A GRADIENT FLOW APPROACH TO THE POROUS MEDIUM
EQUATION WITH FRACTIONAL PRESSURE

S. LISINI, E. MAININI, AND A. SEGATTI

ABSTRACT. We consider a family of porous media equations with fractional pres-
sure, recently studied by Caffarelli and Vazquez. We show the construction of a
weak solution as Wasserstein gradient flow of a square fractional Sobolev norm. En-
ergy dissipation inequality, regularizing effect and decay estimates for the LP norms
are established. Moreover, we show that a classical porous medium equation can
be obtained as a limit case.

1. INTRODUCTION
We consider the evolution problem
O — div(uVo) =0 in R? x (0, +00),
(1.1) (=A)Yv=u in RY x (0, +00),
u(0) = uyp,
where the initial datum ug is a Borel probability measure on R% d > 1, and 0 < s <

min{1, %} The linear operator (—A)* is the s-fractional Laplacian on R¢, defined by
means of Fourier transform as

((=A)0)(€) = lg|*0(&)-
We define the Riesz kernel K, by the relation K,(€) = [€]72¢, that is,
K (x) = Cg|x| 72,

where Cy, is a normalization constant. With our convention for the Fourier trans-
form, i.e., p(§) = [pae ™ () dz, we have

(1.2) Cus =1 Y227%T(d/2 — 5)/T(s),
where I is the Euler Gamma function, see for instance [1, Section 1.2.2]. The relation
between u and v, in the second equation of (1.1), is understood as v = K * u.

Therefore, problem (1.1) corresponds to an evolution repulsive interaction equation,
characterized by the Riesz kernel K.

Problem (1.1) has been studied by Caffarelli and Vézquez in [14], where existence of
solutions was proved for non-negative bounded initial data which decay exponentially
fast at infinity. The existence result of [14] has been generalized to L' positive initial
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data in [11] and to positive finite measure data in [27, 28]. Moreover, [11, 16] con-
tain comprehensive results about Holder regularity of solutions. Barenblatt profiles
and asymptotic behavior are investigated in [15]. Exponential convergence towards
stationary states in one space dimension, after changing to self similar variables, has
been obtained in [18]. More general nonlocal porous media equations are considered
for instance in [6, 28, 29, 30]. See also [32] and the references therein.

The system (1.1) is derived by starting from the continuity equation

Owu + div(uv) = 0,

governing the evolution of the density distribution u, driven by a velocity vector field
v. Now, as it happens for the classical porous medium equation, we suppose that v
is the gradient of a scalar function v, the pressure, which is assumed to be a function
of the density u. The system (1.1) emerges by choosing the nonlocal closing relation
v:=—Vv=—-V(K,*u).

Let us briefly discuss the two extreme cases s = 0 and s = 1. When s = 0, the
second equation formally reduces to the identity v = u and thus the system in (1.1)
becomes

1
(1.3) Opu — iAuQ =0,

that is a classical (local) porous medium equation. Among the other results, in this
paper we will make this transition rigorous (see Theorem 1.3). The other extreme
situation corresponds to the case s = 1, d > 2, where the second equation be-
comes —Av = u. The resulting system (1.1) is related to the Chapman-Rubinstein-
Schatzman’s mean field model in superconductivity (see [17]) and to the E’s model
in superfluidity, at least for positive solutions (see [20]). Existence for this system
when s = 1 was first proved in two space dimensions in [23]. More recently, Serfaty
and Vazquez [27] proved that the solutions of the system (1.1) converge in a proper
way when s 1 to the solutions of the corresponding system with s = 1.

The gradient flow structure. Our main contribution is the rigorous construction
of non-negative solutions for the Cauchy problem (1.1) as trajectories of a gradient
flow. More precisely we consider the space Py(R?) of Borel probability measures on
R? with finite second moment endowed with the 2-Wasserstein distance, here denoted
by W (see Section 2). For u € Py(R?) we define the energy functional

1 1 1
Fw) = 3l = 57 | €00 de

that is, F; is the square norm of the homogeneous Sobolev space H ~$(R%), see Section
2.2. We observe that this functional admits the alternative representation

Ry =5 [, [ Ko=) aua) duty)

enlightening the structure of an interaction energy, characterized by the Riesz convo-
lution kernel K. Within the gradient flow interpretation, we prove that a solution to
the Cauchy problem (1.1) can be obtained by means of the minimizing movement ap-
proximation scheme, applied to the functional F, in the metric space (Py(R%), W). A
general theory of minimizing movements in metric spaces and its applications to the
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space (Py(R?), W) is contained in the book of Ambrosio, Gigli and Savaré [2]. The
gradient flow approach in (P(R?), W) was first exploited by Jordan-Kinderlehrer-
Otto in the seminal paper [22]. Let us illustrate the strategy in our case: given
uy € H*(R%) N Py(RY) and 7 > 0 we introduce the following time discretization
scheme. We consider a uniform partition of size 7 of the time interval [0, +00) and
we let u? be a suitable approximation of the initial datum (see (3.2)). Then, we
recursively define

1
(1.4) = Argmin,ep, gay {fs(u) t5- Wz(u,ulﬁ_l)} : for k=1,2,....

T
If {uF}ren C P2(RY) is a sequence defined by (1.4), we introduce the piecewise
constant interpolation

up(t) = ult/™, t €0, +00),

where [a] := min{m € N : m > a} is the upper integer part of the real number a.
We refer to u, as discrete solution. We prove that this family of piecewise constant
curves admits limit points as 7 — 0, and that a limit curve is a weak solution to
(1.1), satisfying some additional properties (see Theorem 1.1).

Nonlocal evolution equations with singular kernels appear in several mathematical
models. However, up to now the corresponding gradient flow approach is limited
to less singular interactions. Besides the works [3, 4], dealing with the Chapman-
Rubinstein-Schatzman superconductivity model, gradient flows of equations involv-
ing Newtonian interaction appear in the study of the Keller-Segel model for chemo-
taxis, see [9] and the reviews [7, 8]. The approach we propose here is strictly related
to the latter contributions, and problem (1.1), with the corresponding functional Fj,
turns out to be a remarkable example of Wasserstein gradient flow.

The main result. We shall now state the results. The main one is the follow-
ing Theorem 1.1, which contains all the properties of the gradient flow solutions.
Throughout the paper we denote by H : Py(RY) — (—o0, +00] the entropy defined
by H(u) = fRd ulog u dx if u is absolutely continuous with respect to the Lebesgue
measure and H(u) = +oo otherwise. We use the notation D(H) = {u € Py(RY) :
H(u) < o0} for the domain of H. Moreover, in the statement of Theorem 1.1, the
approximation u? of the initial datum wug is not arbitrary, but given by the suitable
Gaussian regularization defined in Section 3 below, see (3.2). See also Section 2.1 for

the definition of narrow convergence and Section 3.2 for the definition of the space
AC?([0, +00); (P2(R7), W)).

Theorem 1.1. Let d > 1, 0 < s < min{1, ¢} and uy € H=(RY) NPy (RY). Then the
following assertions hold:

i) Existence and uniqueness of discrete solutions. For every T > 0, after
having defined u® by (3.2), there exists a unique sequence {u* : k =1,2,...}
satisfying (1.4).

ii) Convergence and regularity. For every vanishing sequence T, there exists

a (not relabeled) subsequence 1, and a curve u € AC?([0, +00); (Po(R?), W))
such that

Uy, (t) = u(t) narrowly as n — oo, for any t € [0, +00).
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Moreover, u € L*((Ty,T); H*(R%)) for every 0 < Ty < T, and
Uy, — u  strongly in L*((Ty, T); L} (RY))  as n — oo.

Defining v, (t) := Ks * u (t) and v(t) == K *u(t) Vt > 0, we have that
Vv € L*((Ty, T); L*(R?)) for every 0 < Ty < T, and

Vv, — Vo  weakly in L*((Ty, T); L*(RY))  as n — oo.

iii) Solution of the equation. Given w,v from point ii), the first equation in
(1.1) is satisfied in the following weak form:

+oo
/ / (Opp — Voo - Vo)udzdt =0, for all ¢ € C=((0,4+00) x RY).
0 R4
iv) Energy dissipation inequality. Given u,v from point ii), there holds
t
(1.5) Fs(u(t)) + / (Vo(r)Pu(r) de dr < Fi(uo), Vte[0,+00).
0 Jrd

v) Regularizing effect and decay estimates. For every p € [1, 00| there is
a constant C,, depending only on p,d and s (independent of ug) such that

u()|| poay < Cpt™™ vt > 0,

where 7y, = ’%m for p < 400 and Yo = m. In particular u(t) €
D(H) N LP(RY) for every t > 0.

vi) Entropy estimates. If, in addition, ug € D(H), then
H(u(t)) < H(up), vt > 0.
If ug € LP(R?) for some p € [1,+00], then
()| oray < lluoll Loy, — VE>0.

Remark 1.2. The proof of Theorem 1.1 will be given as the collection of different
results through the paper. Let us give some comments here.

e If uy € D(H), then the results of point ii) also hold for Ty = 0 and the results
of points i)-ii)-iii)-iv) do not require the approximation of the initial datum
(that is, we could define u® = v in this case).

e The value of the constant C, in point v) is explicit, see Lemma 4.10 below
for p € (1,+00) and Theorem 7.2 for p = +o0. If p = 1 we have C; = 1 and
equality holds in points v) and vi) because mass conservation is an automatic
consequence of the Wasserstein gradient flow construction of solutions.

e Forevery p € [1, 400] the exponent , in point v) is sharp, since the Barenblatt-
type solutions constructed in [15] have the same decay rate.

e The solutions that we construct are weak energy solutions in the terminology
of Caffarelli and Vazquez. Consequently they are also Holder continuous
thanks to [11, Theorem 5.1]. The finite speed of propagation is obtained
by Caffarelly and Vazquez in [14] and relies on their construction of weak
solutions (see also [21] and [29]). It would be an interesting problem to obtain
the finite speed of propagation directly from our discrete scheme.
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e Theorem 1.1 holds if we consider positive measure data in H~*(R%), with
finite second moment and mass M > 0. In such case, the constant C), from

point v) gets multiplied by M*% where £, = % if p € [1,400) and
loo = 2(21(:)‘2 -. This scaling is the same obtained in [11] for positive L'(R¢)

data. See also Remark 7.3 below.

Let us summarize the main techniques and the strategy that we shall use in the
paper. We start with the analysis of the discrete variational problem (1.4) prov-
ing existence and uniqueness of the discrete solutions. Moreover we analyze the
regularity of minimizers, which are indeed shown to belong to H'7*(R%), and not
only to H=*(R%). In order to do this we make use of the flow interchange tech-
nique, described by McCann, Matthes and Savaré in [24]. The improved regularity
of minimizers allows to perform variations along transport maps and to derive a cor-
responding FEuler-Lagrange equation, which yields a discrete formulation of problem
(1.1). Moreover, the obtained regularity estimates entail sufficient compactness in
order to pass to the limit in such discrete formulation, obtaining a weak solution
to problem (1.1). Finally, in order to obtain the energy dissipation inequality of
functional F; along the solution we use the De Giorgi variational interpolation. In
these steps we often work in Fourier variables. This reveals useful and appears quite
natural, starting from the definition of the energy functional.

The other important features that we discuss are the regularizing effect and the
decay rate at infinity of L” norms stated in point v) of Theorem 1.1. We stress that
the regularizing effect allows to treat the case of general P, N H~* initial data. The
decay rate of the LP norms was already obtained in [11]. From our point of view, this
relates to the interesting issue of finding general LP estimates at the discrete level
of the minimizing movements scheme, along with the corresponding decay rates for
large times, which is new in this framework. At the discrete level, for p < 400, we
obtain an estimate of the form

]| o (ray < minf||ul|| poray, Cp(kT) 7} + Ry, k=1,2,3,..,

p=l__ d
p d+2(1—s)
proved by combining the flow interchange technique with Sobolev inequalities. The

term R, is then shown to vanish as 7 — 0, thus yielding the desired decay estimates
of the LP norms for p < +o0o. However, it is not possible to directly pass to the
limit as p — +o00, because the multiplicative constant C, blows up. We note that
an analogous difficulty for the case of the porous medium equation was observed for
instance in [10], when trying to obtain the decay rate of the L* norm by making use
of Sobolev inequalities.

In order to obtain the L> decay, a refined argument is indeed necessary. Here, we
adapt the techniques of Caffarelli-Soria-Vazquez [11] to the discrete setting. Their
approach for proving L> decay estimates was previously introduced by Caffarelli and
Vasseur [12, 13] for the case of the semigeostrophic equation, and it is based on the
De Giorgi technique for elliptic equations. In order to apply this technique within the
discrete setting we introduce a sequence of minimizing movements approximations on
a smaller scale. This construction represents one of the main novelties of the paper

where 7, = and R, is a suitable remainder term. Such an estimate is



6 S. LISINI, E. MAININI, AND A. SEGATTI

(see Section 7). The new approximation provides the required informations on the
solution, allowing for an L? to L argument to get L> decay with the expected rate
Yoo = limy, o ¥, corresponding to the one obtained in [6, 11].

The limit as s — 0. A final result that we prove is the convergence of the con-
structed solutions to a solution of the standard porous medium equation (1.3) as
the fractional parameter s goes to zero. This complements the result of Serfaty and
Véazquez [27], where the limiting case as s — 1 (corresponding to the interaction
with the Newtonian potential) is analyzed. More precisely, the result is stated in the
following Theorem.

Theorem 1.3. Let ug € L*(RY) and {u§}sc01) be a family of initial data such that
uy € D(Fy), ug converges narrowly to ug as s — 0, SUPye g1y fga |2[* duf(z) < +oo
and lim,_o Fy(ug) = Foluo) where Fo(-) == 3| - ||r2@ay. For each s € (0,1), let
u® be a solution to the corresponding equation (1.1), with initial datum uf, given by
Theorem 1.1. Let moreover u be the unique solution of the Cauchy problem for the
porous medium equation

CIA.2 . Tod
(1.6) O — 3Au* =0 in R* x (0, 4+00),
U<O) = U,

satisfying the energy identity

Fo(u(T)) + /OT |Vu(t)Pu(t) dz dt = Fo(uo), VT >0.

Rd
Then we have

u®(t) = u(t) mnarrowly as s — 0 for every t > 0,
and, for every Ty and T such that T > Ty > 0,
u® —u  strongly in L*((Ty,T); L2, (R%))  as s — 0,

loc

Vu® — Vu  weakly in L*((Ty, T); L*(R%)  as s — 0.

Plan of the paper. Section 2 introduces the basic framework for gradient flows
in the Wasserstein space and for fractional Sobolev norms. Section 3 shows the
convergence of the scheme to some absolutely continuous curve in Py(R?), owing
only to the general theory of minimizing movements, and not relating to the specific
choice of functional F;. Section 4 introduces the flow interchange, which will be
repeatedly used in order to obtain further regularity of minimizers, the regularizing
effect of the dynamics, and the LP decay estimates for p € (1,00). Section 5 is
devoted to the Euler-Lagrange equation for discrete minimizers, thus building up the
key element for the existence result. Section 6 proves existence, by showing that the
limit curve found in Step 3 is in fact regular enough for giving sense to the term uVwv
and satisfies equation (1.1). This is moreover a gradient flow solution, so that (1.1)
holds in the sense of distributions and an energy dissipation inequality for functional
Fs holds. Section 7 introduces the double scale approximation and proves the L*°
decay estimates, thus completing the proof of Theorem 1.1 Eventually, Section 8
contains the proof of Theorem 1.3.



2. NOTATION AND PRELIMINARY RESULTS

2.1. Wasserstein distance. We denote by P(R?) the set of Borel probability mea-
sures on R, The narrow convergence in P(R%) is defined in duality with continuous
and bounded functions on R?, i.e., a sequence {u,} C P(R?) narrowly converges to
ue PR if [puddu, — [puddu for every ¢ € Cy(R?), where Cy(R?) is the set of
continuous and bounded functions defined on R?.

We define Po(R?) := {u € P(R?) : [pa|2z]*du(z) < +oo} the set of Borel proba-
bility measure with finite second moment. The Wasserstein distance W in Py(R?) is
defined as
(2.1)

W(u,v) ==  min { (/R |z — y|* dy(z, y)) " P(m)gy =wu, (m)py = v}

vEP(RIxR?) dyRd

where m;, i = 1,2, denote the canonical projections on the first and second factor
respectively. Denoting by I the identity map in R?, when u is absolutely continuous
with respect to the Lebesgue measure, the minimum problem (2.1) has a unique
solution 7 induced by a transport map 7 in the following way: v = (I,7))4u. In
particular, 7/ is the unique solution of the Monge optimal transport problem

min S(z) — xPdu(z): Spu=wvy.
i { [ 1560 = oPdute) - Spu =0}
Finally, we recall that if also v is absolutely continuous with respect to Lebesgue
measure, then

TyoT! =1 w-ae and T,oT)=1 wv-ae.

The function W : Py(RY) x Py(RY) — R is a distance and the metric space
(P2(RY), W) is complete and separable. Moreover the distance W is sequentially
lower semi continuous with respect to the narrow convergence, i.e.,

U, — U, v, — v, narrowly = limJirnf W (up, v,) > W(u,v),
n—-—+0oo
and bounded sets in (Py(R%), W) are narrowly sequentially relatively compact.

2.2. Fourier transform and fractional Sobolev spaces. We denote by S(R?)
the Schwartz space of smooth functions with rapid decay at infinity and by &'(RY)
the dual space of tempered distributions. The Fourier transform of v € S(RY) is
defined by () := [ps e " *u(x)dz. The Fourier transform is an automorphism of
S(R?) and by transposmon it can be defined on &’'(R?). Moreover the Plancherel
formula holds

/Rd a(&)w(€) d¢ = (2m)? /IRd u(z)w(z)de, Yu,w € L*(RY).

Let r € R. For every tempered distribution u € S&'(R%) such that @ € L}
define

(R%), we

loc

Il sy = o5z |1+ €I dg
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and
e - MG
The fractional Sobolev space H"(R?) is defined by
HY(RY) = {u € S'(RY) : it € LL(RY), Jullrqaey < +00},
and the homogenous fractional Sobolev space H"(R?) is defined by
H'(RY) := {u € S'(R) : &t € Lj,o(R), [[u]l gr(gay < +00}.

The next proposition summarizes some basic facts about fractional Sobolev spaces,
which will be used many times in the sequel. We refer for instance to [5, Sections
1.3, 1.4].
Proposition 2.1. The following assertions hold.

e [nterpolation. If ro < ri < ry then

el res ety < Nall v gy el s ety and el o gy < el ey 10 s ey

where 0 is defined by 1 = (1 — 0)rg + Ors.

o Ifri <y then ||lullgr ey < [ullgroey- If r >0 then ||lull grgay < [[ull gr@e-
Ifr <0 then [Jull gr@ay < Nlull grgay- If =0 then |[ul| jogay = lullo@ey =
[l 2y

o Ifp € S(Rd) and u € H"(R?) then there exists a constant c, depending only
on ¢, r and d, such that

|6 ull grrray < cl|ull grray-

o If ¢ € S(RY), ry <1y and sup,,ey ||Unl graray < +00, then {pu, : n € N} is
relatively compact in H™ (R?).

Let d > 1 and r € (0,d/2). Then the fractional Sobolev inequality holds

(2.2) HUHL‘I(Rd) < Sarllull g (ray
for any u € H"(R?), where ¢ := 75> > 2 and, see for instance [19],
r 9 _ r 2r/d
(23) Sdr — 2—27‘7T—T (d/ r) (d) .
’ I'(d/2+7r) \I'(d/2)

From (2. 2) and interpolation of L” norms we obtain that for ¢, g2 such that 1 < ¢; <
g2 < g = =%, the inequality

lall oty < Saelluell 2 ey el e
)

holds for any v € H"(R%) N L®(RY), where § = %. In particular, for any
we H (RN LYRY) and ¢ = 2 + 2 there holds

2r/d
(2.4) el ey < SNl ey 1] ey
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Similarly, from (2.2) and the interpolation of L” norms between the exponents 1 <
p < 4t for p e (1,400) and nonnegative u € L'(R%) such that u®+1)/2 ¢ F™(R4)

d—2r
we have
1 (p+1
(2.5) lall7 s ey < Sallully gy a2,
_ dp*-1)
where 0 = p(Qprerp).

In dimension d = 1, for s € (0,1/2), we shall also need the following inequalities:

2.6) 525 gy < 5222 32

and

(2.7) ||u||}£ZER < Sf 1455 ”(2p 2sp+1)/(p— 1)||u(p+1)/2||%]175(R)’

where 3, = (11+ and p € (1, +00). Indeed, by (2.2) and the interpolation property

of Proposition 2.1 we have

(1—s—r)/(1—s r/(1—s
(2:8) el 2 gy < Sl ey < Suellullgay ™"l
for every r,s € (0,1/2). Choosing r = 41__288 in (2.8) and interpolating the L? norm

between L' and L% we obtain (2.6), whereas similar interpolation arguments and
(2.5) entail (2.7). ‘
If d > 1 and r € (0,1), the scalar product in the space H"(R?), defined by

(v, w), IePra()ate) e,

can also be expressed as

29 (vl =Co [ [ 00 = v)wle) ~ w()le — o dedy

This equivalence follows from [5, Proposition 1.37]. The value of the positive constant
Cq, can be obtained through the following formal computation. Since the Riesz
kernel satisfies AK, = —K,_1, using Plancherel formula and integration by parts we
have

(o) = oz [ JEPOIERAOTE e = [ (K1 5 T)(0) - Vo) do

©
2

l\DIr—t/\
T

(AKy - (x = y)) (v(z) = v(y)) (w(z) —w(y)) dedy

d JRd

Cacr [, [ o=l (0l) = o)) wla) = (o) decy,

N | —

thus (2.9) holds with Cy, = _%Cd,—r; where Cy_, < 0 is given by extending formula
(1.2) to values of the second index in (—1,0).
We also have the following
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Proposition 2.2. Let d > 1 and r € (0,1). Let v € H'(RY). IfF : R — R is
nondecreasing, then (v, F(v)), > 0. If, in addition, F is Lipschitz continuous on R,
then F ov € H"(RY) and there hold

(v, F(v))y < L(v,0)r,  (F(v), F(v)), < L(F(v),0),

where L is the Lipschitz constant of F'. If moreover v is nonnegative and p € (1, +00),
the following Stroock-Varopoulos inequality holds

4p
(2.10) (v, 0P), > mnv(pﬂ)hnz ()

Proof. The first properties follow at once from the representation (2.9). (2.10) is also
a consequence of (2.9), by means of the elementary inequality

(a— b)(a? —b7) > (i—pw (a+D/2 _ pr1)/2)?,
p

holding for any couple of nonnegative numbers a, b. U

3. ENERGY FUNCTIONAL AND FIRST CONVERGENCE RESULT

From here on it will be always assumed that d > 1 and 0 < 5 < min{l,g .

3.1. Energy functional. After noticing that a Borel probability measure u is a tem-
pered distribution with @ in L}, .(R?), we define the energy functional F : Po(R?) —

1
Fow) = sl g

We state a basic property of functional F;.

Proposition 3.1. The following assertions hold.

o D(F,) = H*(R?) NPy(RY).
o Fi(u) >0 for every u € Py(RY).
o F is sequentially lower semicontinuous w.r.t. the narrow convergence.

Proof. The first two points are obvious. In order to prove the third one, let {u,} C
P, (R?) be a sequence, narrowly converging to u € Py(R?), and such that sup,, Fs(u,) <
+oo. Using the notation U,(§) := [£|7°u,(&), the previous assumption reads as
sup,, || Unllr2®ey < +00. By L? weak compactness there exists a subsequence of {U, }
that weakly converges in L?(RY) to some U € L?(RY). By the narrow convergence
of u, we have that @,(£) — @(£) for every £ € R and then U, (&) — [£]*0(&) for
every ¢ € R%. By uniqueness of the weak limits and the lower semicontinuity of the
L? norm we obtain that F,(u) < liminf, . Fs(u,) and the statement holds. O
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3.2. Wasserstein gradient flow, minimizing movements. Let uy € Py(R?),
7> 0. We let

1 2
(31) Ft(l') = (47Tt)d/2€_|m| /4t’ = Rd, t>0

and we define a regularized initial datum as

—1/logT if 7€ (0,1/2)

3.2 0 = Ty(r) * o, h =
(32 Wi=Tumxuw,  where w(r) {—Ubgvm it 7€ [1/2, +0).

We consider, for k = 1,2, ..., the problem
1
(3.3) min  Fi(u) + — W(u,uf7h).

uePy(RY) 27 T
Proposition 3.2. For every 7 > 0 and every ug € Po(R?) there exists a unique
sequence {uf : k =0,1,2,...} C D(F;) satisfying u? = Ty % ug and such that uf is
a solution to problem (3.3) for k=1,2,....

Proof. Let 7 > 0 and k € N. By Proposition 3.1 and the properties of the Wasserstein
distance, the functional u — F,(u)+ 5= W?(u, uf~") is nonnegative, lower semicontin-
uous with respect to the narrow convergence and with narrowly compact sublevels.
The existence of minimizers follows by standard direct methods in calculus of varia-
tions. The uniqueness of minimizers follows from the strict convexity of the functional
u > Fy(u) + 5= W?(u,ub™!) with respect to linear convex combinations in Py(R?),
since Fj is a square Hilbert norm. [l

By Proposition 3.2, the piecewise constant curve
(3.4) up(t) := ult/71,

is uniquely defined, where [a] := min{m € N :m > a} is the upper integer part.

We say that a curve u : [0,+00) — Py(R?) is absolutely continuous with finite
energy, and we use the notation u € AC?([0, +00); (Po(R?), W)), if there exists m €
L3([0, 4+00)) such that W (u(ty),u(ts)) < fttf m(r)dr for every t1,ty € [0,+00), t; <
ty. If u € AC?([0, +00); (Po(R?), W)), then there exists its metric derivative defined
by

M@:mwwﬁpw»
and |u'|(t) < mf(t) for a.e. t € [0, +00).

for a.e. ¢t € [0, 4+00),

Theorem 3.3 (First convergence result). Let ug € H*(R%) N Py(RY) and u, the
piecewise constant curve defined in (3.4). For every vanishing sequence T, there
exists a subsequence (not relabeled) T, and a curve u € AC?([0, 4+00); (Py(R?), W))
such that

(3.5) U, (t) = u(t) narrowly as n — oo, for any t € [0, +00).

Proof. The proof is based on the compactness argument of minimizing movements,
stated in [2].
Since 0 < I';(§) < 1 we have [62(§)| = [T (§)t0(§)] < |ao(§)] and then

(3.6) Fo(ug) < Filug).
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The first estimate given by the scheme (3.3), is the following
N

2
(3.7)  Fl ZTW T’ ur) < Fo(u?) < Folug), VN eN.

We show that for any 7' > 0 the set A7 := {u* : 7 > 0,N € N,N7 < T} is
bounded in (Py(R4), W) and consequently sequentially narrowly compact.
Indeed, recalling that [o,|z|*du(z) = W?(u,dy) for any u € Py(R?), using the
triangle inequality and Jensen’s discrete inequality we have

/ 2 2u (o) dz = W2(uY, 6) < (ZW b b W (W, (50))2

N 71
(3.8) <2 (ZTW )) 22 (2, 8)
k=1
W2 uk’uk 1
< QNTZT% + 2W2(u?, 6).

Since for suitable ¢ > 0 we have
W2(ul, 8o) < 2W?(ul, Ty )+2W (Cur), 60)
= 2W*(Dor) * Ug, Dusr) * 00) + 2W3(Coo(ry, 60)
< 2W?(uy, 50) + 22 ( w(r), 00) = 2W? (uo, do) + cw(T),
it follows from (3.7) and (3.8), since F5 > 0, that

(3.9) / |lz|2u® (z) do < AT F,(uo) + 4/ |z|?uo () dz + 2¢,
Rd Rd

and the boundedness of A7 follows.
We define the piecewise constant function m, : [0,4+00) — [0, +00) as
W(u-(t), ur(t — 7))
T
with the convention that u,(t — 7) = u.(0) if t — 7 < 0. Since Fy > 0, from (3.7) it
follows that

m,(t) ==

1

+oo
—/ m2(t) dt < Fi(uo).
2 Jo

It follows that there exists m € L?(0,400) such that m, weakly converges to m in
L*(0,400). Moreover for any tq,t2 € [0,4+00), t1 < ta, setting ki(7) = [t1/7] and
ko(T) = [ta/7], by triangle inequality it holds

ka(m) -1 ka(7)7

W(u-(t) ur(ta)) < Y W(ub,ub™) < / m.(t) dt.
k=kn (7) ka(r)r
By the L? weak convergence of m, the following equicontinuity estimate holds

k’Q(T)T to
(3.10) lim sup W (u-(t1), u,(t3)) < lim m,(t)dt = / m(t) dt.

70 70 ki(m)T t1
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Applying Proposition 3.3.1 of [2] we obtain the convergence (3.5). Passing to the
limit in (3.10) we obtain

t2
W(U(tl),u(tg)) < / m(t) dt, th,tg € [O, +OO), t1 < to,

t1

and then u € AC?([0, +00); (P2(R%), W)) and

+oo
(3.11) / /)2 (t) dt < 2F,(uo)
0
holds. ]

4. FLOW INTERCHANGE AND ENTROPY DECAY ESTIMATES

We briefly review the flow interchange technique introduced by Matthes, McCann
and Savaré [24]. Then, with this technique, we obtain suitable regularity estimates
for solutions to (3.3).

Definition 4.1 (Displacement convex entropy). Let V : [0, +00) — R be a con-
vex function with super linear growth at infinity, such that V(0) =0, V € C*(0, +00),
V' is continuous at 0, lim, g ‘;(f) > —oo for some o > #.12 and the following McCann

displacement convezity assumption (introduced in [25]) holds:

= rdV(rm) is convezr and decreasing in (0, 400).
If V satisfies the above assumptions, we say that the functional V : Py(R?) —
(—o0, +00], defined by

V(u) = /Rd V(u(x))dz

if w is absolutely continuous with respect to the Lebesque measure and V(u) = +o0
otherwise, is a displacement convex entropy. We say that V' is the density function

of V.

As usual we denote by D(V) the set of all u € Py(R?) such that V(u) < +oc.
Remark 4.2. The condition on the behavior of V' at 0 is needed as usual to have
the integrability of the negative part of V' o u, as soon as u is a probability density
with finite second moment. Moreover, if uy € Pa(RY) and u? is the regularization

defined by (3.2), it is clear that u € D(V) for any displacement convex entropy V,
since u? is bounded.

It is well known that a displacement convex entropy )V generates a continuous
semigroup S; : D(V) — D(V) satisfying the following family of Evolution Variational
Inequalities (see [2, Theorem 11.2.5])

1 1
(4.1) §W2(St(u),v) - §W2(u,v) <t(V(w) =V(Si(w))) Yu,ve D(V), Vt>D0,
and Sy(u) is the unique distributional solution of the Cauchy problem
atu = A(LV(U))a U(O) = U,

where Ly (u) := uV'(u) — V(u), such that (4.1) holds. The semigroup is contractive
w.r.t. W and extends to D(V) = Py(R?). Thanks to the regularizing effect S;(u) €
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D(V) for any u € Po(R?) and any ¢ > 0, we obtain that (4.1) holds for every
u, v € Pa(RY).
If u € D(F;) we define the dissipation of F; along the flow S; of V by

Dy Fs(u) := lin;%up Fa(u) - Z:S(St(u».

Proposition 4.3 (Flow interchange). Let {u* : k = 0,1,2,...} be the sequence
given by Proposition 3.2 and V' a displacement convex entropy. If

(4.2) Dy F(uf) > —c0  for k> 1,
then u¥ € D(V) and

Dy F,(uf) < == T k=1,2,....

Proof. We have u? € D(V), see Remark 4.2. For t > 0 and k > 0, by definition of
minimizer there holds

Fo(ul) o W2, ) < F(83(08)) + 5 W28 (), b,
that is,

T(Fs(uk)—fs(st(U§)))S%WQ(St(U’i% ) - WZ( ur ).

By using (4.1) we obtain

_Fu(ub) - fs(St(u’i)) < V(uFY) = V(S (uh)).

As 2 € D(V), we may now recursively apply the above inequality: thanks to (4.2),
by passing to the limit as ¢ | 0 and using the lower semicontinuity of VV with respect
to the narrow convergence we conclude. U

Remark 4.4. With the next lemmas we will characterize the dissipation and show
that (4.2) holds true for any displacement convex entropy V.

4.1. Improved regularity. The following result makes use of flow interchange with
the choice V = H, the entropy functional.

Lemma 4.5. Let ug € D(F,) and {uf : k = 0,1,2,...} the sequence given by

Proposition 3.2. Then uf € H'"(R%) N D(’H) for any k >0 and
H(uf") — H(u 'i

T

~—

H kHHl S(Rd) S

(4.3) k=1,2,....

In particular,

H(uk) < H(ub ), k=1,2,....

Proof. By its definition in (3.2), it is clear that u® € D(H).

We denote by S; the heat semigroup on R?, namely the flow generated by the
entropy H. For k > 0 we have Sy(u¥) € H'*(R?) for any t > 0. Indeed, by
uniqueness of the solution of the heat equation the representation S;(u®) = Ty * u*
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holds, Where I'; denotes the family of gaussian kernels (3.1). Then, using the notation

wy = Sy(u¥), since T, is a Gaussian, by (3.7) we have
/WWIS OF s = [ IePO-IIf @ Plae)dg
< Ct||u'j||§;,s(Rd < 20, F4(uF) < 20 F,(uo) < +o0,

where C; 1= maxecga [€]2T4(€)[%.

shows that u? € H'~5(R%).
Next we let k£ > 0 and we consider the real function ¢t — Fy(w;) for ¢t € [0, +00).

We claim that this function is differentiable in (0, 400) and continuous at ¢ = 0, and

that

Since u? := T'y(ry*kug (see (3.2)), a similar argument

d
S F(w) = ~ IS By = My VEE (0,40).

To show this we recall that in Fourier variables the heat equation reads dyw;(&) +
€0 (€) = 0 in RY x (0, +00). Taking into account the smoothness of w; we obtain

d
e s(we) = 27r ddt/ €172 (§)in (€) (2m)d / € e E)0un(€) d¢
T (2n)d / €172 e (€) |0 () dE = —lwell G-« gy

and thus the desired differentiability and (4.4) follow. Now, we prove that the map
t — Fi(w,) is continuous at ¢t = 0. Indeed, since 0 < T'y(€) < 1 we have |y (€)> =
T (€)ak(€)|? < |ak(€)]? and it follows that Fy(w,) < Fi(uF). Since F, is lower semi
continuous with respect to the narrow convergence, the continuity at 0 follows.

By Lagrange’s mean value Theorem, for every ¢ > 0 there exists 0(t) € (0,¢) such
that

(4.4)

Fi(uz) — Fo(Si(ur))
t

By the lower semicontinuity of the '~ norm with respect to the narrow convergence
it follows that

= ||Se(t)(uﬁ>||§[1—8(ﬂgd)‘

lu

k”Hl s(R4) = ©H~7:< )
Then, by Proposition 4.3, we obtain that «* € D(H)NH'~*(R%) and (4.3) holds. [
Integrating the estimate (4.3) with respect to time, we obtain the following space-

time bound on the discrete solution u,. For the integer part of the real number a we
use the notation [a] :== max{m € Z : m < a}.

Corollary 4.6. Let ug € D(F,), {u* : k=0,1,2,...} the sequence given by Propo-
sition 3.2 and u, the corresponding discrete piecewise constant approzimate solution
defined in (3.4). Then u,(t) € H'=5(R?) for every t > 0 and

(4.5) /TTHUT( N2 gyt < H (0 )+c(1+Tfs(u0)+/Rd 22 duo(2))

holds for any Ty > 0 and T' > Ty, where No(7) := [Ty/7] and ¢ is a constant depending
only on the dimension d.
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Proof. Let T >0, N = [T/7] and Ny = Ny(7). By (4.3) we obtain

T N
/ ||UT(t)||§_~11,s(Rd) dt < Z T||UIT€||%[1,S(RO,) < H(UJTVO> - H(“iv)
To k=No+1

By a Carleman type inequality there holds

~HuN) < é(l + [ |zPul () dx)

R4

for a suitable constant depending only on d. From (3.9) we obtain

\ﬂ%wug

for ¢ depending only on the dimension d and we conclude. U

—HuN) < c<1 + T F,(uo) +/

Rd

4.2. Decay of the entropies. In the next Lemma we apply the flow interchange
to a general displacement convex entropy G and we compute a lower bound for the
dissipation of the functional F, along the flow of G. This result is useful for the
regularizing effect and the LP estimates.

Lemma 4.7. Let ug € D(F,) and {u* : k = 0,1,2,...} the sequence given by
Proposition 3.2. Let G be a displacement convex entropy with density function G,
according to Definition 4.1. Then u* € D(G) for any k > 0 and there holds

k=1\ _ (0K
(4.6) 0 < (b, Loty < S ) =00 g

- T

In particular,

G(uk) < G(ur), E=1,2,....

Proof. The proof is based on the same argument of Lemma 4.5. First of all, we have
u? € D(G) by Remark 4.2.
For € > 0 we consider the displacement convex entropy

V(u) = G(u) + eH(u).

We denote by S; the flow associated to V with respect to the Wasserstein distance.
Let us fix k > 0 and define w; := S;(u¥), thus w; satisfies the equation

(4.7) Oywy = ALg(wy) + eAw, = AV (wy),

with initial datum u*, where Lg(v) = vG'(v)—G(v) and ¥(v) = Lg(v)+ev. Equation
(4.7) is a quasilinear non degenerate parabolic equation since W satisfies W' > 0. As
a result, the solution w; is bounded, smooth and strictly positive for ¢t > 0 (see for
example [31, Chapter 3]). Moreover since Lemma 4.5 gives u¥ € H'=*(R?) for any
k > 0 and u* € L'Y(R?) by construction, we have that u* € L?(R?) thanks to the
Sobolev embedding (2.2). Now, if we test equation (4.7) with w;, we immediately
get (recall that Lg is monotone increasing)

(4.8) lwell 2 may < N[l 2y, VE > 0.

Thus, the estimate above combined with the lower semi continuity of the norm, gives
the strong continuity in L?(R?) of the semigroup.
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By making use of the transformed version of (4.7), there holds, for any ¢ > 0,

d
_]: / ’f‘ 1 8twt( )df

dt
= s [ TR (Zlm)©) + s0.(0)

_<wtv LG(wt)>1—s - 5<wt, 'LUt>1_5.

Notice that Lg is non decreasing and locally Lipschitz, and since w; is bounded and
w; € H'75(R?) for ¢ € (0, +00), from Proposition 2.2 we obtain Lg o w, € H'7%(R?)
and (wy, Lg(w))1—s > 0 for ¢ in (0,+00). In particular, t — F,(w;) is differentiable
in (0, 400).

Next we shall prove that ¢ — Fg(w;) is continuous at ¢ = 0. Since wy is a probability
density, we have that [1;(£)] < 1 for any £ € R% Thus, for every t € [0, +00) and
for some § > 0 we have

A I e LG

< 0:()? A€ + g7 de.
/{|5|21} e /{|s|<1}| |

By (4.8) and Plancherel’s Theorem, for 0 < § < d/2 — s the previous estimate shows
that HSt(uf)HH_s_g(Rd) < ¢ for every t € [0, 1], where ¢ is a constant not depending
on t. Then, for a suitable § € (0,1) and 0 < 6 < d/2 — s, by interpolation we have

1) — gy < 152 (0) — w13 150 0) — 1%
< (26154 (u) — w130

and the obtained L*(R?) strong continuity of S; implies that ¢ — F,(w;) is continuous
at t = 0.

By the same argument of Lemma 4.5, based on Lagrange mean value theorem, we
obtain for suitable 6(¢) € (0,t)

Fo(uk) — Fo(Sp(uF
() = FoEU)) oy ) 3y + (St (1), LS ()

Notice that the map u — (u, Lg(u));_s is lower semicontinuous with respect to the
strong L?(R?) convergence. This follows by applying Fatou’s lemma to the expression
(2.9), where the integrand is nonnegative in this case, since Lg is nondecreasing (see
Proposition 2.2). Therefore, by passing to the limit as ¢ | 0 we obtain

Fi(u) = F(S08) _ o > ey

< (yF k < lmi
0 < (uf, Lg(uy))i—s < h%énf ;

The latter estimate, together with Proposition 4.3, entails u* € D(V) and
T(ul, La(ul))1—s + G(uf) + eH(ul) < Gul™") + eH(ub™), k=1,2,....

In particular, for k£ = 1,2,... there is u* € D(G) and (u*, Lg(uF));_s < +00. By
letting ¢ — 0 we find that (4.6) holds. d
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4.3. Regularizing effect. In order to obtain a quantitative decay of a positive loga-
rithmic entropy and of the LP norms of the discrete solution we need the two following
propositions.

Proposition 4.8. Let ¢ : R — R be a convex C' function and 7 > 0. If aj, and by,
satisfies

ar, — ap—1 < —7¢' (ay), b — bp—1 = —71¢'(b), VEeEN
and ag < by, then ap < by for every k € N.

Proof. By induction, assuming that a,_; < bx_; we have that
(07% + T¢/(ak) S Ap—1 S bk—l = bk —+ T¢/(bk>
Since the function r — r + 7¢/(r) is strictly increasing we conclude. U

Proposition 4.9. Let ¢ : R — R be a convexr C' function and T > 0. Let by € R
and by, be satisfying

b — bp—1 = —7¢'(b), VE€EN
and b : [0, 400) — R the solution of the Cauchy problem

(4.9) V(t) = =¢'(b(1),  b(0) = bo.
Then [by — b(k7)| < L5]¢'(bo)| -

Proof. The result is the error estimate for the Euler implicit discretization scheme.
See for instance the general expression derived by Nochetto-Savaré-Verdi [26] and |2,
Theorem 4.0.7]. O

In the following of the paper we denote by K : Po(RY) — [0, +0o0] the positive
entropy defined by IC fRd z)log(u(x)+1) dx if u is absolutely continuous with
respect to the Lebesgue measure and K(u) = 400 otherwise, which is a displacement
convex entropy according to Definition 4.1.

Lemma 4.10. Let {u* : k = 0,1,2,...} be the sequence given by Proposition 3.2.
There holds

(4.10) K(uf) < min{K(ud), Co(kr) "} + Lr(K@))®, k=12,
where vy = 2d+2(1 ) , By = M, Co =2 M S)Ads, Co = (Co(Bo — 1))
Ays = Sﬁ_ ifd>2, As:= 525 2 and Sar is defined by (2.3).

’4—-2s

Moreover, for every p € (1,+00) there holds

: B
(4.11) Huleip(Rd) < min{||<2||, ay Cp (kT)7777} + & AT HuOHi,f’Rd) k=1,2,...,
o p= d+2(1—s) A~ . 4p(p—1 . ~ _
where 7, = pp T35 1 3 , Bp = p(p—mz)f Cp = é),(fl)z)Bd,s, Cp = (Cp(By — 1)),
Bis = Sﬁ—s ifd>2 and By 5 = st .
’ 14—2s

Proof. We shall apply Lemma 4.7 to the particular cases G = K and G = G,,, where

G, is the displacement convex entropy with power density function G,(u) = L_qp,

p—1
for p € (1, 4+00).
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Let us start with G = K, so that the density function is G(u) = u(logu + 1). In

this case Lg(u) = uG'(u) — G(u) = u“—jl Since L¢ is increasing on [0, 4+00) and
Lg(u) = 45 <1 by Proposition 2.2 we have, for any k € N,
(4.12) +00 > (ug, La(up)i—s = (La(uz), Lo (u))i-s = [ Lo (u) |G gay-

Since 0 < Lg(u) < u we have || La(uf)||pige) < ||uf||L1(Rd) = 1. Therefore Lg o uf €
H'*(RY) N L'(R%). Using (2.4) in the case d > 2 and (2.6) in the case d = 1 we
obtain

(413) L) By = Aae [ (Laub)rdo

Rd
for ¢ := 2+ 2(1 — s)/d, where Ay, = Sd’f_s ifd>2 A, = stfs . By Jensen

inequality we have

(uk)2q—1 . uk k 2q—1
q T T
/Rd(LG( D) de = /R (1 1) e > ( o (@F 1)/ D ukde)

and an elementary computation shows that, for any u € [0, +00), there holds

2u?
(u + 1)7/(2a-1)

> ulog(u + 1),

then we have

(4.14) /R (La(ud)) de > 2k
Thanks to (4.12), (4.13) and (4.14) we find
(uf, Lo(uf))1—s > Co(K(uf))* !,

3d+4(1 s)

where Cj := 217204, = 2~
(4.15) K(uk) + Cor(K(uk))P < KC(uk1), k=1,2,...,

__ 3d+4(1-s)
] = dd+dllos)

Ags. By applying Lemma 4.7 we obtain

where [y := 2q —
Let us now consider, for p € (1,4+00) the case G = G,, with density function
G = G,. Taking into account that Lg, (u) = v?, by Lemma 4.7 and the Stroock-

Varopoulos inequality (Proposition 2.2), we have (u*)®+1)/2 ¢ H'=5(R%) and

_Aplp—1)
)P 205 ey + 1 gy < Nt @y B =1,2,.
S ( (
By (2.5) with 7 =1 — s in the case d > 2 and (2.7) in the case d = 1, both with the
choice u = u¥, we obtain
4pp—1)
(4‘16) Tdeﬁ(HukHLp Rd))ﬂp + “ukHLp (Rd) = < ||uk 1||Lp (R4)> k= 1’ 27 R

where [, 1= pd(;“f(ll)ds), By = Sdf Jifd>2and By s = 545 is
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Now we are ready to conclude for both the cases G = K and G = G,. Setting
ay = K(u¥) in the first case and a; := |lu in the second case, the relations

(4.15), (4.16) read

kHLp (R4)

ag — Qp—1 < —TC’ag,
where C' = Cy, 8 = By in the first case and C = C = 47;}:1)1 Bys, = B, in the
second case. In both cases, we apply Proposition 4.8 and Proposition 4.9 with the

choice ¢(a) = 57 Laftl The solution of the Cauchy problem (4.9) is then b(t) =

(bo + C(B — 1)t)Y/1=H " Since B > 1, the function y yl/(l’ﬁ) is decreasing in
(0, 4+00). Consequently we have b(t) < min{by, (C(5 — 1)t)/1=A}. Finally

0 < b < b(kT) + b — b(kr)| < b(kT) + %qﬁ’(bo)r

With the choice by = K(u?) in the first case, we obtain (4.10). With the choice

bo = ||u ) in the second case, we obtain (4.11).

QHip(Rd
Il

We may now pass to the limit as 7 — 0 and prove the decay estimates for the
solution.

Theorem 4.11. Let {u* : k =0,1,2,...} be the sequence given by Proposition 3.2.
If u € AC?([0,4+00); (Po(R?), W)) is a corresponding limit curve given by Theorem
3.3, then

K(u(t)) < Cot™, t >0,
where Cy, Yo are positive constants, whose explicit value is found in Lemma 4.10, and

K(u(t)) < lir% K (u?) t> 0.
T—
Moreover, for every p € (1,+00) there holds
[l r@ey < Cpt ™", >0,
where the positive constants Cy, v, are found in Lemma 4.10 as well, and

Hu(t)HLP(Rd) < llg(l) HU?-HLP(Rd), t > 0.

Proof. With the choice of u® from Section 3.2 we immediately have that

; 0\\Bo — ; 1/p||,,0

lg )™ =0, T 7 sy = 0.
since the LP norms of u? diverge at most logarithmically as 7 — 0. The proof is now
a consequence of Lemma 4.10, of the narrow convergence (3.5) and of the lower semi
continuity of IC and of the L” norms with respect to the narrow convergence. O

5. EULER-LAGRANGE EQUATION FOR THE MINIMIZERS

Thanks to Lemma 4.5, we have enough regularity to obtain an Euler-Lagrange
equation for discrete minimizers. This necessary condition (5.1) on the minimizers
of the scheme is the first step towards a discrete version of a weak formulation of the
equation (1.1), (see (6.5)).
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Lemma 5.1. Let ug € D(F,). Let {uf : k=0,1,2,...} be the solution sequence to
(3.3) given by Proposition 3.2 and v* := K, x u*. Then, for any integer k > 1 there
holds

1 -1
(5.1) / va-nufdx:—/ (T;‘,f —I)-nutda, Vn € C(R%:RY),
Rd T Jrd

T

-1

k—
where T " s the optimal transport map from u* to u*=1 and I is the identity map

on RY. Moreover, there holds

Uz, Ur

(5.2) / |k ]2ukdx— WQ( uF ), k=1,2,3, ...

Proof. Let n € C°(R% R?). For § > 0 we define &5 : R — R? by ®5(z) = x + dn(x).
Clearly there exists dg > 0 such that

1
5 < dot(Vas(a)) < g Ve e RY V5 € [0,

and ®; is a global diffeomorphism. In this proof, for simplicity, we use the following
notation: u := uf and us := (®;) 4u.
By the minimum problem (3.3) we have, for § > 0,

1 1

53 053w - R+ 5 (500t - W)

A standard computation entails

1 1 1
(5.4) (lslm ( W2(ug, uf ) — —W?(u, uﬁ_l)) = ——/ (TF — 1) - npudz.
-0 0 2T T JRrd

We have to compute

(5.5) lim < (7 (us) — F(w).

Since for a,b € C it holds |a]* — [b]? = (@ + b)(a — b) + @b — ba and 0(£) = a(—E), we
obtain

(o) (Fulug) — Fw) = 5 / 67 (i) + () (as(6) — a(©)) e

because
/\£| 25115~ )(€) dE = /|§| 25i35(€)i( —€) di.

After defining 05(&) = €|~ 25u5(§) and 0(€) = [£]70 (&) we write
B (Bt = ) = 5 [ (-0 +0(-6) 3 ia(e) — a(6) de

= % /R [€1(05(=€) + (=€) |§|—1%(a5<§) —a(€)) de.

We show that [£]s(—¢) converges to |£]|0(—€) strongly in L*(R9Y) as § — 0. First of
all we observe that there exists a constant ¢ such that

||U5HH1—5(Rd) S C, Yo c [0,50]

(5.6)
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In order to obtain this bound we write us = ¢su o @gl + u o @gl, where ¢5 =

det V®;' — 1. Since ®; ' is a global diffeomorphism, close to the identity, and clearly
there exists a constant ¢ > 0 such that |®;(x) — ®s(y)| > élz — y| for any z,y € R?
and any 6 € [0, 6], we get [[uo ®; || gi-s(ray < ¢|u|gri-s(ray, see [5, Corollary 1.60]. A
similar estimate holds true as well if we multiply by the smooth compactly supported
function ¢s, see also of [5, Theorem 1.62]. Then

||U(§ — uHHl*S(]Rd) S c—+ ||u||H1*S(]Rd)a ) S [0, 50]

Since supp(us — u) = suppn is compact we have that {us — u}sc05,) is strongly
compact in H"(R?) for any r < 1 — s. Since u; — u narrowly as § — 0 we obtain
that |lus — ul|gr@e) — 0 as 6 — 0.

Since —s < 1—2s < 1—s, choosing r € (1 —2s,1—5)N(0,1— s), by interpolation
we have

[Vus — vU||L2(1Rd) = |lus — u||H1—2S(Rd) < lus — UH};es(Rd)”Ué - U||9'r(Rd)7

where 1 —2s = (1 — 0)(—s) + 0r. Since [|us — || -s(ga) is uniformly bounded for
§ € (0,8y) we obtain the strong convergence in L?(R?) of |£]d5(—E) to [£]D(—E).

For every £ € R? the function g¢ : [0, +00) — R defined by g¢(6) = tis(€) is of class
C! and

G4(6) = =i - [ I (a)ufa) o

The continuity of the derivative follows from its expression and dominated conver-
gence Theorem. Indeed, by definition of image measure, i.e.,

() = [ () da,

we have

L (emis @) _ 1)emierin@)y () dp

%(ﬂuh(ﬁ) —5(§)) = /Rd 3
— g - /ei5'(“5”(f’f))77(:v)u(x) dx

as h — 0, by dominated convergence Theorem.

By Lagrange Theorem for every { and 0 > 0 there exist d¢ € [0,d) such that
L (as(€)—(£)) = gL(8e)- Since |g4(5¢)] < |||l we obtain that |€] 1L (i5(€) —a(¢))
converges to —i|&|71¢ - (qu)(€) in the sense of distributions. But

—

9e(0) = —i& - (nu)s(§)

where (nu)s = (®s)x(nu), and [[(nu)s|| 2mey < 2||nullL2(a), so that |§|*1%(7l5(§) —
(€)) is bounded in L2(R?). Consequently |¢] 73 (is(£) —a(€)) converges to —i|¢|~1¢-
() (€) weakly in L?(R%) as well.
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Eventually, we may pass to the limit in (5.6) by strong vs weak convergence, and
using Plancherel Theorem we obtain

(2 lim 5 (Fufus) = Fifa)) = =i [ o(-0)¢ - (T)(e) dg

0—0 Rd

==Y [ -9 - (e ae
(5.7) -

= ('Y /R () (a)u(e) do

= 2m)* | Vo(z) - n(z)u(z)de.

R4
In conclusion, by combining (5.3), (5.4), (5.5), (5.6) and (5.7), we get
1
0< Vv-nudx——/(Tf—I)-nudx.
R4 T JRd
The above inequality is valid also for —n instead of 1, so that it is indeed an equality
k-1
and (5.1) holds. From (5.1), it follows that TufVv = (T = —I)uF holds a.e. in R%.

Since W2(uf, uf~1) = [o. \Tﬁil — I?uk dx, (5.2) follows as well. O

T T

6. CONVERGENCE AND ENERGY DISSIPATION

In this Section we prove that the limit curve obtained by means of Theorem 3.3
is indeed a gradient flow solution to problem (1.1): it satisfies (1.1) in the sense of
distributions and a corresponding energy dissipation inequality holds.

6.1. Convergence.

Lemma 6.1. Let ug € H5(R?) NPy(RY), u, the piecewise constant curve defined in
(3.4) and v (t) = K, * u,(t) defined fort > 0. Given a vanishing sequence 7,, let
ur, be a narrowly convergent subsequence (not relabeled) given by Theorem 3.3, u its
limit curve and v(t) := Ky x u(t) fort > 0.

Then, for any Ty > 0 and T > Ty we have u € L?((Ty, T); H'=*(R%)) and Vv €
L*((Ty, T); LA(R%)). Moreover the following convergences hold:

du,, — ¢u  strongly in L*((Ty,T); H'(RY)  asn — oo, Vo € S(RY),Vr < 1 — s,

Uy, —u  strongly in L*((Ty, T); L2 (R%))  asn — oo,

(6.1) Vv, — Vo  weakly in L*((Ty, T); L*(RY))  as n — oo.
If, in addition, ug € D(H), then the above results also hold for Ty = 0.

Proof. Let Ty > 0. By the definition of u? we have that the error in (4.10) vanishes
as 7 — 0, i.e., lim, o 7(K(u?))? = 0. As in Corollary 4.6 we let No(7) = [Ty/7]. By
(4.10) and the inequality #H(u) < K(u) we obtain that

(6.2) lim sup H(uYo) < CoTy ™,

T7—0
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where the value of the constants Cy and 7y is stated in Lemma 4.10. Since by
interpolation, for 8 = s, it holds

ot () ety < D (D15 gy 8 (e

then by Holder’s inequality, (3.7) and (4.5) we obtain
(6.3)

T T 1-s T s
SO < (O ) (001 - )
1-s T
2F, (o) (T~ Ty)) (/T EROF—

<(
<2]—"5 (T — T0)> S(H(u]fom) —|—c<1 + T Fs(ug) —i—/ || duo(x))>s.
5)

From (4.5) and the last estimate, by lower semicontinuity we obtain that u €
L2((Ty, T); H'=*(RA)).

Taking into account that —s < 1 — 2s < 1 — s, by interpolation we obtain, for
0=1-—s,

R4

e ()] 120ty < Nttr (- ey 1 (D]

then by Holder’s inequality, (3.7) and (4.5) we obtain as above
(6.4)

S syt = () ([ Ol )
) (o +c(1+Tf w+ [ lePau))

Since 1:(?)(5) €]~ 25uT( )(€), by Plancherel Theorem we have ||Vov,(t)||12gae) =
[[wr ()|l fri-25(ay.  From the previous estimate it follows that {Vv,},5o is weakly

<2.7-" wo)(T — T,

compact in L*((Tp, T); L*(R?)). Moreover Vv, converges to Vv in the sense of
distributions in RY x (Ty, T'). Indeed for ¢ € C>°(R? x (T, T); RY), denoting by ¢;
the function x — ¢(x,t), by Plancherel’s Theorem we have

T
et [ [ Ve parat=—i [ [ a0 i acar

Tp JRE

Since [|¢]2u (0)(—€)& - G(€)] < €256 and 3, € S(RY) for every t € (T, T),
by (3.5) and Lebesgue dominated convergence the right hand side of the above for-
mula converges to

T - T
<[] aidca=ent [ opdear

For the stated compactness in L2((Tp, T); L?(R%)) we obtain (6.1).
Let ¢ € S(R?), 7 € [0,1 —s) and € > 0. Since [Jur(t)[[3 . ga) < HuT(t)HZ_S(Rd) <

2F,(ug), then {¢u,(t)},~0 is compact in H~*"(R%) for any t. Thus, for any ¢t we
can select a subsequence 7, , of 7, such that ¢u7nk(t) (t) — w; strongly for some

w; € H=575(R%). Actually, the subsequence is shown not to depend on ¢ thanks to
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(3.5) and the uniqueness of the limit. As a result, we have that ¢u,, (t) — ¢u(t) in
H—*7¢(R%) for any t > 0 and for any ¢ € S(R?). By Proposition 2.1 there exists a
constant C' such that

608 = By < Ol (1) — ) e
< Ollur(t) = w1 F-s gy
< 20 |ur ()] 5-+ ey + 2C [ w(t) [ F-2 ey < 8CFs(uo)-

Then by dominated convergence we have that fTo [fur, (t) — du() |3 gaydt — 0
as n — +o00. For 0 = (r+s+¢)/(1 +¢), by interpolation we have

T
/T 60 () — () 2y

< (/TOT [pur(t) — pu(t) |3 (gay dt)l_a(/ToT 6 (t) — SulH)Pyr- g dt)e,

Since by Proposition 2.1 there holds
T T
[ 16 = Oy < € [ urle) = u®)lF ey
To To
< 4C(H(uiv°(7)) + c(l + T Fs(ug) + / |z|? duo(x))
R4

the first convergence result follows.
In order to show the second convergence result let K C R? be a compact and we
choose ¢ : RY — R such that ¢ € C®(RY), 0< ¢ <1, ¢=1o0n K and r = 0. Since

lur(t) = w1725y < lldur(t) — Gu(t)||72(pay we conclude.
If Ty = 0 then Ny(7) = 0, and the last assertion follows from the previous estimates
taking into account that H(u?) < H(ug). O

Theorem 6.2. If u € AC?([0, +00); (Po(R%), W)) is a limit curve given by Theorem
3.3, and v(t) := K * u(t) for t > 0, then u satisfies the equation in (1.1) in the
following weak form

“+oo
/ (Ovp — Vo - Vo)udrdt =0, for all o € C((0,4+00) x RY).
0 R

Proof. We fix ¢ € C°((0, +00) x R?). By (5.1) with the choice of n = V¢ (depend-
ing on time) and integrating we obtain

+00 1 [t
(6.5) / VUT-Vgoquxdt:—/ / (T, — 1) - Vou,dxdt,
0 R4 T Jo R

where T is defined as T, (t) = Tﬁ_l if t € ((k—1)7,k7]. By Lemma 6.1 along a
suitable sequence 7, the left hand side of (6.5) converges to

“+00
/ Ve -Vvudrdt
0 R4
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By a standard argument, the right hand side of (6.5) converges to

+oo
/ Opp udx dt,
0 R

see for instance [2, Theorem 11.1.6]. O

6.2. De Giorgi interpolant and Discrete energy dissipation. In order to ob-
tain an energy dissipation estimate we introduce the so called De Giorgi variational
interpolant (see for instance [2, Section 3.2]) as follows: ,(0) := «? and

~ 3 1
Ur(f) € Argmin,ep, (ga) {2(25 — (k= 1)7)

forte (k— V)7 k7], k=1,2,...

We observe that by the argument in the proof of Proposition 3.2 this interpolant is
uniquely defined and @, (k7) = u* for any k € N.

W) + 70}

Proposition 6.3. For every t > 0, 4.(t) € H' (R and, denoting by v,(t) :=
K x U, (t), the following discrete energy identity holds for all N € N and 7 > 0
(6.6)

1 Nt 1 Nt
—/ Vo, > u, dz dt + —/ Vi, | iy do dt + Fo(u-(NT)) = Fy(ul).
2 Jo R4 2 Jo Rd

Moreover
(6.7) W2(i, (1), ur(t)) < 87F,(uo), Vt € [0, +00).

Proof. Fixing t > 0, by the definition of @, (t), the same proof of Lemma 4.5 shows
that @,(t) € H'7*(R%). For k such that ¢t € ((k — 1)7, k7], the same argument of
Lemma 5.1 shows that

(63 [ IV 0 dr = e W (1)),

From [2, Lemma 3.2.2] we have the one step energy identity

L2, ™) 1Y W (), )
- PP ), ), ur ) o ~ ey
27 +2/<km = (=) W+ Felw) = Folu)

Defining the function G : (0, +00) — R as
W (), uk )

t— (k=171 "

and summing from k£ =1 to N, we obtain

G,(t) = te((k—1)rkr], k=1,2,...

N
1 Wz(ulc ukil) 1 9
Z —T T 4 t)dt + F, Ny — F, 0y
5 kg 1 3 + 7 /O G2(t) dt + Fe(uy) (u;)

Finally 6.6 follows by (5.2) and (6.8).
The estimate (6.7) follows by the definition of @(t), (3.7), the non-negativity of F
and the triangle inequality (see also [2, Remark 3.2.3]). O

In order to pass to the limit by lower semicontinuity in (6.6) we recall the following
result, see [2, Theorem 5.4.4].
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Lemma 6.4. If {u,} is a sequence in P(R? x [0,T]) that narrowly converges to
and {w,} is a sequence of vector fields in L2(R? x [0, T, j1,; RY) satisfying

(6.9) Sup/ |w, |* dpty, < +o00,

n  JRIx[0,T)
then there exists a vector field w € L2(Rd X [O,T],M;Rd) and a subsequence (not
relabeled here) such that

lim so-wndunz/ prwdp,  Ype CXR < [0,T];RY),
Rx[0,T]

N0 JRAx[0,T]

and moreover

(6.10) liminf/ lw, |* Ay, 2/ lw|? dpu.
n=o0 JRdx[0,T) R4 x (0,7

Theorem 6.5. If u € AC?([0, +00); (Po(R?), W)) is a limit curve given by Theorem
3.3, and v(t) := K, *xu(t) fort > 0, then u satisfies the following energy dissipation
inequality

T
Fs(u(T)) +/ Vo) [Pu(t) do dt < F,(ug), VT >0.
0 Jrd
Proof. Let u,, be the sequence of Lemma 6.1. We fix 7" > 0 and we apply Lemma
6.4 to the sequences p,, := %um, wy, := Vv, and fi, = %ﬁm, Wy, := Vi,,. By (6.6)
with N = N, := [T/7,], and by (3.6), the assumption (6.9) is satisfied for both the
couples (fin, wy,) and (fin, w,). By (3.5) and (6.7) we have that u, and fi, converge
narrowly to p := Fu. By (6.1) we have that the limit point of w,, and @, is the same
w = w = Vv. Since lim,,_, o 7,N,, = T, by (3.6), the lower semi continuity of Fy,
(6.10) and (3.6) we conclude. d

7. BOUNDEDNESS OF SOLUTIONS AND L* DECAY.

In this section we show how to get an L*° decay rate starting from the discrete
variational approach. We have indeed to extend the estimate of Theorem 4.11 to
p = oo. Notice that ~, therein converges as p — oo, but the constant C, blows up.
Therefore, we have to go through a more refined argument.

We start by introducing a simple recursive estimate.

Proposition 7.1. Let ) > 0,R > 0 and q > 1. If a sequence of positive numbers
{Aj} >0y satisfies A; < QRjAgfl for every j > 1, then

(7.1) A; < Q,B(j—jo,q)R”/(j—jo,q)A;J_;”'O7 Vi > jo>0,
where
sG.0) = T2 g ==l
’ qg—1’ ’ (¢—1)?* q¢-1

Proof. Let jo = 0. By recursively using the assumption we obtain that

|
—

J . .
A; < (QRj_i)qlAgJ _ Qﬁ(jvq)Rv(jaq)ag]’ j >0,

i

Il
o
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where indeed

j-1 :
. ;¢ —1
BU.a)=) d= :
; q—1
=0
Jj—1 J i .
: o 1 : ql¢’ =1)  j
1) =) G- =——=) (¢—1)= - :
ZZ; ‘1—1; (-1 q-1
If jo > 0 we apply the previous formula by shifting the indexes. O

Theorem 7.2. If u € AC?([0, +00); (Po(R%), W)) is a limit curve given by Theorem
3.3, then there exists a constant Cy, depending only on d and s such that

()] oo ity < Coot™ ™, t >0,

d

where Yoo 1= Ty

Proof. Fix t > 0 throughout. We let 7 > 0 and we define
T =t(1-277), j=0,1,2,...

and j(7) as the smallest integer j such that T; > 7[t/7], where |a| := max{m €
Z :m < a} denotes the left continuous lower integer part of the real number a. The
sequence {7} satisfies

TLt/TJ < T'](T) < Tj(7—)+1 < 7—}‘(7)4.2 < ...< lim T =,

Jj—+oo
and Tj — Tj_1 = t277. We recursively define @, ; by @, j(r) := u,(t) and
N ) 1 N o
(7.2)  r; = argmin,cp, (ga {fs(u) + mwg(u,uﬂj—ﬁ} . g > ()

For given M > 0 we define G(u) := (u— M)2 and V as the displacement convex
entropy with density function G, according to Definition 4.1. By the definition of
G, ; in (7.2), Lemma 4.10 can be applied and yields

(7.3) (T = Tj—1){try, La(ir))r—s < V(irjo1) = V(ir;),  J>5(7).
Since Lg(u) = (u — M)3 + 2M(u — M)4, u — (u — M)% is nondecreasing and
u+— (u— M), is 1-Lipschitz continuous, by Proposition 2.2 we have
(s Ly = {u, (0 — M)y + 2Mu, (u — M) )1_s
= 2M<u> ('LL - M)Jr)lfs

> 2M ((u— M)y, (u— M) )1 =2M|[(u— M) % s(Rd)”

Then, since V > 0, from (7.3) we find

(7.4) Aﬁwaw—MﬁMZMWE—EMW%—M%%HWyj>ﬂﬂ

Next, we define
Ajry = lnjn I La@ay = llur(®)l|72ga)

and we separately treat the cases d > 2 and d = 1 in the rest of the proof.
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The case d > 2. We let ¢ := d/(d — 2 + 2s), so that 2q is the critical exponent
corresponding to the Sobolev inequality (2.2) with » = 1 — s and constant denoted
by Si1-s. We define the constant

q q—1
Siizs ) ™2 20a-3) 32 1) ¢24/(34-2) 4(a—1)/(34—2) ;—q/(3q—2
M, (t) = ( p ) (Aj(T)2<q—1)2) — 924/(a )Sdﬁfsq Aj%T) 1=2) 4—a/(3q )’
and M, ; := (2 —277)M,(¢) for j > j(7). Finally we define

Aj = /(ﬁ’T,j - M‘r,j)i dx? j > J<T>

Since f — M, ; > 0 implies f — M, ;1 = f — M, ; + 279 M, (t) > 277 M,(t) > 0, a
direct computation and the Sobolev inequality (2.2) entail, for any j > j(7)

2] 2q—2 )
45 < <W> /Rd(ﬁr,j(%’) — My ;1) dw

; 2q—2
< (-2 524 ||(@
= MT<t) d,1—s H(UTJ ‘FJ 1) HHI (R4

Now we make use of (7.4), with M, ; in place of M, and we get for any j > j(7),
since M, < M, ;,

A= <M2<t>> Siles (mjj@))q (Lt =t dx)q

2
< Sd,ql—s

= taM,(t)3a2
We may apply the recursion formula (7.1), with Q = S7%_t79M,(t)*73¢ and R =
23972 gtarting from jy = j(7), and we get

(7.5)

(7.6)
(22 AL,

) qj—j(7-)71

qul -t ag? I —1) G- J(T) i—i(r)

' 2 3¢—2 2 = g
A < (thT(t)ng (277%) T A
<T)
52q , 200a= 2)/(g—1) Aq N
— () 2—(j—j(v)>(3q—2>/(q—1> A
19 M, ()2 o

— 9-(=3(1))Ba-2)/(¢-1) A,

where we have used the definition of M,. As ¢ > 1, we have lim, , ., A; = 0.

Notice that, for j > j(7), there holds as in Theorem 3.3 the basic estimate

W2 (it g, irj-1)
2Ty = Tj)

.Fs(a‘,-’j) + S Fs(ﬂr,j?l) S Fs(u0>7

so that .
W2 (trj, irj—1) < 2F(uo)(Tj — Tj—y) = 2t F(ug) 277,
then

W (it Girm) < /2t F(ug) Y 279/

j=m+1
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Therefore, {i-;};>j(-) is a Cauchy sequence, converging in Py(R?) as j — +00 to a
limit point that we denote by w,(t), such that

(7.7) W (g, G (1)) < /2t Fo(ug) f 27912,

Jj=m+1

Since @, ; narrowly converges to i, (t) as j — 400, the lower semicontinuity of V
with respect to the narrow convergence entails (together with 2M.(t) > M, ;)

/Rd@@) _ 9, (1))2 de < liminf /Rd(am. 9, (1)) da

Jj—+o0o

< lim inf/ (tr; — Myj)2 de = lim A
R4

Jj—+oo j—+oo
that is
(7.8)  Nar(t) ooy < 20 () = 2000/ D G0 AT/ /G072,
However, we apply the estimate (4.11) for p = 2 to see that
Ajiry = llur ()3 2@a) < CHTE/T]) 727 + Grlul|37,

where Cs, 6’2,72, [y are defined in Lemma 4.10 and where the right hand side con-
verges, as T — 0, to C2¢722, see Theorem 4.11. Hence, from (7.8) we obtain

(g=1)
hm Sélp ||a7— (t) ||L°°(]Rd) S st t—Z’YZ 3qq712 _3q1172 — Ks,d t d+2d72s ,
T—

where

Koq:= 2(2q71)/(q71)S§’ql/_(iq72)Cg(qfl)/(u?qf?),
and where we used 2y, = d/(d + 2 — 2s) and ¢ = d/(d — 2 + 2s) to compute the
exponent of ¢.

By (7.7) with m = j(7) we have

(7.9) W (ur (t), Gr () < /2t Fs(ug) Z 9-i/2.
J=3(m)+1

Since j(1) — 400 as 7 — 0, by (7.9) it follows that along a sequence 7, given by
Lemma 6.1 we have that {u,, (t)},en is tight and converges to the same limit point

u(t) of {ur, (t)}nen-

By lower semicontinuity we conclude that
[u()|| oo (ray < Ksa 4/ (d+2-2s)

The result is achieved with C, = K 4.
The case d =1 and 0 < s < 1/2. The argument is analogous to the previous
one for d > 2, we shall only mention the main differences. Instead of defining
=d/(d— 2+ 2s), we fix r € (0,1/2) and we let ¢ := 1/(1 — 2r). We define
0 :=1r/(1 —s), and we change the definition of M, (t) by letting

MT(t) — 94/(a— 1)52Q/ 2q— 2+q9)A q

)1 /(29— 2+q9)t 99/(24—2+q6)
J(r
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Using (2.8) instead of (2.2), the analogous of (7.5) is

2j 2q—2 )
62 (5r) o) = a0

2 e 2q(1-6) 0
2 7 ~ 2
= (MT(t)) Slf; H(UT’j TJ 1) ”Lq2 (R2) H(UTJ - ‘f'] 1) ”;1 s(Rd)’

Moreover by (7.3) we have

(7.10)

(7.11) 1ty = Mrj1) 1 l72@ay < N(irjr = Mrjo1) 1 ll72@ae) = Aj-1-
Using (7.4) and (7.11) in (7.10) we obtain the analogous of (7.6)
2] 2q—2 ) 2] q0
12 A; < 1 Al
T <(mw) o (mw) 4

Then we can apply the recursion formula with the choice of @ = S71¢=9 M, (t)~24-4f

and R = 2272749 and we obtain, recalling the choice of M, (t),

A; < 9—(i—i(7))(2a—2+40)/(¢—1) Ajiry

The rest of the proof carries over along the line of the case d > 2. O

Proof of Theorem 1.1. We collect all the results that give the proof of the main
Theorem. Point i) follows from Proposition 3.2. Points ii) and iii) follow from
Theorem 3.3, Lemma 6.1 and Theorem 6.2. Theorem 6.5 yields point iv). Point v) is
a consequence of Theorem 4.11 and Theorem 7.2 for the case p < +o00 and the case
p = 400, respectively. Finally, point vi) follows from Lemma 4.5 and Lemma 4.7 by
letting 7 — 0 and taking into account the lower semicontinuity of H and of the L?
norms with respect to the narrow convergence. This gives the result for p < +o0.
The case p = 400 follows by passing to the limit as p — +oco in the inequality

()] e ray < w0l Lo ey O

Remark 7.3. If we consider positive measure data with mass M > 0, according to
Remark 1.2, the constant C, in point v) has to be multiplied by M  where ly is
given therein. This scaling is deduced from Lemma 4.10 if p < +o00, when making
use of (2.5) and (2.7) for obtaining (4.16). We similarly obtain the value of /., since
the constant C,, in Theorem 7.2 depends on the mass only through CS.

8. THE LIMIT FOR s — 0.

In this last section we are interested in the asymptotic analysis when s — 0.
We start by proving the following lemma which identifies the limit of the sequence
of solutions ug of the equation in (1.1) as s — 0 with the solutions of the porous
medium equation (1.3).

Lemma 8.1. Let uy € L*(R?) and {ui}sec01) be a family of initial data such that
uy € D(Fy), uf converges narrowly to ug as s — 0, SUPye gy fga |2[* duf(z) < +oo
and limg_,0 Fs(uf) = Fo(ug). We denote by u® a solution of problem (1.1) with initial
datum uf given by Theorem 1.1.
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If {sn}nen C (0,1) is a vanishing sequence, then there exist a curve

u € AC?([0,4+00); (Po(R?), W)) and a subsequence (not relabeled) {s,} such that
(8.1) u’(t) — u(t) narrowly as n — oo for every t > 0.
Furthermore, for every Ty, T such that T > Ty > 0 we have

(8.2) u* —u  strongly in L*((Ty, T); L2, .(R%)  as n — oo,

and, setting v°* = K, * u®", we have

(8.3) Vo't — Vu  weakly in L*((Ty, T); L2 (RY))  asn — oo.

Moreover, the curve u is a solution of the porous medium equation (1.3) in the fol-
lowing sense:

+oo
/ (Orp — Vo - Vu)udzdt =0, for all p € C=°((0, +00) x RY)
0 R
and the energy dissipation inequality holds

T

(8.4) }MMT»+/) V() Pu(t) de dt < Fo(uo), VT > 0.
0o Jrd

Proof. Since limg_,o Fs(uf) = Folup) we fix so € (0,1) such that Fy(uf) < Foluo) +

1/2 for any s € (0,s0). Denoting by |(u®)'|(t) the Wasserstein metric derivative of

the curve t — w*(t), by (3.11) it holds

(8.5) /0 b |(u®) 2(r) dr < 2F(ud) < 2Fo(ug) + 1.

We have tightness and equicontinuity of the family {u°}sc(.s,). Indeed, fixing
T > 0, the estimate

W2(ul(t), 80) < 2W2(us(t), ug) + 2W2(us, &) < Qt/ |(w®)')?(r) dr —i—2/ |z|?ui(z) do

< 2T(2Fo(up) + 1) +2 sup /|:1c|2
s€(0,s0)
implies that the set {u®(t) : s € (0,s0),t € [0,T]} is tight and consequently, by
Prokhorov Theorem, narrowly compact.
By (8.5) there exists m € L?(0,+00) such that the sequence {|(u*")'|} converges
to m (up to subsequences) weakly in L?*(0,+o00). Then, for every t;,ty € [0,+00),
t1 < to, it holds

to to
(8.6) lim sup W (u® (t2),u™(t;)) < lim [(u®)'|(r) dr:/ m(r)dr
n—00 n—=eo Ji, t1
and the equicontinuity is proved. By the compactness argument of [2, Proposi-
tion 3.3.1] we obtain the existence of a continuous limit curve u such that (8.1)
holds. In particular, since for ¢ > 0 u*(t) is absolutely continuous with respect to the
Lebesgue measure, (8.1) translates (for ¢ > 0) into

(8.7) t@ww@w@m% u(t, 2)é(x)dz, VE>0 Vo€ Cy(RY.

Rd
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Passing to the limit in (8.6) we obtain

to
W(u(ta), u(ty)) < / m(r)dr, Vi, ta €[0,400), t1 <to,

t1

and u € AC?([0,400); (P2(R%), W)).
We fix o0 > 0 such that o < min{sg, 1/2}. For s € (0,0], the energy inequality
(1.5) yields

(8.8) 10 ()20 gy < 2Fo(uo) + 1, Vs € (0,0], Vi € [0, +00).

We fix a compact K C R? and a compactly supported smooth cutoff function
¢ : R* — [0,1] such that ¢ = 1 on K. By interpolation we have

lu(t) = w®) 2y < g () = Su(®)] ey
< |I¢us(t) - ¢U(t)||ggl/z(Rd)||¢Us(t) ( )||11r1{12/2 (Rd)
< Cllgu () — dult) | 1212 g 107 (1) = w1172 gy

By (8.8), (8.7) and the compact embedding of Sobolev spaces it follows that (up to
: s 1/2
subsequences) lim,, o ||¢u® (t) — du(t)|[ ;21 @) =0

We fix Ty > 0 and T' > Tj. By (6 3), (4.5) and (6.2), for s < 1/2 we have

T T
/Nwmmmww</nww&ﬂmﬁ

TO TO
< (1 + CoTy " + T Fs(ug) —I—/ |z ?us () dx)
Rd

S

+ <2fs(ug)(T _ To))l_s (OOTO—W v c<1 + TF(ul) + /R JaP dug(x))) ,

where the dependence of the constants Cjy and 7y on s is stated in Lemma 4.10. Since
Cy is bounded with respect to s, it follows that

T T
sup/ Husn(t)Hfgl/z(Rd) dt < +o0, / Hu(t)H%{l/Q(Rd) dt < +oo.
neN TO TO

By the previous estimates and dominated convergence theorem we obtain (8.2).
Analogously from (6.4) we obtain

T
RGP,

To

< QF, () (T — Tp))* (COTO’”O +o(TF(ug) + /R () dx)) -

Since ||Vo*(t)||L2mey = [|u(t)|| fra-2s(gay, taking into account that Cp is bounded as
s — 0, from the previous estimate it follows that {Vv®}sc,») is weakly compact
in L2((To, T); L*(RY)). Moreover Vu,, converges to Vu in the sense of distributions
in R? x (Tp, T). Indeed for ¢ € C2(R? x (Ty, T); R?), denoting by ¢; the function
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x +— p(xz,t), by Plancherel’s Theorem we have

T T .
ent [ venpdsdt =i [ [ je -0 Gl e
Ty JRe Ty JRd
Since [[¢] 7 usn (£)(=)€ - @u(&)| < max{L, [¢[}Pu($)] and G, € S(R?) for every ¢ €
(To,T'), by (8.1) and Lebesgue dominated convergence the right hand side of the
above formula converges to
T

T —
—i [ o g dgar= ot [ [ Vuepdear
To JRE Ty JRd
For the stated compactness in L2((Tp, T); L*(R?)) we obtain (8.3).
As a result, we can easily pass to the limit in the weak formulation of the equation.
Concerning the limit procedure in the energy inequality, we observe that by (8.1) and
Fatou’s lemma we obtain

lim inf Fy(u®(t)) > Fo(u(t)).

s—0

Moreover by Lemma 6.4 and the stated weak convergence we obtain

T T
lim inf / / IV (8) 2 (£) da dt > / / V() 2ut) da dt,
0 JRd 0 JRd

s—0
and we conclude. O

Proof of Theorem 1.3. The proof follows by the previous Lemma and the uniqueness
of the solution of equation (1.6) with initial datum in L?*(R?) satisfying the energy
inequality (see [2, Theorem 11.2.5], which also shows that this unique solution satisfies
all the properties of [2, Theorem 11.2.1], in particular the energy identity). O
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