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ABSTRACT. The classical Painlevé theorem tells that sets of zero
length are removable for bounded analytic functions, while (some)
sets of positive length are not. For general K-quasiregular mappings
in planar domains the corresponding critical dimension is KL-H We
show that when K > 1, unexpectedly one has improved removabil-
ity. More precisely, we prove that sets E of o-finite Hausdorff KL_H—
measure are removable for bounded K-quasiregular mappings. On
the other hand, dim(E) = Kiﬂ is not enough to guarantee this prop-
erty. We also study absolute continuity properties of pull-backs of
Hausdorff measures under K-quasiconformal mappings, in particular
at the relevant dimensions 1 and KL_H For general Hausdorff mea-
sures H?, 0 < t < 2, we reduce the absolute continuity properties to
an open question on conformal mappings, see Conjecture 2.3.

1. INTRODUCTION

A homeomorphism ¢ : Q@ — Q' between planar domains ,Q" C C is
called K -quasiconformal if it belongs to the Sobolev space Wllocz(ﬂ) and
satisfies the distortion inequality

max |0,¢| < K min|d,¢| a.e. in (1.1)

It has been known since the work of Ahlfors [3] that quasiconformal map-
pings preserve sets of zero Lebesgue measure. It is also well known that they
preserve sets of zero Hausdorff dimension, since K-quasiconformal mappings
are Holder continuous with exponent 1/K, see [20]. However, these maps
do not preserve Hausdorff dimension in general, and it was in the work
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of the first author [4] where the precise bounds for the distortion of di-
mension were given. For any compact set E with dimension ¢ and for any
K-quasiconformal mapping ¢ we have
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Furthermore, these bounds are optimal, that is, equality may occur in either
estimate.

The fundamental question we study in this work is whether the estimates
(1.2) can be improved to the level of Hausdorff measures H*. In other words,
if ¢ is a planar K-quasiconformal mapping, 0 < ¢t < 2 and ¢’ = %,
we ask whether it is true that

HY(E)=0 = H'($(E)) =0, (1.3)

or put briefly, ¢*Ht/ < 'H!. Note that the above classical results of Ahlfors
and Mori assert that this is true when ¢t = 0 or ¢t = 2. In fact [4], for the
Lebesgue measure one has even precise quantitative bounds

I6(E)| < C|E|*%,

a result which also leads to the sharp Sobolev regularity, ¢ € Wli’f (C) for
every p < I?—Ifl
As a first main result of this paper we prove (1.3) for ¢ = i.e. for

the case of image dimension t' = 1.

_2
K+1°

Theorem 1.1. Let ¢ be a planar K -quasiconformal mapping, and let E be
a compact set. Then,

2

MY ((E)) < C (MF5

|
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~
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(1.4)
As a consequence,
HE(E)=0 = H'($(E)) =0

Here M? denotes t-dimensional Hausdorff content. As one of the key
points in proving Theorem 1.1 we show that for planar quasiconformal map-
pings h which are conformal in the complement C\ E the inequality (1.4)
improves strongly: such mappings h essentially preserve the 1-dimensional
Hausdorff content of the compact set F,

MY(h(E)) < Cx MY(E) (1.5)
The constant C'x depends only on K if h is normalized at oo, requiring
h(z) = z+ O(1/z). For the area the corresponding estimate was shown in

[4]. In fact, as we will see later, a counterpart of (1.5) for the ¢-dimensional
Hausdorff content M? is the only missing detail for proving the absolute
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continuity ¢*Ht/ < H? for general t. Towards solving (1.3) we conjecture
that actually

M (h(E)) < C MY(E), 0<t<2

whenever E C C compact and h is normalized and conformal in C\ E ad-
mitting a K-quasiconformal extension to C. For a more detailed discussion
and other formulations see Section 2.

The reason our methods work only in the special case of dimension ¢t = 1
is that the content M! is equivalent to a suitable BM O-capacity [29]. For
dimensions 1 < ¢t < 2, we do have interpolating estimates but unfortunately
we have to settle for the Riesz capacities. We have

Cot(R(E)) < CCy(E)

for any t € (1,2) and o = 2 — 1. This fact has consequences towards the
absolute continuity of Hausdorff measures under quasiconformal mappings,
but these bounds are not strong enough for (1.3) when 1 < ¢/ < 2.

Recall that f is a K-quasiregular mapping in a domain Q C C if f €
Wllof(Q) and f satisfies the distortion inequality (1.1). When K = 1, this
class agrees with the class of analytic functions on 2. The classical Painlevé
problem consists of giving metric and geometric characterizations of those
sets E that are removable for bounded analytic functions. Here Painlevé’s
theorem tells us that sets of zero length are removable, while Ahlfors [2]
showed that no set of Hausdorff dimension > 1 has this property. For the
related BM O-problem Kaufman [15] proved that the condition H!(E) = 0
is a precise characterization for removable singularities of BMO analytic
functions. Thus for analytic removability, dimension 1 is the critical point
both for L> and BM O. However, the solution to the original Painlevé prob-
lem lies much deeper and was only recently achieved by Tolsa ([27],[28]) in
terms of curvatures of measures. Under the assumption that H!(E) is fi-
nite, Painlevé’s problem was earlier solved by G. David [11], who showed
that a set E of positive and finite length is removable for bounded analytic
functions if and only if it is purely unrectifiable. Furthermore, the countable
semiadditivity of analytic capacity, due to Tolsa [27], asserts that this result
remains true if we only assume H!(E) to be o-finite.

It is now natural to approach the Painlevé problem for K-quasiregular map-
pings. We say that a compact set E is removable for bounded K -quasireqular
mappings, or simply K-removable, if for every open set Q@ O FE, every
bounded K-quasiregular mapping f : Q \ F — C admits a K-quasiregular
extension to €. In this definition, as in the analytic setting, we may replace
L>(Q) by BMO(9) to get a close variant of the problem.
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The sharpness of the bounds in equation (1.2) determines the index KLH as
the critical dimension in both the L*° and BMO quasiregular removabil-
ity problems. In fact, Iwaniec and Martin previously conjectured [14] that
in R", n > 2, sets with Hausdorff measure HKLH(E) = 0 are removable
for bounded K-quasiregular mappings. A preliminary positive answer for
n = 2 was described in [7]. Generalizing this, in the present work we show
that surprisingly, for K > 1 one can do even better: we have the following
improved Painlevé removability.

Theorem 1.2. Let K > 1 and suppose E is any compact set with
Hﬁ(E) o — finite.
Then E is removable for all bounded K -quasireqular mappings.

The theorem fails for K = 1, since for instance the line segment E = [0, 1]
is not removable.

For the converse direction, the work [4] finds for every ¢ > KLH
K-removable sets with dim(E) = ¢. We make an improvement also here
and construct compact sets with dimension precisely equal to KL_H yet not
removable for some bounded K-quasiregular mappings. For details see The-

orem 5.1.

non-

The above theorems are closely connected via the classical Stoilow factor-
ization, which tells [7], [16] that in planar domains K-quasiregular mappings
are precisely the maps f representable in the form f = h o ¢, where h is
analytic and ¢ is K-quasiconformal. Indeed, the first step in proving Theo-
rem 1.2 will be to show that for a general K-quasiconformal mapping ¢ one
has

H®H(E) o-finite = H'(¢(E)) o-finite

However, this conclusion will not be enough since there are rectifiable sets
of finite length, such as E = [0, 1], that are non-removable for bounded
analytic functions. Therefore, in addition, we need to establish that such
"good’ sets of positive analytic capacity actually behave better also under
quasiconformal mappings. That is, we show that up to a set of zero length,

2
K+1

For details and a precise formulation see Corollary 3.2.

F  1-rectifiable = dim(¢(F)) >

The paper is structured as follows. In Section 2 we deal with the quasi-
conformal distortion of Hausdorff measures and of other set functions. In
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Section 3 we study the quasiconformal distortion of 1-rectifiable sets. Sec-
tion 4 gives the proof for the improved Painlevé removability theorem for
K-quasiregular mappings and other related questions. Finally in section 5
we describe a construction of non-removable sets.

2. ABSOLUTE CONTINUITY

There are several natural ways to normalize the quasiconformal mappings
¢ : C — C. In this work we mostly use the principal K-quasiconformal

mappings, i.e. mappings that are conformal outside a compact set and are

normalized by ¢(z) —z = O (é) as |z| — oo.

It is shown in the work [4] of the first author that for all K-quasiconformal
mappings ¢ : C — C,
|6(E)| < C|E[M* (2.1)
where C' is a constant that depends on the normalizations. By scaling we
may always arrange

diam(¢(E)) = diam(F) < 1 (2.2)

and then C' = C(K) depends only on K. In order to achieve the result
(2.1), one first reduces to the case where the set E is a finite union of disks.
Secondly, applying Stoilow factorization methods the mapping ¢ is written
as ¢ = h o ¢1, where both h, ¢, : C — C are K-quasiconformal mappings,
such that ¢; is conformal on E and h is conformal in the complement of
the set F' = ¢1(F). Here one obtains the right conclusion for ¢1,

161(E)| < C|E|%

by including ¢; in a holomorphic family of quasiconformal mappings. Fur-
ther, one shows in [4, p. 50] that under the special assumption where h is
conformal outside of F, we have

[hW(F)| < CF| (2.3)

where the constant C still depends only on K.

In searching for absolute continuity properties of other Hausdorff mea-
sures under quasiconformal mappings, such a decomposition seems unavoid-
able, and this leads one to look for counterparts of (2.3) for Hausdorff mea-
sures H! or Hausdorff contents M*. Here we establish the result for the
dimension t = 1.

Lemma 2.1. Suppose E C C is a compact set, and let ¢ : C — C be a
principal K-quasiconformal mapping, such that ¢ is conformal on C\ E.
Then,

M ($(E)) ~ MY (B)

with constants depending only on K.



6 K. ASTALA, A. CLOP, J. MATEU, J. OROBITG AND I. URIARTE-TUERO

In order to prove this result some background is needed. The space of
functions of bounded mean oscillation, BM O, is invariant under quasicon-
formal changes of variables [24]. More precisely, if ¢ is a K-quasiconformal
mapping and f € BMO(C), then f o ¢ € BMO(C) with BMO-norm

£ ool < CK) £l
The space BMO(C) gives rise to a capacity,

Yo(F) = sup | f'(c0)]
where the supremum runs over all functions f € BMO(C) with ||f|. < 1,
that are holomorphic on C \ F and satisfy f(co) = 0. Here f'(c0) =
lim| ;| oo 2 (f(2) — f(00)). Observe that in this situation f defines a dis-
tribution supported on F, and actually [(9f,1)| = |f’(c0)|. It turns out [29)
that for any compact set £ we have

%0(E) = M'(E). (2.4)

According to the theorem of Kaufman [15], in the class of functions f €
BMO(C) holomorphic on C\ E every f admits a holomorphic extension
to the whole plane if and only if M!(E) = 0. That is, 7 characterizes
those compact sets which are removable for BM O holomorphic functions.
Because of these equivalences, to prove Lemma 2.1 it suffices to show that

Yo(A(E)) = 0(E).

Proof of Lemma 2.1. Suppose that f € BMO(C) is a holomorphic mapping
of C\ E such that || f|« <1 and f(co) = 0. Then the function g = f o ¢!
is in BMO(C) and ||g||« < C(K). On the other hand, g is holomorphic on

C\ ¢(F), and since ¢ is a principal K-quasiconformal mapping, g(co) = 0
and

l9'(c0)l = lim |zg(z)| = lim |¢(w) f(w)| = |f"(c0)].

|z|— |w|—o0

Hence, v9(E) < C(K)(¢(E)). The converse inequality follows by sym-
metry, since also the inverse ¢! is a principal mapping,. O

This lemma is a first step towards the results on absolute continuity, as
presented in the following reformulation of Theorem 1.1.

Theorem 2.2. Let E be a compact set and ¢ : C — C K-quasiconformal,
normalized by (2.2). Then

K41
2K

MY (G(E)) < C (M7 (E))

where the constant C = C(K) depends only on K. In particular, if
HRH(E) =0 then HY(¢(E)) = 0.
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Proof. There is no restriction if we assume E C . We can also assume
that ¢ is a principal K-quasiconformal mapping, conformal outside D. Now,
given ¢ > 0, there is a finite covering of E by open disks D; = D(z;,r;),
j =1,...,n, such that

o2
DorfT S MF(E) +e
j=1

Denote = U7_; D;. As in [4], we use a decomposition ¢ = h o ¢, where
both ¢1,h are principal K-quasiconformal mappings. Moreover, we may
require that ¢ is conformal in Q U (C\ D) and that h is conformal outside

$1(9).
By Lemma 2.1, we see that

MU(B(E)) < M (6(2)) = M (ho ¢1(2)) < C M (¢1(2))
Hence the problem has been reduced to estimating M1 (¢;(9)). For this,
K-quasidisks have area comparable to the square of the diameter,

1
2

diam(¢1 (D;)) = |¢1(D;)['/? = (/D J(27¢1)d1‘1(2)>

j
with constants which depend only on K. Thus, using Holder estimates
twice, we obtain

1— L

Zdlam ¢1(D Z/ (z,¢1)PdA(2) Z|Dj|z”pii
j=1

as long as J(z,¢1)P is integrable. But here we are in the special situation
of [6 Lemma 5.2]. Namely, as ¢; is conformal in the subset {2, we may take

D= %= [6] to obtain

3 / (2, 61)PdA(z) = / (2, 61)PdA(2) < 7

j=17Dj Q
With the above choice of p one has szill = ﬁ Hence we get

K41
" I 2 £

" diam(¢1(D, Z m < O(K) (./\/l 5 () + g)
j=1 =1
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But U;j¢1(D;) is a covering of ¢1(£2), so that actually we have

K41
2K

MY (G(E)) < CM (61(9) < C(K) (M5 (B) +¢)
Since this holds for every € > 0, the result follows. O

At this point we want to emphasize that for a general quasiconformal
mapping ¢ we have J(z,¢) € L}  only for p < % The improved bor-
K

derline integrability (p = =) under the extra assumption that ¢| 0 is

conformal was shown in [6, Lemma 5.2]. This phenomenon was crucial for
our argument, since we are studying Hausdorff measures rather than dimen-
sion. Actually, the same procedure shows that inequality (2.5) works in a
much more general setting. That is, still under the special assumption that
¢1 is conformal in UJ_, D;, we have for any ¢ € [0, 2]

11
t K

Zdiam(gbl(Dj))d < C(K) Zdiam(Dj)t (2.6)

1
d

where d = % On the other hand, another key point in our proof

was the estimate

M (WE)) < C MY (B),
valid whenever & is a principal K-quasiconformal mapping which is confor-
mal outside . We believe that finding the counterpart to this estimate is
crucial for understanding distortion of Hausdorff measures under quasicon-
formal mappings. We make the following

Conjecture 2.3. Suppose we are given a real number d € (0,2]. Then for
any compact set E C C and for any principal K -quasiconformal mapping h
which is conformal on C\ E, we have

MAUR(E)) ~ MUE) (2.7)
with constants that depend on K and d only.

One may also formulate a convenient discrete variant, which is actually
stronger than Conjecture 2.3.

Question 2.4. Suppose we are given a real number d € (0,2] and a finite
number of disjoint disks D1, ..., D,. If a mapping h is conformal on C\
Ui_,D; and admits a K-quasiconformal extension to C, is it then true that

> diam (h(D;))" ~ " diam(D;)" (2.8)
j=1 j=1

with constants that depend only on K and d ?
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We already know that (2.7) is true for d = 1 and d = 2; however for
Question 2.4 we know a proof only at d = 2. An affirmative answer to Con-
jecture 2.3, combined with the optimal integrability bound proving (2.6),
would provide the absolute continuity of ¢*H?¢ with respect to H*, where
d= %, 0 <t <2and K > 1. Therefore, (2.7) would have important
consequences in the theory of quasiconformal mappings.

The positive answer to (2.7) for the dimension d = 1 was based on the
equivalence (2.4) and the invariance of BMO. Actually more is true: the
space VMO, equal to the BM O-closure of uniformly continuous functions,
is quasiconformally invariant as well. We may also describe VMO as con-
sisting of functions f € BMO for which

1 -
hm@/3|f—f3|—o

as |B| + ﬁ — 00. As we now see, the invariance of VMO has interesting
consequences.

Theorem 2.5. Let E C C be a compact set, and ¢ : C — C a K-
quasiconformal mapping. If HKLH(E) is finite (or even o-finite), then
HY(p(E)) is o-finite.

This result may be equivalently expressed in terms of the lower Hausdorff
content. To understand this alternative formulation of Theorem 2.5, we first
need some background. A measure function is a continuous non-decreasing
function h(t), t > 0, such that lim; o h(¢) = 0. If h is a measure function
and F' C C we set

M (F) = ianh(dj)

where the infimum is taken over all countable coverings of F' by disks of
diameter §;. When h(t) = t*, a > 0, M"(F) = M(F) equals the a-
dimensional Hausdorff content of F'. Moreover, the content M® and the
measure H® have the same zero sets. We will denote by F = F; the class
of measure functions h(t) = t?&(t), 0 < &(t) < 1, such that lim;_.oe(t) = 0.
The lower d-dimensional Hausdorff content of F' is then defined by
MYF) = sup M"(F)
heFqy

One has M? < M9 but it can happen that MZ(F) = 0 < M%(F). For
instance, if F is the segment [0,1] in the plane, then ML(F) = 0 but
ML (F) = 1. An old result of Sion and Sjerve [26] in geometric measure
theory asserts that MZ(F) = 0 if and only if F is a countable union of
sets with finite d-dimensional Hausdorff measure. For a disk B, M%(B) =
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M4(B), and for open sets U, M(U) ~ M4(U). We may now reformulate
Theorem 2.5 as follows.

Theorem 2.6. Let E C C be a compact set, and ¢ : C — C a principal
2
K -quasiconformal mapping. If MET"(E) =0, then ML(¢(E)) = 0.
For the proof, for any bounded set F' C C define first

V«(F) = sup | f'(o0)] (2.9)
where the supremum is taken over all functions f € VMO, with || f]l. < 1,
which are holomorphic on C\ F' and satisfy f(co) = 0. Again here we may
replace |f’(c0)| by [(9f,1)]. The VMO invariance leads to the following
analogue of Lemma 2.1.

Lemma 2.7. Let E be a compact set. For any principal K -quasiconformal
mapping ¢ : C — C, conformal on C\ E, we have

Vi ((E)) = v« (E).
Proof. Consider f € VMO which is analytic in C \ ¢(E) and f(o0) = 0.
Set g = fo¢. Then g € VMO, g is analytic on C\ E, ||g]l+ < C|f]«

and |¢'(c0)| = |f'(o0)| since ¢ is a principal K-quasiconformal mapping.
Consequently v, (¢(E)) < Cv.(E). O

It was shown by Verdera that this VMO capacity is essentially the 1-
dimensional lower content.

Lemma 2.8 ([29], p. 288). For any compact set E, ML(E) ~ v.(E).
With these tools we are ready to prove Theorem 2.6.

Proof of Theorem 2.6. Naturally, the argument is similar to that in Theo-
rem 2.2. Without loss of generality, we may assume that £ C D and that
¢ is a principal K-quasiconformal mapping. Furthermore, we may assume
that HK%A(E) is finite, and for any 6 we have a finite family of disks D;
such that E C U;D;, 3, diam(D;) ®51 < H751 (E) + 1 and diam(D;) < 4.
Set Q = U;D;. Again, we have a decomposition ¢ = ¢5 o ¢1, where both
¢1 and ¢ are principal K-quasiconformal mappings, and where we may
require that ¢; is conformal in (C\ D) U, and ¢5 is conformal outside
#1(Q). Thus,
ML((E)) < ML(6(Q)
By Lemma 2.8, the lower content can be replaced by the VMO capacity,

M(6()) < Cr(9(Q))

Since ¢y is conformal outside of ¢1(f2), from Lemma 2.7 we obtain

Y (B(Q)) = 7u(¢2 0 91()) ~ 74 (61()) < C M (6:1(Q))
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where the last inequality uses again Lemma 2.8. It hence remains to esti-
mate MZL(¢1(Q)). For this, take h € F, h(t) = te(t), and argue as in The-
orem 2.2. Since K-quasiconformal mappings are Holder continuous with
exponent 1/K,

M"($1(2))
< Zdiam(¢1(Dj))g(diam(%(Dj))) < e(Ck 6Y%) > diam(¢ (D;))

J
K—1
3K

(z,61) %1 dm(Z)) | Dy |12

e(Cx 6'5) Y (/

7 D

2K

E(CK (51/K) Ck Zdiam(Dj)K+1
J
K+1

(E) + 1) "

2

(Cx 8YE) O (HK+1

Finally, taking 6 — 0 we get M"(¢(E)) = 0. This holds for any h € F, and
the Theorem follows. O

One might think of extending the preceeding results from the critical
index KLH to arbitrary ones by using other capacities that behave like a
Hausdorff content. For instance, the capacity ~,, associated to analytic
functions with the Lip(«) norm [21], satisfies

MUIFE) ~ 7 (E)

but unfortunately, the space Lip(«) is not invariant under a quasiconformal
change of variables. Thus, other procedures are needed. It turns out that the
homogeneous Sobolev spaces provide suitable tools, basically since WLZ((C)
is invariant under quasiconformal mappings. Here recall that for 0 < a < 2
and p > 1, the homogeneous Sobolev space W“”((C) is defined as the space
of Riesz potentials

f=1.%g

where g € LP(C) and I,(z) = IZP%“ The norm is given by || fllyiaunc) =
lgll,- When o = 1, WhP(C) agrees with the space of functions f whose
first order distributional derivatives are given by LP(C) functions. Let f €
W12(C) and let ¢ be a K-quasiconformal mapping on C. Defining g = fo¢
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we have
[ 1PatIRaa) < [ 1D56E)E Do) dA)
<K / IDF(6(2))[2 J (2, 6) dA(2)
(®
_K /C |Df (w)[2 dA(w)

so that g € W12(C). In other words, every K-quasiconformal mapping ¢
induces a bounded linear operator

T:WH(C) - WH(C),  T(f)=[e¢
with norm depending only on K. As we have mentioned before, this opera-
tor T is also bounded on BMO(C) [24]. Moreover, Reimann and Rychener
[25, p.103] proved that Vi (C), ¢ > 2, may be represented as a complex
interpolation space between BMO(C) and W2(C). It follows that T is

bounded on the Sobolev spaces W%’q((C), q > 2. More precisely, there exists
a constant C' = C(K, q) such that

1fedll.,,

for any K-quasiconformal mapping ¢ on C. These invariant function spaces
provide us with related invariant capacities. Recall (e.g. [1, pp.34 and 46))
that for any pair « > 0, p > 1 with 0 < ap < 2, one defines the Riesz
capacity of a compact set E by

Cap(E) = sup{u(E)"}
where the supremum runs over all positive measures p supported on F, such
that ||y * plly <1, % + % = 1. We get an equivalent capacity if we replace

s S CIFIL, (210)

positive measures u by distributions T" supported on E, ||I, *T||, < 1, and
take the supremum of (T, 1)|7.
To see the connection with equation (2.10) consider the set functions

Y1-a,q(E)=sup{|f'(co)|; f analytic in C\ E, || f|lyj1-a, <1 and f(co) = 0}

Observe again that | f/(co)| = [(0f, 1)| where this action must be understood
in the sense of distributions. With this terminology we have

Lemma 2.9. Suppose that E is a compact subset of the plane. Then, for
any p € (1,2),
Cop(E )Up ~ Yi—aq(E)

where a = 2 — 1 and ¢ = 2.
P P
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Proof. On one hand, let x be an admissible measure for C, . Then, I, *
is in L? with norm at most 1. Define f = %* w. Clearly, f is analytic outside
E, f(o0) =0 and f’(o0) = u(FE). Moreover, up to multiplicative constants,

~ 1 g 1 ~

f(ﬁ)ﬁgﬁ(f)—gmu(f)zl% 1

and consequently we can write
1
f= ;*M:R(Il*,u)zll,a*R(Ia*,u)

where R is a Calderén-Zygmund operator and || f||yir1—a.q = [|R(Ia * 1)|lqg S
[[La * pllq-

For the converse, let f = I;_, * g be an admissible function for vy1_q 4.
We have that, up to a multiplicative constant, 7 = Jf is an admissible
distribution for C’a’p because

=)

I, +T = R'(g)

where R is the transpose of R. Thus, Cy ,(E)Y/? > |(T,1)| = | f'(c0)| and
the proof is complete. O

We end up with new quasiconformal invariants built on the Riesz capac-
ities.
Theorem 2.10. Let ¢ : C — C be a principal K-quasiconformal mapping
of the plane, which is conformal on C\ E. Let 1 < p <2 and o = % —1.
Then _ _
Cap(9(E)) ~ Cop(E)
with constants that depend only on K and p.

Proof. By the preceding Lemma it suffices to show that y1_q,4 (¢(E)) <
CkVi-a,q(E).

Let f be an admissible function for v1_4 ¢(¢(E)). This means that f
is holomorphic on C\ ¢(F), f(oo) = 0 and that ||f||yj1-a., < 1. Then,
we consider the function g = f o ¢. Clearly, 9(f o ¢) = 0 outside E and
g(00) = 0. Moreover, for a = % —1wehavel —a = %. Hence, because of
equation (2.10),

glliri-aa < Crllfll ;2.0 < C(Kq)

so that ﬁ g is an admissible function for y1_, 4(E). Hence, as ¢ is a

principal K-quasiconformal mapping,

1 /
’Yl—a,q(E) > mu (00)]

and we may take supremum over f. O
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The above theorem has direct consequences towards the absolute conti-
nuity of Hausdorff measures, but unfortunately these are slighly weaker than
one would wish for. In fact, there are compact sets F such that Cy ,(F) =0
and H"(F) > 0, for some measure function h(t) = t? ¢(t). Thus, Theorem
2.10 does not help for Conjecture 2.3. We have to content with the following
setup:

Given 1 < d < 2 consider the measure functions h(t) = t?&(t) where

/e(t)ﬁ% < oo (2.11)
0

Typical examples of such functions are h(t) = t|logt|~® or h(t) =
t4logt|'~4log*(|log t|) where s > d — 1.

Corollary 2.11. Let E be a compact set on the plane, and ¢ : C — C a
principal K -quasiconformal mapping, conformal outside of E. Let 1 < d <
2. Then,

M"($(E)) < C MU(E)
for any measure function h(t) = te(t) satisfying (2.11). Moreover, if
HY(E) < oo then H"(¢(E)) = 0 for every such h.

Proof. By [1, Theorem 5.1.13], given a measure function h satisfying (2.11)
there is a constant C' = C'(h) with

2
MMG(E)) < CCoaldlB),  a=2 -1
By Theorem 2.10, Cy ¢(¢(E)) < CCqy q(E) and using again [1, Theorem
5.1.9] we finally have C,, 4(E) < M4(E). O

Arguing now as in Theorems 2.2 and 2.6, we arrive at the following
conclusion.

Corollary 2.12. Let E be a compact set of the plane and suppose ¢ : C — C
is a K-quasiconformal mapping. Lett € (KLH, 2) and d = #Kfl)t Then,
under the normalization (2.2),
1 2
M ($(E)) < C Caa(@(E)) <C (M(E), a=--1
for any measure function h satisfying (2.11). The constant C' depends only

on h and K.

Here note that for -2— < t < 2 we always have 1 < d < 2 in the above

K+1
Corollary.
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3. DISTORTION OF RECTIFIABLE SETS

In general, if ¢ is a K-quasiconformal mapping and F is a compact set,
it follows from (1.2) that

2K
< dim ¢(E) <
g1 S dmeB) <

Here for both estimates one may find mappings ¢ and sets E such that
the equality is attained, see [4]. There all examples come from non regular
Cantor-type constructions. Thus the extremal distortion of Hausdorff di-
mension is attained, at least, by sets irregular enough. The main purpose
of this section is to prove that some irregularity is also necessary. Namely,
we show that quasiconformal images of 1-rectifiable sets cannot achieve the
maximal distortion of dimension.

dm(E)=1 = (3.1)

Theorem 3.1. Suppose that ¢ : C — C is a K-quasiconformal mapping.
Let E C 0D be a subset of the unit circle with dim(E) = 1. Then we have
the strict inequality

2
K+1

dim(¢(E)) >

With similar but easier argument one may also prove that for such sets
E, neither can dim(¢(E)) attain the upper bound in (3.1). For details see
Remark 3.7.

From this Theorem we obtain as an immediate corollary the following
more general result.

Corollary 3.2. Suppose that E is a 1-rectifiable set, and let ¢ : C — C be
a K-quasiconformal mapping. Then there exists a subset Ey C E of zero

length such that
2

K+1
Recall that a set £ C C is said to be 1-rectifiable if there exists a set Fy of

zero length such that E \ Fy is contained in a countable union of Lipschitz
curves, that is,

dim ¢(E \ Eo) >

o0
E\ Ey c | 2;(0,1])
j=1
where all ®; : [0,1] — C are Lipschitz mappings. Alternatively [18] 1-
rectifiable sets can be viewed as subsets countable unions of C! curves,
modulo a set of zero length. In particular, for any ¢ > 0 there is a decom-
position

E\E(’):GEZ»

i=1
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where E) has zero length and each F; can be written as F; = f;(F;), with
fi : € — C a (1 + ¢)-bilipschitz mapping and F; C dD. From this and
Theorem 3.1 we obtain Corollary 3.2.

To prove Theorem 3.1, first some reductions may be made. Recall [16]
that every K-quasiconformal mapping ¢ can be factored as ¢ = ¢, 00 ¢
where each ¢; is Kj-quasiconformal, and K; K5 - --- K,, = K. In particular,
given € > 0, we can choose K; <14 ¢ for all j =1,...,n, when n is large
enough. On the other hand, recall that from the distortion of Hausdorff
dimension (1.2) we have

1 1 1 1
— < K|——=—-= 2
dim¢(E) 2~ <dimE 2> (32)
If ¢ is such that equality in (3.2) holds for E, then every factor ¢; above

must give equality for the set E; = ¢;_10...¢1(F) and K = K;. In other
words, if one of the mappings ¢; fails to satisfy the equality in (3.2), then so
will ¢. By combining these facts, we deduce that in order to prove Theorem
3.1 we can assume that K =1+ ¢ with € > 0 as small as we wish.

For mappings with small dilatation it is possible achieve quantitative and
more symmetric local distortion estimates. In particular, Theorem 3.1 will
follow from the next lower bounds for compression of dimension.

Theorem 3.3. Suppose ¢ : C — C is (1 + €)-quasiconformal and E C ID.
Then for all e > 0 small enough,

dim(E) > 1 —cpe? = dim(¢p(F)) > 1— ¢ & (3.3)
where the constants cy, ¢c1 > 0 are independent of €.

Our basic strategy towards this result is to reduce it to the properties
of harmonic measure and conformal mappings admitting quasiconformal
extensions. Indeed, denote by p the Beltrami coefficient of ¢ and let h be
the principal solution to Oh = xpudh. Then h is conformal outside the
unit disk. Inside D it has the same dilatation u as ¢, and hence differs from
this by a conformal factor. Consequently, we may find Riemann mappings
f:D—-Q:=¢(D) and g: D — Q' := (D) so that

6(z) = fog loh(z), zeD (3.4)

Moreover, since the (1 + ¢)-quasiconformal mapping G' = g~! o h preserves

the disk, reflecting across the boundary 9D one may extend G to a (1+¢)-
quasiconformal mapping of C. At the same time, this procedure provides
both f and g with (14 ¢)?-quasiconformal extensions to the entire plane C.
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As the final reduction we now find from (3.4) that for Theorems 3.1 and
3.3 it is sufficient to prove the following result.

Theorem 3.4. Suppose that f : C — C is a (1 + €)-quasiconformal map-
ping of C, conformal in the disk D. Let A C dD. There are constants cg,
c1 and g, 71, independent of €, such that for € > 0 small enough,

(1) dim(A) >1—-coe? = dim(f(A)) >1—¢; &2

and
(44) dim(A) <1 —ye? = dim(f(A) <1 -y ée?

Proof. The first conclusion () follows from Makarov’s fundamental esti-
mates for the harmonic measure [17], see also [22, p.231]. In the work [17]
Makarov proves that for any conformal mapping f defined on D, for any
Borel subset A C dD and for every g > 0 we have the lower bound

' q dim(A)
dim(f(A)) > Br(—q) + ¢+ 1 — dim(A)

Here (¢(p) stands for the integral means spectrum. That is, for a given
p € R, B;(p) is the infimum of all numbers § such that

/027r |f'(re')|Pdt = O <(1—17«)ﬁ> (3.6)
asr — 17.

We hence need estimates for 87(p), and here for mappings admitting K-
quasiconformal extensions one has qualitively sharp bounds. Indeed, it can
be shown [22, p.182] that

(3.5)

o <o (K1) v (.1)

for any p € R. The constant 9 is not optimal but suffices for our purposes.
Choosing ¢ = 1 in (3.5) gives immediately the first claim (7).

For general conformal mappings there is no bound for expansion of dimen-
sion, i.e. there is no upper bound analogue of (3.5). Hence the proof of (i7)
uses strongly the fact that mappings considered have (1 + ¢)-quasiconformal
extensions. However, also here this information is easiest to use in the form
(3.7).

We first need to introduce some further notation. The Carleson squares
of the unit disk are defined as

Qjn={zeD:27F <1—|z| <27¥ 27" ) <arg(z) < 2757 (j+1)}
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Given a point z € D\ {0}, let Q(z) denote the unique Carleson square
that contains z. Then it follows from Koebe’s distortion Theorem and
quasisymmetry [7], [16] that if D(&,r) is a disk centered at & € 9D, we have

diam(f(D)) ~ diam(f(Q(2))) =~ |f' (2)|(1—]z|), for z = (1-71)¢§, (3.8)

whenever f: C — C is a K-quasiconformal mapping, conformal in D.

Furthermore, assume we are given a family of disjoint disks D; = D(&;, ;)
with centers &; € JD, i € N, on the unit circle. Write then z; = (1 — r;)&;,
and for any pair of real numbers 0 < o < § < 1 define two subsets of indices,

Iy(o,0) = {i € N;|f'(z)| < (1= |=i)* '}
Iy(0,8) = N\ Iy(a, )

Diameter sums over the ’good’ indexes I4(a,d) are easy to estimate. We
have

D diam(f(D))° < C Y )P A-lu)’ < C > (1 -z
i€ly(a,0) i€ly(a,0) i€ly(a,0)
where C' depends only on K. In other words,

> diam(f(D;))’ <C Y diam(D;) (3.9)

i€ly(a,0) i€ly(a,0)

It is well known that the integral means can be used to control the com-
plementary indexes Ip(a,d). We give the technical details in a separate
Lemma:

Lemma 3.5. Assume that 0 < a = 1 — Me2, for some M > 400, and let
§ = a(l + Ne?), where 200/ M < N < M. Then

Z diam(f(D;))’ < C
i€lp(a,0)

where C' is independent of D;j. Moreover, § satisfies 6 < 1 — ve? where
y=M—-N >0.
Proof. We classify the bad indexes Ij(«, §) by defining for k = 1,2, ..., and
me 7

={ieL(a,0); 27F<1— |z <270, 271 < f(2) (1 - |=]) <27 )
and write ¢f, = #I*. By (3.8) |f/(z:)| (1 — |z]|) is comparable to

diam(f(D;)), which is always smaller than diam(f(3D)). On the other
hand, if i € I¥, then

27 <1 —]z) <@-laDlf (=) <27
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Hence the indexes m with Ifn nonempty lie on an interval mg < m < %k.

From Koebe we also see that if i € I¥ then |f'(w)|? ~ 2P=™) for every
w € Q(z), with constants depending only on p. Combining this with (3.7)
gives for any 7 > 0

¢ < C ok (§° P +r+1- 15" p)
m

where C' now depends on p and 7. We may take p = 1’“07’8’; and obtain

k—m )2

gk < catR oz (5%

Since diam(f(D;)) is comparable to |f(z;)| (1 —|z]) ~27™ for i € IF,

>, diam(f(D) <CY 3 a2 (3.10)
ielb(a,é) k=0 m=mo
o Sk
< CZ 2k(1+7_m%_ﬁ(k;m)z)
k=0 m=mg
) k— 2 .
One now needs to ensure that the exponent 1 +7 —m¢ — ﬁ (Tm) s

negative. In particular, we want the exponent to attain its maximum at
m = $k, and this is satisfied if

! 1(105) 5

>

Under the assumptions of the Lemma this is easy to verify. Similarly one
verifies that the specific choices of the Lemma yield the maximum value
1 o2
1 —a— — (1 — —) <0
R TS 5
when 7 is chosen small enough. It follows that the sum in (3.10) has a finite
upper bound depending only on the constants M, N. This proves Lemma
3.5. O

The dimension bounds required in part (i7) of Theorem 3.4 are now easy
to establish. For every o > 1 — vpe? we have coverings of A, consisting
of families of disks D; = D(z;,r;) centered on 9D and radius r; < p — 0
uniformly small, such that the sums }°; diam(D;)* are uniformly bounded.
On the image side, for each § > 0

Z diam f (D Z diam f (D Z diam f (D

i€1g(,0) zer(a 9)
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As soon as a < § < 1, estimate (3.9) gives

> diamf(D;)° <C Y diam(D;)

1€Ig(,0) 1€lg(a,0)

Furthermore, by Lemma 3.5, there exists an exponent o < § < 1 — ;&2
such that the series
Z diam f(D;)°
i€lp(a,9)
is bounded independently of the covering D;. Thus the entire sum
>, diam(f(D;))° remains bounded as sup, diam(D;) — 0. This means
dim f(A) <8 <1 — €2, and completes the proof of Theorem 3.4. |

By symmetry, c.f. (3.4), Theorem 3.4 proves bounds also for expansion
of dimension.

Corollary 3.6. There are constants co, ¢y > 0 such that if E C 0D and
f:C — C is K-quasiconformal with K =1+ ¢, then

dim(E) <1—cye? = dim(f(F)) <1—c; &
when € > 0 is small enough.

Very recently, I. Prause [23] has obtained a different proof for Theorem
3.3 and Corollary 3.6, based in the ideas on [4] and a well known result from
Becker and Pommerenke [9] which says that

K—-1\°
i < . )
dim(T") <1437 <K—|—1) (3.11)

for every K-quasicircle I'.

Remark 3.7. Similarly as the compression bound (3.3) led to Theorem 3.1,
the inequality (3.11) yields improved upper estimates. We have hence the
symmetric strict inequalities:
If ¢ : C — C is a K-quasiconformal mapping and E C 0D with dim(FE) =
1, then
2K
K+1

7 < dm(o(B) <

Moreover, for the dimension of quasicircles Smirnov (unpublished) has ob-
tained the upper bound
K—-1

2
. < K-1
d1m(F)_1+<K+1) )
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answering a question in [4]. It is still unknown if this bound is sharp; the best

2
known lower bounds so far [8] give curves with dimension 1+ 0.69 (%) .

The arguments we have used are related to the generalized Brennan con-
jecture, which says that

2 2
p K-1
<= | —— fi <2—— 3.12
s < (k) mbsncy e
whenever f is conformal in I and admits a K-quasiconformal extension to
C. This connection suggests the following

Question 3.8. Let E C R be a set with Hausdorff dimension 1, and let ¢
be a K-quasiconformal mapping. Is it true that then

1— (g;i)z < dim(¢(E)) <1+ (E)Q (3.13)

The positive answer for the right hand side inequality follows from
Smirnov’s unpublished work, while the left hand side is only known up
to some multiplicative constants. On the other hand, Prause [23] proves
the left inequality for the mappings that preserve the unit circle D.

K+1

4. IMPROVED PAINLEVE THEOREMS

A compact set E is said to be removable for bounded analytic functions
if for any open set Q with E' C Q, every bounded analytic function on Q\ E
has an analytic extension to 2. Equivalently, such sets are described by the
condition y(F) = 0, where v is the analytic capacity

V(E) = sup{|f'(c0)| : f € H¥(C\ E), f(00) =0, | f]loc = 1}
Finding a geometric characterization for the sets of zero analytic capacity
was a long standing problem. It was solved by G. David [11] for sets of
finite length, and finally by X. Tolsa [27] in the general case. The difficulties
of dealing with this question motivated the study of related problems. In
particular, we have the question of determining the removable sets for BMO
analytic functions, that is, those compact sets E such that every BMO
function in the plane, holomorphic on C \ F, admits an entire extension.
This problem was solved by Kaufman (see [15]), who showed that a set E
has this BMO-removability property if and only if H!(E) = 0.

For the original case of bounded functions the Painlevé condition
HY(E) = 0 can be weakened. As is well known, there are sets E with
zero analytic capacity and positive length (see [13] for an example). In fact,
it is now known that among the compact sets E with 0 < H(E) < oo,
precisely the purely unrectifiable ones are the removable sets for bounded
analytic functions [11]. Moreover, if E has positive o-finite length, this
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characterization still remains true, due to the countable semiadditivity of
analytic capacity [27].

The preceeding problems can be formulated also in the K-quasiregular set-
ting. More precisely, a set F is said to be removable for bounded (resp.
BMO) K -quasiregular mappings, if every K-quasiregular mapping in C\ F
which is in L°(C) (resp.BMO(C)) admits a K-quasiregular extension to
C. For simplicity, we use here the term K-removable for sets that are re-
movable for bounded K-quasiregular mappings.

Obviously, when K = 1, in both situations L> and BMO we recover the
original analytic problem. Moreover, by means of the Stoilow factorization,
one can represent any bounded K-quasiregular function as a composition
of a bounded analytic function and a K-quasiconformal mapping. The cor-
responding result holds true also for BMO since this space, like L™, is
quasiconformally invariant.

Therefore, when we ask ourselves if a set F is K-removable, we just
need to analyze how it may be distorted under quasiconformal mappings,
and then apply the known results for the analytic situation. With this basic
scheme, it is shown in [4, Corollary 1.5] that every set with dimension strictly
below KL_H is K-removable. Indeed, the precise formulas for the distortion
of dimension (1.2) ensure that for such sets the K-quasiconformal images
have dimension strictly smaller than 1.

Iwaniec and Martin [14] had earlier conjectured that, more generally, sets
of zero Kiﬂ-dimensional measure are K-removable. A preliminary answer
to this question was found in [7], and actually it was that argument which
suggested Theorem 2.2. Using our results from above we can now prove
that sets of zero Kiﬂ—dimensional measure are even BMO-removable.

Corollary 4.1. Let E be a compact subset of the plane. Assume that
2

HEF(E) = 0. Then E is removable for all BMO K-quasiregular map-

pINgSs.

Proof. Assume that f € BMO(C) is K-quasiregular on C \ E. Denote by
p the Beltrami coefficient of f, and let ¢ be the principal solution to d¢ =
p0p. Then, F = fop~1! is holomorphic on C\ ¢(FE) and F € BMO(C). On
the other hand, as we showed in Theorem 2.2, H!(¢(E)) = 0. Thus, ¢(E)
is a removable set for BM O analytic functions. In particular, F' admits an
entire extension and f = Fo¢ extends quasiregularly to the whole plane. [

We believe that Corollary 4.1 is sharp, in the sense that we expect a
positive answer to the following
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Question 4.2. Does there exist for every K > 1 a compact set E with

0< H%H(E) < 00, such that E is not removable for some K -quasiregular
functions in BMO(C).

Here we observe that by [4, Corollary 1.5], for every ¢ > KLH there exists
a compact set F with dimension ¢, nonremovable for bounded and hence in
particular nonremovable for BM O K-quasiregular mappings.

Next we return back to the problem of removable sets for bounded K-
quasiregular mappings. Here Theorem 2.2 proves the conjecture of Iwaniec
and Martin that sets with HKLH(E) = 0 are K-removable. However, the
analytic capacity is somewhat smaller than length, and hence with Theo-
rem 2.5 we may go even further: If a set has finite or o-finite Kiﬂ—measure,
then all K-quasiconformal images of E have at most o-finite length. Such
images may still be removable for bounded analytic functions, if we can
make sure that the rectifiable part of these sets has zero length. But for
this Theorem 3.1 provides exactly the correct tools. We end up with the
following improved version of Painlevés theorem for quasiregular mappings.

Theorem 4.3. Let E be a compact set in the plane, and let K > 1. As-
sume that HKLH(E) is o-finite. Then E is removable for all bounded K -
quasireqular mappings.

In particular, for any K-quasiconformal mapping ¢ the image ¢(E) is
purely unrectifiable.

Proof. Let f : C — C be bounded, and assume that f is K-quasiregular
on C\ E. As in Corollary 4.1 we may find the principal quasiconformal
homeomorphism ¢ : C — C, such that F = f o ¢! is analytic in C\ ¢(E).
If we can extend F holomorphically to the whole plane, we are done. Thus
we have to show that ¢(F) has zero analytic capacity.

By Theorem 2.5, ¢(F) has o-finite length, that is, ¢(F) = U, F;, where each
HY(F,) < co. A well known result due to Besicovitch (see e.g.[18, p.205])
assures that each set F),, can be decomposed as

F,=R,UU,UB,

where R, is a l-rectifiable set, U, is a purely l-unrectifiable set, and B, is
a set of zero length. Because of the semiadditivity of analytic capacity [27],

V(Fn) < C(v(Rn) +7(Un) +7(By))

Now, v(B,) < CHY(B,) = 0 and v(U,,) = 0 since purely 1-unrectifiable
sets of finite length have zero analytic capacity [11]. On the other hand,
R, is a l-rectifiable image, under a K-quasiconformal mapping, of a set
of dimension KLH Thus applying Theorem 3.1 and Corollary 3.2 to ¢~ *
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shows that we must have H!(R,) = 0. Therefore we get v(F,) = 0 for
each n. Again by countable semiadditivity of analytic capacity we conclude

1(¢(E)) = 0. -

As pointed out earlier, the above theorem does not hold for K = 1.
Any 1-rectifiable set such as E = [0, 1] of finite and positive length gives a
counterexample. In the above proof the improved distortion of 1-rectifiable
sets was the decisive phenomenon allowing the result. In fact, such good
behavior of rectifiable sets has further consequences. For instance, even

K—1

strictly above the critical dimension KLH = 1— %=1 one may find removable

sets, as soon as they have enough geometric regularity.

Corollary 4.4. There exists a constant ¢ > 1 such that if E C 0D is

compact and
K—-1\?
dim(E) <1-— —_—
im(E) < C(K+1>

then E is removable for bounded and BMO K -quasiregular mappings, K =
14 €, whenever € > 0 is small enough.

Proof. This is a consequence of Corollary 3.6. If ¢ > 0 is small enough
and K = 1+ ¢, then the K-quasiconformal images of E will always have
dimension strictly below 1, so that y(¢(F)) = 0 for each K-quasiconformal

mapping ¢. O
In conjunction with Question 3.8 we have

Question 4.5. Let K > 1. Is then every set E C 0D with dim(F) <

2
1-— (g—:) removable for bounded and BMO K -quasiregular mappings

5. EXAMPLES OF EXTREMAL DISTORTION

The previous sections provide a delicate analysis of distortion of
1-dimensional sets under quasiconformal mappings but still leave open the
cases where dim(F) = KL_H precisely but E does not have o-finite KL_H—
measure. Hence we are faced with the natural question: Are there compact
sets F, with dim(F) = Kiﬂ, that are non removable for some bounded
K-quasiregular mappings.

In this last section we give a positive answer and show that our results
are sharp in a quite strong sense. Indeed, to compare with the analytic
removability recall first that by Mattila’s theorem [19], if a compact set E

supports a probability measure with p(B(z,7)) < re(r) and

/5(t)2dt < 0, (5.1)
ot
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then the analytic capacity v(E) > 0. On the other hand, if the integral
in (5.1) diverges, then there are compact sets E of vanishing analytic ca-
pacity supporting a probability measure with pu(B(z,7)) < re(r) [27]. In a
complete analogy we prove

2

Theorem 5.1. Let K > 1. Suppose h(t) = t%+1 &(t) is a measure function

such that
1+1/K
/ %dt <0 (5.2)
0

Then there is a compact set E which is not K-removable and yet supports a
probability measure p, with u(B(z,r)) < h(r) for every z and r > 0.

In particular, whenever e(t) is chosen so that in addition for every a >
0 we have t*/e(t) — 0 as t — 0, then the construction gives a non-K-
. . _ 2
removable set E with dim(E) = 747
Proof. We will construct a compact set E and a K-quasiconformal mapping
¢ such that H"(E) ~ 1, and at the same time ¢(F) has a positive and finite
H" -measure for some measure function h/(t) = t&’(t) where

1 2
W(t)=te'(t) with /#dt<oo
0

Mattilas theorem shows then v(¢(E)) > 0, so that there exists non-constant
bounded functions h holomorphic on C\ ¢(E). Thus with f = h o ¢ we see
that E is not removable for bounded K-quasiregular mappings.

We will construct the K-quasiconformal mapping ¢ as the limit of a
sequence ¢y of K-quasiconformal mappings, and F will be a Cantor-type
set. To reach the optimal estimates we need to change, at every step in the
construction of F, both the size and the number m; of the generating disks.

Without loss of generality we may assume that for every o > 0, t*/e(t) —
0Oast— 0.

Step 1. Choose first m; disjoint disks D(z;, R1) C D, i = 1,...,m1, so that

1

-1

2’ )

For Ry small enough (i.e. for m; large enough) this is clearly possible. The

function f(t) = mq h(tR;) is continuous with f(0) = 0. Moreover, for each
fixed ¢

c1:=my R? € (

ft)= ml(tRl)K?"l e(tRy) = <tCl/nll2) t2¢, — 00
(t cl/ml) A
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as mj; — oo. Hence for any ¢ < 1 we may choose my so large that there
exists o1 € (0,t) satisfying m; h(cFX Ry) = 1. A simple calculation gives
my o1 Ry e(cK Ry) 2 () 2% =1 (5.3)

Next, let r; = Ry. For each i = 1,...,my, let ¢}(2) = 2z; + oF Ry 2z and,
using the notation aD(z, p) := D(z, ap), set

1
Di = e @3(1@) = D(Zi,rl)
1

D! = p}(D) = D(z,05r) c D;

As the first approximation of the mapping define

1-K !
03 (Z—Zi)-i-Zi, ZGDi
1
L
Z—2Z4 K

= (z—2)+z, ze€D;\Dj
z, z ¢ UD;

g1(z) =

This is a K-quasiconformal mapping, conformal outside of [ J;*}, (D; \ Dj).
It maps each D; onto itself and D} onto D} = D(z;,0171), while the rest of
the plane remains fixed. Write ¢; = g1.

Step 2. We have already fixed my, Ry,01 and ¢;. Consider my disjoint
disks of radius Rs, centered at ZJQ-, j = 1,...,mq, uniformly distributed
inside of D, so that

1

2

Then repeat the above procedure and choose ms so large that the equation

miq meo h(Uf(Ug(RlRQ) =1

02:m2R§>

has a unique solution o5 € (0, 1), as small as we wish. Then,
K41 1-K
mimso 0'10'2R1R2 6(0{(05{R1R2)W (6162)W =1

Denote 7o = Ry o1 and gof(z) = z]2 + 0¥ Ry 2z, and define the auxiliary
disks

1
Dij = ¢ <0K %1 o W?(D)> = D(Zijar2)
2

Dj; = ¢ (o O@?(D)) = D'(z;,0512)

for certain z;; € D, where ¢ =1,...,m; and j =1,...,my. Now Let
Ué_K(Zlf Zij) + zij S D;]
L1
— .. | K
gQ(Z) = % (z—zij)+zij S D”\D;j

z otherwise
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Clearly, g> is K-quasiconformal, conformal outside of |J; ;(Di; \ D;;), maps
each D;; onto itself and Dj; onto D;; = D(2;j,0272), while the rest of the
plane remains fixed. Define ¢o = g2 o ¢1.

The induction step. After step N —1 we take my disjoint disks of radius
Ry, with union of D(z}Y, Ry) covering at least half of the area of D,

1
CN = MmN R?\/ > 5 (54)

As before we may choose my so large that my ... myh(oX.. .o Ry...Ry)=
1 holds for a unique oy, as small as we wish. Note that Nlim oy =0 and
—00

K41 1-K
ml...mN01R1...UNRNE(O'{(Rl...O'{V{RN) 2K (Cl...CN) 2k =1

Denote then <p§v(z) = sz + o8Ryz and ry = Ryon_1ry_1. For any
multiindex J = (j1, ..., jn ), where 1 < jp < my, k=1,...,N, let

1
DJ:¢N—1 (O.K'SO;I OOSO;\][V(D)) :D(ZJ,TN)
N

Dy =¢n-1(pj 00 @% (D)) = D'(z7,087N)

and let
on Bz —z5) 4 25 z€ DY)
L1
gn(2) = =220 (z—z5)+2; z€D;\ D)
z otherwise

Clearly, gy is K-quasiconformal, conformal outside of |J J=(jr... jN)(D 7\
D’;), maps Dy onto itself and D’; onto D’ = D(zy,on7n), while the rest
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of the plane remains fixed. Now define ¢y = gy 0 dn_1.

Since each ¢y is K-quasiconformal and equals the identity outside the unit
disk D, there exists a limit K-quasiconformal mapping

= 1.

with convergence in Wllo’cp (C) for any p < % On the other hand, ¢ maps
the compact set

E={ U ¢oeen®@

N=1 \J1,..in

to the set

o(E) = U ¥k o--oul. (D)

1 \Jji,dn

Y

where we have written w;(z) = z; +o;Riz,j=1,...m;, i € N.
To complete the proof, write

SN:(O'{<R1)...(O']I\§RN) and tN:(JlRl)...(UNRN) (55)

Observe that we have chosen the parameters Ry, my,on so that

ml...mNh(sN) =1 (56)
ml...mNth(sN)%(cl...cN)ngK =1 (5.7)

Claim. H"(E) ~ 1.
Since diam(p} o--- 0@} (D)) < dy — 0 when N — oo, we have by (5.6)

h 1 h . . 1 N
HM(E) = lim M3 (B) < lim Z‘ h(diam(p}, o -+ 0 o (D))
J15eeIN
=m1...mNh(sN) =1
For the converse inequality, take a finite covering (U;) of E by open disks

of diameter diam(U;) < ¢ and let 6y = inf;(diam(U;)) > 0. Denote by

Ny the minimal integer such that sy, < dp. By construction, the family

No .00l (D)), .. isa covering of F with the M"-packing condition
Ping P J1--50 N

[18]. Thus,
> A(diam(U;) > C Y h(diam(gp? o0 ) (D)) = C
J J1sesdNg
Hence, H?(E) > C and letting § — 0, we get that
C<H'o(E) <1
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proving our first claim.

A similar argument, based this time on (5.7), gives that H" (¢(E)) ~ 1
for a measure function h'(t) = te’(t), as soon as for all indexes N

(tn) = e(sn) 2K (c1 ...on) 2R (5.8)
Claim. One can find a continuous and nondecreasing function £'(t)
satisfying (5.8) and
1 _ri\2
t
/8()dt<oo (5.9)
0 t

Indeed, let us first choose a continuous nondecreasing function v(¢) so that
v(t) — 0 as t — 0 and so that (5.2) still holds in the form

c($)1H+1/ K
/O (tt)v(t)dt < o0 (5.10)

In the above inductive construction we can then choose the o;’s so that
v(oF - oK) <27 NO-1/K) for every index N. Now (5.4) and (5.8) imply
1+1/K
£ (tn)? < e(sy) Y E oNA-1/K) < e(sy) /K
) ~ ()

On the other hand by (5.5) we also have ty_1/tny < sy—1/sn and so we may

extend £’(t), determined by (5.8) only at the ¢x’s, so that it is continuous,
nondecreasing and satisfies

1+1/K
/5’(1&)2 dt < /76(8) ds < o0
0 t o v(s) s

Hence the claim follows. Combining it with Mattila’s theorem [19] completes
the proof of the Theorem. O

Lastly let us note that if we do not care for the analytic capacity of the
target set, a straightforward modification of the previous Theorem, normal-
izing the disks of the construction so that my ty n(ty) = 1, gives

Corollary 5.2. Let K > 1 and let h(t) = tn(t) be a measure function such
that

e 1) is continuous and nondecreasing, n1(0) = 0 and n(t) = 1 whenever
t>1.
(0%

t
o}i_r%w:Oforalla>O.
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There exists a compact set E C D and a K-quasiconformal mapping ¢ such

that

(1]

[7]

(8]

(9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

21]

2
dim(E):m and H"(¢(E)) =1 (5.11)
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