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Abstract

We prove that, for a given spherically symmetric fluid distribution with tangential pressure on
an initial spacelike hypersurface with a timelike boundary, there exists a unique, local in time solu-
tion to the Einstein equations in a neighbourhood of the boundary. As an application, we consider
a particular elastic fluid interior matched to a vacuum exterior.
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1 Introduction

The initial value problem for the Einstein equations for perfect fluids, with suitable equations of state,
is well understood in domains where the matter density is positive [4]. However, in physical models of
isolated bodies in astrophysics one faces problems where the matter density has compact support and
there are matter-vacuum interfaces. From the mathematical point of view, these physical situations
can be treated as initial boundary value problems for partial differential equations (PDEs). These
cases arise frequently in studies of numerical relativity (see e.g. [13]) and it is, therefore, important
to have analytical results complementing the numerical frameworks.

Rendall [12] proved the existence of local (in time) solutions of an initial value problem for perfect
fluid spacetimes with vacuum interfaces. The fluids had polytropic equations of state and vanishing
matter density at the interface. Initial boundary value problems (IBVP), where the matter density
vanishes at the interface, were also studied by Choquet-Bruhat and Friedrich for charged dust matter
in [5], where not only existence but also uniqueness of solutions have been proved. In both cases, the
field equations were written in hyperbolic form in wave coordinates and no spacetime symmetries were
required.

Problems where the matter density does not vanish at the interface bring a non-trivial discontinuity
along the boundary. For the Einstein-fluid equations, Kind and Ehlers [8] use an equation of state for
which the pressure vanishes for a positive value of the mass density. They proved that, for a given
spherically symmetric perfect fluid distribution on a compact region of a spacelike hypersurface, and
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for a given boundary pressure, there exists locally in time a unique spacetime that can be matched to
a Schwarzschild exterior if and only if the boundary pressure vanishes. In turn, the only existing result
along those lines without special symmetry assumptions is due to Andersson, Oliynyk and Schmidt
[1] for elastic bodies also having a jump discontinuity in the matter across a vacuum boundary.
Under those circunstances, they prove local existence and uniqueness of solutions of the IBVP for
the Einstein-elastic fluid system under some technical assumptions on the elasticity tensors. As in all
cases above, in [1], the boundary is characterised by the vanishing of the normal components of the
stress-energy tensor although, in that case, conditions on the continuity of the time derivatives of the
metric are also imposed. These compatibility conditions arise naturally from the matching conditions
across the matter-vacuum boundary and have to be imposed on the allowed initial data.

The present paper generalises the Elhers-Kind approach to fluids with tangential pressure in spher-
ical symmetry. This includes some cases of interest, such as particular cases of elastic matter. Unlike
[8], we cannot ensure that, in general, the origin of the coordinates remains regular locally during the
evolution. However, this can be ensured in some physically interesting cases.

The plan of the paper is as follows: In Section 2, we setup our IBVP specifying the initial and
boundary data. In Section 3, we obtain a first order symmetric hyperbolic (FOSH) system of PDEs
and write our main result, which states existence and uniqueness of smooth solutions to the IBVP
in a neighbourhood of the boundary. Section 4 contains an application of our results to elastic fluids
with vanishing radial pressure and a regular centre.

We use units such that c = 8π = 1, greek indices α, β, .. = 0, 1, 2, 3 and latin indices a, b, .. = 1, 2, 3.

2 The initial boundary value problem

Consider a spherically symmetric spacetime (M, g) with a boundary S and containing a fluid source.
This gives rise to a fluid 4-velocity u and we define a time coordinate T such that u is normal to the
surfaces of constant T . We also introduce a comoving radial coordinate R.

The general metric for spherically symmetric spacetimes can be written, in comoving spherical
coordinates, as [16]

g = −e2Φ(T,R)dT 2 + e2Λ(T,R)dR2 + r2(T,R)dΩ2, (1)

where dΩ2 = dθ2 + sin2 θdφ2, and the components of the 4-velocity are written as

uµ = (e−Φ, 0, 0, 0). (2)

There is freedom in scaling the T and R coordinates which we fix by imposing

Φ(T,R0) = 0, r(0, R) = R, (3)

where R0 will correspond to the boundary of the matter. For fluids with no heat flux, the components
of the energy-momentum tensor Tµν , in the above coordinates, can be written as

TTT = ρe2Φ, TRR = p1e
2Λ, Tθθ = p2r

2, Tφφ = p2r
2 sin2 θ, (4)

where ρ is the fluid energy density, p1 the radial pressure and p2 the tangential pressure.
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Assumption 1 The equation of state for p1 and the energy conditions are such that

p1 = p1(ρ) ∈ C∞ (5)

ρ > 0 (6)

ρ+ p1 > 0 (7)

s2
1(ρ) :=

dp1(ρ)

dρ
≥ 0. (8)

Assumption 2 The equation of state for p2 is such that

p2 = p2(ρ) ∈ C∞ (9)

and we use the notation

s2(ρ) :=
dp2(ρ)

dρ
.

We note that although we do not assume that s2
1 necessarily remains positive when p1 = 0, as in [8],

the system of PDEs that we derive for the general case becomes singular for s2
1 = 0, so we will have

to treat this case separately.

2.1 Einstein and matter equations

The conservation of the energy-momentum tensor, ∇νTµν = 0, implies

rρ̇+ rΛ̇(ρ+ p1) + 2ṙ(ρ+ p2) = 0, for µ = T, (10)

rΦ′(ρ+ p1) + rp′1 + 2r′(p1 − p2) = 0, for µ = R, (11)

where the prime and dot indicate derivatives with respect to R and T , respectively. The Einstein
equations Gµν = Tµν lead to

(µν) = (TT ):

ρ =
1

r2

[
1− r′2e−2Λ + ṙ2e−2Φ + 2rṙΛ̇e−2Φ − 2r(r′′ − r′Λ′)e−2Λ

]
(12)

(µν) = (RR):

p1 = − 1

r2

[
1− r′2e−2Λ + ṙ2e−2Φ − 2rr′Φ′e−2Λ + 2r(r̈ − ṙΦ̇)e−2Φ

]
(13)

(µν) = (RT ):

ṙΦ′ + r′Λ̇− ṙ′ = 0 (14)

(µν) = (θθ) = (φφ):

p2 =
e−2Φ

r

[
ṙ(Φ̇− Λ̇)− r̈

]
+ e−2Φ

[
Λ̇(Φ̇− Λ̇)− Λ̈

]
+
e−2Λ

r

[
r′(Φ′ − Λ′) + r′′

]
+ e−2Λ

[
Φ′(Φ′ − Λ′) + Φ′′

]
, (15)
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while the contracted Bianchi identities are identically satisfied. We note that (15) can be obtained
from (10)-(14). Integrating (11), with (3), one gets

Φ(T,R) = −
∫ ρ

ρ0

s2
1(ρ̄)

ρ̄+ p1(ρ̄)
dρ̄− 2

∫ R

R0

(p1 − p2)

ρ+ p1

r′

r
dR. (16)

Remark 1 As an example, in the case of linear equations of state p1 = γ1ρ and p2 = γ2ρ, we simply
get

Φ(T,R) = − γ1

1 + γ1
ln

(
ρ

ρ0

)
− γ1 − γ2

1 + γ1
ln

(
r

r0

)2

, with r0 = r(T,R0),

which will happen for a particular case of elastic matter that we will consider in Section 4.

Defining the radial velocity as
v := e−Φṙ (17)

and the mean density of the matter within a ball of coordinate radius R as

µ :=
3

r3

∫ R

0
ρr2r′dR̄, (18)

one obtains from (12)

r′2e−2Λ = 1 + v2 − 1

3
µr2, (19)

where we also used the condition r(T, 0) = 0, for regularity of the metric at the center. Then, (10),
(13) and (14), together with the evolution equations for v and µ, give

ṙ = veΦ, (20)

v̇ =

[
−r

2

(µ
3

+ p1

)
− r′p′1
ρ+ p1

e−2Λ − 2
p1 − p2

ρ+ p1

r′2

r
e−2Λ

]
eΦ, (21)

ρ̇ =

[
−ρ
(
v′

r′
+ 2

v

r

)
−
(
p1
v′

r′
+ 2p2

v

r

)]
eΦ, (22)

Λ̇ =
v′

r′
eΦ, (23)

µ̇ = −3
v

r
(µ+ p1)eΦ. (24)

To summarize, the Einstein equations resulted in the system of evolution equations (20)-(24) for the
five variables r, v, ρ,Λ, µ together with constraints (18) and (19). We note that although we could close
the system without (18) and (24), those equations will be crucial to obtain a symmetric hyperbolic
form. In Section 3, we shall apply suitable changes of variables in order to write our evolution system
as FOSH system.
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2.2 Initial data and boundary data

In spherical symmetry, the free initial data (at T = 0 and R ∈ [0, R0]) is expected to be1 ρ̂(R) :=
ρ(0, R) and v̂(R) := v(0, R), satisfying v̂(0) = 0, and constrained by

1

R

∫ R

0
ρ̂(R̄)R̄2dR̄ ≤ 1 + v̂(R)2, (25)

as a consequence of (3), (18) and (19). The initial data for the remaining variables r, µ and Λ can be
obtained from (3), (18) and (19), respectively.

Note that the intrinsic metric and extrinsic curvature (i.e. the first and second fundamental forms)
of the initial hypersurface

h0 = e2Λ̂dR2 +R2dΩ2, K0 = v̂′e2Λ̂dR2 +Rv̂dΩ2 (26)

are fully known once ρ̂(R) and v̂(R) are known.
At the boundary of the fluid, we must specify the two smooth boundary functions p̃1(T ) :=

p1(T,R0) and w̃(T ) := v(T,R0)/r(T,R0) (or µ̃(T ) := µ(T,R0), via (24)) which should satisfy the
corner conditions p̃1(0) = p̂1(R0) and w̃(0) = ŵ(R0) (or µ̃(0) = µ̂(R0)). In terms of the initial data
set {ρ̂(R), v̂(R)}, we note that from (24) we get (µ̇/(µ+ p1)) (0, R0) = −3v̂(R0)/R0, at the corner.

The fact that we need w̃(T ) at the boundary is reminiscent of the compatibility conditions of
[1] arising from the matching conditions, since w̃(T ) is related to the time derivative of the metric
at the boundary. In fact, in spherical symmetry, the matching conditions (see the appendix) imply
the continuity of the areal radius (here r) through the boundary. Therefore, ṙ(T,R0) also has to be
continuous and, for Φ(T,R0) = 0, this gives w̃(T ), for the interior spacetime from the data of the
exterior.

In what follows, we will prove existence and uniqueness of solutions to the evolution equations
(20)-(24), on a neighbourhood of the boundary, for the variables r, v, ρ,Λ, µ, subject to the specified
initial and boundary data. We will also show that, since the initial data obeys the constraints (18)
and (19), the solutions will also satisfy the constraints. When the fluid boundary corresponds to
characteristics, then the corner data will locally determine the boundary evolution and this will be
the case when s2

1 = p1 = 0, as we will show in Section 3.2.

3 Existence and uniqueness results on a neighbourhood of the bound-
ary

We treat separately the cases s2
1 > 0 and s2

1 = 0.

3.1 Case s2
1 > 0

In this case, the boundary is non-characteristic and we will be able to use the theorem of Kind-Elhers
[8] provided we write our evolution system as a FOSH system and give the appropriate data. We thus
recall the theorem (whose proof uses results of Courant and Lax [6]):

1We use a ”tilde” for boundary data defined on (T,R = R0) and a ”hat” for initial data defined on (T = 0, R).
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Theorem 1 [Kind-Elhers] Consider the system

Ẋ +A(Ui)Y
′ = F (X,Y, Ui, R)

Ẏ +A(Ui)X
′ = G(X,Y, Ui, R) (27)

U̇j = Hj(X,Y, Ui, R), i, j = 1, ..., p,

where F,G,Hj and A are Ck+1 functions, for R > 0, and A is always positive. Let Ck+1 initial
values X̂, Ŷ , Ûi on [R1, R0], R1 > 0, and the Ck+1 boundary value Ỹ (T ) be given. Assume that

Ỹ (0), ˙̃Y (0), ..., Ỹ (k+1)(0) equal the values of Y, Ẏ , ..., Y (k+1) at (0, R0), which are obtained from (27)
and the initial data. Then, the system (27) has a unique Ck solution on a compact trapezoidal domain
T , for small enough times.

Figure 1: Compact trapezoidal domain T with small T0.

In order to apply this theorem we will need to use new variables and write the evolution system
(20)-(24) in quasi-linear symmetric hyperbolic form. We thus use the Kind-Elhers variables

Q = ln

(
R

r

)
, (28)

L =

∫ ρ

ρ0

s1(ρ)

ρ+ p1(ρ)
dρ, (29)

ω = r′, (30)

w =
v

r
, (31)

X = e−ΛL′, (32)

Y =
v′

ω
+ 2

v

r
. (33)

Our system will then have the 8 variables

X, Y and Ui = {Q,L, ω, w, µ,Λ}. (34)
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Before proceeding, note that, from (20), one obtains

ω̇ = (v′ + vΦ′)eΦ. (35)

Now, since (29) is invertible, we can consider ρ as a known function of L. Moreover, for given equations
of state, we can also consider p1, p2, s

2
1 and s2 as known functions of L. Regarding Φ, it is not clear

from (16) that it can be written as a smooth function of the new variables, so we need a further
assumption:

Assumption 3 Φ, as obtained from (16), is a known smooth function of the variables {X,Y, Ui, R}.

Remark 2 Fulfilling Assumptions 1, 2 and 3 depends on the type of matter and equations of state
under consideration. For example, for the linear equations of state of Remark 1 we get:

ρ(L) = ρ0e
(1+γ1)L/√γ1 (36)

Φ(L,Q, R) = −√γ1L −
2(γ1 − γ2)

1 + γ1

[
ln
R

r0
+Q

]
, (37)

which for ρ0 > 0, r0 > 0 and γ1 > 0 satisfy the assumptions. As another example, there are cases where
the coordinate system can be chosen to be synchronous and comoving so that Φ ≡ 0 and Assumption
3 becomes trivial.

Then, taking into account the Assumptions 1 and 2, and after a long calculation, our evolution system
in terms of the new variables becomes:

Q̇ = −weΦ, (38)

L̇ = −s1Y e
Φ − 2s1we

Φ p2 − p1

ρ+ p1
, (39)

Λ̇ = (Y − 2w)eΦ, (40)

ẇ = −eΦ

[
s1ωe

Q−ΛX

R
+ w2 +

1

2

(µ
3

+ p1

)
+ 2

ω2

R2
e2(Q−Λ) p1 − p2

ρ+ p1

]
, (41)

ω̇ = eΦ

[
ω(Y − 2w)− s1wXe

Λ−QR− 2
ω

R
eQ

p1 − p2

ρ+ p1

]
, (42)

µ̇ = −3weΦ(µ+ p1), (43)

Ẋ + s1e
Φ−ΛY ′ = eΦ

[
XY

(
s2

1 −
ds1

dL
− 1

)
+ 2wX

]
− 2wXeΦ p1 − p2

ρ+ p1

+ eΦ−Λ p1 − p2

ρ+ p1

[
2wXeΛ ds1

dL
+ 2s1

ω

R
eQ (2Y − 3w)− 4s2

1wXe
Λ

−4s1
ω

R
weQ

p1 − p2

ρ+ p1

]
+ 2s1wXe

Φ

(
s1 −

s2

s1

)
, (44)

Ẏ + s1e
Φ−ΛX ′ = eΦ

[
X2

(
s2

1 −
ds1

dL

)
− 2s1ωe

Q−ΛX

R
− (Y − 2w)2 − 2w2 − ρ+ 3p1

2

]
+ 2

X

R
eΦ−Λ+Q

(
s2

s1
− s1

)
+ eΦ p1 − p2

ρ+ p1

[(
6s1 +

2

s1

)
ω
X

R
eQ−Λ − 3µ+ p1

+2ρ− 2
ω2

R2
e2(Q−Λ)

(
1− 2

p1 − p2

ρ+ p1

)
+ 2Y w (2w − 1)

]
, (45)

7



which has the symmetric hyperbolic form (27), under Assumption 3. Note that the system reduces to
the one of [8] for p1 ≡ p2.

In our system, the equation (38) was obtained from (28) using (20), while (39) came from (29)
together with (22). The evolution equation for Λ was derived from (23), and the evolution equation
for w from (31) together with (21). Equation (42) came from (35). The evolution equations for µ,X
and Y were obtained from (24), (32) and (33), respectively.

The constraints are given by the equations (30), (32), (33) and by the derivatives of (18) and (19)
with respect to R. They can be expressed in the following way

C1 := L′ − eΛX = 0, (46)

C2 := RQ′ + ωeQ − 1 = 0, (47)

C3 := Re−Qw′ − ω(Y − 3w) = 0, (48)

C4 := Re−Qµ′ + 3ω(µ− ρ) = 0, (49)

C5 := e−2Λ(ω′ − Λω) +Re−Q
[

1

6
(3ρ− µ)− w(Y − 2w)

]
= 0, (50)

and, as in [8], it can be shown that for a given C1 solution {X,Y, Ui} of (38)-(43), the quantities
C1, .., C5 satisfy a linear system of the form

Ċk =

5∑
l=1

AklCl, (51)

where Akl are continuous functions of X,Y, Ui. We then conclude that the constraints Ck = 0 are
satisfied for all T if they are satisfied at T = 0.

From the initial data ρ̂(R) and v̂(R), using (3), one obtains

L(0, R) = L(ρ̂(R)), w(0, R) =
v̂(R)

R
, Q(0, R) = 0, (52)

and the initial data for µ,Λ, ω,X, Y are specified by (18), (19), (30), (32), (33), respectively. We
impose that the quantities µ,Λ, ω,X, Y : (i) satisfy the contraints initially, i.e. Ck(0, R) = 0, and (ii)
are smooth functions in a region [R1, R0], for some R1 > 0.

To apply Theorem 1, we also need the necessary boundary function which we get from (39),
considering Φ(T,R0) = 0, as:

Ỹ (T ) = Y (T,R0) = −

[
L̇

s1(L)

]
(T,R0)− 2w(T,R0)

[
p2(L)− p1(L)

ρ(L)− p1(L)

]
(T,R0), (53)

which, using (43), can be rewritten as

Ỹ (T ) = −

[
L̇

s1(L)
+

2

3

(
µ̇

µ+ p1(L)

)
p2(L)− p1(L)

ρ(L)− p1(L)

]
(T,R0). (54)

This function will be known given the two smooth boundary functions p̃1(T ) and w̃(T ) (or µ̃(T ))
which should satisfy the corner conditions, as described in Section 2.2.
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We are now in the position of applying Kind-Elhers’ theorem to (38)-(45), given the above initial
and boundary data, and this proves existence and uniqueness of solutions to the initial boundary value
problem in a neighbourhood of the boundary. In detail, we get the following result:

Theorem 2 Consider a fluid matter field satisfying Assumptions 1, 2 and 3 with s2
1 > 0. Then, the

system (38)-(45) is a FOSH system of the form (27) for the variables X,Y and Uj = {µ,Q, ω,w,Λ,L}.
Suppose that the initial data for those variables is smooth on [R1, R0], for some R1 > 0, and that the
constraints C1, .., C5 are satisfied at T = 0. Suppose a spherically symmetric distribution of such
matter is given together with the smooth boundary functions p̃1(T ) and w̃(T ) (or µ̃(T )). Suppose that
the given initial and boundary data for Y and their time derivatives satisfy the corner conditions at
(0, R0). Then, there exists locally in time a unique smooth solution to the Einstein equations in T .

A well known case is that of a Kottler spacetime exterior (74) which can be attached to the fluid if and
only if p̃1(T ) = −Λ, where Λ ∈ R. A way to see this using our framework is as follows: The conditions
of the continuity of the first and second fundamental forms across the boundary (see the appendix)
imply the continuity of the normal component of the pressure p̃1(T ) = −Λ (this is also a well known
consequence of the so-called Israel conditions). Due to the Einstein equations and the continuity of
the areal radius, this condition turns out to be equivalent to the continuity of the mass through the
boundary µ̃(T )r̃3(T ) = 6m, where m is the Kottler mass.

3.2 Case p1 = s2
1 = 0

While the constraints equations C2, .., C5 remain the same in the case p1 = s2
1 = 0, the quasi-linear

system (38)-(43) is modified since X ≡ L ≡ 0. In that case, we get a semi-linear symmetric hyperbolic
PDE system of the form

U̇j = Hj(Ui, R), i, j = 1, .., 6, (55)

for the variables Uj = {Y, ω,w,Q, µ,Λ}. An important aspect of this system, compared to the previous
one, is that the quantity s2 does not appear in Hj . This means that we do not need to use Assumptions
1 and 2 in order to close the system, as before. Instead, we make the following assumption:

Assumption 4 Both ρ > 0 and p2 are smooth known functions of the variables {Y, ω,w,Q, µ,Λ, R}.

In this case, the characteristics of the system (55) are the vertical lines of constant R and the trape-
zoidal region T of Figure 1 is now a rectangle. In particular, the boundary is now characteristic. IBVP
with characteristic boundaries were investigated, in more generality, by Chen [3] and Secchi [14] for
quasi-linear systems.

In our case, the integration along the characteristics gives, at each point (T,R), simply

Uj(T,R) = Uj(0, R) +

∫ T

0
Hj(Ui, R)dT̄ . (56)

which, using the methods of Courant and Lax [6, 8], gives a smooth local (in time) solution to the
system (55), once smooth initial data Ûj(R) is prescribed. In our case, provided suitable data from
an exterior spacetime at the corner (0, R0), one can integrate from that point to get uniquely the
boundary functions Ũj(T ) := Uj(T,R0). In this sense, the spacetime boundary is completely fixed by
the initial corner conditions.
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As mentioned in Section 2.2, from the initial data {ρ̂, v̂} we can get h0 and K0 from the expressions
(26). The corner conditions are the matching conditions evaluated at (0, R0), and these give the
components of h0 and K0 at R0. In particular, this provides the corner data Λ̂0 := Λ̂(R0), v̂0 := v̂(R0)
and v̂′0 := v̂′(R0). In turn, this gives the remaining corner data for the system

ω̂(R0) =
v̂0

R0
, Ŷ (R0) = v̂′0 + 2

v̂0

R0
, Q̂(R0) = 0, ŵ(R0) = 1, µ̂(R0) = − 3

R2
0

(e−2Λ̂0 − 1− v̂2
0). (57)

We summarize this discussion as:

Theorem 3 Consider a matter field with p1 = s2
1 = 0 and satisfying Assumptions 3 and 4. Then,

the system (38)-(45) reduces to the form (55) which corresponds to a semi-linear FOSH system for
the variables Uj = {Y, ω,w,Q, µ,Λ}. Consider the smooth initial data {ρ̂, v̂} for the variables Uj on
[R1, R0], for some R1 > 0, and suppose that the matching conditions to an exterior spacetime are
satisfied at (0, R0). Suppose that the constraints C2, .., C5 are satisfied at T = 0. Then, there exists
a unique smooth solution to the Einstein equations in the rectangle [R1, R0] × T0 for small enough
T0 > 0.

4 An application to self-gravitating elastic bodies

In this section, we consider a simple application of the previous result to elastic matter. In this case,
the matter does not necessarily satisfy (5) or (9). So, before proceeding, we recall some basic facts
about elastic matter adapting the presentation to the particular setting we shall consider in the context
of spherical symmetry.

The material space X for elastic matter is a three-dimensional manifold with Riemannian metric
γ. Points in X correspond to particles of the material and the material metric γ measures the distance
between particles in the relaxed (or unstrained) state of the material. Coordinates in X are denoted
by yA, A = 1, 2, 3. The spacetime configuration of the material is described by the map ψ : M −→ X,
where M denotes the spacetime with metric g. The differential map ψ∗ : TpM −→ Tψ(p)X, which is

also called relativistic deformation gradient, is represented by a rank 3 matrix with entries
(
yAµ
)

= ∂yA

∂xµ ,
where xµ are coordinates in M . In turn, the matrix kernel is generated by the 4-velocity vector u
satisfying yAµ u

µ = 0.
The push-forward of the contravariant spacetime metric from M to X is defined by

GAB = ψ∗g
µν = gµνyAµ y

B
ν , (58)

which is symmetric positive definite and, therefore, a Riemannian metric on X. This metric contains
information about the state of strain of the material, which can be described by comparing this metric
with structures in X, e.g. the material metric. The material is said to be unstrained at an event
p ∈M if GAB = γAB at p.

The dynamical equations for the material can be derived from the Lagrangian density L =
−
√
−detgρ, where

ρ = εh (59)

is the rest frame energy per unit volume. The density of the matter, measured in the material rest
frame, is given by

ε = ε̃(ya)
√

detGAB, (60)

10



where ε̃(ya) is an arbitrary positive function. The equation of state is defined by the function h =
h(yA, GAB), which describes the dependence of the energy on the state of strain and specifies the
material.

The stress-energy tensor for elastic matter can be written as [9]

Tµν = ε

(
− h

g00
δµ0g0ν + 2

∂h

∂GAB
δAνg

µB

)
. (61)

In spherical symmetry, the push-forward of the metric g with line-element (1) gives

GAB = ηδA1 δ
B
1 + βδA2δ

B
2 + β̃δA3δ

B
3, (62)

where η = e−2Λ, β = 1/r2 and β̃ = β/ sin2 θ. In the unstrained state, one has Λ = 0 and r = R, so
that η = 1 and β = 1/R2.

The matter density of the material is, in our case, given by

ε = ε0(R)β
√
η, (63)

assuming that ε̃(yA) = ε0(R) sin θ, where ε0 is an arbitrary positive function. The energy-momentum
tensor can then be expressed by

Tµν = diag(−ρ, p1, p2, p2), (64)

where ρ = εh, p1 = 2εη ∂h∂η , p2 = −1
2εr

∂h
∂r and h = h(R, η, r). Using (59), we get

p1 = 2
η

h

∂h

∂η
ρ, p2 = −1

2

r

h

∂h

∂r
ρ. (65)

This Tµν for elastic matter falls in the class given by (4) although, in general, we will not have p1 = p1(ρ)
as in Assumption 1, so Theorem 2 does not apply. We will now investigate a particular elastic fluid
for which p1 = s2

1 = 0 and, in that case, we may use Theorem 3.

4.1 Magli’s ansatz

Magli [9] found a class of non-static spherically symmetric solutions of the Einstein equations corre-
sponding to anisotropic elastic spheres. These models have vanishing radial stresses and generalize
the Lemâıtre-Tolman-Bondi dust models of gravitational collapse, by including tangential stresses.

Assuming that the equation of state for the elastic matter, prescribed by the function h, does not
depend on the eigenvalue η in the material space, i.e. h = h(R, r), then it is possible to write the
spherically symmetric metric as [10]

ds2 = −e2Φdt2 +
r′2h2

1 + f
dR2 + r2dΩ2, (66)

where

Φ(T,R) = −
∫

1

h

∂h

∂r
r′dR+ c(T ), (67)

11



and c(T ) is an arbitrary function, reflecting the invariance with respect to time rescaling, which can be
chosen such that Φ(T,R0) = 0, for some R0 > 0. One can then obtain a first integral to the Einstein
equations as

e−2Φṙ2 = −1 +
2F

r
+

1 + f

h2
, (68)

where F (R) > 0 and f(R) > −1 are arbitrary functions which we assume to be smooth on [0, R0].
With the assumption h = h(r,R), and using the first integral, we also get

ρ(T,R) =
F ′

4πr2r′
,

p1(T,R) = 0, (69)

p2(T,R) = − r

2h

∂h

∂r
ρ := Hρ,

where H = − r
2h

∂h
∂r is called adiabatic index (see [10], cf. (65)).

A physically interesting example of a spacetime with h = h(R, r) is the non-static Einstein cluster
in spherical symmetry, which describes a gravitational system of particles sustained only by tangential
stresses [7, 2, 9].

To make contact with our formalism, in this case, we get a semi-linear system of the form (55),
for the variables Uj = {Y,Q,Λ, w, ω, µ} with smooth functions

ρ(Q, ω,R) =
F ′(R)eQ

4πωR
(70)

p2(Q, ω,R) = H(Q, R)ρ(Q, ω,R), (71)

which clearly satisfy Assumption 4, and smooth initial data on [R1, R0], R1 > 0, as

Ŷ = Ω̂′ + 2
Ω̂

R
, where Ω̂ =

√
1 + f

ĥ2
−
(

1− 2F

R

)
,

Q̂ = 0,

Λ̂ =
1

2
ln

(
ĥ2

1 + f

)
,

ŵ =
1

R

√
1 + f

ĥ2
−
(

1− 2F

R

)
,

ω̂ = 1,

µ̂ =
3(F (R)− F (0))

4πR3
.

The free initial data here is given by a smooth function ĥ > 0, i.e. the initial equation of state,
and smooth functions F and f which come from the initial density ρ̂ and radial velocity v̂ profiles,
respectively, as in Section 2.2. For smooth ĥ, F, f on some interval [R1, R0], R1 > 0, we are under the
conditions of Theorem 3 which ensures existence and uniqueness of solutions in a neighbourhood of
the boundary.

12



In this case, we can also obtain similar results in a neighbourhood of the origin R = 0, at least for
some choices of initial data. This has to be done separately since our evolution system (55) is singular
at the center.

Figure 2: Domains D and T , where in D ∩ T the solutions agree due to uniqueness.

Consider an open region D including the center, as in Figure 2, by considering the original variables
of Magli. In that case, the center is regular for r(0, T ) = 0, smooth functions f and F such that [9]

f(0) = h2(0, 0)− 1 and F (R) = R3ϕ(R), with ϕ(0) is finite, (72)

and equations of state satisfying the minimal stability requirement, namely that h has a minimum
at r = R [9]. Physically, this means that the centre is unstrained and has zero radial velocity as
limR→0 ṙ = 0.

In [9], Magli shows that there are open sets of C∞ data ĥ, F and f such that the regularity
conditions at the centre are fulfilled. From the PDE point of view, this implies that for such data
there exists a unique C∞ solution to (68), for small enough time in a neighbourhood D of the centre.
Uniqueness of the spherically symmetric initial data gives the uniqueness of solutions in the region
D ∩ T . We have then proved:

Proposition 1 Consider a spacetime with metric (66) and containing elastic matter satisfying (67).
Consider smooth initial data F, f, ĥ on [0, R0] satisfying the (corner) matching conditions to an exterior
spacetime at (0, R0) and the regularity conditions at the center. Then, there exists a unique smooth
solution to the Einstein equations on [0, R0]× T0, for small enough T0.

A suitable exterior to such elastic spacetimes is given by the Schwarzschild solution, which can be
matched initially at R0. We omit the details of the matching conditions here since they were given in
[9].

As a final remark, we note that the analysis of this particular IBVP can be taken much further if
one has explicit solutions for r. These solutions can be obtained by assuming h = h(r) > 0. In this
case, equations (67) and (68) decouple and Φ′ = − 1

h
dh
dr r
′, yielding Φ(T,R) = − lnh + lnh(r(T,R0)),

which satisfies Φ(T,R0) = 0. Consider a linear stress-strain relation p2 = kρ, where the adiabatic

13



index k satisfies −1 ≤ k ≤ 1 in order to comply with the weak energy condition [15]. This choice of
stress-strain is equivalent to set h(r) = r−2k. In that case, one has ṙ2 = 2Fr4k−1 + (1 + f)r8k − r4k

which is now integrable. Remarkably, for some values of k, such as k = −1/4 and k = 1/4, one
can obtain explicit solutions which satisfy r(0, R) = R and r(T, 0) = 0 and have a regular origin for
certain choices of initial data [15]. This allows e.g. to solve the matching conditions and obtain the
boundary hypersurface [9], as well as to study of global properties of the matched spacetime such as
the formation of horizons and spacetime singularities [15, 10].
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Appendix: Matching conditions in spherical symmetry

In this appendix, for completeness, we recall some basic facts about spacetime matching theory and
write the matching conditions in spherical symmetry adapted to our context. These conditions are
known but are of importance here since they provide compatibility conditions for our IBVP problem.

Let (M±, g±) be spacetimes with non-null boundaries S±. Matching them requires an identification
of the boundaries, i.e. a pair of embeddings Ω± : S −→M± with Ω±(S) = S±, where S is an abstract
copy of any of the boundaries. Let ξi be a coordinate system on S. Tangent vectors to S± are obtained

by f±αi =
∂Ωα±
∂ξi

though we shall usually work with orthonormal combinations e±αi of the f±αi . There

are also unique (up to orientation) unit normal vectors nα± to the boundaries. We choose them so that
if nα+ points into M+ then nα− points out of M− or viceversa. The first and second fundamental forms
are simply

q±ij = e±αi e±βj gαβ|S± , K±ij = −n±α e
±β
i ∇

±
β e
±α
j .

The matching conditions (in the absence of shells), between two spacetimes (M±, g±) across a non-null
hypersurface S, are the equality of the first and second fundamental forms on S± (see [11]):

q+
ij = q−ij , K+

ij = K−ij . (73)

We shall now specify the matching conditions for the case where the interior has the anisotropic fluid
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metric (1) and the exterior is the Kottler spacetime given by metric:

g+ = −
(

1− 2m

%
− Λ

3
%2

)
dt2 +

dρ2

1− 2m
% −

Λ
3 %

2
+ %2dΩ2. (74)

The boundary S+ can be parametrized as Ω+ = {t = t0(λ), % = %0(λ)} and, given the time inversion
symmetry of Kottler, we can assume ṫ0 > 0 without loss of generality.

Considering our choice Φ(T,R0) = 0 for the interior spacetime, we can take the following parametriza-
tion Ω− = {T = λ,R = R0}, so that Ṫ = 1 and Ṙ = 0. Then, the equality of the first fundamental
forms on S gives

1 =

(
1− 2m

%0
− Λ

3
%2

0

)
ṫ20 −

%̇2
0

1− 2m
%0
− Λ

3 %
2
0

, (75)

r(λ,R0) = %0(λ) (76)

and the equality of the second fundamental forms, on S, implies

Φ′e2Φ−Λ =

(
−ṫ0%̈0 + ẗ0%̇0 +

3m%̇2
0ṫ0

%0

(
%0 − 2m− Λ

3 %
3
0

) − m

%2
0

(
1− 2m

%0
− Λ

3
%2

0

)
ṫ30

)
, (77)

rr′e−Λ = −ṫ0
(
%0 − 2m− Λ

3
%3

0

)
. (78)

Then, the matching conditions give expressions for %0(λ), t0(λ) and imply the continuity of the mass
µ̃r̃3 = 6m through the boundary, as is well known. By further substituting the Einstein equations,
those conditions also imply that p̃1 = −Λ. In fact, from p̃1 = 0 we also recover µ̃r̃3 = 6m as mentioned
at the end of Section 3.1.

Generalising this procedure, consider now the matching where the interior is still the anisotropic
fluid (1) and the exterior is the spacetime given by a general spherically symmetric metric:

g+ = −e2µ(t,%)dt2 + e2ν(t,%)d%2 + r̄2(t, %)dΩ2. (79)

The boundaries S± are parametrized as before. Then, the equality of the first fundamental forms, for
Φ(T,R0) = 0, imply

−1 = −ṫ20e2µ + %̇2
0e

2ν , (80)

r(λ,R0) = r̄(t0(λ), %0(λ)) (81)

and the equality of the second fundamental forms gives

−Φ′e−Λ = eµ+ν
(
ρ̇ṫ20µ̇+ 2ρ̇2

0ṫ0µ
′ + ρ̇3

0ν̇e
2ν−2µ − ṫ30µ′e2µ−2ν − 2ṫ20ρ̇0ν̇ − ρ̇2

0ṫ0ν
′) , (82)

rr′e−Λ = eµ+ν r̄
(
ṫ0e
−2ν r̄′ + ρ̇0e

−2µ ˙̄r
)
. (83)

The above equations provide ρ0(λ), t0(λ) and p−1 (λ) = p+
1 (λ), at the boundary. Another way to get

this last relation is to use the Israel conditions nµ−T
−
µν = nµ+T

+
µν at S (see e.g. [11]). With this boundary

data, and knowing the exterior spacetime, one gets r̃(λ) := r(λ,R0) from (81) and, therefore, w̃(λ) as
mentioned in Section 3.1.
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