th<ty}=#{k Th+A, <t,+A,}
(3.20) < kT +Ap <tp} <#{k:Tp <t,} =C(n).
Hence,
(3.21) Upn=n—1-C(n)>n—-1-C(n) =iy,

and (3.19) follows.

Note that (3.18) does not imply ordering (3.19) for continuous-time
queue-size process.

Now we compare continuous-time workload processes in an m-server
GI/G/m queue Q with the i.i.d. service times S,, n > 1, with a single-
server queue (Q* in which service times .S,, are reduced in m times. We will
keep previous notations assuming t; = 0. Let W, = Y"1, W;(¢) be the total
workload at instant ¢~. As always, we consider a coupling of queues @, Q*
on the same probability space, with the same interarrival times 7,7 = 7,, and
service times S} = S, /m, n > 1. Let W} be the workload at instant ¢ in
queue Q*.
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Theorem 3.7 [1]. If mW; < W, then
mW; < W,. (3.22)

Proof. Using inequality (x + y)T < 2t 4+ y* m times we have for 0 =
t1 <t <1 =to:

mWy = m(Wg + Si/m—t)" = (mWg + Sy —tm)"

< (SWL0) 4 S — tm)t = (Wa(0) + 81— £ 4 3 (Wi(0) — 1))

< (M0)+ S -+ ) (Wi(0) — )" =W,
i=2
Since mW; < Wy,, we deduce that (3.22) holds for ¢ € [ty, t3), and so on.

Note that if m > 1, both queues are initially empty and S; > mmy,
then Wt(,j) = 0 (because rest m — 1 > 1 servers are empty) but W =
(S1/m — 711)T > 0. Thus, the above established bounds are generally false
for the waiting times themselves.

Now we show that FCFS (First-Come-First-Served) discipline is an op-
timal one in a certain sense. Consider original m-server queue @@ and any
m-server queue Q with possible non-FCFS service discipline assuming ini-
tially empty systems, v(0) = ©(0) = 0 and ¢; = 0. Also we assume that
now service times S, correspond to the order of joining service. This new
coupling holds distributional properties because of the i.i.d. assumption.
(As always we keep original notations for the coupled variables.) Let B,
be the nth initiation service instant and D,, be the nth service completion
instant in queue Q.

Theorem 3.8. For the coupled queues @, Q,

D, <D,, n>1, (3.23)

and
v(t) < o(t), t > 0. (3.24)

Proof. Because t,, = i, and Q is non-FCFS queue it follows from (3.11)
that

B, >t,=B,, n=1,...,m. (3.25)
In general, service completion epochs are defined by the following relations
D, = en(Bl+Slv"'7Bn+mfl+Sn+m71)a

(326) Dn @n(Bl +S17---7Bn+m—1 +Sn+m—1)a n Z 1.
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Assume now that
Bi>B;, i=1,...,n, (3.27)
27) f

for some n > m and prove (3 or i =n+1. By (3.11), (3.26), (3.27),

Bny1 = max(tpi1, Dngi-m)
= max(ty41, Ong1—m(Bi + i : i < n))
< max(tpt1, n+1 m(Bz +S;:1<n))
= max(tni1, Dont1-m) = Bn+1-

Thus (3.27) holds for any n. It now follows from (3.26) that (3.23) also
holds. Recall that N () = max(n > 1:t, < t), and that A(t), A(t) are the
number of departures in (0,t] in Q, Q, respectively. By (3.23), A(t) > A(t),
and (3.24) follows since

v(t) = N(t) — A(t) < N(t) — A(t) = (t), t > 0.
[

The following statement for m-server FCFS queue @ and non-FCFS
queue Q has been established in [24, 25] but we follow [1] to present the
proof. (Recall that the 1st customer arrives at instant t; = 0 at empty
queues.)

Theorem 3.9. For queues Q,Q for each t

m

Wy = Z Wi(t) <st V, = i Wi(t)Q (3.28)

SO < S (3.20)
i=1 i=1
Proof. Fix t > 0 and introduce the number of customers
J(t) =max(n>1:B, <t), J(t) =max(n >1: B, <t),

which enter servers in interval [0, ¢] in @ and Q, respectively. Now we will
use the following modification of the coupling. For each ¢, we keep allocation
of service times for customers who join service in [0, t] as above (according
to the order in which they enter server) and allocate remaining service times
N(t) — J(t), respectively N(t) — J(t), in the FCFS order in both queues.
Denote coupled queues (which keep distributions) as Q*, Q*, respectively.
By construction (in evident notations), for each fixed ¢,

Wt* —st th Wt* st Wt-
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Because B, < B,, then J(t) > J(t) for each t. Moreover, B, < t for
n < J(t). Thus we obtain

J(?)
W = > (But+S.—t)" Z S,
n=1 n=J(t)+1
J(t) J (1) N(t)
< D> Ba+ ST+ DY St D Su=VW,
n=1 n=J(t)+1 n=J(t)+1
because customers n = J(t) 4 1,...,.J(t) are still waiting in Q*, and thus

(Bn + S, —t)T = S, for these customers, while they have already joint
service in Q*. This coupling deals with permutations (different for ) and
Q) of customers 1,..., N(t). Thus we obtain inequality

=D Wi
i=1
which also holds for t =¢_. B

Unlike previous models, this result is false in the sample-path sense be-
cause we use (new) coupling for each ¢. By this reason we can not replace
notation <z by < in (3.28), (3.29).

Note 3.2. Some previous results can be extended to initially non-empty
queues under appropriate initial conditions.

Note 3.3. We also mention monotonicity of a multiserver retrial queue
with a finite buffer, batch arrivals and with exponential retrial times, estab-
lished recently in [26]. Consider an initially empty queue @ with retrial rate
~v(n) depending on current number n of customers in orbit, and let X ()
be the number of customer in queue, X5(t) be the number of customers in
orbit at instant t. Denote X (t) = (X1(¢), X2(t)). Let tildes denote vari-
ables in a retrial system Q with 5(n) < v(n), n > 1. In particular, it has
been proved that X (t) <. X(t) for t > 0. (We omitt the proof based on
laborious path-wise comparisons.)

3.2. Queues with dependencies. Following [2], we now present coupling
for dependent interarrival and service times {7y, S1, 72, Sa,...} ina G/G/1
queue determined by conditional distributions
Fi(z) = P(r <u),
FQ(ZL’l,SCQ) = P(Sl < {E2|T1 S dxl),
(330) Fg(xl,xg,wg) = P(TQ < $3|T1 € dxy, S1 € dmg),
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and so on. Note that one can use another order of interarrival and service
times. Define new random variables via quantile functions on a common
probability space 2* as follows: for any w* € Q*,

T(Ww*) = inf(z: Fi(z) > w");

ST(w*) = inf(z: Fa(m(w*), 2) > w¥),

5 (w*) = inf(z: F3(m(w*), ST (w"), x) > w"),
etc. It is obvious that P(ry < z) = Fi(z) and 71 (w*) < z iff w* < Fy(x).
Moreover,

ST(w*) <z if and only if Fy(m (w*), ) > w”.
Because w* is uniformly distributed in (0, 1),
P(ST (W) < x|y (w*) € dxy) = P(Fa(m(w"), z2) > w*|1y (w*) € dxq)
= P(Fy(x1, 22) > w*) = Fa(21, 22),

and so on. Thus, new random variables defined on a common probability
space hold predefined (marginal) conditional distributions.

The paper [2] also extends Theorems 2.2, 3.1, 3.2, 4.1, 4.2 from [4] to a
GI/G/m queue with dependencies given by conditional distributions under
suitable consistency assumptions.

4. STOCHASTIC MONOTONICITY IN THE NETWORKS

In this section, we follow a landmark paper [17]. Consider a general
stochastic network with M stations, FCFS service discipline and denote for
station i: the number of servers m;, the nth external arrival instant E;(n),
the nth service time S;(n), next station V;(n) to be visited by the customer
that is the nth to depart station ¢ (V;(n) = 0 if the customer leaves the
network), v;(t) the number of customers at instant ¢ with a given initial
state 14(0). The input sequence

{vi(0), E;(n), Si(n), Vi(n), i=1,...,M;n>1} =: {v(0),E, S, V}, (4.1)
is assumed to be given, where v(0) = (v1(0), ..., vy (0)) is initial allocation

of customers. We call V routing. Now we define for each station ¢ the output
sequence

{4;(n), Bi(n), D;i(n),i=1,...,M;n>1} = {A, B, D}, (4.2)
where A;(n) is the nth arrival instant, B;(n) is the nth service initiation
epoch and D;(n) is the nth service completion instant. Let 1(A) be the indi-

cator of an event A, and 171(A) be its reciprocal, that is 1(4) = 171(A4) =1
if A is true, and 17}(A4) = oo if 1(A) = 0. The following representation of
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the output sequence in the terms of the input sequence is now obvious.

Theorem 4.1.

where
Dji(m) = 0,{D;(1) - 174V;(I) =), = 1,2,...}; (4.4)
B;(n) = max(A4;(n), Di(n —m;)); (4.5)
with E;(n) =0 forn=—1,...,—1,4(0).

Note that we use negative numbering for the customers initially presented
in the network. If customer [ leaving station j does not go to station ¢ then
171(V;(l) = i) = oo and thus Dj;(m) is the mth internal transition instant

The following statement is a direct consequence of the representation
(4.3)-(4.6). In fact, the proof is based on induction in the number of transi-
tions and the 1st step of induction must be established for initial customers
v(0).

Theorem 4.2. The output sequence {A, B, D} is
i) increasing in {E, S}
i) decreasing in v(0) and {m;}.

For each station ¢ and any interval [0, ¢], introduce the following notations:

the number of departures

NP (t) = sup(n : Di(n) < t); (4.7)
the number of external arrivals,

NE(t) = sup(n : E;j(n) < t); (4.8)
the total number of arrivals,

NA(t) =sup(n : As(n) < t); (4.9)
the total number of arrivals leaving network after station i,

N5 (t) = sup(n : Dio(n) <), (4.10)

where

Dio(n) = 6, (Di(l) AN Vi) =0), 1=1,2,.. ) (4.11)
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is the nth instant when a customer leaves the network (after station ). Also
introduce the total number of customers in the network at instant ¢,

M

vi =Y (NF(t) - Nj(t), t > 0. (4.12)
i=1

In what follows we will consider two stochastic networks ¥, 3 (with tildes

denoting variables in by ). Stochastic ordering between two vectors is as-
sumed to be component wise.

We establish a monotonicity of the processes in a closed network w. r.

t. initial state v(0). (Closed network contains M stations and a fixed

number of customers Ziil v;(0) circulating between stations.) Let v(t) =
(v1(t),...,vm(t)), t > 0.

Theorem 4.3. Consider two closed networks %, S with equivalent ser-
vice processes and routing,

{Sv V} st {ga \7}7

which are independent of the initial states v(0) and v(0), respectively. As-
sume

v(0) <ur 90). (4.13)
Then the output sequences are ordered as
{A, B, D} >, {A, B, D}, (4.14)

and moreover
(NP@#),i=1,..., M} <4 {NP(t),i=1,...,M}. (4.15)
Proof. We let
Ei(n) =0, n<y;(0), Ei(n) =00, n>v;(0), i=1,...,M, (4.16)
and similarly for the network . Obviously, the networks have constant
populations, which, by (4.13), satisfy inequality
M

M

i=1 i—
On a common probability space we generate new initial data v*(0) =
(v5(0),...,v3(0)), 2(0) = (21(0), ..., (0)) such that

v(0) =st v(0), #(0) =4 2(0),

and
v*(0) < 2(0). (4.17)
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Because Zf\il vr(0) < Zf\il ;(0), it then follows from (4.16) that
E* > E. (4.18)

On the same probability space we now generate sequences (S*, V*) = (g, \7)
(=st (S, V)) and independent of the initial states v*(0), #(0), respectively.
Then given input sequences (v*(0), S*, V*), (2(0), S, V), using representa-
tion (4.3)-(4.6) one constructs the output sequences {A*, B*, D*}, {A, B, D}
in such a way that

{A*,B", D"} =, {A, B, D}, {A B, D} =, {A, B, D}. (4.19)
Then it follows from (4.17), (4.18) and Theorem 4.2 (i), that
{A*, B*, D*} > {A, B, D}. (4.20)

Thus (4.14) is proved. To prove (4.15), we apply definitions (4.7)-(4.11).
Indeed, Af(n) > A;(n) implies Bf(n) > B;(n) and the latter implies
D;(n) > Di(n) and Djy(n) > Djo(n) because we use the same routing
(coupling) and 17*(V;(I) = i) = 1 if and only if 171 (V;(l) = i) = 1 for all
i,7,1. Thus,

(NP@),i=1,...,M) <y (NP@t),i=1,...,M), (4.21)
and (4.15) follows. B

Now we establish the similar monotonicity property of the network pro-
cesses (both for open and closed networks) w.r.t. service times.

Theorem 4.4 Consider two open (or closed) networks X, ¥ with service
times sequences
S Zst §7
which are independent of the routing, external input and initial states, and
assume that

{v(0), E, V} =4 {#(0), E, V}.

Then o
{A, Bv D} Zst {Av Bv D}7 (422)
(NP(t),i=1,...,M) <o (NP(t),i=1,..., M); (4.23)
and for an open network also
(NP@),i=1,...,M) < (NF(t),i=1,...,M). (4.24)

Proof. Formulas (4.22), (4.23) are deduced as (4.20), (4.21) since, by
Theorem 4.2, the output sequence is increasing in service times. Since we
use the same routing, the sequence {D;o(n)} is monotone (see (4.10), (4.11)),
and (4.24) follows. W
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Previous results give the following statement.

Corollary. Consider two open networks X, Y with input and service
times sequences

{E7 S} Zst {Ev g}a

independent of the initial states

{V(O)v V} st {D(O)v \7}
Then (4.22), (4.24) hold.

Theorem 4.5. Assume that in two networks ¥, ¥ (open or closed) the
number of servers at each station i are connected as

mig’l’hi,iZL...,M.

Then the statement of Theorem 4.4 holds.

Proof. Tt follows from (4.5) that B;(n) decreases in m;. By (4.6), de-
creasing B;(n) implies increasing D;(n). Finally, arrival sequence A;(n)
decreases in Dj;(n). W

5. REGENERATIVE STABILITY ANALYSIS

In this Section, we present a few examples of stability analysis of re-
generative systems using several new and also above obtained monotonicity
results.

First, we consider a 2-station tandem network GI/G/1 — - — -/G/1
where the input to station 1 is rejected if the queue size at station 2 exceeds a
predetermined threshold N > 0. We call it feedback admission control. The
(external) input to station 1 is a stationary renewal process with instants
ty,n > 1, and rate \. Let S,(f), n > 1, be the i.i.d. service times at station
i with rate p; and let v;(t) be the queue size at station i at instant ¢,
i =1,2; ¢t > 0. Thus, the input to station 1 is rejected as long as va(t) >
N. Such a model (under exponential assumptions) has been introduced in
[12, 13]. Moreover, stability analysis of this network is also discussed in
[15, 16]. For this network, we establish a few new monotonicity properties
and, on this basis, develop stability analysis when p; > po.

We exploit a regenerative structure of the (right-continuous) basic queue-
size process, v(t) = (v1(t), v2(t)), t > 0, which is classically regenerative
with regeneration instants

Bo =0, Bup1 = inf(t;; > 8o v(th) = (0, 0)), n>0, (5.1)
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and the i.i.d. regeneration periods a, = Bn4+1 — On, n > 1, independent
of 1. Of course, (5.1) are classical regenerations of the one-dimensional
processes v;(t), t > 0, i = 1,2. We use the following characterization of the
forward regeneration time 3(t) = min{f, —t: By —t > 0} at instant ¢ > 0,
see [3]. We assume (31 < oo with probability 1 (w.p.1). Then the mean
regeneration period Ea = oo if and only if

B(t) — oo in probability as t — oo. (5.2)

If Ee < oo then the process {8(t), t > 0} is tight and renewal process
of regenerations (5.1) and the basic queueing process are called positive
recurrent. To establish positive recurrence (the key element of stability),
we show that (5.2) does not hold.

Denote original 2nd station @ (with the queue-size v5(t)), and also con-
sider a modified system Q (with queue-size 75(t)) which is fed by the 1st
saturated station of original network Q. (Again we apply a coupling using
the sample-path equivalence between renewal output process from the 1st
station and the renewal input to Q)

More exactly, interarrival times in Q are service times {S,(ll)}. In what
follows tildes denote the variables describing system Q. Let, for station Q,
t, be the nth input instant, W, be the waiting time of customer n and let
T, be the nth output instant, n > 1. We assume the same initial states
in both queues @, Q. More precisely, if the 1st station (in the tandem) is
busy at instant ¢ = 0 with unfinished service time S (1) , then S(()l) is also
the 1st input interval in Q. Otherwise, the 1st input mterval in Q equals
t, = Sil), while at the 1st station, an empty period g > 0 precedes first
service and thus, t; = S£1)+u0 > {;. Hence, t; = Sél)L,l(O)>0+S£1)L,1(0):0
It follows from construction that the difference pi,_; := t, —t, > 0 is the
amount of an empty time at the 1st queue after the nth departure, n > 1.
Denote p(n) = Ez;é px and introduce input intervals 7, = ty11 — ty, Tn =
tni1—tn, n > 1. It is also assumed that initial unfinished workload in both
queues Q, Q has the same value zo. By construction, t; + o = t; and for
n>1,

ZS,(CI , if v1(0 Z S )it v1(0) > 0. (5.3)

Moreover,
thi1 =tn —i—SnH—i—,un, tp =tn +u(n), n>1. (5.4)
Theorem 5.1.
T, <Tp < Ty + p(n), Wy, <W, <W, +u(n), n>1. (5.5)
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Proof. In what follows we use coupling taking 57(12) as the service time
of customer n in both queues @, Q. Also recall that a coupling is used
to generate input to stations @ and @ taking the same service times Sy(Ll)
according to (5.4). Obviously,

Wl = (x07t1)+ S (I’Q*El)Jr = Wl S M0+(I077§17M0)+ = W1+,LL(1) (56)
It then follows that

Ty =t +Wi+87 = fi o+ Wi —po+ 572 <ti+ Wi+ =11, (5.7)
and by (5.6),

Ty =&+ po + Wi+ 8 < T1 + p(1). (5.8)

Based on (5.6)—(5.8), we prove (5.5) for n + 1 by induction, assuming it
holds for £k = 1,...,n. Because 7,, = 51(12) and 7, = Sy(f) + tp—1, n > 1,
then by induction assumption,

TnJrl - £n+1 + (Wn + Sr(y,g) - Sr(zl))+ + ST(LQle
togr + (W — p(n) + 5P — 8OV — )" 4+ 52,

< togr + Wy + 852 — SO — )t + 88 =T

n

IN

On the other hand (again by induction assumption),
Tn+1 - tn+1 + (Wn + S£L2) - ST(Ll) - :un)Jr =+ 51(12—‘21
< furr +p(n 1)+ (Wo+ 52 - SO+ 58,

= Thp+ N’(n + 1)7

and the 2nd group of inequalities in (5.5) follows. To estimate workload, we
have

Wn+1 = (Wn + Sv(zz) - Sv(Ll) - Nn)+ < (Wn + ST(LQ) - Sr(Ll))Jr = Wn—H
(Wh + p(n) + 57(12) - ST(LI) — )"
(Wo+ 8 = S0 — )™ + p(n+1)
= Wppr+pu(n+1).
where we use inequality p(n) < p(n+ 1). Thus, (5.5) is proved for all n. B

<
<

Note 5.1. Because t, > t,, then inequality 7, > T,, also follows from
[7,9, 17].

Note 5.2. Tt follows from the Kiefer -Wolfowitz representation (3.2) that
monotonicity (5.5) also holds for the waiting times {W,gl)} ina GI/G/m
system, that is

Wi < W <W 4 p(n), n > 1. (5.9)
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The 2nd inequality follows as in the proof above, and the 1st inequality
(5.9) holds since 7, — 7}, > pfin—1 + fn > 0 and we can apply Theorem 3.1
and the monotonicity of mapping (3.2).

Now we establish a reduction of the total time when the queue size (in

Q) exceeds any fixed threshold k, in comparison with the time in queue @,
within any interval [0, ¢]. Fix some n for a moment and denote

~ g 2 ~ ~ 2
alzTTL—tn+k_1, alzTn—tn+k_1, agzal—SSL), a2:a1—S7(L).

Note that the nth beginning service time (in @) is defined as B, =
max(t,, Tn—1) = t, + W,,. Define

ln=af —af, l, =af —af, (5.10)
and note that Z~n and [,, are the parts of the nth service intervals
(B, B, +52) and [B,, B, + S?),
respectively, such that 79(t) > k and vo(t) > k, see [1].

Theorem 5.2.
L, <1, n>1. (5.11)
Proof. Note that a; > as, a1 > ao.
i) Let a3 > 0, @z > 0. Then [,, = 5(2 If moreover, a; > 0, as > 0 then
l,, = l,,. Now we assume a; > 0, a2 <0. Thenl, =T, —tpir-1 < S =1,.

ii) Let a; > 0, a3 < 0. Then 0 < l, =T, — a1 < S(). Denote
An(k) =pun+k—1)—p(n), k> 1. Because A, (k) > 0 then it follows from
(5.5) that

ag = T =8P —fpin1—pn+k—1)
= Tp—p(n) - 57(12) —tntr—1 — Ap(k)
< T, —8% — it 1 =ady<O0.
Thus,
ln=af < (Tn—p(n) —tnpn-1)" < (T — tosne1) T = af =1

iii) Eventually, let a; < 0. Then a, < 0 and thus, I, = 0. Since T,, <
tntk—1, we obtain

a; = Tn —tntk-1— ,LL(TL +k— 1) < Tn - £7L+k—1 - An(k) <o0.
Because also as < 0 then I, =0, and (5.11) follows. H

Denote

t t
fur(t) :/ I, (s)>kds, pr(t) :/ L, (s)>kds,
0 0
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the time when queues in Q7 Q, respectively exceeds a (fixed) threshold k
(within interval [0, ¢]). The following monotonicity property holds.
Corollary 5.1.
k() > pe(t), t>0. (5.12)
Proof. Because t, > t,, T, > Tn, it then follows that the service beginning
times are connected as B,, > B and hence,

N(t)=#{n:B, <t} <#{n:B, <t} =N(t),t>0.

Now we obtain from (5.11) that (5.12) holds for each ¢ and any threshold
k:

=

N(t (t)
Z = px(t), t>0.
k=1

™~
Il
-

Now we apply previous results to stability analysis of original tandem
network with feedback admission control. (More details on stability analy-
sis using characterization (5.2) can be found in [10].) Let 7 be a generic
interarrival time.

Theorem 5.3. Assume that py > pe and condition
P(r> S +5®)>0 (5.13)
holds. Then the processes {v(t), t > 0}, and {v;(t), t > 0}, i = 1,2, with
regenerations (5.1), are positive recurrent for any A < oo.
Proof. Assume that
v1(t) — oo in probability as t — oo, (5.14)

and denote the empty time of the 1st station in interval [0, ¢] as

t
Mél)(t) :/ vi(s) Ods
0

It then follows from (5.14) that P(v1(¢) = 0) — 0, and the mean empty time
is

Eul” (t) = o(t) as t — oc. (5.15)
Let a1 (t) (b1(t)) be the number of arrivals to (departures from) station 1 in
the original network, and let [(¢) be the number of the rejected arrivals in
interval (0, t]. Obviously,

b1(t) + v1(t) = v1(0) + a1 (t) — 1(¢). (5.16)
Based on the monotonicity results proved above, we now obtain bounds for

the queue-size processes in Q and Q. Let ag(t) (b2(t)) be the number of
arrivals to (departures from) station @ in (0, t]. (As above, tildes denote
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variables for station Q.) By construction, the number ao(t — uél)(t)) of
arrivals to Q in interval (0, t — uél)(t)} is the same as the number of arrivals
as(t) to @ in interval (0, t], that is dg(t—,u(()l)(t)) = ay(t). By the inequality
(5.5), T, < T, +p(n), and thus the number of departures from @ in interval
(0, t] among az(t— uél) (t)) arrivals is not less than the number of departures
from @ within the same interval (0, ¢]. Assume that all arrivals to @ in
interval (¢ — ,u(()l)(t),t] are rejected, and denote such a queue (at instant t)
as 12(t). Then it follows that va(t) > n2(t) and moreover, vo(t) < n2(t) +

ao(t), where ag(t) is the number of new arrivals to station ) in interval
[t — ,u(()l)(t),t] assuming that ¢ — /Jél)(t) is an arrival instant. (That is the
process dg(-) is the zero-delayed version of the input as(-).) It gives the
following inequalities

llg(t) Z 7’]2(15) Z I;Q(t) - do(t), t Z 0. (517)
It is easy to show under assumption (5.14) that
Eag(t) = o(t) as t — oc. (5.18)

To prove it, we use an upper linear bound of the renewal function. Moreover,
we apply stationarity of the renewal input to show that the number of
arrivals in interval [t — ,u(()l)(t),t] depends on its length ugl)(t) only. It
follows from (5.18) that the family {a(¢)/t, t > 0} is uniformly integrable,
and thus ag(t)/t — 0 in probability. Because 7o(t)/t — pu1 — p2 =: d > 0
w.p.1, hence in probability, it then follows from (5.17) that v»(t)/t — d in
probability. In particular, v5(¢t) — oo in probability. Now we fix any ¢ > 0.
Then there exists t' > ¢y such that P(ve(t) > N) > 1 -4, t > ¢/, and the
expected fraction of the time when queue size v2(t) exceeds threshold N,

¢
%E,uN(t) = %/ P(va(s) > N)ds — 1 — 0.
0

Since ¢ is arbitrary, Eun(t)/t — 1. It now follows that the number () of
rejected arrivals at station 1 is such that

.1 .1
tll)rgo EEl(t) = tli)rgo EEal(t).

Because by (t) < ay(t) — I(t) + o(t) as t — oo, it follows from (5.16) that
lim;_, oo Eb1(¢)/t = 0 while (5.14) implies

1
lim ~Eby(t) = py > 0. (5.19)

t—oo t
(More details see in [8, 9].) This contradiction shows that (5.14) does not
hold. Hence,

inf P(11(z;) =0) > &, (5.20)
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for some € > 0 and a non-random sequence of instants z; — oo. We note
that if (for a fixed i) v2(z;) < N, then

P(Vl(Zi) = 07 7/2(2»;) < N) > €. (521)

Otherwise, there exists an interval (z;, u;] such that v4(t) = 0, ¢t € [z;, u;]
and v2(u;) < N because station 1 is blocked as long as queue-size in @ ex-
ceeds threshold N. It is easy to show that on the event {11 (%) = 0, v2(z;) <
N}, the lengths of intervals u; — z; are uniformly (in 7) bounded by a finite
constant with a positive probability. Note that although the length u; — 2;
may depend on v»(z;) the following uniform lower bound for the probability
holds:

ian<V1 (s) =0, s € (2, w], va(u;) < N) >e. (5.22)

Thus, we conclude that there exists a non-random sequence u; — oo such
that
inf P(z/l(ui) =0, va(u;) < N) >e. (5.23)

Now we apply the tightness of the unfinished interarrival time process 7(t) =
inf(¢t, —t:t, —t >0),t > 0, and the unfinished service time process at
station @ (see [7]). It then follows from (5.23) that

in P(ul(ui) =0, Walw) < R, 7(u;) < D) > ¢/2 (5.24)

for suitable finite constants R, D. (Note that if follows from vs(u;) < N
that workload W2 () at station 2 at instant ¢ is bounded, Wa(t) < D.) Note
that (5.13) and finiteness of ET = 1/\ imply

Ple>7> 51 +5% +¢0)>d (5.25)
for some constants ¢ < oo, ey > 0,y > 0. Denote integer part B =

[R/eo](> R/ep), n; = inf(n : ¢, > wu;) and, on the event {vi(u;) =
0, Wa(u;) < R, 7(u;) < D}, realize the event

B
(VATaitr > S+ Sis + <o}
k=1

Then a customer arrives within interval [w;, u; + D + ¢B] which meets an
empty network. Moreover, this occurs with a probability which is uniformly
lower bounded by positive constant €5 /2. Thus (5.2) does not hold, and
positive recurrence of regenerations (5.1) follows. Hl

Keeping the same notations, we consider previous network with no ad-
mission control under assumption A > py (1st station is overloaded). Then
w.p.1,

v1(t) = v1(0) + a1 (t) — b1 (t) > a1(t) — az(t) + o(t) (t — o),
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where a2 (t) is the number of renewals in [0, ¢] in the process generated by
)

service times S$, n > 1. Hence, a, (t) > by1(t). By assumptions,

ai(t) — as(t)

; — A= >0
w.p.1 as t — oo. Hence,
t
iming 28 < g,
t—oo

and the 1st queue in the network is strongly unstable. In particular, there
exists a (finite) random instant T such that v4(¢) > 0 w.p.1 forall¢t > T. In
other words, the input to the 2nd station is coupled within a finite interval

with a renewal input generated by the service times {S,(LD}. Thus, we may
treat the input to station 2 as a delayed renewal input (with the delay T')
and with rate p1. Since p3 > uo then the queue-size process vo(t), t > 0, is
also strongly unstable.

Note 5.8. Assume that ps > p1. Then it is easy to obtain (using coupling
mentioned above) that the queue-size process v (t), t > 0, is positive recur-
rent regenerative. If moreover A > pso, then the latter result seems surpris-
ing. Really, in this case the well-known balance equations for the (potential)
input rates give the traffic intensities p1 = A/p1 > 1, p2 = Mz > 1. It may
indicate an instability of both stations. Because the input to station 2 is
(delayed) renewal with rate p; (see above) then in fact the actual intensity
for the 2nd station is p1 /p2 < 1, and thus the 2nd station is not overloaded.
(For more details see [8].)
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