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Abstract: In viscous material systems, time and stress dependeabilisés often occur. The evolution of visco-elastic st under
external stress has already been modeled by applying ecnbttynamics equation comprehending elasticity and @igganatrices. In
this study we report a novel formulation for such kind of sys$ in an overdamped regime as a nonlinear quadratic eigerpablem.
The results presented were obtained after solving the eadiemequation of several sets of discrete damped massgsprstems.
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1 Introduction formulation new contributions were developed. A case
study of four, nine and sixteen damped mass-spring

The harmonic oscillator is the paradigm to all condensedsystem is analyzed as a QEP, calling upon MatLab.

matter. In a structured material system, resonance occurs

when the structure is excited by external forces whose

frequencies mime the natural frequencies/modes of th@ Quadratic Eigenvalue Problem
system itself. Then, the system vibrations are amplified

towards infinity and it becomes unstable. The_ natural ynder an external applied the dynamics of a system is
modes of a structure can be seen as the solution of aBoverned by the momentum balance equation (Newton
eigenvalue problem, that is quadratic when dampingsecond |aw). Considering elasticity and viscosity, it
effects are included in the model. When considering thegiows:

evolution of a damped visco-elastic systems under . : _

external stress, it may be identified as a nonlinear MLUi(t) + Bu(t) + Ku(t) = F(t) (1)

guadratic eigenvalue problem which models the secondvhere M is the mass matrix (symmetric and positive

order differential equation of the momentum balance ofdefinite),K is the elasticity matrix (positive definitef is

the system. This was confirmed by the modularization ofthe viscosity matrix (symmetric), andt) stands for the

an interconnected 2D damped mass-spring system fopoint masses individual displacementd,K,B,c R™",

which the solution of the dynamics equation wasu(t) € R"). The (static) resistance to displacement is

successfully applied as herein presented. provided by a spring of elasticiti, while the (dynamic)
After briefly addressing the problem of damped energy loss mechanism is represented by a daBaerd

visco-elastic systems under external stress and(t) represents the external forde(f) € R").

introducing its physical dynamics equation, it is The general solution to the homogeneous equation has

addressed as a quadratic eigenvalue problem. For thithe form:
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3 A 2-D model of interconnected masses

u(t) = ve'
® ¢ ) ) As an example of a QEP, we consider the interconnected
whereA andv are a scalar and a vector of dimensian  op damped mass-spring system illustrated in Figlre
respectively. . ) , Each mass has 2 degrees of freedom and is connected to
The solution of the dynamic equatiol)(can be g the others by a spring and a damper with constants
expressed as a nonlinear eigenvalue problem in terms O(felasticity) and b (friction or viscous damping),
the eigensolution of the corresponding Quadraticyggpectively.

Eigenvalue Problem (QEP).
The Quadratic Eigenvalue Problem has extensive
applications in areas such as the dynamic analysis of °

structures with proportional damping models, electrical °
circuit simulation or linear stability of flows in fluid
mechanics.The review paper by Tisseur and Meerbergen ‘

[1] describes many applications of the QEP.
Given M,B,K € C™", the QEP formal definition /A
consists on finding scalas and nonzero vectorse C'
andw € C', such that:

(A 2M +AB+ Kiv=0 and w'(A 2M +AB+ K) =0, Fig. 1: An 8-degrees of freedom damped mass-spring system.

wherev and w* are the left and the right eigenvectors

corresponding to the eigenvalué (w* denotes the The second order differential equatidk) governs the
conjugate transpose ofv) [1]. In all, QEP has 2  behavior of the system where the mass matvixis
eigenvalues with up tor2right and 2 left eigenvectors, diagonal and the elasticity and damping matrid€sand
though no more thaneigenvectors linearly independent. B are written according to equatio®)([2].

In the matrix polynomial of degree 2 Initially we have taken a 4-point square geometry,
strictly regular first, and slightly distorted afterwards -
QA)=A2M+AB+K either contracted or stretched by the displacement of one

- . . .. of its mass-points (see Figug®. In further essays, the set
the coefficients of the matrix are quadratic ponnomlaIsmhas been expanded to a 9 and to a 16 point masses

the scalan. . .
Matrix Q(A) is self-adjointif Q(A) = Q(X)* for al arrangement, egually Filstorted by the contraction or
A € C or, equivalently, ifM,B, and K are Hermitian stretching of a single point.

X Q1) A real of aise n complex conjugate paie: ee oo oe
QA)V=0 & WQA)=0, .
where v is a right eigenvector oA and w is a left oAa 2 2 ‘9
(@) (b) Y ©

eigenvector oA . When the matrices are real, then the sets
of left and right eigenvectors coincide.

When the matricel!, B, andK are real and symmetric, Fig. 2: Set of 4 point-mass in a regular (square) geometry (a) and
M,B > 0, andK > 0, sincev is an eigenvector, the roots of in a contracted (b) and stretched (c) polygon.
V*Q(A)v=0are

Assuming that all masses® are equal and that the
A= <—(\f*Bv) + \/(\/*Bv)2 —4(v:Mv) (v*Kv)) /(2v*Mv), elastick and dampind constants are the same for every
pair of interconnected masses, we can seek for solutions
at the overdamping regime.
The associated mass matiik is a 2n x 2n diagonal,
and the elasticityk and dampind® matrices are 2x 2n
symmetric and defined afte?][as,

and we say that the system dawerdampedwhen it is
satisfied the overdamping condition:

MmNy ,—1 [(V'BY)? — 4(v'Mv)(V'Kv)] > 0.
We observe that fd8 > 0 andK > 0, we haveRegA) <

0, all the eigenvalues are real and nonpositive, lying in the K=k
left half-plane and the system is stablg. [
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where the block sub-matric€% (i = a,3,y, 6, ¢ andd),

Table 1: Eigenvalue of the QEP for 4 overdamped mass-spring

P, Q, R and S traduce the geometrical relations betweefyStems regular, contracted and stretched.

each mass-point and its neighbors. Angte$,y, 6, ¢
and¢ result from the direction defined by every couple of
mass-points relative to the X-axis (see detail). [

0,0000 0,0000 0,0000
0,0000 0,0000 0,0000
0,0000 0,0000 0,0000
4 Results 0,0000 0,0000 0,0000
. -0,0100 -0,0100 -0,0100
The case study from now on reported is an overdamped -0.0100 -0.0100 -0.0100
visco-elastic system taking the mass-points to have one -0.0100 200100 -0.0100
unit value and the ratio of elasticity to viscosity 00100| -0,0100| -0.0100
coefficients to be 110, so that the over damped regime is -0,0100| -0,0100| -0,0100
guaranteed. In this frame, matricksand B have been -0,0100 -0,0100| -0,0100
built and the eigenvalues of equatiQiA )v = 0 obtained -58,5700| -55,3000| -55,8951
in MatLab, by calling the functiopolyeigK,B,M) [3]. -58,5700| -61,7600| -61,1943
The above mentioned 4, 9 and 16-point sets have been -199,9900| -198,6300| -199,0939
successively taken as shown in Fig@re -199,9900| -198,9000| -199,2405
-341,4100| -324,0800| -326,9483
-341,4100| -361,2600| -357,5681
: [A5)
oF EE@QEE M@@@@@@
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Fig. 3: The sets of 4, 9 and 16 mass-points. O 4points O 9-points O 16-points
= 4-points contracted = 9-points contracted = 16-points contracted

The eigenvalues of the three sets of mass-points, either

in regular geometry, or contracted or stretched, have beehig- 4: Eigenvalue distribution of the QEP for overdamped mass-
spring systems regular, contracted and stretched. For aclake

clarity, all eigenvalues greater tharll are not shown.

obtained and are plotted in Figude Table1 shows only
the 4-point case to exemplify.

All the eigenvalues are real and non-positive, as
expected for an overdamped reginig [The eigenvalues

are degenerate for the regular geometries, but degeneracy

is partially broken both for contracted and stretched

geometries due to its lower degree of symmetry.
Increasing the set of mass-points from 4 to 9 to 16

leads to an increasing number of non-zero eigenvalues,

4 mass-points geometry

regular | contracted]| stretched]

I 4-points stretched

I 9-points stretched

set of m, k and b), or to heterogeneous - blended or
layered - materials with different sets of parameters.

I 16-points stretched

In a previous work 4], we have developed an
algorithm, to a domain of material points, that establishes
the set of physical bonds between any two neighbours and
their geometrical relations (anglesp, y, 6, ¢ andd), so

to define aradjacency matrixThis is the scaffold to build

up matriceK andB, used in the herein QEP example.

though many of then very close to null.

Extending the system from 4 to 9 to 16 mass-points to
an arbitrarily large number of points will eventually lead
from discrete to continuous sets of eigenvalues.

5 Final remarks As an undamped dynamic system has already been
addressed as an Eigenvalue Complementarity Problem
The introduced QEP case can be generalized for agEiCP) [B], we intend to treat a broader case hy

arbitrary large number of disordered point massesformulating a Quadratic Eigenvalues Complementarity

belonging to a single material (characterized by a singleProblem (QEiICP)§] to a visco-elastic system.

(@© 2017 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

964 ~N SF’ 3 M. A. Forjaz et al.: Approaching an overdamped system as drqtie...

Acknowledgement Maria Ant 6nia Forjaz
received the PhD degree in
Mathematics at University of
Minho (UM), Portugal. She
is an assistant professor at the
Department of Mathematics

and  Applications  (UM)

The author Maria Antdnia Forjaz acknowledges the
funding supported by Portuguese Funds through FCT -
'Fundacao para a Ciéncia e a Tecnologia’,
UID/MAT/00013/2013.

The author Jorge Pamplona is co-funded by the
European Union through the European Regional and researcher at Centre
Development Fund, based on COMPETE 2020 of  Mathematics  (UM).
(Programa  Operacional da Competitividade e Her research interests are in
Internacionalizacao), project ICT the areas of Numerical Linear Algebra and parallel
(UID/GEO/04683/2013) with reference computation with emphasis on the development and
POCI-01-0145-FEDER-007690 and national fundsanalysis of efficient, parallel algorithms for eigenvalues
provided by Fundacao para a Ciéncia e Tecnologia. problems. She has published research articles in national

The authors Antonio Mario Almeida and T. de and international journals (ISI/ Scopus).

Lacerda—Ardso acknowledge the support of the
Portuguese Foundation for Science and Technology
(FCT) in the framework of the Strategic Funding

UID/FIS/04650/2013.

The research of Luis M. Fernandes was partially
supported in the scope of R&D  Unit
UID/EEA/50008/2013, financed by the applicable
financial framework (FCT/MEC through national funds
and when applicable co-funded by FEDER PT2020
partnership agreement.)

Antonio Mario Almeida
received the PhD degree
in Computational Physics
at Universidade do Minho,
Portugal. His research
interests are on numerical
simulations  of  polymer
based batteries and high
viscosity materials.

Luis M. Fernandes
received the PhD degree in
Mathematics at Universidade
de Coimbra, Portugal. He
is Coordinator Professor at
Instituto Politcnico de Tomar
and researcher at Instituto
de Telecomunicaes. His
research interests are in the
areas of applied mathematics
including Global Optimization and Complementarity
Problems: Interior-point, Pivotal, Enumerative and
Sequential algorithms. He has published research articles

References

[1] F. Tisseur and K. Meerbergen. The quadratic eigenvalue
problem. SIAM Review, \ol. 43, No. 2, pp. 235-286, 2001.

[2] M. A. Forjaz, A.M. Almeida, T. de Lacerda-Ardso and J.
Pamplona,Complementary Eigenvalue Problem in systems
with frictional contact: the Stiffness Matrix for the conta
nodes between different materigis Proceeding of the 14th
International Conference on Computational Science and lIts
Applications (ICCSA 2014), edited by A. M. Rocha. J. G.
Rocha and M. I. Falco (IEEE Computer Society, Guimares,
Portugal, 2014), pp. 268-271.

[3] Computer code MATLAB, v. 8.2.0.701 (R2013b). The

MathWorks Inc., Natick, Massachusetts (2013) in reputed international journals of applied mathematical
[4] M. A. Forjaz, A.M. Almeida, T. de Lacerda-Ardso and
J. PamplonaSpecial matrices for visco-elastic systerirs Jorge Pamplona

received the PhD degree
in Geology at University
of Minho, Portugal. His
research interests are
in the areas of structural
geology, numerical modeling

AIP Conference Proceedings of the International Conferenc
on Numerical Analysis and Applied Mathematics 2015
(ICNAAM-2015). Edited by Theodore E. Simos and

Charalambos Tsitouras.

[5] A. Pinto da Costa, |. Figueiredo, J. J. Judice and J. Msart

A complementarity eigenproblem in the stability analydis o
finite dimensional elastic systems with frictional contaot of geological structures,

Complementarity: Applications, Algorithms and Extensipn and environmental geology.
edited by M.C. Ferris, O.L. Mangasarian and J.S. Pang He has published research

(Kluwer Academic Publishers, Dordrecht, 2001), pp. 67-83. articles in international journals of geology, structural

[6] Fernandes, L.M., Jadice, J., Sherali, H., Fukushima,geplogy and environmental geology. He is referee of
Alfredo lusen, On the symmetric quadractic eigenvalues geological journals.

complementarity problems Optimization Methods and
Software 29 (2014) 751 - 770.

(@© 2017 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.11, No. 4, 961-965 (2017)www.naturalspublishing.com/Journals.asp

£ .S s

T. de Lacerda—Ardso
is an assistant professor
at the University of Minho
(Portugal). After earning a
Ph.D. in Physics - Condensed
Matter, she has joined
the Centre of Physics of the
University of Minho, working
in the field of disordered
ferroelectric crystals. Lately,
her research interests have evolved into nanostructured
oxide thin films and electrical/mechanical properties of
layered structures.

(@© 2017 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Quadratic Eigenvalue Problem
	A 2-D model of interconnected masses
	Results
	Final remarks

