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Chapter 1

Introduction

A market typically involves a relatively complex set of interactions between agents
over time. They may be buyers and sellers, shareholders and debtholders, rivals or allies.
Whatever the role they play in the market, they will always try to make themselves better
off by exploiting some advantages they have. Thus, the agents will try to anticipate the
effects of their behaviour on the actions of the other participants and on the payoffs
they will receive. Many economic issues involve strategic interaction: auctions, R&D
races, economic negotiations and there is no reason for the financial markets to make an
exception.

Consequently, recent research in finance tries to integrate strategic behaviour of the
agents in the existing models. Two important directions of research where the incidence of
strategic behavior has been widely exploited are valuation of corporate debt and market
microstructure. The modelling of strategic behavior in valuation of corporate debt proved
to be very important because it lessened one of the important criticism of previous work:
the fact that the spreads produced by the models were very low by comparison with the
ones observed from real data. The models using this new approach envisage that strategic
debt service can explain a large proportion of spreads of corporate debt and suggest that
strategic behaviour plays a significant role in the pricing of various types of corporate
debt.

On the other hand, strategic behaviour becomes even more important when imper-



fections exist in the market. In many instances, incomplete and asymmetric information
has fundamental effects on the market system since an informational advantage can be
exploited strategically. As a result, it became essential to consider issues of strategic be-
haviour in market microstructure problems. The fact that a strategic trader exploits his
informational advantage taking into account the effect the quantity he chooses is expected
to have both on prices and the others traders’ strategies is essential. One of the most
important result driven by strategic behaviour is that in the case of imperfect competition
prices are less informative than in the case of perfect competition.

It has been pointed out also that asymmetric information is very important in the
design of income tax systems. The models that incorporate asymmetric information are
going back to the work of Vickrey (1945) who showed how a tax system could be designed
to take into consideration not only goals for the distribution of income after tax, such
as equality, but also the fact that taxes should not distort economic behavior. However,
the issues of the tax evasion and their implications in the financial markets where mainly
considered at international markets level and had as a main concern the government’s
instruments to fight tax evasion, tax arbitrage and the effects of tax law on the economic
growth.

This thesis consists of three papers that deal with strategic issues in these two branches
of the financial literature: valuation of corporate debt and market microstructure. The
first chapter develops a contingent pricing model that emphasizes the role of maturity and
place of the lender’s claim in the hierarchy of debt when we allow for strategic behaviour.
The second chapter focuses on the effects of strategic behaviour in the presence of different
types of information, while the third chapter considers again strategic behaviour issues in
a market microstructure setup, this time in connection with a tax compliance problem.

The first chapter is concerned with the effects of debt renegotiation and capital struc-
ture of a firm on the prices of bonds. Following the recent trend that has begun the
task of integrating contingent claims analysis with modern corporate finance (incorporat-
ing strategic behaviour in corporate security valuation), my first paper presents a simple

pricing model in which two debtholders decide whether to restructure the firm or not



in the event of default. The novelty of the paper consists of the fact that we consider
restructuring of the entire debt, not only of the coupon payment, and also that we allow
the debt to be owned by different creditors.

An extensive literature in finance has built on Merton’s (1974) model for the valuation
of corporate debt that is subject to the risk of default. Merton’s original framework
considers a firm with equity and zero-coupon debt as claims, and prices these claims
under an exogenously given process for the value of the firm’s assets. The paper makes
some simplifying assumptions that are analytically advantageous, but they come at a steep
cost: most importantly, the model generates yield spreads that are too small in relation
to observed levels. Motivated by this discrepancy, subsequent research has generalized
the Merton model in many ways. Two of the most important limitations signalled by
the empirical literature are the fact that default is assumed to occur only when the firm
exhausts its assets and that the firm is assumed to have a simple capital structure.

The assumption of default occurring when the firm exhausts its assets was widely crit-
icized. These critics lead to the conclusion that a credit valuation model has to provide
a genuine representation of the relationship between the state of the firm and the events
that might influence the deterioration of the firm value. Pursuing this goal, a new ap-
proach to credit valuation was introduced. This approach combines theory of bankruptcy
and default with modern financial theory. The first to use this new approach were Leland
(1994) and Leland and Toft (1996) who consider the design of optimal structure and the
pricing of debt with credit risk. They allow bankruptcy to be determined endogenously
and they also examine the pricing of bonds with arbitrary maturities. Later on, Ander-
son and Sundaresan (1996) explicitly describe the interaction between bondholders and
shareholders in a firm where there is only on type of debt. By allowing strategic behaviour
by shareholders and bondholders they overcome the unrealistic approach of financial dis-
tressed we find in Merton - the presence of an exogenously given fixed absorbing barrier.
Thus, by modelling the interaction between shareholders and bondholders they obtain an
endogenous reorganization boundary and default does not lead immediately to liquida-

tion. The shareholders will behave strategically, paying less than the amount stipulated



by the contract but enough to persuade the debtholders to concede rather than to incur
the costs of liquidation.

On the other hand, the assumption of simple capital structure received very little atten-
tion, mainly because of complexity introduced in the models by relaxing this assumption.
A first step in this direction was made by Black and Cox (1976), who developed a model
for pricing subordinate debt where both senior and junior debt have the same maturity.
They follow Merton’s approach (1974), in which risky debt is interpreted as a portfolio
containing the safe assets and a short position in a put option written on the value of the
firm’s assets. Their junior debt could be seen as a portfolio comprising two calls: a long
position in a call with a strike price equal to the face value of the senior bond and a short
position in a call with a strike price equal to the sum of the face values of the two bonds.

The theory developed till now to overcome these limitations was concerned with the
evaluation of credit status for securities with the same time of maturity and from the
point of view of a particular lender. However, it is also important which are the maturity
time and the place of the lender’s claim in the hierarchy of the debt of a firm. It is not
enough that the value of the firm is sufficient for paying the debt at its maturity. If the
firm cannot fulfill the payment obligations at interim periods, than the payment of the
debt that has later maturity will be affected. As a result, claims that have earlier maturity
and are junior may trigger default and, therefore, bankruptcy.

To emphasize the above phenomena we develop a contingent valuation model in which
we consider a firm that issues equity and two bonds with different seniority and different
maturity. We allow the debt to be owned by two different bondholders and in case of
default on the earlier maturity bond, we allow for renegotiation. Thus, in case of default,
the shareholders transfer the control to the bondholders and restructuring may take place.
To understand the effect of debt restructuring and different capital structure, we compare
the prices of the bonds in the above mentioned scenario with the prices of bonds in
two different scenarios. Thus, to understand the effect of debt restructuring we build a
scenario where we consider the case of a firm with a similar capital structure (the bonds

have the same seniority and the same maturity). But in this case, we do not allow the



bondholders to step in to rescue the firm in case of default. As a result, default is always
followed by liquidation. We obtain that allowing for strategic behaviour of bondholders
has significant different effects on the prices of the bonds. We obtain that the price of
the short-term bond increases (the spread decreases), while the price of the long-term
bond decreases (the spread increases). Consequently, our model suggests that presence
of renegotiation possibilities and strategic debt service when there are multiple creditors
may lead to qualitatively different implications for pricing.

Finally, we want to explore the consequence of the presence of other bonds with
different maturity and different seniorage. To do so we compare the prices of the two
bonds obtained in the second scenario with the prices of a short-term bond and a long-
term bond, respectively, in a firm where this is the only outstanding debt. Consequently,
in the last scenario we consider the case of a firm with a simpler capital structure: equity
and a zero-coupon bond. Firstly, the firm has as the only outstanding bond a short-term
zero coupon bond. Secondly, the firm has as the only outstanding bond a long-term zero
coupon bond. We build this last scenario to study the effect of an additional bond. It is
quite intuitive that the presence of a senior bond decreases the value of a junior bond by
comparison with the case when the junior bond is the only bond outstanding. However,
we obtain also that the presence of a junior bond with earlier maturity can decrease the
price of a senior bond with later maturity. There are two cases when this happens. First
case is the one when the value of the firm at date 1 is small and the firm cannot pay out
its debt obligations. The firm is defaulting and goes bankrupt. Since bankruptcy involves
significant costs, the payments due to the senior bond are also endangered. The second
case takes place when the firm is not defaulting at date 1, but the value of the firm is not
too high. If the value of the firm is low, so it will lead almost surely to default at date 2,
the long-term bondholder might be welcoming a liquidation at date 1 which leaves him
better off.

In the second chapter we analyze how different types of information existing in the
market are revealed through prices. We develop a model of insider trading in the context

of an imperfectly competitive market where agents have private information either about



future prices or about supply. This distinction between price-informed traders and supply-
informed traders is designed to capture the different types of information that influence
the security prices at any point in time. Moreover, we will study how trade affects market
liquidity and informational efficiency of prices due to their strategical choices. Our model
suggests that considering the effects of different types of information in the market is
essential. We obtain that despite of more information being revealed in the market, the
presence of a supply informed agent leads to a decrease in market liquidity.

The first paper to address strategic issues of information in a market microstructure
context was Kyle (1985). This paper investigates a model of speculative trading in which
an informed insider with long-lived private information maximizes profits by exploiting
strategically his monopoly power in a dynamic context. His simple model ( which in-
volves a single risk neutral informed trader and a group of uninformed liquidity traders
submitting orders to a risk neutral market maker) demonstrates how the liquidity char-
acteristics of an efficient, frictionless market can be derived from underlying information
asymmetries in a dynamic trading environment which captures some relevant features of
trading in organized exchanges. This framework has become a standard one for analyzing
strategic noisy rational expectations markets. Our work is closely related to this and to
another paper of Kyle. Kyle’s (1989) paper proposes an imperfect competition model in
which there are noise traders, price informed traders and uninformed traders and they
submit limit orders. He shows that a strategic trader acts as he trades against a residual
supply curve. This implies lower quantities by comparison with the competitive rational
expectations equilibrium and, consequently, in equilibrium prices reveal less information
than in the competitive case.

Our model is similar to Kyle’s (1989) model in that we have N price informed traders
who submit limit orders and act as imperfect competitors. However, instead of modelling
noise traders we assume the existence of a random supply. The modelling is equivalent,
we make this choice because we would like to consider the case when a supply informed
trader exists in the market. The existence of a supply informed agent was used before

by Gennotte and Leland (1990) who consider a model were speculators posses private
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and diverse information. They consider price takers speculators who gather information
either about prices or about supply and show that these informational differences can
cause financial markets to be relatively illiquid. We can think of the supply informed
agent as being a dealer who can observe the order flow. The problem of losses incurred
by dealers to the informed traders because of the latter informational advantage was
explained in numerous studies. However, since dealers can observe the order flow they
can aggregate the information from trading and use it to earn speculative profits. Thus,
the dealers can learn about the liquidation value of the asset from the orders placed by the
price informed agents. The information revelation is increased significantly in our setup
because the agents are placing limit orders and therefore, they condition their demands
on prices and infer in this way a part of others’ information. As pointed out by Brown and
Zhang (1997) in a competitive market the dealers cannot earn rents on the information
on the order flow. However, we will see that in our setup of an imperfect competitive
market they can exploit this information in their own advantage.

We are interested to understand the effects of different types of information on market
liquidity, informativeness of prices, price volatility, and the ability of informed traders
to exploit their private information. Our goal is to see how market liquidity and price
efficiency are influenced by strategic interaction between agents with different types of
private information. Then, we study the volatility of prices, the informational content of
prices (defined as the difference between the prior variance of the payoff and the variance
conditional on price) and the expected profits of the traders. We obtain that the presence
of the supply informed trader leads to higher volatility of prices, information efficiency
and volume traded by the price informed agents. Finally, we study how changes in supply
affect the equilibrium price and we obtain that the price informed trader absorb a higher
proportion of a shock in the component of supply known by everyone. On the other hand,
we have that the supply informed agent acts as a monopolist on his information and it
absorbs always half of a shock in the component of supply known only by him.

The implications of the existence of different types of information on the market indi-

cators is somehow similar to the models where we increase the number of informed agents
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(but holders of same type of information). More information revealed in the trading pro-
cess leads to an increased volatility, price efficiency and volume of trade. However, in
our case the different type of information leads to a decrease in market liquidity. Unlike
in the Kyle-type models (and more in the spirit of Glosten and Milgrom (1985), where
more information leads to an increase in the bid-ask spread and therefore, a decrease in
the market liquidity) we obtain that the existence of different types of information in the
market brings about a decrease in the market liquidity. Still, if we are increasing the
number of price informed traders we will still obtain the increase the market liquidity
obtained in Kyle (1985,1989). The closest result to ours is the one of Subrahmanyam
(1991), who obtained that market liquidity can be decreased by increasing the number
of informed traders in the case traders and market maker are risk averse. Despite of the
fact that the decrease in the market liquidity is due to the different type of information,
our result is very similar to the one of Subrahmanyam (1991). The similitude is caused
by the fact that the supply informed agent is risk neutral, but he behaves strategically.
Moreover, since he submits limit orders he has a market-making role, the role played by
him in the economy being thus similar to the one played by the risk-averse market maker
in Subrahmanyam’s (1991) model. This result originates in this differential information,
but also in the trading mechanism. With asymmetric information, prices play a dual role
of information aggregation and market clearing. However, here the role of prices in infor-
mation transmission is even more important because the traders can infer a part of the
different information through prices.

The third chapter is concerned also with microstructure issues, this time in connection
with a taxation under uncertainty problem. The problem of tax evasion has been of great
interest in the public finance literature, but its implications in the financial markets were
not greatly exploited. The main concern of the papers studying this problem was the
importance of tax evasion as a disciplinary mechanism for fiscal policy (the link between
tax evasion and time inconsistency in capital taxation and the instruments the government
should use to avoid tax evasion), the relationship between tax evasion and policies of

financial repression, inflation rates, and economic growth. While this approach takes into
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consideration macroeconomic issues, we will explore in this paper the consequences the
tax evasion has on the trading in financial markets at the firm level. Thus, we would like
to get greater insight into the effects tax evasion has on the insider trading profits.

The first models to study the problem of tax evasion at firm level used a portfolio
selection approach. Thus, Allingham and Sandmo (1972), Yitzaki (1974) and Polinsky and
Shavell (1979) use as portfolio weights the probability to be caught, in the case when all
the taxpayers face a constant probability. This assumption was criticized by Reinganum
and Wilde (1986) who point out that the payoff report contains information about the
true realization of the payoff and consequently, the probability of auditing should depend
on the report made by the taxpayers. While the above papers incorporated the uncertainty
about the tax liabilities, another strand of research was concerned with the other sources
of randomness that alter the interaction between the taxpayers and tax auditing agency.
Mainly, they incorporated in their models the fact that tax code is complex and can
lead to involuntary mistakes even when the taxpayers want to conform with the law.
Thus, Scotchmer and Slemrod (1989) consider the case where the ambiguity of the law
gives place to a random auditing policy depending on the interpretation given to the
law. Reinganum and Wilde (1998) incorporate in the model the taxpayers’s uncertainty
about auditing cost, while Caballé and Panadés (2002) allow for both mistakes made by
taxpayers and uncertainty about auditing cost.

We develop a model in which we consider the implications of tax report on the profits
from insider trading. We model the interaction between the firm and the tax auditing
agency as a principal-agent relationship with no commitment. On the other hand, the
financial markets are modelled as in Kyle (1985), with the difference that the market
maker will set the price conditional on two signals: the total order flow and the tax report
received by the tax auditing agency. Modelling the interaction between the tax agency
and the firm allows us actually to endogenize the public signal. Our model points out
that the effects the interactions between the firm and the tax auditing agency have both
on market maker’s and manager’s behaviour are significant. Thus, there exist several

channels through which the tax report affects the profits of the manager. The tax report
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affects the liquidation value of the firm traded in financial markets in two ways: through
the direct taxes honestly paid and through the auditing effort (which in our model is
contingent on the tax report).On its turn, the liquidation value affects the demand and
therefore the order flow. Finally, since the market maker uses the tax report as a signal,
it directly affects the pricing rule set by the market maker, and therefore, all the market
performance.

We show that uncertainty about the realizations of the payoff of the firm together with
the errors produced during the reporting stage, have an important effect on the reporting
strategy of the firm and the auditing policy of the tax authority. Our results suggest also
that the market performance becomes very sensitive to the values of the parameters, the
most relevant parameter being the variance of the payoff. We obtain that endogenizing
the public signal and the liquidation value of the firm affects the behaviour of profits of
different market participants, market depth, informativeness of prices and volatility of
prices. Most important, unlike Kyle (1985), the market indicators are not monotonic in

the variance of income.
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2.1 Introduction

In the recent years the work of Black and Scholes (1973) and Merton (1974) on option
pricing has become an important tool in the valuation of corporate debt. The option-
pricing approach has been used extensively in the valuation of stocks, bonds, convertible
bonds and warrants. The theoretical insights of this approach are extremely useful, but
unfortunately, the predictive power of this model has been widely challenged by the
empirical tests. These empirical results signaled possible limitations of the model. Two of
the most important limitations are the fact that default is assumed to occur only when the
firm exhausts its assets and that the firm is assumed to have a simple capital structure.

The assumption of default occurring when the firm exhausts its assets was widely crit-
icized. These critics lead to the conclusion that a credit valuation model has to provide
a genuine representation of the relationship between the state of the firm and the events
that might influence the deterioration of the firm value. Pursuing this goal, a new ap-
proach to credit valuation was introduced. This approach combines theory of bankruptcy
and default with modern financial theory. The first to use this new approach were Le-
land (1994) and Leland and Toft (1996) who consider the design of optimal structure and
the pricing of debt with credit risk. They allow bankruptcy to be determined endoge-
nously and they also examine the pricing of bonds with arbitrary maturities. Later on,
Anderson and Sundaresan (1996) explicitly describe the interaction between bondholders
and shareholders. They obtain in this way an endogenous reorganization boundary and
deviations from the absolute priority rule. Anderson, Sundaresan and Tychon (1996)
extend the previous model from a discrete-time to a continuous-time model. Using this
continuous-time setup they compute closed-form solutions and perform comparative stat-
ics. Mella-Barral and Perraudin (1997) also derive closed form solution for debt and
equity modeling explicitly the shutdown condition for a firm. Fries, Miller and Perraudin
(1997) price corporate debt in an industry with entry and exit of firms. Allowing for con-
tract negotiation, Mella-Barral (1999) characterizes the dynamics of debt reorganization

and endogenizes departures from the absolute priority rule. Fan and Sundaresan (2000)
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provide also a framework for debt renegotiation by endogenizing both the reorganization
boundary and the optimal sharing rule between equity and debt holders upon default.
Finally, Anderson and Sundaresan (2000) perform a comparison among the models of
Merton (1974), Leland (1994), Anderson and Sundaresan (1996) and Mella-Barral and
Perraudin (1997) showing that the models including endogenous bankruptcy are to some
extent superior to Merton’s model.

A step forward in surmounting the limitation of a simple capital structure was made
by Black and Cox (1976), who developed a model for pricing subordinate debt where both
senior and junior debt have the same maturity. They follow Merton’s approach (1974),
in which risky debt is interpreted as a portfolio containing the safe assets and a short
position in a put option written on the value of the firm’s assets. Their junior debt could
be seen as a portfolio comprising two calls: a long position in a call with a strike price
equal to the face value of the senior bond and a short position in a call with a strike price
equal to the sum of the face values of the two bonds.

The theory developed till now to overcome these limitations was concerned with the
evaluation of credit status for securities with the same time of maturity and from the
point of view of a particular lender. However, it is also important which are the maturity
time and the place of the lender’s claim in the hierarchy of the debt of a firm. It is not
enough that the value of the firm is sufficient for paying the debt at its maturity. If the
firm cannot fulfill the payment obligations at interim periods, than the payment of the
debt that has later maturity will be affected. As a result, claims that have earlier maturity
and are junior may trigger default and, therefore, bankruptcy.

In this paper we develop a contingent valuation model for zero-coupon bonds with
different seniority and different maturity. We are interested in studying how renegotiation
of debt and capital structure of the firm affect the prices of the bonds with default.
Since the debt can be held by different bondholders we permit renegotiation in case of
default on the early-maturity bond and this leads to strategic behaviour by bondholders.
Incorporating strategic behaviour by bondholders in the valuation framework suggests

that the presence of renegotiation possibilities when there are multiple creditors may lead
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to qualitatively different implications for pricing. Our approach is similar to the one of
Anderson and Sundaresan (1996), but differs from it in two important points. First, we
concentrate our attention on the effects of strategic behaviour of the bondholders only,
the shareholders being in our model the residual claimants. Second, and more important,
we consider the renegotiation of the entire amount of debt and not only on the cupon
payment. This approach is used also by Christensen et al. (2002) in a single borrower
setup, but the problem of renegotiating the entire amount of debt is reinforced in our
case by the strategic behaviour of the two bondholders. The presence of two bondholders
helps us also to emphasize the important role the bond covenants play in a firm with a
reacher capital structure and when we allow for strategic behaviour of bondholders.

The remainder of this paper is organized as follows. Section 2 presents the basic
valuation model. We describe directly the more complex model in which we allow for
renegotiation. We present here the timing of the events, and the game that takes place
between the bondholders in the case the firm is not able to honour its payments at date
1. Section 3 studies the equilibrium of the Bondholders’ game. Section 4 proceeds with
the valuation of the bonds. We compare the prices of the bonds in the model specified in
Section 2, but also in two simpler models, the purpose of this comparison being to detect
the effect on the price of bonds the capital structure of the firm and renegotiation bring
about. Finally, Section 5 summarizes the results and gives some directions for further

research.

2.2 The Model

There are three agents in our economy: two creditors (commercial banks, mutual or
pension funds, etc.) and a firm - issuer of debt securities (corporation, commercial bank,
government etc.). All three agents are risk neutral.

The creditors live for two periods and have different liquidity preference. We assume
that the preferences of the two creditors are represented by the utility function U;(cq, ¢2) =

c1 + 8;c, where ¢y, ¢, represent the consumption of the creditors in period 1 and 2,
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respectively, and §; represents creditor i’s discount factor. To emphasize the fact that the
creditors have different liquidity preferences, we assume that the discount factor is very
small for the first creditor, and is very high for the second one. Consequently, the first
creditor will prefer to consume in the first period and the second creditor will prefer to
consume in the second period.

Consider now a simple situation in which the current liabilities of the firm are assumed
to be 0. Thus, the firm has a simple capital structure: equity and debt. Let us assume
that markets are complete and frictionless, there are no taxes and the agents can borrow
at the riskless interest rate r.

We assume that the firm owns a project and issues two zero coupon bonds and equity
to raise funds meant to cover the financial needs of this project at date 0. As a result,
the initial investment in the project is equal to the total amount raised by issuing debt
and equity. There is a junior bond with face value D; that matures at date 1, and a
senior bond with face value D, that is due to mature at date 2. We assume that initial
value of the firm is exogenous and equal to the total investment in the project. Since our
economy is characterized by 0 corporate taxes, there is no distinction between the value
of the assets of the firm and the value of the firm itself. This valueis V = E + By + By,
where F is the value of equity, B; is the total market value of the junior corporate bond
and B, is the total market value of the senior one. The project consists of a technology
that transforms the initial investment in a random return. We model the technology as
a binomial process: the value of the firm V moves up to Vu with probability p and down
to Vd with probability 1 — p, where u > 1 > d. In what it follows we will denote by V;
the value of the firm at time 1.

At date 0 the firm issues a short-term bond B; which is junior and a long-term debt
B, which is senior.! There are two covenants specified in the indenture of the senior bond:

limitation on priority and cross-default. The limitation on priority provision restricts the

1The assumption is without loss of generality and is ment to illustrate the point that junior bond with
earlier maturity can trigger default on the long-term, senior bond. The case when the short-term bond
is senior and the long-term bond is junior is similar with Black and Cox (1976) and it will not involve
debt renegotiation.
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shareholders to issue additional debt which may dilute the senior bondholder claim on
the assets of the firm. In our case it requires that in the process of debt restructuring
only junior bond can be issued. The cross-default provision specifies that the firm is in
default when it fails to meet its obligations on any of its debt issues, that is in the case
of default on the short-term debt, the senior debt becomes payable immediately.

Both bonds are subject to a positive probability of default. The existence of this
positive default probability implies that the debt contracts should specify two contingency
provisions: the lower reorganization boundary and the compensation to be received by
the creditors when this lower reorganization boundary is reached.

The lower reorganization boundary represents the cut-off point where the liquid assets
of the firm are not sufficient to meet the obligations of the debt contracts. When this cut-
off point is reached, we say that financial distress takes place. As long as they meet the
contractual obligations, shareholders have the residual control rights and debtholders can-
not force liquidation. However, when the lower reorganization boundary is reached and,
consequently, shareholders default on their debt contracts, the bondholders have a choice
between allowing liquidation by court appointed trustee (Chapter 7 of U.S. Bankruptcy
Code) or renegotiating the debt contracts. In the case of liquidation the firm sells its
assets, pays a liquidation cost and what is left is allocated between bondholders. In the
case bondholders choose to renegotiate the debt, this can be done either out of court
(workout) or in court (Chapter 11 of U.S. Bankruptcy Code). Since we do not intend
to model the shareholders specifically and in case of default the control of the firm is
transferred from stockholders to bondholders, our renegotiation procedure will mirror the
restructuring through out-of-court arrangements.?

A very important assumption of our model is that the compensation received by
bondholders after bankruptcy follows the absolute priority rule. According to this absolute
priority rule the payments to debtholders should be made before any payment is made to

shareholders. Also, the payments of the debtholders are made such that the senior claim

2 According to Gilson et al. (1990), almost 50% of the companies in financial distress avoid liquidation
through out-of-court debt restructuring. The advantage of this procedure is that workouts are usually a
lot less expensive than Chapter 11 bankruptcy procedure.
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payments should be always made before any payments are made to the junior claims. We
also assume that in case of default of the debt contracts the debtholders can use the assets

without any loss of value (except the liquidation costs).

2.2.1 Time Structure

We set up the model in discrete time because it allows the modeling of the bankruptcy

process to be more transparent. The sequence of events is the following:

Date 0: The firm issues both short-term and long-term debt B; and B,, respectively.
The promised final payments are D, and D,, respectively. Creditor 1 buys the bond B,
and Creditor 2 buys the bond B,.

Date 1: Maturity date of bond B;. The stockholders pay off the Bondholder 1 if they
can. If they cannot, the ownership of the firm passes to the bondholders. The bondholders
decide if the firm enters a liquidation or a restructuring process. In case of liquidation,
the firm pays the liquidation costs L and then the bondholders are paid according to the
absolute priority rule. In case of restructuring, the firm either changes the maturity of
junior debt at ¢ = 2, or issues new debt with maturity at ¢ = 2. We assume that there
is a cost of restructuring K and this cost is smaller than the cost of liquidation L (more

precisely, we assume that K < %L, and L < Vpd).?
r

Date 2: Maturity date of bond B,. Conditional on the fact that the firm did not get
bankrupt in the previous period, the stockholders pay off the bondholders if they can. If
they cannot, the firm enters in a liquidation process. The control of the firm is transferred
from stockholders to the bondholders. The firm is liquidated and the bondholders are paid

according to the absolute priority rule.

SEmpirical studies show that the costs of debt restructuring are significantly lower than the costs of
liquidation.
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2.2.2 The Game

At date 1, the value of the firm is V;. The payment obligation of the firm at this moment
amounts to D;. If the value of the firm V; exceeds D;, the stockholders honour the debt
obligation by selling out assets that amount to D;. Otherwise, the firm defaults and the
stockholders give up the control in favour of bondholders. Once the firm defaults on one
of its payments all the creditors have the right to demand information, and therefore they
discover the value of the firm at date 1, V. If the value of the firm following restructuring,
V5, is expected to be very low (i.e. E[V;] < D,) both bondholders realize that issuing
additional debt will not make them better off. Due to the existence of the senior bond
covenant, the debt issued at date 1 has to be junior to the debt B, and therefore, the
expected payment to this newly issued debt will be zero, no bondholder being willing
to buy this debt. If the value of the firm is such that E[V] > D,, the bondholders
choose between liquidating and rescuing the firm. We consider the case when unanimity
it not necessarily for the reorganization to be approved (see Franks and Torous (1989)).
Consequently, liquidation occurs only when both bondholders are taking this decision. In
the case of liquidation, the assets of the firm are sold and the payments are made to the
bondholders. If one of the bondholders wants to rescue the firm, then the debt will be
restructured independently of the other’s action. There are different ways to restructure
the debt: reducing the principal obligations, increasing maturity of the debt or accepting
equity of the firm. We assume that the Bondholder 1 restructures the debt by increasing
the maturity of the debt. On the other hand, if the Bondholder 2 wants to prevent
liquidation he can do so only if the firm issues new debt.* The restructuring of the debt
can be done only if the firm pays a cost K, which, for simplicity, we assume that it is the
same in both cases.

Let us see now what happens at date 2. The situation is very similar, but the allocation

4Tt does not pay for an outsider to undertake restructuring since the value of the firm is small,
V1 < Dj. If a new creditor is willing to invest Dy, the value of the firm at date 2 will be in expected terms
(V1 — K)(1 + r) which is smaller than D;(1 + r), the amount that should be paid to the new investor.
Moreover, the new issued debt has always lower seniorage than the existent debt so he will be paid only
after the senior debt is paid.
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of payments depends on what happened at date 1. First, if the payments for the bond B;
where made at date 1, the only payment left to be honoured at date 2 is the senior bond
B,. In this case the value of the firm becomes ‘71 = V1 — D;. Therefore, if the value of the
firm at time 2, that is 172, exceeds the payment obligation D,, the stockholders honour
the debt obligation. Otherwise, they will liquidate the firm and obtain the assets’ value
‘72 net of liquidation cost. In the case the firm honoured its payment at date 1, we have
to take into account that for doing so the firm is liquidating a part of its assets equal to
Dy, and the value of the firm decreases therefore by this amount ‘71 =V — D.

Second, if at date 1 we had default on the obligation, three possible cases might occur:
liquidation, rescue by Bondholder 1, and rescue by Bondholder 2. If liquidation takes
place at date 1, the game is already over. The firm sells out the assets, pays a liquidation
cost L and makes the payments according to the priority rule. Bondholder 1 owns the

Ds } Bondholder 2 will receive what is

senior bond and he will receive min {Vl — L, s
r

D,
1+r
When restructuring takes places, the firm is paying the restructuring cost K, and

left, i.e. max {Vl — — L, O} .
thus, the value of the firm becomes V;* = Vi — K. If the restructuring of the firm is
made by Bondholder 1, at date 2 he will be entitled to a payment D; which is junior to
D,. If the value of the firm at date 2, V;* exceeds the total payment obligation D] + Dy,
the stockholders honour the debt obligation. Otherwise, the Bondholder 1 will receive
max{0, V;* — D,} and Bondholder 2 will receive min{V;", D,}. If the firm is in default at
date 2, we have to subtract the liquidation cost from these payoffs. In order to keep it
simple at this point we will write the exact formula for these payoffs later on. Finally, if
the rescue of the firm was made by Bondholder 2, at date 2 the Bondholder 2 will own
two bonds and he will be entitled to a payment of Df + D;. The payment he receives
depends again on the realization of V5" and it is min{D{ + D,, V,*}.

When the Bondholder 2 is willing to pay the debt, the firm will issue new debt which
amounts to D;. If Bondholder 2 is the only one to rescue the firm, the Bondholder 1 will

D
receive exactly the amount he received in case of liquidation max {Vl 1 _: — L, O} ,
T
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D
the amount D; —max {Vl — 7 +2 — L, 0} being used for increasing the value of the firm.
r
D
Hence, the value of the firm will be in this case V;** = V1+D;— K —max {Vl — 1 +2 — L, O} )
r

Finally, in the case both bondholders are willing to rescue the firm, the firm will accept
both offers, the new value of the firm becoming in this case V;** = Vi + D; — 2K. The
firm will postpone the debt due to Bondholder 1 by changing the face value of the debt
to D} and also by issuing new debt with face value D;. The two new types of debt are
junior to the debt B, and they have the same seniority.

The payments made at date 2 in the case of restructuring for the new debt D; and Dj
are chosen such that there exist no arbitrage opportunities between the first and second

period.

2.3 The Equilibrium of the Bondholders’ Game

We study now the case when the firm is not able to meet its payment obligation at date
1, i.e. Vi < Dy, but the value of the firm is still high enough to allow for restructuring,

meaning F[V,| > D,. This can be written equivalently as

D,
Vi—- K> —"°
. “pu+(1-p)d
Let us define V as
V=——u--" 1+ K.
pu+ (1 —p)d

As we have already explained, the ownership of the firm passes into the hands of the
bondholders and they decide whether to rescue or to liquidate the firm. We assume that
the bondholders have complete information, the game is common knowledge, and that
they act in their own interest. Moreover, at the beginning of the game, they can observe
the realization of the firm value, V.

Equilibrium in the bondholders’ game consists of the actions of the bondholders that
constitute the best response. When making the decision the bondholders have to take

into consideration both current period payoff and continuation payoff.
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In order to characterize the solution we need to specify the following notations. The
actions of Bondholder 1 are {L;, Ry} and the actions of Bondholder 2 are {L,, R,}, where
L; means that bondholder 7 chooses to liquidate the firm and R; means that the bondholder

17 chooses to restructure the firm.

Proposition 2.1 In the equilibrium Bondholder 1 chooses to restructure, Ry, and Bond-

holder 2 chooses to liquidate, L.

The capital structure of the firm and the covenants of the senior debt play a very
important role in our model. While the cross-default provision brings about the rene-
gotiation of the debt contracts, the limitation on priority drives the equilibrium of the
bondholders game. As we have seen already the value of the firm is utmost when both
bondholders are willing to restructure the firm. The Pareto efficient equilibrium consists
of bondholders restructuring and invigorate thus the firm through their action. However,
in equilibrium Bondholder 2 chooses to liquidate. The grounds of his decision comes from
the fact that his overall position in the hierarchy of debt is downgraded. At the beginning
he had a senior bond. If both bondholders undertake restructuring Bondholder 2 will
have a senior bond as before but also a junior bond. This last bond has actually the
same seniority as the seniority of the bond owned by Bondholder 1 and therefore the
payments on these two junior bonds will be made at once. Therefore, the payments of
the Bondholder 2 are reduced and in consequence he chooses to liquidate the firm.

There are also two other important issues to be taken into account when solving for
the equilibrium: Bondholder 1 owns a junior debt and default occurs when the value
of the firm is very small. First, Bondholder 1 owns a junior debt and he receives his
payment after the senior bond payment is made. Therefore, the smaller the value of the
firm, the smaller the amount that is left after senior bond payment. As a result, his best
response to any of Bondholder 2 actions is to restructure and increase the value of the
firm. Thus, if Bondholder 2 wants to liquidate, Bondholder 1 is obviously better off by
restructuring since restructuring gives him at least as high equal expected payoff. This

happens because the bondholder will never undertake restructuring when the expected
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payoff is smaller than the present value of the debt (see the non-arbitrage condition). If
Bondholder 2 wants to rescue, Bondholder 1 is gaining even more because the value of the
firm is increased more by the participation of Bondholder 2, but the newly issued debt
for both bondholders has the same seniority.

Second, default occurs when the value of the firm is small. Since Bondholder 2 knows
that and owns a senior bond, it does not pay for him to reinvest and accumulate debt. He
prefers to leave Bondholder 1 to rescue the firm. As a result, Bondholder 2’s best response
to R; is L,. In the case the value of the firm net of liquidation costs is still high enough
to cover the debt due to him %, we have that the best response of Bondholder 2 when
Bondholder 1 chooses to liquidate is to liquidate. We also obtain that, for some small
values of the parameters, the best response to L is to restructure. However, for these
values we have already argued that the bondholders are not going to invest and accumulate
more debt because if they do, they are going to lose. Under these circumstances, we can

conclude that the equilibrium of the game is (R, Lo).

Corollary 2.1 The equilibrium of the bondholders’ game is preserved even when K =

L=0.

If we substitute the parameters K = L = 0 in the proof of Proposition 1, the proof
is still valid. The corollary emphasizes the fact that the equilibrium of the bondholders’
game is driven by the capital structure of the firm (and the presence of covenants) and

not by liquidation costs. This happens again only for the values of the parameters for
D,

pu+(1—p)d

Once the bondholders announced their decisions, the shareholders are compelled to

which restructuring makes sense, i.e. in this case V; >

follow the decisions of the bondholders. They play a passive role since the ownership was
already conceded to the bondholders. Since the cost associated with the restructuring
process is the same, independent of who is restructuring the firm, the shareholders are

indifferent between changing the maturity of bond B; at ¢ = 2 and issuing new debt.
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2.4 The Valuation of the Bonds

In order to price a bond we have to compute the present value of the expected bond
payments. The prices of the bonds are influenced by the characteristics of the project
to be undertaken but also by the structure of the firm. We focus on determining the
lower reorganization boundary and the compensation to be received by bondholders and
shareholders. Once we know the payments received by every agent, we can compute the
prices at date 0 for the two bonds and equity by computing the net present value of
future payments. We will determine the prices of the bonds in three different setups and
compare the corresponding prices.

First, we will compute the prices of the two bonds in the model we presented above.
We are interested in finding out how introducing debt renegotiation will affect the value
of the bonds. For this purpose, we will compare the prices we obtained, B; and B, with
the prices of two similar bonds (the same maturity date and the same debt face value)
B and Bj. The bonds Bf and Bj are issued by a firm with a similar capital structure,
but in which the bondholders are not allowed to restructure the firm in case of default.

We will see that changes in the characteristics of the project (which can be seen as
caused by changes in the credit quality of the issuer) are inducing different bond prices.
However, it is not the case that only the characteristics of the project are influencing the
valuation of the bonds. The prices of the bonds can also be influenced by the presence
of other bonds with different maturity or different seniority. To isolate this effect we
compare the prices of the short-term bond Bj with the price of a short-term bond B and
the price of the long-term bond Bj with the price of a long-term bond Bj. The bonds
Bj and B} are bonds with similar face value to By and B} and each of them is a bond in
a firm where this is the only debt outstanding.

Before proceeding with the valuation, let us first determine the equilibrium market
interest rate. We assume that the firm that owns the project V4 is financed completely
with equity. We determine the interest rate from the following non-arbitrage condition:

an investor should be indifferent between investing in equity in the firm fully financed by
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equity or in a riskless asset. On the one hand, the expected payoff from investing $1 in

equity is the total expected payment of the project divided by the value of equity g, i.e.

Ve 1 —p)Vod
pVou+t (1-p)ls . Since the firm is financed fully with equity, we obtain that ¢ = Vj,

q
and therefore, the expected payoff from investing $1 in equity is pu + (1 — p)d. On the
other, the expected payment from investing $1 in the riskless asset is 1 4+ r. As a result,

our non-arbitrage condition, becomes pu + (1 —p)d = 1+ .

2.4.1 Valuation of Bonds in Case of Restructuring

As we already mentioned in the presentation of the model, the payments in the case of
restructuring have to be such that there are no arbitrage opportunities. First, the Bond-
holder 1 should be indifferent between the payment he is entitled to receive this period,
D; and the expected payment he will obtain next period if he decides to postpone the

! Ey [min{V}* — D,, D}}], where as

1+7r
explained above, V;* = V; — K. Second, the Bondholder 2 should be indifferent between res-

maturity of the bond D{.> Thus, we have D; =

cuing the firm by paying D; at date 1 and receiving Df next period. However, he is aware

of the fact that if he restructures the firm, its value at date 1 will increase at least by Dy —

D D
max{Vl— 2 —L,O}.IfwedeﬁneVl**:Vl—K+D1_maX{Vl_ 2 —L,O},

1+7r 1+7r
E]_ [mln{Vz** — Dz, Dg_,}]

we can write the arbitrage condition D; = =
r
The price of the two bonds will depend critically on the relationship between the two

debt face values D, and D,.

Remark 1 In case of default none of the bondholders will be willing to rescue the firm

. D, —
Di<——+K=V.
¥ D pu+(1—p)d

In case of default we have V3 < D;. However, the bondholders are willing to rescue the
firm only if V3 > V. Since V; < D; < V, although we allow the bondholders to renegotiate
they will not be willing to restructure the firm. Hence, the value of the bonds and equity

will be the same as in the case when we do not allow for renegotiation. Therefore, the

SThe bondholder is choosing exactly the quantity that makes him indifferent. He will never choose a
larger amount because by doing so either he receives V,* — D3 or an arbitrage opportunity exists.
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interesting case for our analysis is the case when D; > V. While looking at the effects of
debt renegotiation on the prices of bonds we will concentrate our attention only on this
case because this is the case when the strategic behaviour of bondholders might lead to
restructuring.

However, when V < D; we will have both cases when the bondholders are willing to
restructure and cases when they are not. Thus, if V) < V the bondholders will not be
willing to rescue the firm since for these values of V; the expected value of the firm is less
than D,, the face value of debt due to Bondholder 2 at date 2. Since the debt issued at
date 1 is junior to debt D, of Bondholder 2, the expected payment is 0, and none of the
creditors is willing to buy this debt. If V < V4 < Dy, the expected payment to the newly
issued debt is positive and the bondholders play the game described above. The payoffs
of the two bondholders (and therefore, the valuation formula of the bonds) depend both
on the face values of the debt and on the initial value V4.

In the case when Dy > V, the strategic behaviour of the bondholders affects the payoffs
of the bonds at date 1, and thus, the valuation formula is changed. In this case liquidation

D, i
— 1+ K. th
pu+ (1 —p)d B

threshold being smaller than the threshold we had before (D;). If V3 < V, we have

occurs for values of the firm smaller than a new threshold V =

default; the firm liquidates its assets and the bondholders share the payments. The
D
payoff of Bondholder 1 is max {Vl — L - ﬁ, 0} , while the payoff of Bondholder 2 is
r

D,
in< Vy, — L
min { 1 Tor
but it is not liquidated. In this case, the bondholders decide to restructure the debt.

} .If V < Vi < Dy, the firm is not able to honour its debt obligation,

In equilibrium, Bondholder 1 rescues the firm the payoffs of the two bondholders being

1
T rEl [max{0, min{ V5" — Dz, D{} — L - I{vi|p,<vis <pp+0;3 (V1) }] for Bondholder 1 and

T Ey[min{V;* — L, D,}] for Bondholder 2. In case the firm does not default at date 1
r

the payoft of Bondholder 1 is D;. The Bondholder 2 waits till date 2, the maturity date

of its debt, and he receives then min{‘A/z, Dy} —L-1 ValTa< Dz}(YA/z). He receives the entitled

debt D, if the value of the debt is smaller than the value of the firm. Otherwise, he

receives the value of the firm net of liquidation costs.
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Price of Short Term Bond with Debt Restructuring Price of Long Term Bond with Debt Restructuring
7 T T T 3 T T T T

L L L L L L L
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vo Vo

Figure 2.1: Prices of the short-term bond and the long-term bond when debt
restructuring is allowed. The values of parameters are: D; = 10,D, =6, K = 0.4, L =
0.02, p=0.7,u = 2,d = 0.5.

As we can see in Figure 2.1 the price of the short-term bond is increasing in V5. There
are two kinks in the price function. The first one is the result of the upper state value of
the firm becoming higher than the face value of the short-term debt D; (in our example
when Vo = 5) and the second when also the lower state value of the firm exceeds this
amount (Vo = 20). However, the price of long-term debt is not anymore an increasing
function of V. When the value of the firm becomes higher than the face value of the
short-term debt Dy, the firm is selling off assets amounting to D;, and therefore, the
value of the firm is decreasing. Consequently, for these values of V5 we detect a sharp
decrease in the price of the long term bond.

The price of equity is computed in the same manner. According to the priority rule
the equity owners are the last ones to be paid. So, if we had default at date 1 they would
receive nothing. Then, if the value of parameters still allows for restructuring, we have two
cases. First, if after restructuring we have default at date 2, the equity owners will be left
with nothing. Secondly, if we do not have default at date 2, they will receive the value of
the firm net of the payments due to the two bondholders V;* — D] — D,. If we did not have

default at date 1, the equity owners would receive the value of the firm minus the payment



32

to the Bondholder 2. Thus, if we reach the date 2, the equity owners will receive nothing in
case we have default at date 2, and ‘72 — Dy in case we do not have default at date 2. Once
we have found the valuation formula for the two bonds and for equity, we can also compute
the value of the firm V' and we notice that we do not obtain the initial value of the project
because we have to subtract liquidation and restructuring costs. As expected, in the case
where we have these costs the Modigliani-Miller theorem does not hold good. Since in
our model we allow for renegotiation, we want to see if this assumption jeopardizes the
accomplishment of Modigliani-Miller theorem. For that we assume that the restructuring
and liquidation costs are zero, so we can eliminate their disturbing effect. Once all the
other assumptions of Modigliani-Miller theorem are fulfilled, we see what happens in our
model. The first step is to determine how the behaviour of the agents changes when we set
K = L = 0. As we already stated in the Corollary 2, the equilibrium of bondholders game
is the same when we set K = L = 0. Consequently, the payoffs of the two bondholders
are exactly the same, except that we substitute K = L = 0 in the respective formulas.
Since renegotiation does not involve any dissipative cost and the outcome of the project

is divided between the agents, we obtain the following result:

Lemma 2.1 If K = L =0, the Modigliani-Miller theorem holds even when renegotiation

18 permitted.

We obtain, hence, that the value of the firm remains the same even when we allow for
renegotiation. The allocation of the payoffs is different when we allow renegotiation, but
in the absence of liquidation and restructuring costs the value of the firm is unchanged.
However, we will see later that the presence of renegotiation will offset the effect of

" IL>K>0.

liquidation and restructuring costs on the value of the firm when n
r
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2.4.2 Valuation of Bonds when They Are the Only Outstanding
Bonds

As shown above, the payments of the two bonds, and therefore, the values of the
bonds depend on the face values of the debt and on the initial value V4. Let us consider
now the following two cases of a similar firm (with a similar project) but with a different
capital structure. First, we consider a firm with only one outstanding bond, a bond with
maturity date at ¢ = 1 and with face value D; and equity E’. Second, we consider the
case of a firm with only one bond outstanding, a bond with maturity date 2 and with
face value D, and equity E".

If we assume that at date 1 the only outstanding debt is Bj, the cash flow depends only
on the realization of the value of the firm V;. If the value of the firms is high enough to pay
the debt, V3 > D;, the bondholder receives what he is entitled to (i.e. D). Otherwise,
he receives the amount that results from liquidating the firm. Since we assume that
liquidation is costly, in the case V3 < D; we have to subtract from the value of the firm
the liquidation cost L. We have also computed the price of equity. As expected, the
shareholders obtain nothing in case of default at date 1 and they receive V3 — D; in case
of non-default.

We consider now the second case where the firm issues a bond with maturity date 2
and with face value D, and it issues equity £E”. When the only outstanding debt is Bj
at date 2, we are interested only if the value of the firm at t = 2, V5, is high enough to
pay the debt. If this is the case, i.e. V, > D,, the bondholder receives what he is entitled
to (i.e., D;). Otherwise, he receives the amount that results from liquidating the firm
Vo — L. Similarly to the previous case, we find the price of equity. In case of default,
the shareholders do not receive anything. Otherwise, they receive what is left after the

payment is done to the bondholder who owns By, V, — Ds.
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2.4.3 Valuation of Bonds without Restructuring

We consider now a firm with the following capital structure: equity, a zero-coupon
bond Bf with maturity date t = 1 and face value D;, and a zero-coupon bond Bj with
maturity date ¢ = 2 and face value D,. However, we assume now that the bondholders are
not able to rescue the firm in case of default at date 1. We obtain the prices for the two
bonds Bf and BY in a similar manner to the case when we do allow for debt restructuring.

If V1 < D;, we have default on the junior debt at date 1. Since we do not allow the
bondholders to rescue the firm, the default at date 1 will trigger liquidation. The firm
sells its assets, pays the liquidation costs L and then the bondholders are paid according
11?:7} . He is the first
one to be paid since his debt is senior to the debt owned by Bondholder 1. Bondholder 1
D,

147
date 1 the payoff of Bondholder 1 is D;. The value of the firm decreases by this amount

to the priority rule. The payoff of Bondholder 2 is min {Vl — L,

receives what is left, i.e. max {Vl —L— ,O} . In case the firm does not default at
and becomes 171 = V1 — D;. Bondholder 2 waits till date 2, the maturity date of its
debt. If the value of the debt is smaller than the value of the firm, he will receive the
entitled debt D,. Otherwise, he receives the value of the firm net of liquidation costs
172 — L. Again, since equity owners are the last ones to receive their payments (according
to priority rule), in case of default at date 1 they do not receive anything. Then, if default
does not occur at date 1, they will receive at date 2 what is left after payment is made to
Bondholder 2. They do not receive anything in case of default at date 2, and they receive
172 - min{vz, D;} in case of non-default.

If we compare the values of the firm we obtained in the two cases (in the cases
with and without restructuring), we notice that for the parameters values for which

restructuring takes place (V < Vi < D) the value of the firm changes from Vi — L

to Ey (V5 — L Itvg v <ppepy3 (V5)] - We assumed that K < %L which implies
= T

1+7r
Vi—L<(Vi-K)-

T T'El [L - Itz vy <py+pyy (V)] - Tt is interesting to notice that if

the liquidation and bankruptcy costs are different from 0, the strategic behaviour induces

a change in the value of firm, and therefore, it has an offsetting effect in the violation of
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the Modigliani-Miller theorem.

In computing the prices we use the interest rate to discount the payments received.
To perform the comparison we need to see if the interest rate is indeed the same in all
the cases. We compare the equilibrium interest rate in the case of a firm financed entirely
by equity with our two cases when the firm is financed by equity, short-term debt and
long-term debt and we allow or not for renegotiation. As the following lemma shows, since
the bondholders and shareholders are building their expectations rationally, neither the
different structure of the firm nor the presence of renegotiation changes the equilibrium

interest rate

Lemma 2.2 If the firm is financed by equity, short-term debt and long-term debt, the
interest rate still satisfies pu + (1 — p)d = 1 + r independently of the fact that we allow

for renegotiation or not.

2.4.4 Price Comparison

Let us consider now the two cases of the firm with the same capital structure: a short-
term bond, a long-term bond and equity, the difference lies in the fact that we allow or
not for restructuring in case of default. We compare the prices of the two short-term
bonds B; and B and of the two long-term bonds B, and BY, respectively.

When deriving the equilibrium of the game we obtained that the Bondholder 1 is better
off undertaking restructuring independently of the action of the Bondholder 2. Since in
equilibrium the Bondholder 1 chooses to restructure, it is obvious that his payoff has to
be higher when restructuring takes place than when liquidation occurs. Moreover, by
restructuring he postpones or avoids costly liquidation giving the firm the possibility to
recover. As a result, we obtain that his expected payments are higher and consequently,
that the price at date 0 of the short-term bond is higher if strategic interaction between
bondholders is allowed.

In Figure 2.2 we see that there are two ranges for V5 where the price of the short-term

bond is higher in the case we allow for debt restructuring. The values of V4 for which this
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Short Term Bond Prices
T T

1+ 4

— Price without Restructufin
- — — Price with Restructurin:
T

0 | | |
0 5 10 15 20 25

VO

Figure 2.2: Comparison of the short-term prices. The values of parameters are:
D1 =10,D,=6,K=04,L=0.02,p=0.7, u=2,d = 0.5.

happens are exactly the two possible cases when the value of the firm is lower than D;
but higher than V. Since the price of the short-term bond is higher we have a decrease in
the spread of short-term bond when strategic behaviour is allowed.

However, the equilibrium payoft of the Bondholder 2 is lower than in the case both
bondholders liquidate. Since the best response of the Bondholder 1 is to restructure when
Bondholder 2 liquidates, liquidation by both bondholders will not be an equilibrium for
Vi > V. So, Bondholder 2 ends up with a payoff lower than in the case we do not allow
for debt restructuring. Since in the case we allow for restructuring the expected payoffs
are smaller, we will have also that the price at date 0 of the long-term bond is smaller
and consequently, the spread is higher. Similarly to the case of short-term bond prices
we have two regions where price differ. This can be easily seen in the Figure 2.3.

As we have already explained, the bondholders’ payoffs are significantly changed when
we allow for debt restructuring. However, this is not the only issue here. We are interested
to see how the presence of strategic behaviour is reflected in the payments, and conse-
quently, in the prices of bonds, but also to understand what lies behind these changes.

Thus, there are different channels in which strategic behaviour comes into play: through
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Long Term Bond Prices
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Figure 2.3: Comparison of the long-term prices. The values of parameters are:
D1=10,D,=6,K =04,L=0.02,p=0.7,u=2,d =0.5.

the change in the value of the firm, through the reallocation of payments, through the
possible changes in the hierarchy of debt or avoiding costly liquidation.

We should also emphasize that in our models the bankruptcy and restructuring costs
are anticipated by the bondholders and therefore, they are incorporated in prices. The
same happens with the bankruptcy procedure. In the case when the bondholders do not
restructure the debt, the bankruptcy code predicts liquidation similar to Chapter 7 of
U.S. Bankruptcy Code. Our model suggests thus, that the prices of the bonds are also
affected by the bankruptcy procedure.

Consider finally, the short-term bonds B; and Bj. As we have already explained,
the two bonds have the same face value D; and maturity date 1. Their difference lies in
the fact that they are outstanding bonds in firms with different capital structure. We
compare the two prices and we obtain that the short-term bond has a higher price when
this is the only outstanding bond. The result is very intuitive. Since in case of default the
payments are made according to the priority rule, the price of a junior bond is influenced
by the presence of another, senior bond. In case of default, the owner of the bond Bj

is paid immediately after the liquidation costs are paid, while the owner of the bond



38

Short Term Bond Prices
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Figure 2.4: Comparison of the short-term prices in two firms with different
capital structure. The values of parameters are: D; = 10,D, = 6, K = 04,L =
0.02,p=0.7,u=2,d=0.5

BY has to wait also for the senior debt to be paid. So, the price of the bond Bf with
maturity ¢ = 1 is strictly lower in the presence of another senior debt (even if this senior
debt has later maturity).

We have also compared the price of the long-term bond Bj with the price of the bond
Bj. 1t is quite intuitive that the value of a senior debt is lower or equal in the presence of
a junior debt with earlier maturity because the payment done to Bondholder 1 at date 1
decreases the value of the firm, and therefore, may decrease the payment to Bondholder 2

at date 2. However, this does not seem to be always the case. If at date 1, we have default

D
on the obligation D;, we have liquidation and Bondholder 2 receives min{V; — L, : +2 }.
T
D D
Assume that the value of the firm is high enough, such that min{V; — L, . +2 } = : _: .
r T

Consider now what happens with the bond Bj. If the value of the firm is low enough to

give rise to default of the second firm at date 2, the payment to Bj is going to be lower
D,

+r
Bj. The insight is simple and it is the consequence of the fact that the bond Bj is a senior

than ] and therefore, the price of the bond B is going to be higher than the price

bond. If the value of the firm is low, so it will lead almost surely to default on Bj in
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Long Term Bond Prices
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Figure 2.5: Comparison of the long-term prices in two firms with different
capital structure. The values of parameters are: D; = 10,D, = 6, K = 04,L =
0.02,p=0.7,u=2,d=0.5

several states at date 2, Bondholder 2 might be welcoming a liquidation at date 1 which
leaves him better off. However, he can be better off by cashing in its payment at date 1,
only if the value of the firm is not too low. The two regions in Figure 2.5 where the price

of the senior bond is higher when there exists a short-term bond correspond to this case.

2.5 Conclusions

In this paper we attempt to derive the prices of debt and equity and to analyze the
implications of strategic behaviour and capital structure of a firm on the prices of bonds.
Our main result is that both strategic behaviour and the capital structure of the firm have
important effects on the prices of bonds. To study these implications we set our problem
in three different backdrops and we compare the prices we obtain. The whole analysis has
been conducted focusing on the determination of the lower reorganization boundary and
on the payoffs received by agents. We investigate first the inference of strategic behaviour

of the agents on the prices of the bonds. For that we compare the prices of the short-term
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and long-term bond in two firms with a similar capital structure. The only difference
between the two firms lies in the behaviour of the agents in case of default at date 1, in
one setting allowing the agents to step in and restructure the debt. The model allows us
also to understand the importance of the covenants of the bonds in the case there are
multiple creditors. We conclude that allowing for strategic behaviour of bondholders leads
to important changes in prices of bonds. In addition, we obtain an increase in the value
of the firm, but this increase takes place only when liquidation and restructuring cost
are different from zero. We conclude therefore, that strategic behaviour offsets partially
the loss provoked by these costs. However, the strategic behaviour by itself does not
lead to any detriment in the value of the firm because it just reallocates the present
funds. Thus, when there are no liquidation and restructuring costs, we obtain that the
Modigliani-Miller theorem holds.

Secondly, we consider the effect of capital structure of the firm on the prices of bonds.
We compare the prices of the short and long-term bond in the previous firm (without
strategic behaviour) with the prices of a short and a long-term bond, in a firm where the
short-term bond and respectively the long-term bond are the only outstanding debt. It is
quite intuitive that the presence of a senior bond decreases the value of a junior bond by
comparison with the case when the junior bond is the only bond outstanding. However,
we obtain also that the presence of a junior bond with earlier maturity can decrease the
price of a senior bond with later maturity. There are two cases when this happens. First
case is the one when the value of the firm at date 1 is small and the firm cannot pay out
its debt obligations. The firm is defaulting and goes bankrupt. Since bankruptcy involves
significant costs, the payments due to the senior bond are also endangered. The second
case takes place when the firm is not defaulting at date 1, but the value of the firm is
not too high. At date 1 the firm is paying the untitled debt D; and to do that needs to
liquidate a part of its assets. Hence, the value of the firm V; decreases by D; and this
induces a higher likelihood of default at date 2 on the senior bond.

Simple in essence, our model suggests that the presence of multiple creditors and of a

reacher capital structure is an important issue to be considered in pricing corporate debt.



41

Finally, we mention a possible extension of our work. As has been already pointed out
by Anderson, Sundaresan and Tychon (1996), the analysis of strategic contingent claims
comes at the cost of a substantial calculation time. To overcome this difficulty they recast
the Anderson-Sundaresan (1996) model in continuous time. Conditional on the success of
the remodeling in continuous time, we could proceed in replicating the work of Anderson
et al. (1996). As we already mentioned, they compare Merton’s model with the one in
Anderson and Sundaresan (1996). It will be interesting to make a similar comparison
between our model with strategic claims and the one without strategical claims. This
last model will be a slightly modified version of Black and Cox (1976), where we have to
allow for different maturity dates. However, the task is not trivial in our model because
we consider the restructuring of entire debt and therefore we will not be able to use the

limit technique used by Anderson et al. (1996).

2.6 Appendix

Proof of Proposition 1. Before proceeding with the computation of the equilibrium
of the game, let us write the payoffs in a simpler way. As we already explained, in case of
liquidation the bondholders are splitting the assets of the firm according to the priority

rule. Then, Bondholder 1 receives

D,
Pi(Ly, Ly) = 0Vi —L— 2.1
1( 1, 2) maX{ » V1 1+r} ( )

and Bondholder 2 receives

D;
Py(L1,Ly) =mins Vi — L ) 2.2
2(L1, L) mlﬂ{l ’1+r} (2.2)

If Bondholder 1 liquidates and Bondholder 2 rescues Bondholder 1 is paid at date 1.
Of course, the shareholders and Bondholder 2 will not be willing to pay him more than

he will receive in case of liquidation. Therefore, his payoff is

D,
Pi(L1, Ry) = 0,Vi—L— . 2.3
(LR = max {013~ - 722 (2.3



42

On the other hand, Bondholder 2 will invest D; at date 1, and he will be entitled at date
2 to a payment to the senior bond D, and also to the payment to the new bond Df.

Note that we subtract the liquidation costs if at date 2, the firm is not able to honour its

payment.
1
Pz(Ll, Rz) —D]_ + 1+ TEl [min{Vz**, Dz} + mln{Vz** — Dz, D;_/}
—L - Ityz=vz=<pprnpy (V)] - (2.4)

We know that, due to the condition of non-arbitrage opportunities, DY is such that

D, =

T rEl[min{Vz** — Dy, DY} (2.5)

It can be seen that

(

VeI if Vit < Dy

Vi =L,  if Dy <V3* < Dp+1L
Dy, if Do+ L<Vy* < Dy+ DY
D,, if Dy+ D! < V3

min{V;™, Do}t — L+ Iiype<pp+pyy (V2©) =

\

= min{V,”* — L, D,}.

As aresult, we can write further that

1 : *ok
Po(Ly, Ry) = 1+TE1 [min{V5*, Do} — L - Iiyz+jvz=<ppenyy] =
1 : *ok
=1x rEl[mln{Vz — L, D,}]. (2.6)

If Bondholder 1 rescues and Bondholder 2 liquidates, Bondholder 1 will be entitled at
date 2 to a payment of D] which is junior to D;. As a result, the payoff to Bondholder 1

is

Pi(Ry, Lp) =

T rEl[max{(), min{V;" — L — D,, D1 }}] (2.7)

and the payment to Bondholder 2 is calculated as in the previous case

1 . .
Pz(Rl, Lz) = 1 i El[mln{Vz — L, Dz}] (28)

r
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Finally, if both bondholders are willing to rescue, Bondholder 2 will invest D; at date
1 and receive at date 2 D, (if possible). After this payment is made the bondholders are
splitting equally the remained amount. Note that due to the fact that the value of the
firm is small, the firm will not be able to pay thoroughly the junior debtS. Hence, the
payoff of Bondholder 1 is

1 Vo — L —D
P]_(R]_,Rz) = 1 i TEl |fI1&X {0, 2 9 2 }} (29)

while the payoff of Bondholder 2 is

1
1+7r

By [min{Vz*** — L, D;} 4+ max {o, Ve 5 2 H — Dy, (2.10)

PZ(R].J RZ) -

In order to construct the equilibrium of the game we determine the best response
functions for each action of the bondholders.

Let us say that Bondholder 1 chooses to rescue the firm (R;). He can do that by
postponing the maturity date of his claim till ¢ = 2, his claim at date 2 being still junior
to the claim of Bondholder 2.

We determine Bondholder 2’s best response to R; by comparing the payoffs obtained
by him in case of liquidation and restructuring. As we have already seen, his payment
is given by (2.8) if he wants to liquidate and by (2.10) if he wants to rescue. In the
description of the game, we have already explained how the value of the firm changes
in case of restructuring. If Bondholder 1 restructures and Bondholder 2 liquidates the
value of the firm decreases by amount K (the restructuring costs) to V;* = V3 — K. If
Bondholder 2 wants also to rescue, the firm will take both offers, using the amount D; to
increase the value of the firm and paying twice the restructuring costs. The new value of
the firm becomes now Vi** =V} + D; — 2K.

We compare the two values P,( Ry, L) and P,(Ry, R;) for different values of parameters

trying to write explicitly the values of min and max in the above formulas.

1. If(VW-K)d< (Vi+D;—2K)d< (V1 — K)u < (V1+ D1 —2K)u < D, + L the payoff

6If u is high V;*u is high, but also D} and D/ have to be high to compensate for d being small.
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in case of liquidation P,(Ry, L) can be written as

Py(Ry, Ly) :%_Hn[p(vl—K)u—l—(l—p)(vl_K)d_L] =(Vi—-K)- 1Jlrr :

The payoff in case of rescuing will be in this case

Py(Ry, Rp) = 1+T[p(V1 + D1 —2K)u+ (1 —p)(Vi + D1 — 2K)d — Dy(1 +7) — L]
= 1+r[pu+ (1 —p)d](V1 —2K) + 1—%1_7‘{[pu+ (1—p)d]D1— Di(1+7r)— L}
:(M—2K)—%< (%_K)_l—f_r:P(Lz)'

2.1 (Vi—K)d< (Vi+D;—2K)d < (Vi — K)u < D+ L < (Vi + Dy — 2K)u the payoff

in case of liquidation P,(Ry, L) can be written again as
L
147

The payoff in case of rescuing is in this case the following:

PZ(RleZ) = (Vi - K)

1
Pz(Rl, Rz) = —D1 + 1—+7‘ {pDz -+ (1 — p)[(Vl + Dl — 2K)d — L]+

p(V1+D1—2K)u—L—D2}

2 :_D1+L{[PU+(1—p)d](%+D1—2K)_L+

1+7r
(VE]_‘}‘D]_—QK)U—L—Dz}

=—-D;1+Vi+ D,

+pDy +pL —pu(Vi + D1 —2K) +p 5

L Vit Dy —2K)u—L—D L
1+T—p<l+ L Ju 2 < Vi — 2K — —— < Py(Ry, Ly).

2K —
2(1+r) 1+r

We know that in this case Do+ L < (V14 D1—2K)u. As a result, we have that the following
(Vi+D; —2K)u— L — D,
2(1+7)
the above formula holds too, leading to P(Ry, Ry) < Py(Ry, Ly).

> 0. Consequently, the first inequality in

inequality holds: p

3. If(Vi—K)d< (Vi+ D1 —-2K)d < D+ L < (Vi — K)u < (V1+ D; —2K)u the payoffs
are the following:

Po(Ry, L) = ——{pDs + (1= p)[(Vi ~ K)d - 1]}
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and

1
P>(Ry, Rp) = —D1+

{pDy + (1 - p)[(Vi + Dy — 2K)d — L] +

1+7r
Vi+Dy—2K)u—L—-D 1
p( 1 L 2) 2}:Pg(Rl,L2)+m[_Dl<1+r)+(1_p)D1d+
(Vi+ Dy —2K)u—L— D, - 1
D 5 _PZ(Rl’L2)+2(1—|—r)[p(V1 K)u—puD; — L

—pKu —ng] < Pz(R]_,Lz).

Note that since always V3 < Dy, it results that pu(V3 — K) — puD; < 0 and therefore,
ﬁ[p(Vl—K)u—puDl—L—pKu—pDz] < 0. We can conclude again that P,(Ry, Ry) <
P>(Ry, Ly).

4.1 (Vi —K)d < D+ L < (Vi1+D; —2K)d < (Vi — K)u < (V4 + Dy — 2K )u the payoffs

are the following

Po(Ra,La) = 15— {pDa + (1= p)(Vi = K)d - L}

and

(Vi+ Dy —2K)u— L — D,

1
Po(Ry, Ry) = —— {pDz +(1=p)D2+p

1+7r 2
Vi+Dy—2K)d—L—D
- p B2 - Dyf1+1)] -
1 (14+7)(Va+ Dy —2K)u— L — D,
— |D — Dy(1 -
1+7 { 2+ 2 i(147)
1 [Dy—Di(1+r)+(Vi—-2K)(1+47)—L
147 2 '
We know that V3 < D; and therefore, we obtain that (Vi — 2K)(1+r) < Di(1+ 7).
D, — L
Consequently, P,(Ry, Rp) < 5 (i st In what follows we will prove that
D, — L
P (Ry1, Ly) > > Po(Ry, Ry).
First, let us note that P,(Ry, Ly) > 5 (i :L ™ is equivalent to

D, — L

pD2 + (1 —p)[(Vi— K)d— L] > 5

().
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We know that by assumption (V3 — K)d > L. If p > %, then

D, - L
5 .

D
pDo + (1 —p)[(Vi — K)d — L] > pD, > 72 >

If p < 3, then we can write likewise that (x) is equivalent to (1—2p) D,+2(1—p)(Vi—K)d >
pL. But since p < 3, it results (1 — p) > p. Then together with (V3 — K)d > L it implies
that (1—2p)D;+2(1—p)(Vi—K)d > pL is true and consequently, P;(Ry, Ly) > ;zi ;f) >
Py(Ry1, Ry).

5.1 Dy + L < (Vi — K)d < (Vi + Dy — 2K)d < (Vi — K)u < (Vi + Dy — 2K )u then

D
P2<R1;L2):1_|_2,r and
1 1—p)d|(V1+D;—2K)—L—D
Pz(Rl,Rz)zl_—’_r{Dz_F[pU"_( p) ](l . 1 ) 2—D1(1—|—T)}
Vi+ Dy —2K)—L—Dy,—2D{(1+7r
:PZ(RLLZ)"—( ! ! ) 5 2 1( )<P2<R1,L2).

The last inequality is due to the fact that (V1+D; —2K) < 2(D1—K) < 2D; < 2(1+47r)D;.

It results that independently on the value of parameters, the best response to R; is
L.

Let us assume now that the Bondholder 1 chooses to liquidate. We compute the best
response of Bondholder 2 to this action, BR(L;), in a similar way.

The payoffs of Bondholder 2 are given by the formulas in (2.2) in case of liquidation by
Bondholder 2 and by (2.6) in case he wants to restructure. We discuss on the different val-
ues of parameters.

Casel V- L < Dz

1+7r
D,

+7r
also know that in case Bondholder 1 liquidates and Bondholder 2 rescues the value of the

IfVi—-L< 1 then according to above formula we have P,(Lq, L) = Vi — L. We

firm increases by D; net of the payment to Bondholder 1 and restructuring costs. We

D
20} =Vi+ D, — K.

observe that in this case Vj* = V; + D; — K — max{V; — L — T
,
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11If (Vi+ Dy — K)d< (Vi1 4+ D1 — K)u < D, + L we can write

Po(La, Ro) = o {pl(Vi + Dy — K)u = L]+ (1= p)[(Va + Dy — K)d — 1]}

1+

1
:T:7ﬁW+Ih—meH41—Mﬂ—L}=04+Dr—K)
rL L
1+7‘>V1+ ! 14+r 147 Vit Dy e
= Py(L1, L)
the first inequality coming up from the assumption we have made before that K < n L.
r

121f (Vi+ Dy — K)d < D, + L < (Vi1 + D; — K)u we have that

Py(Ls, By) — 1—ir{pD2 + (1= p)[(Vi + D1 — K)d — LJ}.

We compare P,(Lj, Ry) with P,(Ls, L) and we obtain that if (V1 +D; — K)d < D+ L <
(V1+D1—K)u—L£, then Py(Ly, Ry) < Pa(L1, L) and if (V1+D1—K)u—L£ <Dy+L <
(Vi + Dy — K)u, then Py(L1, Ry) < Po(Ly, Ry).

1.3If D+ L < (Vi + D1 — K)d < (V1 + D; — K)u the payoff in case of liquidation is
Py(Ly, Ry) = 1D2 >V — L.

r

D
Case 2 V; — L > —=
1+r

D
tvi—L> —2, then we have that
147

Ey[min{V5* — L, D,}] < —2 = P,(Ly, L,).

B(L =
2(La, Fip) 1+7r 1+7r

We define the following set:

D
A={V1|V1—L< 1+2T,(V1+D1—K)d<D2+L<(V1+D1—K)u—L£}U

D,
i\Wvi—-L > )
{1|1 _1—|—7’}

and with its help with characterize the best response function of L,
Ly, ifVie A

BR(Ly) =
R,, otherwise.
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We find now the best response function for the action R,. If Bondholder 1 his payoft is
given by (2.3) if he plays L; and by (2.9) if he plays R;. We discuss again depending on the

value of the parameters.

D
Casel Vi —L < z_
11)+ r
Ifvi—-L < : +2 it results that Pi(L;, R;) = 0. On the other hand, in case both
r

bondholders are willing to rescue the firm, the value of the firm increases to V;*** =

V1 + D; — 2K. Consequently,

1
Pi(Ry, Ry) = —— {pmax{

(V1—|—D1—2K)u—L—D2’O}+
1+7r

2

(1_p)max{(V1+D1—Qé()u—L—Dz,OH'

However, since we assume that the parameters are such that the value of the firm in
the worst state at date 2 is higher than the liquidation cost ((V4 — K)d > L) we also
have that (V3 — K)u > L. In addition, (D1 — K)u > (D; — K)(1 + r) > D,. Hence,
(Vi+ Dy —2K)u > L + D,.

D
Case2 Vi, — L > z_
D1 o D
ftvi—-L > 2 , then Py(Lq1,Rp) = Vi — L — 2 As we have already explained
L+r 1+7r

(‘/SI.+D1—2K)U> L—|—D2
2.1 If (V1 + D, — 2K)d < L + D, the payoff in case of restructuring is

Pi(Ri, Ry) = 2(1p+ (Vi + Dy = 2K)u— L - Dy) =
1 (Vi + D1 —2K)u— L — D, (Vi + Dy — 2K)d — L — D,
_1+7= p 2 +(1 p) 2
P 2 N 2 2(1+r) 2(1+r)
(Vi + Dy — 2K)d— L — D, L D,
—(1- —L)— —
(1-p) 2T+ 1) M= L) =50 T3y
(Vi+ Dy — 2K)d— L — D, D,
(1=p) 2(1+7) -1k 1+r_P1<L1’R2)‘

The first inequality in the above formula results because V; — L < V; — K < D; — K and
therefore, V3 + Dy — 2K > 2(V; — L). The second inequality is due to the fact that L < D,
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and (V1+D1 —2K)d < L+ D,.

2.21f L+ D, < (V1 + Dy — 2K)d the payoff in case of restructuring is

1 Vi+Dy—-2K)u—L—-D
Pi(Ry, Ry) = — {p( 1+ Dy 2) 2.
(Vl—I—Dl—QK)u—L—Dz 1
1 D, L Ds
C9K)—Dy— L} == Dy — 2K — - L-
)= D2 =Ly 2[V1+ ' T1r 147 " 1+

the reasons the last inequality holds being exactly the ones as in the previous case V; +
D; —2K > 2(V; — L) and L < D,. We obtain therefore that BR(R;) = R; indifferent on
the values of the parameters.

Finally, we compute the best response of Bondholder 1 to L,. The payoff of Bondholder
1 in case he rescues is

L D
Pu(Ry, L) = 1 Balmax{O, min{V5 = L= Dy, DU} = Dy 2 Vi > V= L= 1o >

Pi(Ly, Ly). Consequently, the best response to L; is Rj.
As a result, we have the following best response functions:

BR(Ry) = Lo,

BR(Ly) Ly, if Vi€ A
1) — ;
R,, otherwise

BR(R;) = R1, BR(Lp) = Ry

and we can conclude that the equilibrium is (Rj, Lz). An important remark should be

made all the interval we are looking at ie. V3 — L > is included in A, so the
equilibrium is (Ry, L,) for the values we specified.

Finally, we remark that by substituting K = L = 0 in the above formulas the best
response function are exactly the same as before. The only difference appears in deter-
mining the best response to R;. The case 1 from the general discussion gives a different
result. However, the condition characterizing this case when we substitute K = L = 0,

becomes Vid < (V1 + D1)d < Viu < (V1 + Dy)u < D,. But this is in contradiction with

D
2 <Vi. m

the case we consider ———
pu+(L—p)d ~
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Lemma A.1 The price at date O of the zero coupon bond maturing at t = 1, when there

exists a positive probability of default is

1 D,
O ) R A (A
1 ) . ¥
T rEl [max{(), min{V," — D, D1} — L - Livy | Dy<vy<Dav i3 (V3 )}}
Tk o2 cviep} (V1) + Di- pajpicvy (V1) (2.11)

The price at date 0 of the zero coupon bond maturing at t = 2, is

1 : D,
Py(Dy, Dy, Vo) = T —Eo lmln {Vl - L, 1—+r} Tvivicxs (Vi)+

1
147

1 i _Fy win {0, Do} = L Iy, p (72)] f{lelgvl}(Vl)} . (2.12)

st )
pu+(1-p)d

E1 [mln{Vz* — L, Dz}] -1

{vi|K+ <V1<D1}( 1) +

DU+(1 p)d

To write this formula in a concise form we have defined the following indicator function:

1, ifx e A
0, if x ¢ A.

Proof of Lemma A.1. We compute now the prices for the two bonds B; and

Ia(x) =

B;. As we have seen already, in the case the bondholders are allowed to rescue the firm,

D _
— 2 _ If D; <V, the firm is
pu+ (1 —p)d
liquidating its assets, paying the liquidation cost L. The bondholders are paid according

the default threshold goes down to V = K +

to the priority rule. As a result, the Bondholder 2, who owns the senior debt will be paid

D
first and he will get min {Vl — L, 1 _: } . Then, the Bondholder 1 is paid and he receives
r
. : D,
what is left i.e. max< V3 — L — ,0 0.
147

If V < Vi < Dy, the firm is not able to honour its debt obligation, but it is not liqui-
dated because the bondholders decide to rescue it. The payments to the two bondholders

are the one resulting in the equilibrium of the game we presented before. The payment for

o1 :
Bondholder 1 is T rEl [max{0, min{Vy — D,, D}} — L~ I{V2*|D2<V2*<D2+D'1}(VZ*)H and

1
the one for Bondholder 2 is T Ey[min{V5 — L, D,}|. A remark has to be made here.
r
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As we have seen in the proof of Proposition 1, by rescuing the firm, it might be the case
that Bondholder 1 does not recover his losses completely. He is better off than in the
case of liquidation, but he is not always paid back D;. This happens because the firm has

already a low value V3 < D;. As a result, we have also here the possibility of default and

in this case from 1 ! rEl min{V,* — D,, D}}| we subtract the liquidation costs L.
Finally, if V3 > D; the firm does not default at date 1 and the payoff of Bondholder
1is D;. Bondholder 2 waits till date 2, the maturity date of its debt, and he will receive
then min {‘72 — L, Dz}. He will get the entitled debt D, if his debt is smaller than the
value of the firm net of liquidation costs. Otherwise, he will receive the value of the firm
net of liquidation costs. The value of the firm at date 1 decreases because the shareholders

are liquidating a part of their assets to pay the debt obligations that amounts to D;. As

a result, the value of the firm at time is ‘72, where

‘72 _ (V1 — Dy)u, with probability P

(V1 — Dy)d, with probability 1 — p
Since we know now the payments the bondholders are going to receive at date 1 or
t = 2, we can compute the prices of the bonds at date0, by computing the net present
value of the future payments to each bond. Thus, the prices of the two bonds B; and B,

are, respectively:

1 D,
T TEO [maX {Vl -L- T 0} ' I{V1\V1§K+pu+'(3+p)d}<‘/l>+

1 ) . X
T rEl [max {O, min{V, — D,, D} — L - I{%*‘D2<V2*<D2+D,l}(v2 )H

Pl(Dl7D27‘/O) -

.[{ V1|K+_pu_+(_zl p)d‘<V1<D1}<Vl) +D-d {V1|D1<V1} (Vl)} '
and
Py(D1, Dy, Vo) Bo |mindvi—1, 22\ 1 (Va)+
= min - P .
2\F1, L2, Vo) = 7m0 VU T [ H{vivisk e amdim P
1

1 T TE]_ [mln{‘/z* - L, DZ}] . ]{V]_‘K"' <V1<D1}( ) +

pu +(1 p)d

Ey [min{{\//\'z, Dz} —L- I{@|172<D2}(VZ)] : I{V1|D1<V1}(‘/l>] .

1+7r
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We obtained thus the general formula for each of the two bonds in the case the bond-
holders are allowed to act in order to rescue the firm. m

Lemma A.2 The price of equity at date 0, when there is a positive probability of
default, is

1
Pgp(D1, D3, Vp) = mEo 0- I{V1|V1§D1,V2*§D2+D'1}<Vl>+

(Vz* - Dll - D2> ' ]{Vl\V1§D17V2*>D2+D,1}(V1) i
0. ]{V1|D1§V1,D2>{/\2}(‘/1) + (‘/2 — DZ) ) I{Vl\DlévlzDZS‘//;}(‘/l)] . (213)

The value of the firm is

1
V: ]__I_'r‘EO [(%_L)I{VﬂvlﬁK"'m}(%)_’_
1 . .
T B V2 = L Ty ooy (V)] - Ivgrer 22 cviep} (V1) +
1 ~ ~
(Dl + 1+ rEl[Vz —L- I{@|D2>?2}<V2)]) ) [{V1D1SV1}(V1)1 . (2-14)

Proof of Lemma A.2. We compute now the price of equity. Since the shareholders
are the last to be paid in case of default nothing will be left for equity owners. This
happens if V; < D; and restructuring does not take place. However, if restructuring is
made, we have to wait till date 2 to see which are the payments to shareholders. If at
date 2, the firm honours its debt obligations, the shareholders receive V;* — D] — Ds.
Otherwise, we have default and the shareholders will receive nothing. This happens also
if we have default at date 2, V, < D,. In this case Bondholder 2 is paid min {‘//\'2, Dz} —L
and the shareholders are left with nothing. If V3 > D;, Bondholder 2 receives D, and
the shareholders obtain 172 — D;. Once we know the future payments we can compute
the price of equity as the net present value of the future payments. We obtain, thus, the

following formula:
1 *
Pp(D1, D2, Vp) = mEo [0 : ]{vl,v;\vlng,v;gDHD'l}(Vla Vo )+

+ (V3 =Dy —Dy) - I{vl,v2*|V1§D1,V2*>D2+D'1}(Vb Vy) +

0- I{V1,@|D1§V1,D2>f/;}(‘/1’ ‘/'2) + (Vé N DZ) . I{V1|D1§V1,D2§f/;}(vzl.> sz) .
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We can proceed now to compute the value of the firm by summing up the total

value of equity with total value of short-term debt and the total value of long-term debt
Consequently, the value of the firm is:

V = Pg(D1, Dy, Vo) + Pi(D1, D2, Vo) + Po(D1, Do, Vp) =
1
Ey [(Vl —L)-

T 147
! Ey V5 -

(Vi)+

—L- I{Vz |V2*<D2+D1}<Vv2 )} ’ ]{V1|K+

I D
{(iVi<K+ gt b

1+r __ Do

pu+(I—p)d <V1§Dl}<vl) +
1 ~ ~
(Dl * 1+ rEl {VZ - L I{@IDD@}(VZ)D ) [{VlDISV:L}(‘/l)‘| :

|
Proof of Lemma 2.1. According to formula (2.14) the value of the firm is the
following
_ ! E L)-I
V= 147 0 [(Vl —L)- {V1|V1§K+ﬁ (Vi)+
E
i 1+7r " [V

— L Ly vy <po+0y3 (V2 )} 'I{V1|K+m<V1<D1}( )

1 . ~
+ <D1 Bl - L I{@|D2>@}(V2)]) ‘f{lelsvl}(Vl)] :

If we set K = L = 0, in our model, nothing will change

. Neither the equilibrium
outcome of the game, nor the procedure of valuation. Therefore, we will obtain that the
value of the firm is

V=

(o

Taking into account that

1
s lvi It} (VD + 7 B1VE - Ty

El Vz]) 'I{V1D1<V1}(Vl)} .

S p)d<v1<1:>1}( 1)+

1 _pViu+ (1 —phad
« 3 TE]_[‘/Q] = T+r =V; and
pViu+ (1 —p)Vad

1+r

1
1+7r 1[ 2]_

= ‘//\1 = V1 — D, , we can compute the expectations at
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date 1 and the formula will become

1
V= 147 Eo |V {V1|V1<m}(vl> +W ]{Vlhmff{mwlg’l}(vlﬁ
1
( 1+ ( )) ) I{D1SV1}(V1) ] = 1—_|_TE[Vl] =W
m

Lemma A.3 The price at date 0 of the zero coupon bond maturing at t = 1, when there

18 a positive probability of default, is given by

D,
147

Pi(Dy, Dy, Vo) =

1+TE0 {maX{Vl—L—

’O} ’ I{V1|V1§D1}(Vl> + Dy - [{Vl\D1<V1}(V1)
(2.15)

The price at date 0 of the zero coupon bond maturing at t = 2, is

D,
1+7r

E(DLDLVO) =

1+TE0 lmin {Vl — L,

} Ty vi<pyy (V1) +

1 (A ~
+7 +rE1 [mln{Vz,Dz} —L- f{@|‘7<D2}(V2)} 'I{V1|D1<V1}(Vl)} - (2.16)

Proof of Lemma A.3. We compute now the prices of the two bonds in the case
we do not allow for restructuring. The reasoning is similar with the one in Lemma 1
but simpler. In case we have default at date 1, the value of the firm after liquidation
V1 — L is shared between the two bondholders. Bondholder 2 has priority and he receives

D D
min< Vi — L, 2_ | while Bondholder 1 receives what is left i.e. max Vi—L— 2 ,00 .
147 147

Otherwise, Bondholder 1 receives D; and Bondholder 2 waits till date 2. Here, if 172 < Dy,

we have default and Bondholder 2 gets ‘72 — L. Otherwise, he receives D,. We can write
now the price of the two bonds by computing the net present value of the payments
described above and we obtain

D,

E(DlaDZa%): 1+7,.

EO |:maX {‘/1 - L - ;O} . I{V1|V1§Dl}(‘/i.> + Dl : [{Vl‘D1<V1}(‘/1)

147
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and
By(Dy, Da, Vo) = —— Iy {mm{ } Tnmieny (Vi) +
I+r I+r
7 i £ [mm {Vz, DZ} [{V2|V2<D2}(A )] : I{V1|D1<V1}(V1)1 :
| |

Lemma A.4 The price of equity at date 0, when there is a positive probability of
default is given by

%(DLDL‘/O) =

1+ TEO [O ' I{Vﬂvlng}U{vl\D1<v1,?ngz}<V1)+

+ (max {% = D2,0} Ity (V2)) - Tnaimesy ()] (217)
The value of the firm is

~ 1
V=
1+7r

Ey [(Vl — L) - Iyvijva<pyy (V1) +

1 . ~
(Dl ez [VZ L. [{@Dp@}(vz)]) -]{V1|D1<V1}(V1)} . (2.18)

Proof of Lemma A.4. Finally, we compute the equity price in the same way we
computed the equity price in Lemma 2.

Since the equity owners are the last to receive their payments, they will not receive
anything when the firm defaults. As a result, in both cases V; < D; and 172 < D, the
payment to equity owners is 0. Finally, when ‘72 > D, we obtain that the shareholders
receive the value of the firm ‘//\2 minus the payment to Bondholder 2, D,. Now we can
write the net present value of the future payments to equity in order to compute the price
of equity at date 0. We obtain:

1
1+7r

Pg(Dy, Dy, Vo) = FEq [0 1

{(Vi|Vi<D1}u{V1|D1<V1,V2< D5} (

<max {Vz —D,, 0} (5,2} (Vz)) Ty (V)] -

i)+

The value of the firm is computed again by adding up again the total value of equity,
the total value of short-term debt and the total value of long-term debt. Consequently,
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the value of the firm is
V= PE(D17D27%) + Pl(DlaDZa‘/O> + PZ(D17D27%) -

1
1+7r

Ey [(‘/l — L) - Itvypvi<pyy (Vi) +

~

1 —~
(Dr+ s [ L Ly (72)]) - om0

Proof of Lemma 2.2. We consider again the two cases when the firm is financed by
equity, short term-debt and long-term debt and we would like to show that the interest
rate in this case is the same as the one when the firm is financed fully by equity. Firstly,
let us consider the case when the bondholders are not allowed to restructure in case of
default at date 1. As we have seen, the prices at date 0 of the bond maturing at ¢t = 1,
of the bond maturing at ¢ = 2 and of the equity are given by (2.15),(2.16) and (2.17),
respectively.

Due to the value preservation property we know that the value of the firm is the sum

of the prices of equity plus the present value of total expected losses.
Vo = Pi(D1, D2, Vo) + Pa(Dy, D2, Vo) + Pi(D1, D2, Vo) + PV(T'L).

Let us compute the present value of the total expected losses. Since in this case the

losses are the one that appear in case of liquidation we can write that

1

1 ~
PV(TL) = 1—_'_7, L- I{Vl‘VlSDl}(‘/EL) + mL ) I{\A/ZHA/2<D2} (‘/2> 'I{V1|D1<V1}<%)] :

i.e. in the two cases when liquidation occurs {V;1|V; < D1} and {Vl, ‘72|D1 < Vi, ‘72 < Dz} )

Using this and the formula for the equity and bond prices mentioned above we can write
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further

1 1 s A
oVl fpamson () + Fo HDl M | } RS (VZH

pu+(1-p)d ! put (1= p)d
_ TPy Dit =W~
Tr Vo {V1|V1§D1}(Vl)+1+r 0 1t 1+7r (1

‘/c):

pu+ (1 —p)d 1
D1 )} : I{V1|V1>D1}(V1)] = 1—_1_7,‘/0 : [{Vl\VléDl}(Vl) + m Dl +
pu+ (1 —p)d

1+7r
‘/0} 'I{V1V1>D1}<VE|-):| :

pu+(1—-p)d
1+7r

((pu + (1 —p)d)% - Dl)} ) I{Vl\V1>D1}(V1)] =

1 pu+ (1—p)d, (pu+(1—p)d)?
{1+TD1(1_ T Y (147)2

Vo Iy vi<oyy (Vi) +

We obtain hence, a quadratic equation in pu+ (1 — p)d. We also notice that this equation
has only a positive root and this root is exactly 1 + r. Since pu + (1 — p)d > 0, it results
that pu+ (1 —p)d=1+r.

Secondly, we look at the case when the bondholders are allowed to restructure the firm
in case of default. As we have seen before the prices of the short-term bond, long-term
bond and equity are given by formulas (2.11), (2.12) and (2.13). We write again that the
initial value of the firm is equal to the expected payoffs to bonds and equity and expected
losses. In this case, we will have less losses due to liquidation, but we also have to take

into account the losses that come as costs of restructuring.
Vo = Pi(Dy, Dy, Vo) + Po(Ds, D3, Vo) + Pi(Dy, D, Vo) + PV(TL) + PV(TR).

We denote by T'L the total losses due to liquidation and by T'R the total losses due

to restructuring and we obtain the following present values:

1 1 .
Tor | b s <v1>+—L-I{v;|Dz<v;<Dz+Da}<Vz>‘

PV(TL) = —

Do
pu-+(1—p)d }

I{Vl\K+ <V1<D1}(V) 1+ —L- ]{V2|V2<D2} <V2> 'I{V1D1§V1}<%)]

pu+(1 p)d

and

PV(TR) = <vr<py}(V2)-

PU+(1 p)d
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Plugging them in the above formula we obtain that

~_pu+ (1 —p)d pu+ (1 —p)d
Vo= =1 o e i V) T o
1 pu+ (1 —p)d
v Bemeneny (VW) 575 {Dl(l ST Ot
(pu+ (1 —p)d)

2
1 T+ ‘/;l.:| : ]{V1|D1<V1}(‘/l)'

Similarly with the previous case we obtain a second degree equation in pu+(1—p)d, which
has only one positive root namely 1+7r. Consequently, we obtain again that pu+(1—p)d =

1+7r. m
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3.1 Introduction

Agents engaged in trading activities might have access to different sources of infor-
mation: information about fundamentals or information about the supply. The existence
of different types of information might reduce the inefficiencies that appear when agents
trade on private information about fundamentals. The purpose of this paper is to study
exactly how the existence of different types of information affects market performance.
We develop a model of insider trading in the context of an imperfectly competitive market
where agents have private information either about future prices or about supply. This
distinction between price-informed traders and supply-informed traders is designed to
capture the different types of information that influence the security prices at any point
in time. Moreover, in an imperfect competition equilibrium prices are less informative
than in a competitive rational equilibrium. This is due mainly to the fact that a strategic
trader exploits his informational advantage taking into account the effect the quantity he
chooses is expected to have on both the price and the other informed traders’ strategy.
As a result, we study how trading affects market liquidity and informational efficiency of
prices due to the strategic choices of the agents in this new setup.

In the Kyle-type models an important assumption is the presence of noise. As it was
already explained by Grossman and Stiglitz (1980), noise is needed in the model to prevent
prices to be fully revealing. They show that in a model in which agents are price takers
and prices are fully revealed no agent will be willing to acquire costly information. To
overcome this difficulty several ways to introduce noise were used: adding noise traders,
considering uncertainty which has a dimension greater than that of price, or assuming that
the aggregate endowment is imperfectly observed. We use this last approach by assuming
a random supply. The presence of shocks in supply has a significant price impact. A
supply shock leads to a change in prices and this determines the investors to revise their
expectations. However, if the supply shock is observable by the supply informed traders,
these traders are making use of their informational advantage and therefore, are willing

to adjust their demand. Consequently, we assume that there exists a supply informed
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trader who receives a signal about supply. This approach was used before by Gennotte
and Leland (1990) who consider a model were speculators posses private and diverse
information.! They consider price takers speculators who gather information either about
prices or about supply and show that these informational differences can cause financial
markets to be relatively illiquid. Our model builds on the assumption of Gennotte and
Leland (1990) about the existence of a random supply and informed supply speculator
but we consider an imperfect competition setup with both price informed and supply
informed agents ,where the agents submit limit orders. In general dealers observe order
flow and collect information from multiple sources. Therefore, we can think of the supply
informed agent as being a dealer who can observe the order flow. As pointed out by
Brown and Zhang (1997), despite of the fact that dealers may be better informed than
other traders, in a competitive market they cannot earn rents on the information on the
order flow. This is due to the fact that price informed agents use their informational
advantage to make gains on the expense of dealers. However, we will see that in our setup
of an imperfect competitive market dealers can aggregate the information from trading
and use it to earn speculative profits. Thus, the dealers can learn about the liquidation
value of the asset from the orders placed by the price informed agents. The information
revelation is increased significantly in our setup since the agents are placing limit orders
and therefore, they condition their demands on prices and infer in this way a part of
others’ information. We assume here that there is only one supply informed trader. Made
for simplicity, the assumption is in line with the result obtained by Ellis et al. (2001).
They show that in general, one dealer tends to dominate the trading on a stock (executing
a little more than half of the day’s volume). They also answer the question who is the
dominant dealer. Depending on the time passed from the offer day, the dominant dealer
might be the underwriter, a wholesaler or a generic market maker.

In the rational expectations paradigm traders understand that prices reveal the in-

1A similar assumption is that market makers have some information about the uninformed order flow
and it can be found in Admati and Pfleiderer (1991) and Madhavan (1992). Palomino (2001) considers
also a setup where the informed agents have information both about the liquidation value and the quantity
traded by one of the noise traders.
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formation they have when they choose the quantities to be traded. The link between
information and prices via trades provides an explicit mechanism for information trans-
mission between traders. The existence of private information means that a trader may
have incentives to act strategically in order to maximize his profits. Therefore, given his
private information, a trader maximizes his conditional expected profits taking into ac-
count the effect of his trading on prices and taking as given the strategies other traders use
to chose their demand schedules. As in the imperfect competition model of Kyle (1989)
we assume further that all the speculators choose strategically the amounts they trade.
Therefore, the supply informed speculator will also chose his demand taking into account
the effect of his trading on prices and revealing a part of information about the shock in
supply to the other market participants. As a result, in our model both the information
about the value of the asset or about supply is revealed through the quantities to be
traded.

In our model we use the framework developed by Kyle (1985, 1989) which have become
a standard for analyzing strategic noisy rational expectations markets. Kyle’s (1985)
model explains how a risk neutral informed trader exploits his informational advantage
by behaving strategical and shows that the smoothing behaviour of the trader leads to
prices that have constant volatility as the time periods become shorter to approach a
continuous auction. An important generalization of the Kyle’s model is to allow for
multiple informed traders. Since the monopolist trader makes positive profits it follows
that other trader might be willing to acquire information. Foster and Wiswanathan (1993)
and Holden and Subrahmanyam (1992) explore this restriction of a single informed trader
and point out the contrast between the case of a monopolist and the one of multiple
traders. Thus, Foster and Wiswanathan (1993) extend Kyle’s model to many traders and a
larger class of distributions but obtain that Kyle’s result that the informed trader can make
positive profits does not hold anymore. On the other hand, Holden and Subrahmanyam
(1992) conclude that competition between informed traders leads to fully revelation of
information. A further extension is proposed by Caball¢ and Krishnan (1994). They

study a multi-security market with risk neutral agents in a correlated setup and they
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generalize the result of Kyle (1985) that more noise leads to more aggressive trading.
Moreover, an important result is that in their model portfolio diversification arises due to
the strategic behavior of the agents and not because of risk considerations.

A different direction of extending this strand of research was to allow for different
trading mechanisms. Since traders may have a greater control on their trade behaviour
this issue becomes even more important in the context of strategic behaviour. This
problem was studied by Kyle (1989), Jackson (1991), Bhattacharya and Spiegel (1991),
Caballé (1992), and Rochet and Vila (1994). Kyle (1989), to which our work is closely
related, proposes an imperfect competition model in which there are noise traders, price
informed traders and uninformed traders. He shows that a strategic trader acts as he
trades against a residual supply curve. This implies lower quantities by comparison with
the competitive rational expectations equilibrium and, consequently, in equilibrium prices
reveal less information than in the competitive case. As it will be emphasized in this paper,
in the case we have different types of information the dual role of prices to aggregate
information and clear the market is even more important.

We are interested to understand the effects of different types of information on market
liquidity, informativeness of prices, price volatility, and the ability of informed traders
to exploit their private information. Our goal is to see how market liquidity and price
efficiency are influenced by strategic interaction between agents with different types of
private information. Allowing the supply informed agent to behave strategically, has an
important role in the market-making and in information revelation. Indeed, he decreases
the market depth and increases the amount of information revealed in prices but, unlike
in the perfect competitive case, he also makes positive profits. Our model suggests that
the presence of different types of information in the market decreases market liquidity.
The result is line with the one of Glosten and Milgrom (1985) that more information
in the market leads to an increase in the bid-ask spread (i.e. a decrease in the market
liquidity). The result should be situated in between the one of Kyle (1985, 1989) and the
subsequent literature which show that increasing the number of informed traders increases

market liquidity, and the one of Subrahmanyam (1991) which shows the opposite. Thus,
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Subrahmanyam (1991) also obtains that market liquidity can be decreased by increasing
the number of informed traders in the case traders and market maker are risk averse. In
our model we obtain that the presence of the supply informed agent and therefore, of a
different type of information in the market, leads to a decrease in market liquidity. Still,
if we are increasing the number of price informed traders we will still obtain the increase
the market liquidity obtained in Kyle (1985, 1989).

We performed comparative statics results for market liquidity measured as market
depth and we conclude that if the information received by the supply informed agent is
very precise or the one of the price informed agents is very poor the market liquidity
is low. Finally, we study how changes in supply affect the equilibrium price. We will
consider two cases: a change in supply known to all investors or a change known only
to the supply informed investors. We obtain that price informed agents absorb a higher
fraction of the known shock, while the supply informed agent absorbs always half of the
unknown shock.

The remainder of this paper is organized as follows. Section 2 presents the model. We
establish the information structure and define the imperfect competitive rational equi-
librium expectations. Section 3 characterizes the equilibrium. We find an unique linear
imperfect competitive rational expectations price function together with agents’ demand
functions in equilibrium. Section 4 proceeds with the calculation of some market indica-
tors: volatility of prices, informativeness of prices and expected profits. Section 5 contains
the characterization the equilibrium in the case there is no supply informed trader and
then Section 6 compares the market indicators of this economy with the one of the econ-
omy with a supply informed agent. Finally, Section 7 summarizes the results and gives

some directions for further research. All the proofs appear in the appendix.

3.2 The Model

The framework is similar to the one in Kyle (1989). However, we assume risk neu-

trality, absence of uniformed traders and random supply with an observable component
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for one trader - the supply informed trader. As already pointed out by Kyle (1989), the
assumption of existence of uninformed traders does not change the analysis, but their
presence leads to an increase in market depth. In what it follows we make the following

assumptions:

A.1 There is a single security in the market that trades at market clearing price p and

yields an exogenous liquidation value v which has a normal distribution with mean 7 and

2

variance .

A.2 There are N price informed traders, indexed n = 1, ..., N and a supply informed
trader. The price informed trader n observes a private signal in = U+6,. We assume that
ey, is distributed N(0,02) for all n = 1,..., N. We suppose that for any j # n €; and €,
are uncorrelated and moreover, they are uncorrelated with all the other random variables

in the model. The supply informed trader observes a private signal S which is normal

distributed with mean 0 and variance 0% > 0.

A.3 The random supply that keeps the traders from perfectly inferring the aggregate
information from prices is modelled in a similar manner to the one in Gennotte and Leland
(1990). The net supply m consists of a fixed amount 7 and a random supply S distributed
N (0,0%) . This liquidity shock S is observed only by the supply informed trader.

A.4 Agents are risk neutral and behave strategically taking into account the effect of

their trading on prices.

As in Kyle (1989), the n'" price informed trader has a strategy X,, which is a mapping
from R? (the cartesian product of the set of asset prices and the set of his signals) to
R (the set of shares he desires to trade), X, (-,-) : R? — R. After observing his signal
in, each price informed trader submits a demand schedule (or generalized limit order)
Xn <~,7n> , which depends upon his signal. Similarly, the supply informed trader has a
strategy Y which is a mapping from R? (the cartesian product of the set of asset prices and
the set of his signals) to R (the set of shares he wants to trade), Y(-,-) : R? — R. After
observing the signal S, the supply informed trader chooses a demand schedule Y'(+,S),

which depends upon that signal. Notice that since ™ is known by everyone, this implies
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that the supply informed agent actually knows m. Given a market clearing price p, the
quantities traded by price informed traders and supply informed trader can be written
xn = Xu(p,yin),n=1,..., N and y = Y(p, S). In the above notations a tilde distinguishes a
random variable from its realization. Thus, z,, denotes a particular realization of z,,. The
assumption that the price informed and the supply informed agents submit limit orders
for execution against existing limit orders submitted by the other market participants
turns out to be very important (for a detailed discussion see Kyle (1989)). In this context
both the price informed and the supply informed agents provide liquidity and therefore,
have a market making role in the market.

The price of the asset is set such that the market clears. The traders submit their
demand schedules to an auctioneer who aggregates all the schedules submitted, calculates
the market clearing price and allocates quantities to satisfy traders’ demand. Thus, the

market clearing price p should satisfy with probability one
N ~ o~
3 X, (ﬁ, zn) ty (;’5, S) — in. (3.1)
n=1

To emphasize the dependence of the market-clearing price on the strategies of the

traders we write
p= p(Xa Y), Ty = I’n(X, Y)a Yy = y(X7 Y)7

where X is the vector of strategies of price informed traders defined by X = (X1, ..., Xy)
and Y is the strategy of the supply informed trader.
The traders are risk neutral and maximize expected profits. The profits of the price

informed trader n and supply informed trader are, respectively, given by

7= (5 - (X, Y) T (X,Y), 7 =@ —p(X, V)X, Y).

With these notations, following Kyle (1989) we can proceed to define a rational ex-

pectations equilibrium in our setup.

Definition 1 An imperfectly competitive rational expectations equilibrium is defined as

a vector (X,Y,p), where X is a vector of strategies of the price informed agents X =
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(X1,...,Xn), Y is a strategy of the supply informed agent and p is the equilibrium price
such that the following conditions hold:

1. For all n = 1,...,N and for any alternative strateqy vector X' differing from X
only in the n'" component X,,, the strategy X yields a higher profit than X':

By |(@ = B Y )& (X V)] B Y) =, G =] =
E, {@“— BX, Y)Zn(X,Y)| X, Y) = p, i = z} .
2. For any alternative strateqy Y' the strateqy Y yields a higher profit than Y :

B |3 =P YDIXY)| X.Y) =p. §= 5]
B | (5~ X Y))FX Y| XL Y) = p, § = 5.

3. The price p=p(X,Y) clears the market (with probability one) i.e.

N
3 X, (ﬁ,?n) Ty (5, 5) — in.
n=1
This defines a Nash equilibrium in demand functions. Given their private information,
traders maximize their conditional expected profits taking into account the effect of their
trading on prices and taking as given the strategies other traders use to choose their
demand schedules.

We look for a symmetric linear Bayesian Nash Equilibrium as in Kyle (1989), that is,

an equilibrium where the strategies X,, and Y are linear functions:
X, <ﬁ,7n> = o + 8P, — ~vPIp, for any n=1,..., N and
Y (5.5) = o + 55 = +*75; (3:2)
where a1, BP1 APT oST 35T ST ¢ R,

With this assumption we can infer from the market clearing condition that the equi-

librium price is given by

n=1

p=(NAFT 44507 (NaPI +a 4 37N i, + %15 - ﬁ) : (3.3)
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3.3 Characterization of the Equilibrium

We describe in the following proposition the equations that characterize the symmetric
Bayesian-Nash equilibrium. This equilibrium has linear trading rules and linear pricing
rule and is shown to be unique among all linear, symmetric Bayesian-Nash equilibria. As
in most Kyle type models, the linearities are not ex-ante imposed in the agents strategy
sets: as long as the informed traders use a linear trading strategy, the market maker will

use a linear pricing rule and vice versa.

2
Proposition 3.1 If N(N —2) > a—; there exists an unique linear symmetric equilibrium
v
defined as:
Xn (ﬁa//;n) = ot 4P, — P15, for anyn=1,...,N and
Yy (ﬁ, §) — oS4 3515 — ST
with o1, BP AP ST, 3% 45T given by

pr_OE(NBN =20l + (2N —1)g2) 872 N(N—-2)0f — o2
2N?o, (NZU%—FUE) (Nalz)—l—ag) N<N2012)—|—0§)
Pr 61/2
U JivE)
pr_ (N20, + (2N — 1) 02) §*/?
2N?0% (N?0% + 0?)
si_ (N=1D(N%0) + (2N — Do) o26'2_  N°03 + (2N — 1)o7 _
T T 3NZ2 (NoZ 4 0?) (M22 1 02) | N(MoZio?)
s N?05+ (2N —1) 02
TN e )
si (N—1)02(N2%2+ (2N — 1) 0?) 62

—— 3.4
2N202 (No2 + 02) (N202 +02) ' (3.4)

m

where

2
The condition N(N — 2) > U—; is similar to the usual condition N > 2 in all Kyle-
o

v
type models. It tells us that we need competition in order to alleviate the asymmetric
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information problem. In our model the asymmetric information problem is even more
important than in Kyle (1985, 1989) because we have two different types of information
that aggregate in prices. Since the supply informed agent observes the supply he acts as
an informational monopolist trading such that he always extracts some rents. However,
the price informed agents are competing against him trying to reduce his informational
advantage. The worse the quality of the signal of the price informed traders relative to the
liquidation value, the more difficult is for them to compete against the supply informed.
However, since they are asymmetrically informed, increasing their number it will make
it more difficult for the supply informed to infer their information. Consequently, in the
case we have a supply informed agent we need more competition in order to reduce his
monopoly power and trade aggressiveness and therefore, for the equilibrium to exists.
We would like to understand the effects of different types of information on market
liquidity, informativeness of prices, price volatility, and the ability of informed traders to
exploit their private information. We are first concerned with market liquidity because it
has been recognized as an important determinant of market behaviour. There are different
measures of market liquidity used in the literature: market depth, bid-ask spread and price
movement after trade. We will use as a measure of liquidity the market depth (as defined
by Kyle (1989)), which represents the volume of trading needed to move prices one unit.

While solving the above system we have obtained that

N = NAPT £ ~ST — (V%07 + (2N — 1) o2) 51/2.
2N?02 (No? + 02)

On the other hand, from the price equation (3.3) we can see that an increase (decrease)
in the supply by 7 induces the price to fall (rise) by one dollar. The trading volume
needed to move the price by one unit (market depth) was used by Kyle (1985) as a
measure of market liquidity. We use the same measure as Kyle and consequently, ~ is our
measure of the market liquidity. As we can see the market depth v has two components
that have opposite effect. The first component N+*7 is attributed to the price informed
agents trading. This is the amount with which they contribute to a change in the price

when each of them trades an additional unit. The more priced informed agents are in
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the market, the higher the liquidity. Similarly, we have that ! is the change in price
due to an additional unit of trading by the supply informed agent. The two components
have opposite sign and we have here a trade-off: whenever the price informed agents are
increasing the market liquidity the supply informed agent will try to reduce it.

The fact that 57 is negative is a very important result in our model and it is a
consequence of the mechanism of information transmission through prices. In general,
with asymmetric information prices play a dual role of information aggregation and market
clearing. The role of information aggregation played by prices is even more important in
our economy with asymmetric and different information. We have thus, two important
channels through which we have flow of information (information about the liquidation
value from the price informed traders towards the supply informed trader and information
about supply from the supply informed trader towards the price informed traders). The
supply informed agent puts a positive weight on price (v°7 < 0) because when he sees
an increase in price he associates it with good news about the liquidation value (he
knows the supply, so the price increase cannot be due to a decrease in supply). This
mechanism of information transmission actually triggers a decrease in market liquidity.
For one additional unit demanded by a price informed agent the price goes up. The supply
informed agent associates it with good news about the liquidation value and increases his
demand leading to a even higher increase in price. Since the same volume will increase
the price more we can conclude that we have a decrease in the market liquidity.

Next, let us investigate how the market depth varies with the parameters of the model:
the variance of the liquidity shock 0%, the variance of signals 02, and the variance of the

liquidation value o2.

Corollary 3.1 (i) Market depth is increasing in the variance of liquidity shock S , 0%.
(i) Market depth is decreasing in the variance of the error of the signal received by
price informed agents o>
(i4i) Market depth viewed as a function of the variance of liquidation value o has an

wverted U-shaped.
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2
(iv) Market depth is decreasing in the relative quality of the signals 0—;.
o

v

As we have seen before, the market depth has two components v = N7 4 457,
The first component is the contribution to the market depth of trades executed by price
informed agents while the second one is the contribution to the market depth of trades
executed by the supply informed agent. The two components have opposite effect and
thus, the final result on market depth due to the market making activity of the agents
depends on which of the two components dominates. The first result in the Corollary
is similar to the previous ones in the literature (Kyle (1985) and the other imperfect
competition models). It tells us that the higher the variance of the supply (in the other
papers - the variance of the noise trading), the easier is for the price informed agents to hide
and therefore, to make use of their informational advantage (the volume needed to move
the price is higher, and this helps them to trade better on their information without being
discovered). In our model the same it is true also for the supply informed agents. If the
signal of the supply informed agent is very informative he reduces the market liquidity.
Otherwise, he might infer wrongly the information embedded in prices and therefore,
contribute himself to the increase in the market liquidity. The second result claims that
if the signal of the price informed agents is very precise, the market depth is high. This
happens because when the price informed agents have poor informational advantage, they
trade less aggressively and devote more to market making activities. Notice that these
results indicate that the effect on market depth of the trades of price informed agents
dominates the effect of the trades of the supply informed agent for all values of 0% or
o2. What actually happens is that when the difference in the information between the

price informed agenst is small, they will compete stronger against the supply informed

2

agent and less among themselves. Once their information become very different, i.e. o

increases, they will also start competing more aggressively against each other. The third
result is somehow different from the previous results. This difference is triggered exactly
by the existence of a supply informed agent. Here we have that the effect on market depth
of the trades of supply informed agent may dominate the effect of the trades of the price
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2

¢ is small,

informed agents when the variance of liquidation value is high. If the variance o
the signal the price informed agents receive is better and the supply informed agent is not
able to decrease the market liquidity. However, as the variance of liquidation value o2
increases, we have more competition in the market and therefore a decrease in the market
depth. Finally, we see that the effect of changing 02 always dominates the one of o2, the

_<

market liquidity being always decreasing in 2

We do obtain in our model that the behaz/iour of the market depth with respect to
the variance of the supply and the variance of the error of the signal is very similar to
the previous cases in the literature, but overall the quantitative result it is very different.
We obtain that the presence of a supply informed decreases the market liquidity. Our
result should be interpreted as it follows: if we have different types of information in
the market, the liquidity is reduced. The result should be situated in between the one of
Kyle (1985, 1989) and the subsequent literature which show that increasing the number of
informed traders increases market liquidity, and the one of Subrahmanyam (1991) which
shows the opposite. Thus, Subrahmanyam (1991) also obtains that market liquidity can
be decreased by increasing the number of informed traders in the case the market maker
is risk averse. In our model we obtain that the presence of the supply informed agent
and therefore, of a different type of information, leads to a decrease in market liquidity.
This result captures the intuition of Glosten and Milgrom (1985), that more information
in the market decreases the market liquidity. In their model, they use as a measure of
liquidity the bid-ask spread (low liquidity being equivalent to high bid-ask spread), and
an increase in the number of informed agents increases the bid-ask spread. Still, if we
are increasing the number of price informed traders we will have again the increase the
market liquidity obtained in Kyle (1985, 1989). Despite of the fact that the decrease in
the market liquidity is due to the different type of information, our result is very similar
to the one of Subrahmanyam (1991). The similitude is caused by the fact that the supply
informed agent is risk neutral, but he behaves strategically. Moreover, since he submits
limit orders he has a market-making role, the role played by him in the economy being

thus similar to the one played by the risk-averse market maker in Subrahmanyam’s (1991)
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model.
Once we have determined the equilibrium demand strategies we can determine also

the market clearing price.

Corollary 3.2 The equilibrium price is given by

_ o2 (2N — 1) No? alsy
p= U+ Zzn
N?05+ (2N —1)oZ  N?05+ (2N — 1) 02 &
No? (N262 + 0?) ~ 2No2 (No? + 02)

— — m 3.5
(N2g2 + (2N — 1)02)6Y2 " (N202 + (2N — 1) 02) 6/ (3:5)

From this corollary we can see that the unconditional expectation of the equilibrium
price is

2No2 (No? + 02)

I =7 — m
®) (N202 + (2N — 1) 02) 6*/2

and it depends on the expected supply m. If @ = 0, the price is an unbiased estimator
of 7, but it is biased if @ # 0. We also can see that as expected the higher the supply
(the expected supply 7, or the realization of the liquidity shock S observed by the supply
informed agent), the lower the price and the higher the signals received by the price
informed agents the higher the price.

Notice also that a change in the different components of the supply has a different

impact on price. A change in the known part of supply m is absorbed by the agents
N -1

(we have seen while calculating

N
(V-1)
1N
function we had obtained in the Appendix) and only ~ is reflected in price. Similarly,

through the quantity demanded in a proportion of

the strategies that « = Naf’ + o5 = g(N, 02,02%) + m, where g(N, 02, 02) is the
a shock in the component of supply known to supply informed agent S is absorbed half
by this agent through his demand and partly is reflected in price. As I have already
explained, the supply informed trader has a monopolist position and extracts rents that

amount, as we saw above, to half of the unknown component of supply.
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3.4 Market Indicators

In what it follows we study the implications the existence of a supply informed agent
have on the market performance. We compute some market indicators: volatility of
prices, informativeness of prices and expected profits of different market participants and

characterize them with respect to the variance of the liquidation value of the asset.

Corollary 3.3 The price volatility, measured as the variance of price, is

Var () = NZ(N —2) (62)? + No202 (2N2 — 3N — 1) — (02)? No? 2
P = (N(N — 2)02 — 02) N262 + (2N — 1) o2

Similar to the case when there exists no supply informed agent we have that the
volatility of prices does not depend on the noise in supply. If the noise in supply increases
all the agents - both the price informed and the supply informed - trade more aggressively
making better use of their particular informational advantage. We can also see that
price volatility may decrease or increase with the variance of the liquidation value o2. We
obtain thus that the price volatility has a U shape as respect to 02. When the variance
of the liquidation value o2 is small there is not too much information revealed. But as we
have seen if 02 increases, the market depth decreases and this leads to more information
revelation. Consequently, when o2 increases the prices become more volatile just because
they contain more information. It is interesting to notice that if the competition increases
the range in which the volatility of prices is a decreasing function of o2 shrinks and
we recover the result from the case without supply informed trader that the higher the
variance of the liquidation value of the asset, the higher the volatility of prices. As a result,
in a market where there are enough price informed agents, there is more information
revelation and the volatility of prices increases.

Next, we would like to find which is the amount of private information - both about
the liquidation value and supply - that is revealed through prices. We define thus, the

information content of prices as the difference between the prior variance of the payoff
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and the variance conditional on prices. Using the normality assumptions we obtain the

expression presented in the following Corollary:

Corollary 3.4 The information content of prices is

No? (N(N - 2)o? — 02)

e

N2 (N —2) (02)* + No202 (2N2 — 3N — 1) — (62)*

Var (v) — Var (v|p) =

Similarly to the previous Corollary, we obtain here also that price efficiency or the
information content of prices does not depend on the variance of supply shock S. More-
over, we obtain that informativenes of prices is increasing the variance of the liquidation
value 02 and decreasing in the variance 2. These results tells us that when it is difficult
to predict the liquidation value or when the signals of price informed agents are poor,
the prices play a very important role in information revelation. While these results, are
qualitatively similar to the case without supply informed agent, as we will see later they
are quantitatively different.

Let us turn to the expected volume traded by the price informed agent and supply

informed agent, respectively.

Corollary 3.5 The expected volume traded by a price informed agent is

E(Jzn]) =

(No2 4 02)% (N202 + 02)?

2(N —1)c’m N (3)1/2 (N202 4 02)> + N (No? + 02)?
N202 + o2 4N?

(05 —i—aﬁ)é—l—a%) :

The expected volume traded by the supply informed trader is

2(No? + o) ( 1 >1/2 2 (1+ (N — 1) 02 (N(N = 2)0? — 0?) (ag+a§)>
—_— 0' .
(N?0? + 0¢) ’ N (N20% +02) (No2 + 02)°

B (ly]) = .

The expected volume traded by price informed agents and supply informed agent
depend positively on the expected supply m and the variance of the supply shock oZ.
However, both the effects of an increase in 0% and in 7 are stronger in the case of supply

informed trader. This is the role we wanted actually the supply informed agent to have.
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Since he has information about supply he captures a big part of the shocks. Finally,

the comparative statics with respect to the variance of the liquidation value o2 and the

2

¢ are ambiguous. In the case without supply informed we have that

one of the error o
the expected volume traded by the informed agents increases when the the variance of
liquidation value o increases and the variance the error o2 decreases. Actually, when
the ratio of the variance of the error to the variance of the liquidation value o2 increases
(so the quality of his signal decreases) the expected volume traded increases because the
agent has not good informational advantage. However, the presence of a supply informed
agent diminishes the informational advantage of the price informed agents and therefore,

they are forced to trade more aggresively on their information.

We compute next the unconditional profits for all agents.

Corollary 3.6 The unconditional expected profit of the n'" price informed agent is

el — E(%PI) _ 012:61/2(]\[_1)05 N (No? +a?) _
" " 2N (N202 + (2N — 1) 02) (No2 + 02) \ (N(N —2)02 — 02)
(N—-1)02 (N—-1) 2No2 (No? + 02) 2
(N202 + 02) (N202 + 02) (N202 + (2N — 1) 02) 62

The unconditional profit of the supply informed agent is

HSI - E ('7:(:51) _ 51/2 (N - 1) 0'50'5 (N - 1) Ug +
2(N?02+ (2N — 1) 02) \(N?02 + 02) (No2 + 02)
N 2No? (No? + o?) (No?2 + 02) 5
me.
(N(N —2)o3 — 02) (N202 4 (2N — 1) 02) %2 (N?02 + 0?)

e

As we expected, allowing the supply informed agent to behave strategically allows him
to make positive profits by comparison with the case of perfect competition when he is
making zero profits. Notice also that since the price informed traders absorb always %
of the shock S, it is actually the different information that they receive the one that makes
them have different profits. We want to see also which is the impact of changes in supply
on the equilibrium price and the quantity demanded by the different agents. Similar to
Gennotte and Leland (1990) we study the two following cases: a supply increase known

to all agents T, and a supply increase known only to supply informed agent S.
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Corollary 3.7 A positive shock in supply known to all the agents m leads to an increase
in the demand of both type of agents, a decrease in the equilibrium price and therefore, to

an increase in the expected profits of both type of agents.

As expected, an increase in the supply known to all agents determines them to adjust
their demands according with the existent supply, and it also leads to a decrease of the
equilibrium price. We obtain here that the price informed agents are always absorbing a

greater proportion of the shock in supply 7.

Corollary 3.8 A positive shock in the component of supply S , known to the supply in-
formed agent decreases the equilibrium price and increases the quantities demanded by

both price informed and supply informed agents.

As expected, in the case of a positive shock in the supply S , the supply informed
agent increases his demand making use of the private information he has. Moreover, the
increase in supply (due to a positive shock in S ) absorbed by the supply informed agent
is N times higher than the increase of supply absorbed by any price informed agents.
An interesting result is that the supply informed agent is always absorbing half of the

unobservable shock in supply, the other half being absorbed by the price informed agents.

3.5 Equilibrium without Supply Informed Agent

In order to see which are the effects of different types of information on market liquidity,
informativeness of prices, price volatility, and the ability of informed traders to exploit
their private information we need to provide a benchmark for making comparison with
the equilibrium characterized in the previous section. A first step will be to see how
the presence in the market of a supply informed agent affects all these market structure
indicators. For that we characterize first, in a similar manner, the equilibrium without a
supply informed agent. Notice that this model is a version of Kyle’s (1989) model with
the difference that we do not have uniformed agents and we replace the noise agents by a

random supply.



80
Proposition 3.2 There exists a unique linear symmetric equilibrium defined as:
Xin (ﬁ,;n) =ay+ ﬁﬁn —vp, foranyn=1,...,N

where ay, B;,7v; are given by

202 ( (N —2)02 )WN (N-2) _

YT N2 \N(N_—1)02 NN 1"
5 _ (N8 7
o (N(N—1)0£>
No2 4202 [ (N —2)0% \"?
T No2 (N(N—nag)

Similarly to the case with supply informed agent we proceed with the calculations of

the equilibrium price and equilibrium quantities traded by the price informed agent.

Corollary 3.9 The equilibrium price when there is no supply informed agent is

. 202 _ log N o2 N (N —1)02\ =
br = 2 Ut N2 ZZZ”_ 2 2 2
No? + 20?2 No? + 202 — No? + 202 (N —2)o0%
o2 N (N —1)o2\"?_
— m
(No2+202)(N—-1) \ (N—2)0%

Notice that the price is here also an unbiased estimator of v if and only if ™ = 0.
Next we compute the same market indicators we have computed for the economy with a
supply informed agent. An interesting remark to be made is that neither the volatility of

prices nor the efficiency of prices depend on the shocks in supply.

Corollary 3.10 The market indicators for an economy without a supply informed agent

are the following:
1) The price volatility, measured as the variance of price, is

_ o2 \'(, (2N-3),
vort = (i iz) (7 =)
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2) The information content of prices is
Var (5) — Var (3] pr) = No? (N —2) (N = 2) 0% + (2N = 3)0?) .

3) The expected volume traded by a price informed agent is

Baral = s (2) (A 2AE 0D,

4) The expected profit of a price informed agent is

~ o o2 N (N —1)g2\Y? / m2
M = B (1) = B (7 - pr) T) = : (< Le)( +ag).

N (No2 +202)

3.6 Comparison of Market Indicators

We are comparing now the market indicators in the case there exists a supply informed
agent with the case there is no supply informed agent. We study first the effect the
presence of the supply informed agent brings about on the market depth. We have that

N = NAPL 4 AST =

(N202 + (2N — 1)0%) 0, [ (N(N —2)0? — 02) (N%52 + 02)\ /2
2N?02 (No?2 +02)og (N —-1)

the market depth in the case we have a supply informed agent and

e ()

Ypr = N7y =

the market depth in the case we do not have any supply informed agent. The market
depth is smaller in the case we have a supply informed agent in the market v < vp;. This
result is quite intuitive if we think that the supply informed agent plays a dual role in
the market. First, he reveals himself a part of his information in the process of trading.
Second, by having the information about supply he determines the price informed agents
to reveal more of the information they own.

An interesting result that we obtain is that when there exists a supply informed trader

in the market the price informed traders are trading more aggressively on their private
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information (ﬁp I'>p 1) but they devote less to the market making activity

pr_ 02(N (3N —2)0? + (2N — 1) 02) §*/2 o 202 [ (N —2)0%
~ 2N202(N202 + 02) (No2 + 02) " No2\N(N-1)02)"

The inside information allows the price informed agents to make gains on the expense

of the market makers. However, when there exists a supply informed agent who has the
ability to disentangle the order flow originated by price informed agents from a shock in
supply, the advantage of the price informed agent diminishes and therefore, his market
making gains. A part of the gains that the price informed agents where making from mar-
ket maker activity are now made by the supply informed agent. As we have seen already
the price informed agents still put a higher weight on the maker making activity than
the supply informed agent does. This tells us that a dealer although he might have infor-
mation about supply faces strong competition in market making from the other traders.
Moreover, we have that the effect of trading more aggressively on their information domi-
nates the effect of decreasing the market maker activity and this leads to a higher trading

volume by price informed agents.

Proposition 3.3 The presence of the supply informed agent in the market leads to higher
volatility of prices, higher informativeness of prices and higher volume of trading by price

informed agents.

The results that the volatility and informativeness of prices increase in the case there
exists a supply informed agent is due to two factors. First, the existence in the market of
the information about supply forces informed agents to reveal more of their information.
But also, the shock in supply affects more the price than in the case there is no supply
informed agent because the price informed agents get some information about supply from

the action of the supply informed trader.

3.7 Conclusions

In this paper we have presented a model of insider trading where the agents might

have information either about prices or about supply. This information is aggregated
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and partially revealed through the equilibrium price, so the agents will end up with more
information than they initially posses. Our goal is twofold. First we try to understand
how the presence in the market of a supply informed agent and the interaction with the
price informed agents can change the behaviour of the price informed agents and the
structure of the market. Then, we see how the shocks in different components of supply
can alter the market structure, the price formation and the behaviour of the agents, and
therefore the impact of this shocks in the equilibrium outcome.

We consider an imperfectly competitive rational expectations setup and characterize
the Bayesian Nash equilibrium in demand schedules. We characterize in closed form the
symmetric linear equilibrium for the case the errors of the signals of the price informed
agents are noncorrelated. Allowing the supply informed agent to behave strategically, he
makes positive profits (unlike in the perfect competitive case) and increases the amount
of information revealed in prices. We see that he has a dual role in inducing information
transmission in the market: first because he owns superior information which he reveals
in the trading process and second, because he urges the price informed agent to reveal
more of their information. Hower, the most important consequence of his presence in
the market is that he decreases market liquidity ( this outcome being brought about the
strategic behavior and the mechanism of information transmission through prices).

We have also studied how the market performance is affected in our model by the
quality of information received by the agents. The comparative statics results about
market liquidity measured as market depth tell us that it is decreasing in the variance of
the error of the signal received by price informed agents, increasing in the variance of the
supply shock known only by the supply informed agent and has an inverted U shape as
respect to the variance of the liquidation value. Comparing the market indicators in our
model with the ones in the benchmark case (where there is no supply informed agent) we
conclude that the supply informed agent does indeed have an important effect. We find
that the market depth decreases, while the volatility of prices, informativeness of prices
and intensity of trading of price informed agents all increase.

We have considered also the case when the supply informed agent has information
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only about a component of supply. This setup is similar to the one in Gennotte and
Leland (1990), where the supply has three components: a component known by everyone,
a component known by the supply informed agent and another one known by nobody. The
numerical analysis we have performed for this case suggests a similar pattern. However, in
this case the supply informed agent will not put always a positive weight on price. Since
he cannot anymore disentangle perfectly the two factors that might affect the prices (the
news about the liquidation value of the asset revealed by the price informed agents or a
shock in the unknown component of supply), he will not have anymore the same effect on
market liquidity. However, for relative high variance of the known component in supply
relative to the unknown component, ? the result we have obtained here will still hold.
Finally, we would like to extend o]{1r work in modelling the process of information
aquisition in similar way to the work of Froot et al. (1992). They develop a model a la
Kyle (1985) were the informed traders have the possibility to acquire information about

two different components of the liquidation value of the asset and show that the traders

may herd on the same information trying to learn what other traders also know.

3.8 Appendix

Lemma A.1 In a symmetric linear equilibrium N~ +~5T £ 0.

Proof. We look for a symmetric linear equilibrium. Therefore, we use the linear
strategies defined in (3.2) and we can write the market clearing condition (3.1) as it

follows:

N
NO[PI+6PIZin—N7P1ﬁ+a51+ﬂSIS—’751ﬁ:m+S. (36)

n=1
We define v = NPT + 45T and o = Na? 4 1. Using these definitions, the market

clearing condition can be written as

N
a+ B i —p—(1-p)S =m.
n=1
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We want to prove that v # 0. Let us suppose that v = 0. Then, the above condition

becomes
a+ﬁpIZzn 1—651 = Tm.

Since iz, n = 1,..., N are independent of S . it results that 377 = 0. Plugging it in the

above equation we obtain that
o — (1 - ﬂSI)S;: m,

which cannot be satisfied because o and T are real numbers and S is a random variable.

We obtained therefore, a contradiction. m

Lemma A.2 In a symmetric linear equilibrium the optimal demand for the price informed

trader n and for the supply informed trader are, respectively,

tn (Bin) = (N = 100" +9°1) [E (|50 ) - 7] (3.7

y(.S) = No** [E (5]5.5) - 5] (3.8)
with Y71 > 0, and (N — 1)yFF ++51 > 0.
Proof. Let us first determine the optimal demand for the price informed traders.

Price informed trader n considers the other players’ strategies as given by (3.2). As a

result, he is facing the following residual demand:

a_aPI_i_ﬁPIZ?;_(l_ﬁSI)g_m

Jj#n Tn
(N =17+ % N = D37 177
and he solves the following maximization problem:
ma}éE ((5—]3)xn ﬁ,zl) &
Tn€
a—aofT 48PS i — (1 - p50)S —m — x,
~ JiFEn ~
max F v — Tnl Dyin

zn€R (N _ 1),YPI +’YSI
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The first order condition for this problem is

a_aPI_f_ﬂPlzi;_(l_ﬂSI)g_m

E<~~> 71) - F I7n ~7::1
e (N =Dy n

22,
Syl (3.10)
Using (3.9) we can write further (3.10) as
~ x
G R —
V) TP DT

and from here we find the optimal demand of price informed trader n :

5@) —p).

The second order sufficient condition for this maximization problem is

2
TN

Similarly, the supply informed trader takes as given the strategies of the price informed

e 0 (s

<0& (N-1)yT 45 > 0.

traders and in conformity with (3.2). The residual demand faced by him is therefore

N ~
NaPT+ NP5+ g S e, —m— S

n=1 Yy
p= NPT + (3.11)

The supply informed trader solves the following maximization problem:

max F ((ﬂ—fﬁy

yER

]3,5’)@

N
NoPT + NgP'o 4+ 871y ¢, —m — S
max F = n=l + - yl p.S
JeR N~PI N~PI ’

The first order condition for this problem is

N
NoPT+ NP5+ 8"y 6, —m— S~ L

~ o~ n= ~ 5 2y
E<v|p,S> _E o L [T (=LA
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Using (3.11) we can write further (3.12) as

|~ 5 y
E(v‘p,S) —p——nyPI =0,

and from here we find the optimal demand of supply informed trader

]3,§>—p>.

The second order sufficient condition for this maximization problem is

y:N’yPI<E(5

2
—W<O@N’7P1>O

Since N > 1 it results v77 > 0. m

Lemma A.3 In a symmetric linear equilibrium for any n =1, ..., N we have

E(ﬁ‘;ﬁ:p,{;:in> — T(1-AN-1)8" - B) — A(a —m)
+(B — AB")i, + Avp.

Proof. We can rewrite the market clearing condition (3.6) as

py—a+m— B, = (N-1)"5+ 87> & —(1-p%)S (3.13)
JFn

From here it results that (ﬁ, ﬂ) is informationally equivalent to <hn, z;> where by defi-
nition h,, = (N —1) "% + g Z e;—(1— )§ Consequently, we have

E (5 D=1, in= in> =F (E B; = o, iy = zn> . Applying the projection theorem for nor-
mally distributed random variables we obtain that
P o — B (1)
E (6| =hnin=in)=7+(a B)| - 3V | (3.14)
in—E (i)

— v -1 o\ -1
where < A B ) = cov (5, (hn,in>> (UCL’/’ <hn,in>> , when (var (hn,z'n>> exists.

We compute cov (5,5;) = cov (ﬂ, (N -1 "0+ gy é; —(1— 551)§> = (N-—
#n
1)87"o2. Hence, we have that
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cov (5, (E,:, ﬂ)) = <cov <i7, E,:) , cov((i, ﬂ))) = ((N — 13" o2, 05).
Then we calculate the variance matrix. We calculate firstly
var (ﬁ;) = war ((N— l)ﬂPI'ﬁ—f-ﬁPIZé} —(1- ﬁ51)§> =
= (BPA(N —1) (N — 1)05J—T—na§) + (1= B5T)202
In order to simplify the notation we define ¢ = (N — 1) (N — 1)0? + 02). Next we see

that cov (71; z;) = (N

- 1) ﬁP T52 and consequently, we can write the variance matrix as

— <ﬂ”>2q+<1—ﬂ”>za§< W”
)= (T

The determinant of the variance matrix is

M = (8")2 (N =1) (Nog + 07) o2 + (1 = 8°)?05 (07 + 07) -
and this is always higher than zero.
Since M # 0, it exists the inverse of the variance matrix and it equals to
1] o2 + o2 (N —1)gP o2
<var (h"’ Z") > M PI PIy2 SI
—(N=1)"02 (87)%q+(1-p7)%0%

—~ o\ -1
Once we have calculated cov (5, (hn, zn>) and (var (hn, zn)> we can proceed and
identify A and B. It results that

A=MYN-1)8"0%0? and
B=M"|(B"2 (N -1)0%0%+ (1 - %) 0502} . (3.15)
Since hy, = (N-1)p"T5+ 73 6 —(1— 3°1)S we have E (772) = (N —1)p"%.

JFn
In addition, we assumed that E (ﬁ) = E(v+e, = v. Using the above values for

expectations and the formula (3.13) for hy, the expression (3.14) can be written as

E(5 Ez%ﬁzzﬁ) =5+A(7LZ—(N—1) va>+B<z';—v>

=7 (1 - A(N—1) 8" - B) — A(a =) + (B — AB"")i,, + Avp, (3.16)
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where A and B are given by (3.15). m
Lemma A.4 In a symmetric linear equilibrium we have
E@p=p,S=8)=7(1—-CNB") - Cla—m)+ (1 - B5)CS + Cyp.

Proof. We write again the market clearing condition (3.6) this time in order to find

a pair informationally equivalent to (ﬁ, §>
o~ N ~
py—at+m+(1-p8)8=p"Y i, (3.17)
n=1

N ~
We define 6 = g*1 > i,. From here it results that (9, S ) is informationally equivalent to
n=1

(]3, §) : Consequent]y, E (’17 )@’: nS = S) — B <f17

0= 0, S=85 ) . Applying again the

projection theorem for normally distributed random variables we obtain that

E(5‘5=0,§:S):6+<C, D) 7= (7)

S-£(5) )
whete (¢, D) = cov (7, (8,5)) (var (@, 3*))_1.

Let us calculate cov <E, (5, S ) . First we compute the covariance of v and 6 cov (5, 5) =

(3.18)

N -
cov (@', NPT+ 1S e, ) = NpP1o?. Since v and S are independent random vari-
n=1

ables, it results that cov (5, (5, §>> = < Np¥a2, 0 > Similarly we calculate the

variance-covariance matrix. First, we calculate

N N
cov (5, 5) = cov <N5P137+ foad Z é,, NPy + prt Z é;) = (BN (Naf, + aﬁ) .
n=1 n=1

SRS N ~
Then notice that cov (9, S) = cov (N6P15+ S e, S) = 0. It results that

n=1

PI\2 2 2
var (’é’ 3,’) _ (6 ) N<NU’U +Ue) 0

2
0 (g
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The variance matrix is nonsingular and its inverse is

ot (BTN (No2 a2t 0
(var<€,5>> = 0 (U%)_l )

and consequently,
C =o? (6” (Nafj + 05))_1 and D = 0. (3.19)

~ ~ N 5.
Since E <zn> =7, and 0§ = NG5 + 7 3" €, we have that F (9) = NGP%5. In
n=1

addition, we assumed that E (5) = 0. Using the above values for expectations, the fact
that D = 0 and the formula (3.17) for 6, the expression (3.14) can be written as

E (@“)5:9,52 S) :5+C(5—Nﬁmﬁ) + DS
=7 (1 - CNB") - Cla—m) + (1 — 8°1)CS + Cryp, (3.20)
where C'is given by formula (3.19). =

Lemma A.5 The coefficients o1, 371, ~FL oS 35T ~ST gre the solution of the following

system of equations:

aft = (N =1y +457) (@ (1 - A(N —1) 87" = B) — A(a —))
B = ((N =1y +957) (B — AB™)
V= (N =D +457) (1= Ay)
ol = NyPL(w (1 = CNB™") — Cla —m))
35T — N,ypl((l _ﬁSI) C
V¥ =Ny (1= Cy)
M = (§")" (N = 1) (No% + 02) o2 + (1 = 510 (0 + o)
A= MYN )ﬁPI 252
B 07 (7)) (V- e + (1 - 5% P
\ C =02 (8" (No2+0?))" -
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Proof of Lemma A.5. In Lemma A.3 and Lemma A.4 for we have established the
p=p,in :in> and F (5

find the expressions for the strategies for the price informed agents and for the supply

expressions for (5

D =0p, S = S) . We will use them now to

informed agent.

First, since E (5‘]3:]3,12 = z'n> =F (5

By = By, iy = zn> we plug (3.16) in (3.7)

and we obtain that

T (ﬁ, fn) = (N=1y"T 445 (@ (1= AN —1) 87" — B) — A(a — )
+(B = AB™)in + (Ay = 1))

We identify the coefficients in the definition of the strategy of the price informed trader

n (3.2) and we get the following equations:

ol = (N = 1)yPT + 43 (@ (1 — AN —1) 877 = B) — A(a —m))
BT = ((N = 1)y ++5)(B — AB™")
Y= (N =)y 47 (1 = Ay), (3.21)
where A and B are given by (3.15).

Second, since F (5 )]N): p,S = S) =F (5‘9 =0,5= S) we plug (3.20) in (3.8) and

we obtain in a similar manner
Y (ﬁ, §> = N1 (@— Cla—m)+ (1-p)CS + (Cy — 1)5) .

We identify the coefficients in the definition of the strategy of the supply informed trader
(3.2) and we get the following equations:

o’ = NyP' (@ (1 - CNB™") — Cla —m))
BSI — N’YPI(l _551)0

7= NP1 = Cr), (3.22)

where C' is given by (3.19).

Putting together the equations (3.15), (3.21), (3.19) and (3.22) we obtain that o”!, 37,

PI ST SI ST
,a”t 370y

y are the solution of the above system of equations. m
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Proof of Proposition 1. We leave apart the equations for af? and o7 since these
variables are not involved in the other equations. Then since by definition v = N~ +~57

we can write the equation
BT = (N = 1)y +451) (B — AG™")
as
B = (v =) (B - As™)

and from here to solve for 57

PI __ (fy _ ’YPI) B 3 23
ST An &2
Similarly, we have that
V= ((N =19 +9%) (1= Ay) = (v =7") (1 = Ay)
and we obtain from here that
pr (1 — A’Y)
N = — 3.24
> (3.24)

By substituting v7/ given by (3.24) in (3.23) we can write further 57 only as a

function of v and A,

20 -A)

We obtain the coefficients for the supply informed agent in a similar way. We have

that
ﬂSI — N’}/Pl(]. —ﬁSI)C

and from here it results that

BS[ . NfYPIC

=— 3.26
1+ NAyPIC (3:26)
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Finally, using the formula (3.24) we obtain that

ST = NAPI(1 = Oy) = 20 4 (_2{@1(71) —9, (3.27)

By definition v = Ny +~51. Then by replacing the formulas for v/ and v obtained

before we obtain the following equation in A, C and ~ :

2 — Ay
1_A7—N(2—C'7).

PI
In this equation we replace v =

and we obtain further

B——W:N<1_la_5>

2
B —2Ap" B No?2 + o2 (3.28)
Using the same equation we can rewrite 5°! given by (3.26) in a simpler way.
v (1= Ay) g
NOL - — 2D _r
3T — NAyPIC . ¢ 2 — Ay _ 02—6’7 Oy (3.29)
_1_|_N’)/PIC_ 7(1_’4/7)_14—0 o 5 .
1+NC—2—A7 2— Cry

Next, we define z = (1 — 551)2 0%. Using (3.25), (3.29) and the equation in the system
that defines C' we can write

z= og=\(1- os=\|\1-=5———=] 0%
2 B B No2 + 02

Further on we compute the expressions for A, B as function only of 7/ and z. Thus

N (¥ = 1) 0207
(B71)° (N — 1) (No2 + 02) 02 + 2 (0% + 02)
By replacing it in the equation (3.28) we obtain

B((8™)° (N = 1) (No? + 02) 02 + 2 (02 + 07) ) — (N 1) (877)" 0202

B ((87) (N = 1) (No? + 02) 02+ 2 (02 + 02) ) = 2N — 1) (8”)°

1 o2
_N(1—=—T ).
( BNU%—l—ag)

252
030¢
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1 2
Let us define now as u = (BPI)Z and z = (1 — EW) . Then it results that

z = 2?0% and the above equation can be written as

B (u(N —1)(No2 + 02) 0% + 2%0% (02 + 02)) — (N — 1)uc?0?
B(u(N —1) (No2 + 02) 02 + 220% (62 + 02)) — 2(N — 1)uo20?

— Nz. (3.30)

On the other hand, we have that

B - (ﬁm)2 (N —1)020?% + 202 _ (3.31)
(8") (N = 1) (No2 + 02) 02 + 2 (03 + 02)
u (N — 1) 0?02 + 2%0%0?
u(N —1) (No2 + 02) 62 + 220% (02 + 02)’

We can now use this formula for B to rewrite equation (3.30) as

120202

= Nz
2,2 2 252 :
2?0502 — (N — 1)uo2o?

Nz — 1)x0?
Since 02 > 0 and ¢4 > 0 this equation is equivalent to x = 0 or % =
(N —1)uc?.
Nz — 1)z0%
Replacing (N — 1)uo? = % in(3.31) we get
B (Nz — 1)z0%02% + Nz?0%0?> .
(Nz — 1)zo% (No2 + 02) + Na?0% (02 + 02)
But also, using the definition of x we can write
B= %, .
(1 —z)(Nof + 0?)
2
Note that 1 — 2 cannot be 0 since EN;—:_z > 0. So we have two expressions for B and
O-U 0-6
we equalize them obtaining the following equation in z :
o? B (Nz — 1)z0%02% + Na?o0?
(1—-1)(No2+02) (Nx—1)x0% (No2 + 02) + Na20% (02 + 02)’
1 2Nz — 1

ivalent = .
O AV T ) (No2 +02) ~ (N2 — 1) (No2 + 02) + Nz (02 + 02)

This last equation has two solutions

(N +1)(No? +02) — N (62 + 0?)
2N (No2 + o2) ‘

z=0and z =
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First, if z = 0 then 2z = 2%0% = 0 and it results B =1.

2
Then B = (No? :_ o and u = 0. But u = 0 implies 3/ = 0 and from here A = v =0
and the second order condition is not satisfied.

Second, we have that

. (N +1)(No? +02) — N (02 + 02)

N262 + o2
2N (No? + o?)

" 2N (No2 + o2)

Using this formula we can compute then

N?g2 2N — 1) o?
ﬁSI — Oy + ( )O-e’ (332)
SN (No2 + o2

2No?
B= d
N2o2 + (2N —1)o2

_ (Nz—1)zo§ _ (N(N —2)o5 — o7) (N?07 + 07) 0§
N(N —1)02 4(No2 +02)> N2(N — 1) 02

Notice that (BPI)Z = u, so we need u > 0. If N(N —2)02 — 02 > 0 we have u > 0 and

consequently, we have solution for 377 and it is equal to

2N (No2 + 0?) (N —1)0?2 ' '
Using the last equation in the system we can write also
o2 (N —1)0?
C= v = 2No? ¢ .
7T (No? +?) "“\/ (NN =2)0% = o7) (N0, + 02) 0%

Next, since

G5 = Ny (1= gT)C,

we can find an expression for 4"/ Using the formulas for 3% (3.32) and C it results that

B N @N-Dof [(NN-%oi-oD)ok g,
! N(1-phe 2N2g2 (N —1)02 (N202 + 02) -
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Similarly,

(N — 1)05 PI

S]:Npll_c :NPII_Q SI:_
gl 71 =Cy) =Ny (1-267) NoZ+o2)

(3.35)

An important remark has to be made. The coefficient v°/ < 0, however the second

order conditions are satisfied since

N(N—l)af, PI

N — 1) ~F! SI _

> 0.

PI
We compute now the ratio Lm because we will make use of it later on.

~F1 B N26%2 + (2N —1)0? (No? + o?)
g N No? (N202 + o2)

The only coefficients left to compute are o/ and a®/. We have from the system that

ot = (N =1y ++45) (@ (1 - AN —1) 7" = B) — A(a — )

and o' = Ny"'(v (1 - CNB"") — C(a —m))

We will first compute t = (o — ) and for that we use the definition a = Na! + o1,

Thus, we have

(a—ﬁ)zN(%vm> (w— A(a —m)) + Ny (z — Cla —m)) — .

Solving for t = (v — ) we obtain

NAPIg (N(N —=1)0% (1 - AN —1)8" = B) + (1 - CNB") (No2 + 52))

t (No? + 02) (1 + NAPIC) - (N (N = 1) 02) ANAPT)
B m (No? + 0?)
(No2 +02) (1 + NyPIC) + (N (N — 1) 02) AN~PI)’
Using that
AﬁPI (N(N—2)U,ZJ—U§)
(N —1)(N202 + 02 (2N — 1))’
2No?
B = N?g2 4+ (2N — 1) 02 and
2
Cﬁpl — Uv

(No2 4 02)
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we have that the denominator is

NoPT L ( AN(NoR+ad) (NN -2)ok o)
6131 v

= (No? +o2) N.
N2+ 2N —1)o2 " (N%0Z 1 02 (2N — 1))> (Noy+0¢)
and the numerator is

e

NyPIm (2N — 1) 02 (N?02 + 62))
N202 4+ g2 (2N — 1)

—m(Naﬁ—i—ag).

As a result,

PN ) (N a?)
"~ (N202 +02(2N — 1)) (No2 + 02)

SE

We proceed now with the computations of the coefficients o and a®. As we have

already seen
o' = (N =17y +49) (@ (1 - AN - 1) 87" — B) — At),

and replacing the formulas we have obtained for A, B and t we obtain that

(NoZ + 02) NN-1)2 (M2t @N-1) " ~"
7 RNGBN-20d+(N-1)  (N-D1)o? .
(No2 + 02)  (N202 + 02 (2N — 1)) (No2 + 02) )
2(N (3N — 2) o2 2N —1 N (N —2) g2 — g2
O-e( (3 )Uv+< )) \/56_’_ ( )Uv O-em
2N202 (N?02 + 02) (No? + 02) N (N?02 + 02)

N N (N —-1)o? P,( o2 (N (3N —2) 0%+ (2N — 1)) A )

Here we have defined 6 by

Similarly,

(N -1 a2y"\ _ Pl

(NoZ 1 02) v+ Cy'"'m
_(_ (N-1)02 N°%02 + (2N — 1)55\/5 - N262 + (2N — 1) 02
U (No2 +02) 2N252 (N202 + 02) N (N202 + 02)

o = Ny"1(@ (1 - ONB™) = Ct) = (—

m.
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Consequently, using the definition of 6 we can write the coefficients in the following

way:
pr_ 02 (N(BBN —2)02+ (2N —1)0?)6?_ N(N—2)0% —0?2__
(8% = v ™m
2N202 (N?02 + 02) (No2 + 02) N (N202 + 02)
ﬁPI B 61/2
~ 2N (No? + 02)
pr_ (N%0% + (2N — 1) 02) §*/2
2N?02 (N?02 + 02)
SI (N-1)o2 N203+<2N_1)U§51/2 —+N2012;+(2N_1)U§—
(No? + 02) 2N?02 (N?02 + 02) N (N?02 + 02)
5T — N26%2 + (2N — 1) o2
2N (No2 + 02)
si_ _(N—1)oZ N°0j+ (2N — 1)‘7551/2
(No2 + 02) 2N202 (N?02 4 02) )
]

Proof of Corollary 3.1. While solving the above system we have obtained that

o NPT st = N+ QN ) o? (N(N = 2)0% — of) (N?0} + oF) of | °
2N202 (No?2 + 02) (N—-1)02

We study first how market depth varies when the variance of liquidity shock S varies. We

0
compute the derivative —72 and we obtain
0o
%l

> 0.
5’0%

0
Then we calculate 3 fyz and after somehow tedious calculations we obtain that
U@

Oy

2
0o?

Finally, we study how the variance of liquidation value, o2 affects the market depth.

< 0.

We calculate the derivative

to f (02), where

> and we obtain that this expression has the opposite sign
o

v

f(of) = N*(oD)° (N = 1) (N2 = 3N +1) = 302N (o3)" (2N — ) (N — 1)

—302 (62)° N (2N — 1) (N — 1) — (6?)* (2N = 1) (N - 1).
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We study this function and we obtain that the equation f’(02) =0,

f1(02) =3(N =) N [(N* (62)° (N2 = 3N +1) = 202N (2N = 1) o? — (s)* (2N — 1)) |,

has only one positive solution equal to

,(2N —-1)+ (N —=1)((2N - 1) (N — 1))1/2

=k (N).
O NZ(N2—3N—|—1) kl( )
1
We obtain that k; (N) > NN So, it results that the function f(0?) is decreas-
ing fo 0—5 € ;k(N) and is increasing fo 0—5 > k;(N). Since f(0) =
ing 1rUg NV —2) " ) is increasing rUg ] . Si =

- (02)3 (2N — 1) (N — 1), it results that it exists k* (N, 02) such that f (k* (N,0?)) = 0.
Therefore, the function f (02) < 0 for any 02 < k* (N, 02) and is greater than 0 otherwise.
Once we have characterized the behavior of function f (62) we can conclude that the

market depth is a increasing function of o2 if 02 < k* (N, 0?) and is decreasing otherwise.

Proof of Corollary 3.2. From the market clearing condition (3.6) we obtain that

the equilibrium price is
p—(NVPI—I—WSI <a+ﬁPIZzn SIS m).

We had obtained in the proof of Proposition 1 that

o = Ug (2N -1 5172 (N]\—[ 1)m

2N?02 (NoZ 1 02)° ' "
(N?202 4 (2N — 1) ?) 6*/2
2N?02 (No? + 02)

NAPT ST —

Using these formulas and the ones for 377 and 8 we can write that the equilibrium

price equals to

~ (2N—1) T4 Z,N
P=N2, (2N “1)o?" T NZgZ 1 (2N —1)o2 & "

02 (N?02 + 0?) T 2No? (No? + o2) —
(N202 (2N — 1) 02) 62 (N2g2 + (2N — 1) 02) 62
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Notice that since i,, = v + €,, we can write

- o2 (2N —1) - N2g? o No? N -
P= N2z (2N —1)o2 " N2oZ+ (2N —1)o? = NZgZ+ (2N —1) o2 2"
No? (N262 + 0?) ~ 2No2 (No? + 02)

 (N202 + (2N — 1) 02) 612 _<N205+<2N 1)o2) 62

2No?(No2 +02)
m
(N202 + (2N — 1) 02) 62
Proof of Corollary 3.3. We have seen that the equilibrium price is given by (3.5).

Taking the expectations it results that E (p) =7 —

As a result, we can compute the variance

05 (2N —1) _ S
NO' (N20.2+0-§) 5 2NO',U(NU + g) m) —
(N202+ (2N —1)02)6Y2"  (N202 + (2N — 1) 62) 672

NZ (N —2) (62)? +N0202(2N2—3N—1)—(a§)2( No? )2
(N(N = 2)02 — 02) N2g2 4+ (2N —1)02 ) °

Proof of Corollary 3.4. We compute now Var (v) — Var (v|p). Due to the

normality assumptions we have that

Var () — Var (3]p) = (Var (p)) " (Cov (v, p))?

We calculate the covariance

(No?)?
N2g2 + (2N — 1) 0%’

Cov (v,p) =

and together with the formula for variance Var (p) we obtained before, we plug them
above to obtain

No? (N(N - 2)o? — o?)

Var (6) - Va?”(m@ = N2 (N— 2) (012))2 —l—NU%Ug (2N2 — 3N — 1) — (0_5)2‘
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Proof of Corollary 3.5. Since the demand of the price informed agent x,, can be

written as the sum of normal variables it results that x,, is also a normal variable. The
(N —1)0?

—~m while the variance o,,, is

mean of Tn is My, = m

(N —1) 0262 . (N=1)o% _
Opn = Var (z,) = v m
2N (N?0f + 02) (Nof +02)  (N?05 +07)
51/2 _ 51/2 N 1 ~
+ in — Y it 55| =
2N (No2 + 02) 2N (N?03 + 02) 2N

51/2 2 ) ) 51/2 2 ) )
N
) AR O RLCRC,

+LU§:<05+05)5<( 1 ;

Og
+ + 25
No?2 —f-ag)z (N202 +ag)2) 4N?

4N? 4AN?

Then, since z,, is N (p,,, 04, ) it results that the expected volume of trade

E (|a]) 7|| ! (0= m)* o o 4 (2)
Tn|) = Tp|——=—=¢exp | ————— | dz, = 2, — | Oz =
o'xn\/27r P 202 a T

Tn

ﬂN—Dﬁm+ 2\* [ (2 +02)8 1 . N R
oz +a)" T \x) AN T \(Ne2 v o2 (W22t o2)) T AN2TE)

Similarly, the quantity demanded by the supply informed agent is a normal variable

with mean p, = ~——-———=-m and variance

7o Y (”VMW%+éMN%+UQ (70 4 0c) + 3%

1ZQ+UW%MQNWF%ﬁ—ﬁMﬁ+éU
17 N (N202 + 02) (No2 + o2)?

Then since y is N (uy, o,) it results that the expected volume of trade of the supply

informed agent is

o0 2
1 (y — ny) \/5
)= [ ol |5t Jdy =2+ [T,

Y

_ Wb +ad) (21, () (N =1l (NN —2)0f — 0?) (0} + 02)
T IN2gz ) 178 2,2 4 52 2 4 52)2 '
(V202 + 0] N (N20% + 02) (No? + o)




102

Proof of Corollary 3.6. Let us compute first the unconditional expected profit of

the n** price informed trader.
W =B (7)) = B((F-5)0).

Using the formulas we have obtained for p and x,, we can write further

N

HEI:E<< o2 (2N —1) (5 —7) No? Zé;fi‘

N202 4 (2N — 1) 02 - N%02+ (2N — 1) 02

No? (N?02 + 02) ~ 2No2 (No? + 02) m)
(N202 4 (2N —1)02) 62 (N202 + (2N — 1) 02) 62
§Y2(N —1) 02 o 512 ~
TNV o) (NoZ 108 U T O T aN (Nez 207
N
1 ax~~ 1, (N=1o2 _\
N (N2o? 1+ 02)° ;e’“ TN T Ve o2 ) T
o26Y2 (N — 1) 02 N(No2+o?)  (N-1)d?
2N (N202 + (2N — 1) 02) (No2 + 02) \(N(N —2)02 —02)  (N202 + 02)

(N—-1)02 2No2(No? +02) _,
(N202 + 02) (N202 + (2N — 1) 02) 62

Let us compute now the unconditional expected profit of the supply informed trader.

Using the formulas we have obtained for p and y we can write further

HSI:E(?S?) —E(@-D)7).

o2 (2N —1 _ No? il ~
m = B ((Nzaﬁe—k( 2N —)1) 20 " TN T2 ;en+
No? (N?02 + 02) ~ 2No? (No? +02)
(N202 + (2N — 1) 02) 62 * (N202 + (2N — 1) 02) 61/2m>
( (N — 1) 0262 (No? +02)

Y (N20Z 7 o) (NoZ 207) U~ D F (N2z 4 02)

_ 261/2 N ~
(N —1) 026 ZéﬁlS)

2N (N202 + 02) (No2 + 02) 2

n=1
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_ §YA(N -1)020? ( (N —1) 02 N N )
2(N202 + (2N — 1) 02) \ (N202 + 02) (No2 + 02) | (N(N — 2)o2 — 02)
2Noj (Nob +02)  (Na2+o2) _,
(V202 + (2N — 1) 02) 872 (N2o2 + 02)

The total profits in the market are

H:NHPI+H51:E<(6—;3) (Zfﬁg))

But from the market clearing condition it results that

M= N7+ = B (5 -p) (m+5)) =

N
2(2N —1) o No? -
2.2 7 (V=7) — 5 zzen
N2?¢2 + (2N — 1) 02 NUU+(2N—1)0'en:l

Naqzj(Nzaqzj—{—ag) ~ 2N0' (NU —1—05) N\ /=~
2.2 _ 2 1/ZS+ 2 2 1/2 <m—|—S)
(N202 + (2N —1)02)6 (N202 + (2N —1)02) 6
_ NU% 2 2 2\ 2 2 2\ —2
= ((N?0% +02) 05 +2(NoZ +02)m?) .

(N202 + (2N — 1) 02) 6*/2

We can check and see that indeed the profits we have obtained sum up to this amount.
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Chapter 4

Tax Evasion and Insider Trading
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4.1 Introduction

The economic approach to the problem of tax evasion is founded on the analysis of
the behavior of individual tax evaders. The way in which the individual perceives his
economic opportunities to be affected by the tax code and by the instruments of tax
enforcement is extremely important. The system of taxation and its enforcement may
induce the taxpayer to hide or misrepresent some of his activities.

The taxpayer may perceive certain choices with regard to tax declaration, financial
transactions, or economic activity to be potentially costly in that they are subject to the
threat of exposure and penalty. If so, then this perception will influence such choices and
these choice on their turn will affect in different ways the functioning of the economy.
Although tax evasion has been a problem that received a lot of attention in the public
finance literature, its consequences on the performances of financial markets have not been
carefully considered. The importance of the tax evasion and of the penalties enforced by
the tax authorities in order to alleviate this problem is crucial because they both affect the
net payoff after taxes and therefore, might perturb the other activities of firms. Evasion
activities typically induces firms either in making decisions under uncertainty (concerning
his eventual liability to taxes and penalties) or in trying to eliminate that uncertainty
by more thorough concealment. These decisions together with the uncertainty about the
inspection policy and the errors committed when filling the tax report alter the net payoff
after taxes and therefore, the liquidation value of the firm when traded in the financial
markets. The fact that the complexity of tax code can induce even honest taxpayers to
evade their taxes has been already explained in the literature. The errors made by the
taxpayers bring about considerations of strategic model of reporting and auditing. The
effect of false detection and costly error becomes in this setup an important problem. In
this paper we study the strategic interactions between a tax enforcement agency and a
firm, when there is an insider trader (possibly, a member of the firm’s board) who has the
possibility of trading in financial markets. In considering this possibility, the tax report

chosen by the firm has an effect both on the strategy of the tax enforcement agency and
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on the trading strategy of the insider. Our study focuses on the link between the tax
report and the profit per share from insider trading. More specifically, we are interested
to understand how do the tax report disclosure affects stock valuations and how the
interaction between the tax auditing agency and the firm will change the behaviour of the
insider while trading in the financial markets.

The literature that analyzes the taxpayer compliance has as a starting point the papers
that use a portfolio approach using as weights the probability to be caught and paying a
penalty. Thus, Allingham and Sandmo (1972), Yitzaki (1974) and Polinsky and Shavell
(1979) consider the case of the individual decision to evade payoff taxes when all the tax-
payers face a constant probability of auditing by the tax authority. This assumption was
criticized by Reinganum and Wilde (1986) who point out that the payoff report contains
information about the true realization of the payoff and consequently, the probability of
auditing should depend on the report made by the taxpayers. They model tax compliance
as a game with incomplete information where first the tax payer reports his payoff, and
then the tax auditing agency chooses the auditing probability depending on the payoff
reported by the taxpayer.

While the above papers incorporated the uncertainty about the tax liabilities, another
strand of research was concerned with the other sources of randomness that alter the
interaction between the taxpayers and tax auditing agency. Mainly, they incorporated
in their models the fact that tax code is complex and can lead to involuntary mistakes
even when the taxpayers want to conform with the law. Thus, Scotchmer and Slemrod
(1989) consider the case where the ambiguity of the law gives place to a random auditing
policy depending on the interpretation given to the law. Reinganum and Wilde (1998)
incorporate in the model the taxpayers’s uncertainty about auditing cost, while Caballé
and Panadés (2002) allow for both mistakes made by taxpayers and uncertainty about
auditing cost.

On the other hand, insider trading has been extensively studied in the market mi-
crostructure literature. Kyle (1985) has become a standard for analyzing strategic noisy

rational expectations markets. This model explains how a risk neutral informed trader
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exploits his informational advantage by behaving strategical. Nevertheless, most of the
theoretical research in market microstructure focuses on the financial markets only. There
are few papers concerned with the effect of the insider trading on the real investment and
other real decisions: Manove (1989), Leland (1992), Jain and Mirman (2000), Bhat-
tacharya and Nicodano (2001), Medrano and Vives (2002). However, the literature paid
little attention to other factors that can affect the liquidation value of the firm traded in
financial markets. We direct our attention to one of this factors and consequently, we try
to explain the link between the tax report made by a firm and the profit an insider makes
from insider trading.

We analyze the optimal strategies of the board and of the insider who have private
information about the realization of the payoff of the firm, and the one of the tax auditing
agency who has the right to audit the realized payoff of the firm. The board of the firm
has private information about the payoff of the firm and uses this information strategi-
cally to increase its value. In addition, there exists an insider who chooses to trade in
financial markets and makes use of this private information to increase his profits from
insider trading. The fact that agents behave strategically becomes even more important
in our model because the private information is used both in the interaction with the tax
authority and for trading in the stock market. Moreover, the report the board is making
to the tax authority is going to influence the auditing effort and this on its turn will affect
the payoff after taxes. As a result, the uncertainty induced by the errors appeared in
the tax report will influence the liquidation value of the firm traded in financial markets.
Since the report becomes accessible to the market maker after the first stage, he can
actually infer a part of the information about the liquidation value of the firm.

In the first stage we model the interactions between the board and the tax auditing
agency as a principal-agent relationship with no commitment. Once the auditing takes
place, and the tax report is revealed, an insider wants to trade in financial markets. We
follow Kyle (1985) in modelling the behaviour of the insider in the financial markets.
Both the insider and the noise traders submit market orders and the market maker sets

the price such that to satisfy the strong-efficiency condition. However, the information
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structure in our model is different. The tax report acts as a public signal. However,
since the report is the outcome of the strategic interaction between the firm and the tax
auditing agency in the first stage, the public signal will be endogenous in our model. As
we will see endogenizing the public signal and the liquidation of the value has significant
consequences on market performance. Moreover, we show that the tax report affects
the profits made from insider trading through three channels. Firstly, the report affects
the net payoff after taxes through the taxes paid out (honestly reported). Secondly,
the report affects the auditing effort chosen by the tax authority and therefore, affects
the total penalty paid for the not reported payoff. These are the two channels through
which the tax report affects the net payoff after taxes and consequently, the liquidation
value of the firm when traded in the financial markets. Nevertheless, there is one more
channel through which the tax report affects the price set by the market maker in the
financial markets, and therefore, the demand and the profits of the insider. Modelling
the interaction between the firm and the tax auditing agency allows us to endogenize
the public signal received by the market maker by emphasizing the different channels
mentioned above. While in the other models that consider the existence of a public signal
that is aggregated in the prices, the precision and the mean of the signal are exogenous,
in our model, they are determined in the first stage through the interaction between
the firm and the tax auditing agency. Consequently, our model points out that the
performance of the financial markets might be determined by interactions of the agents
outside the financial markets - in our case tax evasion - and suggests that the implications
of these interactions are very important both at quantitative and qualitative level. We
obtain that unlike in Kyle (1985), endogenizing the public signal and the liquidation
value induces non monotonicity of profits of different market participants, market depth,
informativeness of prices and volatility of prices. Furthermore, allowing for errors in the
tax report has important effects both for the firm and for the insider. In spite of using
the same information, the welfare of the insider and the one of the firm is differently
affected. The main reason for this difference lies in the way the other participants react

to the actions of the firm and insider, respectively. In the reporting stage the action of
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the firm is very well counterbalanced by the one of the tax authority. However, at the
trading stage, the insider has more freedom in using the private information. The market
maker tries to embed the information in prices, but given the signals he has, he cannot
disentangle the effect of the noise trading and of the reporting error.

The remainder of this paper is organized as follows. Section 2 presents the model.
We establish here the information structure and characterize the equilibrium. We find an
unique equilibrium in which the price function, the insider’s demand, the firm’s report and
tax auditing agency’s inspection policy are linear. Section 3 proceeds with the calculation
of some market indicators: volatility of prices, informativeness of prices and expected
profits and performs comparative statics for the market indicators. Finally, Section 4

summarizes the results. All the proofs appear in the appendix.

4.2 The Model

We consider a firm which owns a project with an uncertain payoff 3. The payoff of the
project is normally distributed with mean 7 > 0 and variance V,, and it is observable by
the board of directors of the firm. Based on this information, the board has to submit a
report about the payoff to the tax authority. Furthermore, an insider (possibly one of the
members of the board), will use this private information about the payoff while trading
in the financial markets.

We assume that the tax report is exposed to some sources of randomness during the
process of filling the reports. As in Rhoades (1999), we can think that a project has
usually multiple lines of activities and therefore, of reporting. While the board observes
the total payoff ¥ and chooses the amount to report z, when the reports are made for
each component some misstatement can be introduced. This misstatement in the report
might be due to improper division of the amount to be reported by each line of activity,

to complexity and ambiguity of the tax code or just to human errors. Consequently, in

1A tilde distinguishes a random variable from its realization. Thus, y denotes a particular realization

of y.



112

the report received finally by the tax agency we will have some randomness z = T + ¢.
The error introduced in the report, € is normally distributed with mean 0 and variance V.
and is uncorrelated with any other random variables in the model.

The timing of the model is at follows. In the first stage, after observing the payoff y,
the board of directors chooses optimally the amount x to be voluntarily reported to the
tax authority. On its turn, the tax auditing agency chooses conditional on the effective
report - the report it receives - how much effort wants to put forth in auditing the firm.
The auditing effort 7 is chosen such that to maximize the total expected net revenue.
After both the report and auditing are made, in the second stage, the insider who wants
to trade in the financial market chooses the quantity to trade such that to maximize his
profit from insider trading. The price in the financial markets is set by the market maker
such that to satisfy the strong-efficiency condition.

In the first stage we model the interaction between the board and auditing agency as
a principal-agent relationship with no commitment. First, the board chooses the intended
report x such that to maximize the expected payoff of the firm net of taxes. We assume
that, in case of evading taxes, the firm will pay for the amount evaded, iy — z, taxes at the
penalty rate f. Moreover, the penalty is proportional to the auditing effort. Therefore,
the penalty revenue is 7f (y — z) and if the reported income z coincides with the true
taxable income y, or no effort is devoted to inspection, no additional revenues are going
to be collected by the tax authority. We assume that the tax law establishes a tax
rate 7 € (0,1) and a penalty rate f > 1. In order to obtain the payoff net of taxes
we substract from the payoff of the project both the voluntarily paid taxes 7z and the
penalties paid after inspection took place mf (g — 2z) . Consequently, the net payoff after
taxes is V =y — 72 — w(2) f(y — Z). When the board takes his decision he has rational
expectations about the strategy of the tax authority, so he bears in mind that the auditing
effort depends on the report he makes. Accordingly, the board chooses the amount to

report x such that

o(y) = argmax B (5 - 73 = =(2)/ (7~ 2.
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Next, the tax authority is choosing the auditing strategy such that to maximize the
net revenue conditional on the report they receive from the firm. The auditing effort m
is contingent upon the report observed by the tax authority z. The total expected net
revenue consists of total tax revenue plus the penalty revenue and net of auditing costs.
The auditing takes place at a fixed cost ¢, this cost being observable both by the auditor

2

1
and board. We also assume that the tax authority has quadratic auditing costs 56m

with ¢ > 0. As a result, we have that the net revenue of the tax authority is

1

() G- - 5ot ().

The tax authority is choosing the auditing strategy such that to maximize the net

revenue conditional on the report they receive from the firm i.e.

~ 1
7 (2) =argmax E |72 +7f (§ — 2) — =cn? 21.

2

The first order condition for this problem is
Elf(y—z)—cmlz] =0,
or equivalent the auditing strategy = = 7 (2) is

r=LiE -2,

The second order condition for this problem is ¢ > 0, and is satisfied by assumption
(positive costs of auditing).

The tax report of the firm affects the strategy of the auditing agency and consequently,
we have two channels through which the report affects the net payoff of the firm (the direct
channel through which the payoff is affected by paying out the taxes corresponding to the
tax report and the link between the tax report and the auditing effort). Since the insider
has to trade in the financial markets on the liquidation value of the firm (the payoff of
the project net of taxes), he has to take into account both these effects.

In the second stage, after the board chooses the report and the tax authority chooses

the auditing effort, the report received by the agency z it is learned both by the insider
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and the market maker. As a result, the insider is choosing the amount he trades in
the financial markets, d, knowing both the realization of the payoff y and the report
received by the agency z, so he actually learns the error produced at the reporting stage
€. We model the financial markets as in Kyle (1985). However, our model departures
from Kyle (1985) in two ways. First, the liquidation value of the firm depends on the
choices undertaken by the board and the tax authority, and is not exogenously given.
Second, the market maker learns the report which he knows that it depends on the true
realization of the payoff. Consequently, he sets the price comprising both the information
about the total order flow and the information revealed by the report. As in the other
models with public information the announcement of the report lessens the information
asymmetry that prevailed in the pre-trading stage between informed and uninformed
traders. Nevertheless, since the public information (the tax report) is endogenous in our
model, we expect different behaviour. Finally, as in Kyle (1985), the total order flow
consists of the order of the insider and the order of the noise traders. We assume that
the order of the noise traders w is a random variable normally distributed with mean 0
and variance V,,. The amount traded by the insider is contingent on the firm’s payoff and
depends on the report the firm made previously. The insider has to take into account the
fact the report is perceived erroneously by the auditing agency, and therefore, his optimal

choice is

d(y,2) = argmax E[(y — 72 = m(2) f(y = 2)) = p(d +w))d|y, 2]

We assume that in the financial market there exists a market maker who sets the price

such that to satisfy the semi-strong efficiency condition
p(u,z):E[‘N/)u,z] = u+vu+nz, (4.1)

where u = d(2) + w is the total order flow.
An equilibrium with rational expectations is thus a report strategy of the board z (y) , a
trading strategy of the insider d (y, z), an auditing strategy of the tax authority 7 (z) , and

a pricing strategy of the market maker p (u, z). We are looking for a linear equilibrium and
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therefore, we restrict our attention to strategies that are linear. The report strategy of the
of the board of the firm x (y) = a+ Sy, and the demand of the insider d (y, 2) = 0+ py+kz,
are linear in the signals they receive. The auditing effort policy of the tax authority,
7 (2) = 6 + 7z is linear in the report and the price policy, p(u, z) = p + vu + nz is linear
in the total order flow and the report. We solve for the linear equilibrium and the second
order condition for the board’s problem in the first stage implies that the equilibrium
exists only if 4V, > V. This condition requires that the auditing effort is decreasing in
the amount of reported payoff. If this had not been true, the auditing effort would increase
with the reported income, and the taxpayers would find it optimal to report an infinite
negative payoff. The second order condition for the insider problem requires that the tax

rate is 7 < 7%, where

2
v, [20v, +4v2) + Ly (v, - av)

\]
Il

(Vy +4V2)°

As a result, when the tax rate increases above this threshold the equilibrium fails to exists.

Proposition 4.1 There exists a unique linear equilibrium where the board’s tax report is

z(y) =a+ Py
where
0 = lo_Tc (Y, +4ve
- TRp\T W
1
6 - 5;

the inspection policy of the tax auditing agency is

m(z) =0+~z

F UV, —4V.\_ 1 [TV
s—_L (L= 2Ye L
v )1\

IRNAVEEIAY
’Y_C %+4‘/8 )

where
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the demand of the insider is

d(y) =60+ py + kz,

where
R
0=—py— Fp
V, (V, +4V) \ /2
__Br
=~

and the equilibrium price
p(u) = p+vu+mnz,
where

R
p=Ug+Q—o®yf+ (a+ F7) (SU+§)
U
v=—
2p
R
n=US— Bl +avf
with R, S,U,Q as defined by (4.8) in the Appendiz.

We obtain that the demand of the insider in the trading stage is

d09) = (-1~ F e —a=5m) = (1-5) -7 - e
Unlike in Kyle (1985), the insider does not base his decision of buying or selling only
by comparing the realization of the payoff with the mean. Here, the insider has to take
also into account the effect the erroneous report brings about. Notice that the insider puts
a positive weight on the public signal (the report z), because the constant R is always
negative. This is different from the models with exogenous public signal where the insiders

put a negative weight on the public information when determining the optimal trading
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strategy. The intuition is simple. As the error ¢ increases, the value of the firm decreases
and therefore, the price set by the market maker decreases. However, at the trading stage
the insider knows both the payoff y and the error ¢, so he knows the liquidation value.
Consequently, he corrects his demand for the error induced in price by the error in the
report.

Using the coefficients we have obtained before we can say that the tax report of the

firm is

y+y  71c [V, +4V
2 82 V. )

The expected report received by the agency is

~ y+y 1c (V,+4V. - _T1c (V,+4V,
E() =E _E _ _ g Te (Y tave)
®=r@+2-5 (- (B5) +8) =1- g (2

As can be easily seen, we obtain that both the real report and the expected report are

increasing with the penalty rate f and decreasing with the cost of auditing ¢ and tax rate
7. It is quite intuitive that if the tax auditing agency faces high costs, the tax payer will
report less because the tax auditing agency will monitor him less often. We also recover
here the result of Allingham and Sadmo (1972), who obtain a decreasing relationship
between the tax report and the tax rate in the case of a risk averse taxpayer displaying
non-decreasing absolute risk aversion. The implications of having a risk-neutral taxpayer
in our case are similar to the case of risk aversion since we allow the taxpayer to behave
strategic. Also, as the ratio of the penalty rate relative to the tax rate decreases, the
taxpayer reports less because he will prefer to take the risk and pay the lower penalty
rate. We also obtain that the report is increasing with the variance of V., which suggests
that in the case the variance of errors is high, the taxpayer auto-disciplines himself and
reports closer to the real realization. Finally, we obtain that the report is decreasing with
Vy, and this is due to the fact that when the variance of payoff is high the use of the
private information by the taxpayer makes it more difficult for tax auditing agency to

understand which is the realization of the payoff and therefore, the tax auditing agency
EG _,
8@ - Y

has to devote more resources in monitoring the firm. Moreover, we have that
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so that an increase in the mean payoff results in an increase of reported payoff of identical
amount.
Finally, the tax agency is going to put forth the following auditing effort

_F(VamaV\ 17y,
7T(Z)—C v, (z y)+4fvs.

We can compute then the expected auditing effort and it equals to

~ f(Vy—=4Ve\ - _ 17V, _17’%

Notice that the expected auditing effort is increasing with the variance of the payoft V,.
As we have already pointed out, when the variance of the payoff is high the tax auditing
agency has to increase the auditing effort in order to discover the true realization of
the payoff. However, the expected auditing effort is decreasing with the variance of the
errors V.. As V. increases the taxpayer knows that it is more likely to commit important
mistakes. Since the auditing effort is decreasing in reported payoff, the firm knows that
low reports will be heavily inspected, while high reports will not be exposed to very
severe inspections. This bias in the audit policy will induce the taxpayers to minimize
the probability of a rigorous auditing. Consequently, when the variance V. increases, the
taxpayer will try to report as correct as they can to increase the probability of a sufficient
large report, and therefore to decrease the probability that they are rigorously audited.
Finally, since the report decreases with the variance V,;, the tax auditing agency will want
to audit more rigorously, and that is why the auditing effort is increasing with V/,.

We can inspect next the expected revenue raised by the tax enforcement agency and
see how is affected by the different sources of uncertainty. The net revenue per taxpayer
is

R:T(m(@+a+n<m<@+g)f(g—m(@—g)_%c#(x@wa.

Corollary 4.1 The expected net revenue raised by the tax authority E (R) is increasing

in V. and decreasing in V.



119

A larger variance of the payoff means a larger disadvantage of tax auditors with respect
to taxpayers, and, hence, tax auditors end up putting too much effort on low payoff
taxpayers, who are the one who pay less fines. When V, increases, taxpayers commit
more errors so the agency will raise more revenues both from the penalties imposed on
the involuntary evaded taxes and from the taxes on the larger amount of voluntarily
reported payoff. Therefore, the tax authority benefits from the taxpayer confusion and
hence, has no incentives to reduce the complexity of either tax laws or tax forms.

We discuss next the comparative statics concerning the net payoff of the firm. We

have that the net payoff of the firm is

V=i-r@@+8) -r@@+fG-@ 2.
Corollary 4.2 The expected net payoff is inverted U-shaped with respect to V,, and V.

The result above suggests that initially an increase in both the variance of the payoff
V, and in the error V. will help the firm to increase its value. However, there exists a
threshold value such that for higher values the expected net payoff becomes decreasing. As
explained above, a high variance of errors V. induces the taxpayers to commit more errors
and since they pay more penalties this is reflected of course, in the expected net payoff of
the firm. We have obtained before that the report is decreasing in the variance of payoff
V, and that the auditing effort is increasing in V,,. Hence, we have here a trade-off between
a lower report and a more rigorous auditing, and this explains the inverted U-shape of the
expected payoff. Similarly, we have that the report is increasing in the variance of payoff

V. and that the auditing effort is decreasing in V., and the same trade-off takes place.

4.3 Market Indicators

We study next the implications of endogenizing the public signal and the liquidation
value of the firm on the market performance. To do that we compute few market indi-
cators: the market depth, the volatility of prices, the information content of prices, and

the expected profit of different market participants and characterize their variation with
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respect to the variance of the payoft V. The variance of the payoff can be seen here as
a measure of the riskiness of the firm’s project. This exercise will allow us to emphasize
the differences between our model, with endogenous public signal and liquidation value,
and the one of Kyle (1985). As we have already mentioned, Kyle (1985) presents a model
where a risk neutral informed trader exploits his informational advantage by behaving
strategical. In his model, the market indicators behave monophonically with respect to
the riskiness of the project (the market depth and the profits of the noise traders are
decreasing, while the informativeness of prices, the volatility of prices and the profits of
the insider are increasing). We will see, that in the case we endogenize the public signal
and the liquidation value, the monotonicity of the market performance indicators does
not longer hold.

Let us first write the price in a concise form. Since the effective report is z = z (y) + ¢

and the demand of the insider is d = d (y, z) we obtain that (4.1) can be simplified to

. U@1+S)

— U _
P(HED) = — y+US"5+2—pw+Q+U(1—S)?—a27f, (4.2)

where, as before, «, 7, p are the equilibrium values and U, S and @ are given by (4.8) in
the Appendix. From this formula we can see that the unconditional expectation of the

equilibrium price is
E()=E (‘7> = U7+ Q — Ra,

so the price is an unbiased estimator of the liquidation value. It is also interesting to
remark that in our model the expected value of the firm is quadratic in the mean of the
payoff 7, tax rate 7, penalty rate f and auditing costs c¢. This is due to the fact that both
the tax report and the auditing policy are chosen such that to account for the effects of
this variables on the net payoff of the firm. Notice also that since U < 1 and S < 1 we
have that an increase in the payoff ¥ is reflected less than half in the price, while one unit
increase in the report z is reflected in the price by less than one.

We will use as a measure of liquidity the market depth, as defined by Kyle (1985),

which represents the volume of trading needed to move prices by one unit. As can be
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easily seen from the formula for the price (4.2), the market depth is

V., (V, +4Vo)\ Y2
2p V,Ve
v U 1 —4 2 1 A4VN
2 (/A S R
2\V,+4V. ) ¢ 8 V.

We can immediately see that the market depth is increasing in the variance of the noise
trading V,,, the payoff mean 7, the penalty rate f and the tax rate 7, and decreasing in
the cost of auditing c. Notice that an increase in the tax rate increases the market depth.
As we have seen already a higher tax rate induces a lower report. Since the market maker
uses as a signal the report, if this is not very accurate it will help the insider to preserve
his informational advantage. Finally, the behaviour of the market depth with respect to

the variance of payoff V, is very different, depending on the values of parameters.

Corollary 4.3 The market depth with respect to V,, is
i) U-shaped if g € (0,2¢/3f?) and 7 € (1/3 + f?5/3c, 1),
ii) Inverted U-shaped if § € [c/f?,2¢/f?) and 7 € (min {2 — f?y/c, 7}, %),
ii1) decreasing, otherwise.
The market depth with respect to V is
i) Inverted U-shaped in the following cases: § € (2¢/5f?,3¢c/5f?) and T < 527 /c — 2;
g€ (3¢/5f%,¢/f?): T € [e/f? 2¢/f?) and 7 € (min {f*F/c — 1,7}, 7%)
ii) decreasing, if j € [c/f?,2¢/f?) and T < min {f?y/c — 1,7*} or if § > 2¢/f?,

ii1) increasing, otherwise.

As we can see from the previous Corollary the market depth is not monotonic in the
variance of the payoff V,,. This is driven by the fact that we endogenize the public signal.
Adding an exogenous public signal in Kyle (1985) model decreases the total variance of
the payoff. In our model, the variance of the signal and the net payoff are determined
endogenously at the reporting stage and they both depend on V,,. While the variance of
the signal is monotonic in V,, this is not the case of the variance of the net payoff (the

liquidation value of the firm). We have obtained in Corollary 4.2 that the expected net
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payoff is U-shaped with respect to the variance of the payoff V. Since the manager knows
the net payoff, this non monotonicity is transmitted to the demand and from here to
the order flow. As we know, the market maker reacts to changes in the informativeness
of the order flow by changing the elasticity of the price with respect to the order flow.
However, when we have a public signal, he reacts to this type of change also by adjusting
the weights he puts on the order flow and public signal, respectively. Consequently, the
effects of endogenizing the signal and the liquidation value, propagate themselves in the
financial markets through multiple channels and induce a non monothonic behaviour of
the market indicators.

Notice also that if the tax rate 7 is small, the behaviour is similar to the one in Kyle
(1985) (i.e. market depth is decreasing in V). However, for high values of 7, we might
obtain very different behaviour. This suggests that very high taxes have a distortionary
effect. It is clear that the higher the tax rate, the lower the tax report made by the
firm. Since the tax report affects the liquidation value of the firm and the price set by
the market maker, it is intuitive that a report that is far from the real realization of
payoff will induce important changes in the price, the demand of the insider and all the
market performance indicators. We have actually here a trade-off. There are two ways
the variance of the payoff affects the market depth. The first one is the same as in Kyle
(1985) where increasing the variance of payoff V,, increases the informational advantage
of the informed agent and thus, decreases the market depth. However, as we already
pointed out before, a high tax rate induces a low tax report, and the use of the report as
a signal of the payoff becomes not very appropriate when both the variance of payoft V,
and the tax rate increase.

We characterize next the amount of the private information that is revealed through
prices. We define the informativeness (or the information content) of prices as the differ-
ence between the prior variance of the payoff conditional on the report and the variance
conditional on prices and the report. This measure will give us the decrease in variance
due to revelation of private information, after conditioning on the private signal. Using

the normality assumptions we obtain the expression presented in the following Corollary:
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Corollary 4.4 The informativeness of prices is
Var <‘7‘ E) —Var <‘7‘]7, E)

Vy, (Vy +2V.)% [ f? 2
Uyt )3(4f—Va(4Va—%)?—8%(%+4%)+r(4%+1@)2) .
8V (Vy +4V2)" \ ¢

Moreover, the effects of changes in V,, on the informativeness are ambiguous.

Similarly to Kyle (1985), we have that the informativeness of prices does not depend
on the noise trading. In Kyle (1985), the order flow was the only source of information for
the market maker and the changes in the payoff of the firm that affected the price where
off-set by the changes in the quantity traded by the insider. Thus, when the variance of
the noise trading increase, this allow the informed trader to hide better and therefore,
to trade more aggressively, making use of their informational advantage. However, the
informativeness of prices depends in our case on the variance of the payoff V, and the
variance of errors V. and the main reason for that is that the market maker uses one
more signal to set the price and the changes in prices are not completely off-set by the
change in the insider trading. We performed the comparative statics with respect to
the parameters and we obtained that the informativeness of prices might be increasing,
inverted U-shaped, U-shaped or oscillating (decreasing, increasing and decreasing) with
respect to the variance of the payoff V. As we have already explained in the discussion of
the market depth, this behaviour is a consequence of the fact that in our model the public
signal and the liquidation value of the firm are endogenous. A deeper analysis suggests us
that the tax rate is again an important parameter of the model. As we can see in Lemma
A.1 in the Appendix for small 7, the behaviour of informativeness of prices is similar to the
one in Kyle (1985). The main conclusions we have reached is that the informativeness of
prices is increasing in Vj, if the mean of the payoff 7 is small relative to the costs ¢/ f? and
7 is small (see Figure 4.1) and is inverted U-shaped when 7 increases (see Figure 4.2). As
the mean payoff increases up to 2¢/ f? we have either that the informativeness of prices is
either increasing for 7 small or oscillating for higher 7 (see Figure 4.3). Finally, when the

mean payoff increases above 2¢/f? we have that the informativeness of prices is always
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oscillating. We have found also that the informativeness of prices with respect to tax rate 7

V, + 4V,
is either increasing if 7 > 2% (ﬁ

order condition for the insider’s problem rules out the first case, so the informativeness of

), or U-shaped, otherwise. However, the second

prices is always U-shaped with respect to tax rate. As we have seen already the expected
net payoff is quadratic in the tax rate (we have again the trade-off between low report
- high auditing effort. This relationship is transmitted in prices (which are an unbiased
estimator of the liquidation value) and consequently in the informativeness of prices.
Finally, the informativeness of prices is U-shaped as respect to the mean of payoff 7 and

the penalty rate f and inverted U-shaped as respect to the cost of auditing c.

Corollary 4.5 The price volatility, measured as the variance of price, is

Vi (Vy +2Ve)

Var =
P Sz, vy

2 2
(4%\/6 (4V. — V,) 7 — 8V (V, +4V2) + 7 (4V; + Vy)z) .

Furthermore, the effects of changes in V,, on price volatility are ambiguous.

We have studied also how changes in the variance of payoff affects the volatility of
prices. The behaviour of volatility with respect to the variance of errors V,, depends
critically on the values of parameters, and we have 3 possible cases: the volatility being
increasing, inverted U-shaped (Figure 4.4), or oscillating (Figure 4.5). We have found also
that the volatility of prices is U-shaped with respect to tax rate 7, mean of payoff 7 and
the penalty rate f and inverted U-shaped as respect to the cost of auditing c¢. Moreover,
the volatility of prices does not depend on the noise trading, the reasons being the ones

explained for the informativeness of prices.

Corollary 4.6 The expected profit of the insider

U (VN2 V, AV 1 [V, +4V.
pw-na-gv-(3) (% ()7 v ()

The comparative statics with respect to the variance of payoff V, is ambiguous.
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The non monotonicity of the market depth implies that both the insider’s expected
profit and noise traders’ expected profit are non-monotonic (the noise traders profits is
the negative of the insider’s profit). We can see here, one of the important implications of
endogenizing the public signal. Adding an exogenous public signal in Kyle (1985) model
makes the noise traders positively better off because the public signal reduces the variance
of the private information (relative to the all information in the market). In our setup,
the report still decreases the total variance, but it has an indirect effect on the variance of
the liquidation payoff. Following the same reasoning as in the case of the market depth,
since the variance of liquidation value is ambiguous with respect to the variance of payoff
V, it is also ambiguous whether they are better off or worse off.

While the welfare of the firm it is always inverted U-shaped with respect to Vj,, the
welfare of the insider depends critically on the tax level. Notice that when the tax rate is
small a very high variance of payoff V,, improves the welfare of the insider (because of the
extra noise in the order flow he can make better use of his informational advantage) but
it does not improve the welfare of the firm. What happens actually is that initially, the
board tries to make use of this informational advantage, and therefore, their expected re-
port is decreasing with V,,. However, their action is overcome by the tax auditing agency,
their auditing effort being increasing with V,,. On the other hand, the insider uses the
information less restricted. It is true that still the market maker, by including the in-
formation from the report in prices, can diminish his informational advantage. However,
since he has two sources of uncertainty - about the order flow and about the realization
of the payoff - he cannot disentangle the effect of the realization of payoff from the one of
noise traders’ order flow, and consequently he cannot restrict the insider fully to use his

informational advantage.

4.4 Conclusions

In this paper we have presented an insider trading model where we study how inter-

action between a firm and a tax auditing agency may affect the trading in the financial
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markets. We show that uncertainty about the realizations of the payoff of the firm to-
gether with the errors produced during the reporting stage, have an important effect on
the reporting strategy of the firm and the auditing policy of the tax authority. Allowing
for this interaction between the firm and the tax auditing agency permits us to endog-
enize the public signal used by the market maker in financial markets. As a result, the
uncertainty and the decisions of the agents made at the initial stage, affect the value of
the firm and the public signal and therefore, the trading in the financial markets. Thus,
endogenizing the public signal and the liquidation value of the firm brings about sub-
stantial changes in the behaviour of the market depth, profits of the market participants,
informativeness of prices when the variance of the payoff changes. Our results suggest
also that the market performance becomes in this case very sensitive to the values of the
parameters, the most relevant parameter being the variance of the payoff. The tax rate
plays also a crucial role in our model, because depending on its level the firm chooses the
tax report and this report affects both the liquidation value of the firm and the price set
in the financial markets.

Our results are significantly different from the ones in Kyle (1985), despite of the fact
that the models are very similar. The difference between the two models lies in the fact
that the distribution of the net payoff is affected by the actions taken in the reporting
stage and the fact that the market maker uses an additional signal (which is endogenous
in our model) when setting the price.

We have studied how the expected net revenue of the tax auditing agency, and the
welfare of the firm and insider is affected by the quality of signal and accuracy of filling the
tax report. We obtain that a larger variance of income brings about a larger disadvantage
for the tax agency, which is forced to put forth additional effort, which decreases its
expected revenue. However, the tax auditing agency is benefited by large variance of
errors because both the penalties on the involuntarily evaded payoff and taxes on the
voluntarily reported payoff are higher. In the case of the welfare of the firm, when we
have a change in the variance of the payoff or in the variance of errors we have a trade-off

between the effect on the report and the one on the auditing effort. While the tax rate
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does not influence the behaviour of firm’s welfare when the parameters of the model are
changing, in the case of the insider’s welfare the tax rate level becomes crucial. Thus, if
the tax rate is small the insider is able to use his informational advantage, and therefore,
his profit increases with the variance of the payoff. However if the tax rate increases the
changes in profit of the insider determined by a change in variance of payoff becomes
strongly dependent on the other parameters. As we have already explained there exist
different channels through which a change propagates itself. First, a change affects the
report and the auditing effort, and therefore, the liquidation value of the firm. This
change in the value of the firm affects the demand and consequently, the order flow. The
changes in the report and in the order flow affect the pricing strategy of the market maker,
affecting the weights he puts on different signals and therefore, it transmits further in the

market.

4.5 Appendix

Proof of Proposition 4.1. Since the firm’s choice of report affects the expected
payoff after taxes, this means that it will affect also the demand strategy he uses in
the second stage. We solve the problem backward considering the auditing effort 7 as
given. The insider conjectures that the market maker is going to use the pricing rule
p(d+w)=p+v(d+w)+nz.

Thus, the insider is solving the following maximization problem

max B[(y —72 —nf(y—2) —p(d+w))dly,2] (4.3)

= max B[y —72—7f(y—2) —p—-v(d+w)—nz)dyz].

The first order condition for this problem is

Ely—1z-nf(y—2)—p—v(d+w)—nz—vdly,z]=0

or equivalently,

|

d= B[y —12—nf(y—2) —pn—vo—n2y2].
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The insider observes y and z and conjectures that the tax auditing agency has used
the strategy m = 6 + vz.
Let us define by

U =y—12-7fy—2)—-nz—p=0-0f —vf(a+py+e))y—

(T—06f —vfla+pBy+e))(a+tpy+e)—nla+py+e)—p

then
_ - y—7
E[U@,E]=E(U)+(A B) Pa |
3
where
E(T) = 5(1—6f —vfa—r8+6f3+2yfaf—nd)+
a(—T+fa+b6f —n)+Bvf (B-1) (V,+7°) +7fVe — i,
and

(4 B)zcov(z?,(g, g+%>> <var<§j, g+%>)_l.

After some calculations we obtain that

cov(ﬁ,(ﬂ, §+%>)=<Vym V;,m—k%‘/;),

m = 1—=06f—~vyfa+p(—7+6f +2yfa—mn), and

where

n = (—7+6f+2vfa—n).

We also have that

T\t g [ Vet+t=
(o (7 75)) =wm | LT
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After some straightforward algebra it results that
A=1-6f —~vfa
B=—B(r—8f —2yfa).

Since the insider uses the linear strategy d = 6 + py + kz, it results by identifying the

coefficients that

§ = %(E(U)—Ay—B%—By)
A
PFr= 39
1B
K = Sk

The second order condition for the insider problem in this second stage is v > 0.
The market maker observes now the order flow u and the report received by the
auditing agency z = T + ¢ and sets the price to be equal to the expected value of the firm

conditional on the order flow and report he observes.
p=E [17) 7, z] .

Observing u is informationally equivalent to observe

(d+w)—0—ra _ w KE
=7+ -
p+ KB p+rB  p+KB
L : . Z—a  _ E
and observing z is equivalent to observing 3 =y+ E Let us denote by

~ w KE
¢ p+ KB " p+KB
With these notations and equivalencies we can write that the price is
N (d+w)—0—kra _

§+5,§+%}:E<‘7>+<C D) ot KD .

p:E{v

where

(C D)zcou(ﬁ,<g+$, §+%>)~(uar(gj+$, §+%>>_1.
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Since the market maker observes z = z + ¢ and conjectures that the firm uses the
strategy * = a + By and the tax authority uses the strategy m = § + vz we can write

Vi = g(l—7f)—(r—7f)(a+ By +¢)
= y(1=6f—vfla+Py+e) —(r=6f —vf(a+Py+e)) (a+ By +e),

and it results that

N
)- (- -3

~ (. ~ . £
(¥ (748 745 PEYT: ;

where

M = (1-6f—~fa)—(r—06f—2vfa)pB, and
N = 7-40f—2vfa.

On the other hand, we have that

Vw Iiz‘/s K
g Vy + + V, 4+ —V.
or (545, 545 )= | W Grnd T ER D
v Vy+ ——=Ve V, + =
ﬂ(ﬂ‘l‘ffﬂ) 3
and
~ z -1
(W“(?Jrfé, §+E>)
Ve K
V, +—= (v, +—" Vv
_ 1 y+g2 (y:;ﬁ(/ﬂrnﬁ)zv)
A i w K™ Ve ?
-\t gV V.
(y—i_ﬁ(PvLHﬁ) ) y+(p+,€@)2+(p+ﬁﬁ)z
where

_ PV Ve + BV, + VL Ve
(p+rB°F
We multiply the covariance and inverse of the variance matrix and we obtain that
Ve (A-6f—fe)

- B p+ k) A
kpV,Ve (1 = 6f —vfa) =V, (MBV, — Np?V.) + NV.V,

A(p+KB) B

A

D=
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Finally, we have that the price is

p:E(f/) +C<(d+(:)+_:ﬁ_m —?) +D('Z;a —y) _

~ _ 0 Ko C D
EOO—y@+D%%%+Mf—p+w— o gldre) + e

We make the following notations which we will use in what it follows. We define, thus

(8
D= +
g

U = 1-0f —7fa
R = (r—vyfa—6f)
Q = PfB-1)(Vy+7) +1/Ve
g = BV,
2 (5, +V.)

We calculate the expected value of the firm and we obtain that

EQU:4U+mhﬁ@—Rm+ﬂm+Q

Identifying the coefficients in p (d + w) = p + v (d + w) + nz we obtain

~ 0 Ko Q
- B(V)-C e - D2 _5(C+D
# (V) = Corm5 ~ O ~ D5 ~9(C+D)
L C
R
_ D

So, we have that

;L:E(ﬂ—c b Y p%_gc+D)

_c
p+kB
D
T3
02%(E(U>—A§—B%—By)
A
=
1B
R—EE.
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From here we conclude first that

1-6f —vfa K U R
CZV@+H@=( f z;)@+ @:?5_2?

On the other hand from the formula for C' we have obtained before it results that

2

(0 + 8B)° 5

However, when we calculated the determinant we obtained that

A =2V,V.

A_ﬁ%%+ﬁm%+mm
(p+ KB) 52

so eliminating A we obtain an expression for p

9

Lo (1.4
e VBtV
Plugging it in D and after some tedious but straightforward algebra we obtain
6 Vw _ p"f‘/e
2V, (V5 + V7)

D = BV,(1-0f—~fa) —B(r—0f —2vfa)

= BUS - 67R+aﬁ7f.

To conclude, using the formulas we have derived above we obtain that

v
2p
R
n = US—§+afyf

) = (Vw (ﬂzmv;))”

V,Ve

_fp
=.

Finally, we solve for 1 and 6 and we obtain

W= E(WV)—n(atB7) =UF+Q— o’/ +(at 57) (SU+§)

_ R
6 = —py+7p(a+ﬁy).
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In the first stage the firm maximizes the net payoff after taxes choosing the tax report x

such that
mng(V) & m:?xE (1= +vz+ve) Hly— (1= +v(x+e) f)(x+e)]. (4.5)
The first order condition for this problem is
E(=fyy+2fyz+2fye—7+6f) =0,

which leads to

_1 +17’—(5f
YTy T

We identify the coefficients in = o + By and we have that

a—lT_éf
2 fr
1

525-

The second order condition for this problem is fv < 0. Since the penalty rate is always
positive, it results that we need v < 0.

Finally, we consider the maximization problem of the tax auditing agency. The agency
maximizes the expected profit conditional on the report received from the firm z. As we

said, although the firm reports x, the report received by the agency is z = x+¢. Therefore,

the agency’s problem is the following;:

2

m(z) =argmax E |tz+7f (y — 2) — 5em

The first order condition for this problem is
Elf(y—z)—cmlz] =0,
or equivalent the auditing strategy = = 7 (2) is

r=LBHd- 2. (4.6)

C
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The tax agency conjectures that the firm uses a linear reporting strategy x = a + Gy.

Since the report perceived by the agency z = ¥ + ¢, he concludes that z = o + By + €.

*_7+L il
= y + —. Consequently, we
B B

Observing z is informationally equivalent to observing

obtain that

£ v, Z—«
Elylzl=FE |lyly+=|=7+ Y ( —_).
=2 o+ 5| =7+ i (5
Plugging this in (4.6) we obtain that

:il— V./ B B Vy o (Ll_gz}
c UV + Vo /B Ve + VBB \V, + V. B0

The auditor uses the linear strategy = (z) = § + 7z, and by identifying the coefficients

we have that

- () - ()8
i (G ERE ] o

We solve now the system of equations with the unknowns, a, 6,y as a function of

and we obtain that

0 — 1__ Tc (V, +4V;
- TR \T W
1
7=
F(Vy—4V\_ 1/[7V,
§ = L ("2 :
c\v, 7o)V 1\
S (Vo AV
T e\y, A )

Finally, using these values for «, 3,6 and v we obtain that the coefficients in the second

stage are



where

Q
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= Ug+Q—®yf+ (a+57) <SU+§)

v
2p

= US—E+a’yf

2

= —py—k(a+[7)

Vo (V, +4V2) \ 72
( 4V, Ve )
Rp

U

1 [V, —4V.\ f7_ 1 [V, +4V.
S (et WAy SR Ry (T 4
2(\/y+4V5) It T( (4.8)

1f2 (V, =4V _

e ()7
Vy

V, + 4V,

LRV VY LfP (Y, AV
1 \ Vv, +4V 1c\v,+av. )V

We also replace them in the above formulas for insider’s demand, firm’s report and

auditing effort and we obtain thus that the demand of the insider in the second stage is

1) = (-7 - e m)

U

R Rp
et —7 1—— _—

the tax report the firm is making in the first stage

2 ( )_y—l—g_ Tc (V, +4V;
Yy) = 2 8f2 ‘/8 ’

and the auditing effort of the tax agency

V, — 4V, 17V,
- () em o3 ().
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As we have seen the equilibrium price is
p=pu+vd+nz,
where p, v,n were determined in the previous proposition

p = E(V)-— (US—%—Fa’yf) (a+ B7)

U
v = —
2p
R
n = US——+ayf

2

and the demand of the insider is

i) = (-7~ 7 == 7))

Consequently, the price can be written as

p = BN+ g1 G-a=pm(1-3)+ g
= aﬂVfﬂ—R(a‘F@)+U@L2y>+Q+(US—R%—avf)(z—a—@)%—%w
= U@vL(US—R—I—cwf)Z%—Q—US(anL@)—a27f+%w.

Finally, we study the second order conditions for the insider’s problem and board’s
problem. The second order conditions for the insider’s problem (4.3) is v > 0. This is
equivalent to U > 0 or

1 [V, —4V.\ f2_ 1 [V, +4V.
(L RVeN s 2 (R )
2(‘/3,—1—41/;) Ut 87( V. )

We solve for 7 in this equation and we obtain that this is equivalent to

2
2V, +4V2) + Ly (v, - av)

T<T1* 54‘/5 2
(Vy +4Ve)
2 4 - 2 4 e 4 €
However if f?y < %, 7% > 1 always. If f?y = (V;/ZVEV, <IL/€/E+_“2’>)

then 7* € (0,1). Consequently, the second order conditions are always satisfied for
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c V,+4V,
= < &Yy €
ST
_ cVy+4V, ¢ [V, +4V,
je (o (s
24V f2\4v. =V,

for = < 7*.

c Vy+4V;
f?AvL
)> then the second order conditions are satisfied only

and they are never satisfied for 7 > 2 . If we have that

Finally, the second order condition for the problem (4.5) is v < 0 which is equivalent
toV, <4V.. m

Proof of Corollary 4.1. The expected net revenue raised by a tax auditor before

observing the realization of the report z is

E(?f) =Elr(a+py+e)+f(6+y(a+8y+2)[H—a—pBy—2)
—%(6+7(a+6§+’5})2 = (a+py) T+

F(6+7a)(1=P)T—a(6+ya) —ayBy—ye+78(1—B) (Vy + 7))

L (5 + 260+ 26987 + 9702 + 272G+ 2 (V, + ) + %)

Using the equilibrium values for «, 3,6,y and after some algebra, we obtain that

D 1
B (R) _
128¢f2V2 (V, + 4V%)
AL 47—262‘/3/2‘/5 - 7—ZCZV; — 192722V — 807’262‘/3/‘/:52} .

[256,/4V2 — 128 f*V3V, + 16 f*V2V? + 1287 f°V27cV,

We compute the derivative of the expected net revenue with respect to V,, and we have

that
OF (R) _ 1 (4V V) 96f4‘/;3 + 167’262‘/;2 + 8‘/;2](4% + 87262%‘/8 + 7_202‘/;!2
ov, 64 cf2V2 (V, +4V.)? '

The equation

96 V2 + 1672PV2 + 8V2 [V, + 872V, Ve + T2V = 0
2.2

T

the case that both solutions are negative and this implies that on the interval (0,4V;) the

oF (R)
v,

has either no real solution when V, < or two real solutions. However, it is always

derivative is negative.
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We compute next the following derivative:
OE (R) L8 F4VE + 96 f4V, V2 + 1672V, V2 + 872 AVRV. + T2V
cf2VE (V, +4V2)° ’

1
v 26—4(4‘@—‘@)

and it is obvious that it is always positive for V. > Zy [

Proof of Corollary 4.2. The expected payoff of the firm net of taxes is

B(V) = Ey-ra@) +e)—na@)+e)fy—=z(y) —)
= G =78+ [(6(8-1) = a+2yaB) —a(r - [ (6 +7a))

B8 =B) (Vy +7°) +1fVe
1
_ A 27512 956 F2T1 3¢ — G4 2712
61F2V2e (V, + V) [6 fYVeVye + 256 fyVie — 64 fyViTVc

=256 f2gV>2re — T2V} + 1672V, PVZ — AT PV V?

+647°PVE — 16 fVEVE + 128 f*VEV, — 256 4V .

We compute the derivative with respect to Vj, and we have that

o8 (V) _ | T2AVE 4 872 VLVE + 1672V, PV2 4 8F4VAVE — 3844V + 64£4V2V,
it 32f2V2e (V, + 4V |
We define by
9(V,) = TPV + 8T VY2 + 1672V, V2 + SFVEVE — 384 f4V2 + 641*V2V,,
and we have that
g (V) =302V} + 1672 VY, + 1672 V2 + 16V, f'VZ + 64f*V2 > 0

Since g (0) < 0, and g (4V.) > 0, it results that it exists V,* such that g (V) < 0 for

Vv, € (0, Vy*) and g (V,) > 0, otherwise. Consequently, 8};‘(/://) > 0, for V, € (O,V;) and
oE(V)
3V,

< 0, otherwise.

We compute next the derivative with respect to V.

OF (V) 286/*V2V, — 96/ V2VE — 722V — 8Vr?2V3 — 16r2C2VVE 4 512V

Ve 32f2V3¢ (V, + 4V.)?
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To study the sign of this derivative, we define
g (V2) = 256 VAV, = 96 f*VEVE — 722V, — 8V.r2 PV, — 1672 V2V + 512 (V7

and we have that ¢” (V) > 0 for V. > %_ We have that ¢ (%) _ 81/;/3 (f4V, — 2c272) . If
qg (%) > 0, since ¢” (Vz) > 0, it results that ¢’ (V.) > 0 always. If ¢’ <%> < 0, we have

that it exists V* > % such that ¢’ (V) <0, for V. € (%, V;‘) ,and ¢’ (VZ) > 0, otherwise.

W

However, since g (%) = —47'202‘/; < 0, in both cases we obtain that it exists V* > 3

such that g (V7) <0, for V. € <%,V€**> , and g (Vz) > 0, otherwise. m

Proof of Corollary 4.3. We compute the market depth

Vi (V, +4V0) 2
1 2 Vy Ve
v U 1 V., — 4V. 1 [V, +4V.\"
s AN Iy S [ e
2! <Vy+4\/€)yJr 87( Ve )

We can easily see that the market depth is increasing in the variance of the noise
trading V,,, the cost of auditing ¢ and in the tax rate 7, and decreasing in the payoff mean
7 and in the penalty rate f.

To see how the function varies with respect to V,, we define a = fty and

(VA%HVE))”

_ V, Ve

O Y A S N A VA
2 \V, + 4V 8 V.

The sign of the derivative of f(V},) is the same as the one of the function

g (V,) = 32aV2 — 64V + 327V + 32V2V, 1 — 16V2V, — 40V2V,a + 107V2V, + 7V,

The equation ¢’ (V) = 0 has two solutions, one of them being always negative. The second
equation is negative if 7 > %4— %a, is in the interval (0,4V;),if 7 € (1—10 + %a, % + %a) , and
greater than 4V, otherwise. We studied the sign of g(V},) for different values of parameters

and we have obtained the following cases.
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In what it follows we will use the second order condition for the insider’s problem.
This implies that if a € (1,2) we need to have that 7 < 7*.

Case 1 a € (0, %)

If 7 < 15 + %a, we have that ¢ (0) < 0, ¢’ (0) < 0, g (4Vz) < 0 and since the second
solution of the equation ¢’ (V,) = 0 is greater than 4V, it results that g (V},) is decreasing.
Consequently, we obtain that g (V,) < 0 for any V, € (0,4V;).

Ifre (1—10 + 1a, % + %a) , we have that ¢ (0) <0, ¢ (0) <0, g (4VZ) < 0 and the second
solution of the equation ¢’ (V) = 0 is in the interval (0,4V), it results that g (V) is
U-shaped. However, since g (4V;) < 0 we have that again g (V},) < 0 for any V,, € (0,4V}).

If 7 € (% + %a, T+ %a) , we have that ¢ (0) < 0, ¢’ (0) < 0 but g(4V.) > 0 and the
second solution of the equation ¢’ (V) = 0 is in the interval (0,4V;). It results again that
g (V,) is U-shaped but since g (4VZ) > 0 we have that it exists V,* € (0,4V;), such that
g(Vy) <0 for any V, € (O, Vy*) , and g (V) > 0, otherwise.

If 7 € (3+2a,1), we have that g(0) < 0, ¢’ (0) > 0 but g(4Vz) > 0 . Moreover,
the second solution of the equation ¢’ (V;,) = 0 is negative, so g (V,) is increasing. We
obtain again that it exists V" € (0,4V.), such that g (V,) < 0 for any V,, € (0,V;"), and
g (V) > 0, otherwise.

Case 2 a € [4,1)

If T < 15 + %a, we have that ¢ (0) < 0, ¢’ (0) < 0, g(4Vz) < 0 and since the second
solution of the equation ¢’ (V,) = 0 is greater than 4V, it results that g (V},) is decreasing.
Consequently, we obtain that g (V) < 0 for any V, € (0,4V;).

If 7 € (554 7a,1), we have that g (0) < 0, ¢’ (0) < 0, g(4VZ) < 0 and the second
solution of the equation ¢’ (V) = 0 is in the interval (0,4V.). However, since g (4V;) <0
we have that again g (V) < 0 for any V, € (0,4V}).

Case 3ac [1,%)

? 25

38
Case 3 a € [1, g)
If 7 < s5 + 1a, we have that ¢ (0) < 0, ¢’ (0) < 0, g(4Vz) < 0 and since the second
solution of the equation ¢’ (V) = 0 is greater than 4V, it results that g (V}) is decreasing.

Consequently, we obtain that g (V;) < 0 for any V,, € (0,4V).
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If 7 € (5 + %a,min {2 — a,7*}) , we have that ¢ (0) < 0, ¢’ (0) < 0, g(4V.) < 0 and
the second solution of the equation ¢’ (V) = 0 is in the interval (0,4V;). However, since
g (4Vz) < 0 we have that again g (V) < 0 for any V;, € (0,4V).

If 7 € (mn{2—a,7*},7*), we have that g(0) > 0, ¢ (0) < 0, g(4Vz) < 0 and
the second solution of the equation ¢’ (V,,) = 0 is in the interval (0,4V;). Consequently,
it exists V;* € (0,4V;). such that g (V,) > 0 for any V, € (0,V;*), and g (V,) < 0,
otherwise.

Case 4 a € [%,2)

If 7 <2—athen g(0) <0, ¢ (0) <0, g(4V:) <0, ¢ (V,) is U-shaped and it results
that g (V,) <0 for any V, € (0,4V}).

If 7 € (2—a,15 + za) we have that ¢g(0) > 0, ¢/(0) < 0, g(4V.) < 0 and the
second solution of the equation ¢’ (V) = 0 is greater than 4V.. Consequently, it exists
V;* € (0,4V7) . such that g (V) > 0 for any V, € (0, ny**) , and ¢ (V) < 0, otherwise.

If 7 € (% + 3a,7") we have that g (0) > 0, ¢’ (0) < 0, g(4Vz) < 0 and the second
solution of the equation ¢’ (V) = 0 is in the interval (0,4V;). Consequently, it exists
V,* € (0,4V7) . such that g (V,) > 0 for any V, € (0, Vy**) , and ¢ (V,) < 0, otherwise.

V, + 4V,

Case 5 a € l?,Qﬁ)

In this case 7 > 2 — a always and

If 7 € (0,15 + 7a) we have that g(0) > 0, ¢’ (0) < 0, g(4Vz) < 0 and the second
solution of the equation ¢’ (V,) = 0 is greater than 4V.. Consequently, it exists V,** €
(0,4V%) . such that g (V) > 0 for any V,, € (0, Vy**) , and g (V) < 0, otherwise.

If 7 € (55 + za,7) we have that g (0) > 0, ¢’ (0) < 0, g(4VZ) < 0 and the second
solution of the equation ¢’ (V) = 0 is in the interval (0,4V.). Consequently, it exists
V> € (0,4V7) . such that g (V) > 0 for any V, € (0, ny**) , and g (V,) < 0, otherwise.

We collect the results and we have the following:

Ifa € (0,%) and 7 € (§+ 3a,1) it exists V, € (0,4V;), such that g (V,) < 0 for any
V, € (0,V;), and g (V,) > 0, otherwise. In this case we obtain that f(V}) is U shaped.

Ifa € [1,%) and if 7 € (min{2—a,7*},7%) it exists V;* € (0,4V.). such that
g(Vy) > 0 for any V, € (O, Vy**) , and g (V}) < 0, otherwise. In this case we obtain that
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f(V,) is inverted U shaped.

Ifa> % and 7 € (2 — a,7*) we have that it exists V,* € (0,4V7) . such that g (V,) > 0
for any V,, € (07 V;,**) , and g (V) < 0, otherwise. In this case we obtain that f(V},) is
inverted U shaped. m

Proof of Corollary 4.4. We compute now Var <17‘ E) — Var (‘7

D, Z). Due to

the normality assumptions we have that

"5))2.

First, we compute the covariance of the payoff with the price conditional on the report

Var (‘7

2) = Var (V

B, z) — (Var (5] 2)) " (Cov (17,5

z and we have that

~ U2(1+9) _ U2(1+9) (Cov (7,2))?
Cov (V,p z) = —5 Var(lyz) = — 5 Var(y) — Var ()
U?(1+5) (8Y)° 2 VyVe
_ - =20°(1+S 5
2 (VZ" BV, + V. W9\ 7w
_ AUV (V, +2V0)
N V,+4V.
Using the formula for the conditional variance of prices we obtained below, we have
that
(4U2V;,v; (V, + 2%))2
~| 2 Sl V, +4V. _ 8URV,V. (V, +2V)?
Var (V z) —Var <V‘p, z) = QUZ‘/;/VE = VAV .
Vy, + 4V,

To characterize the behaviour of the informativeness of prices we establish the following:
Claim The informativeness of prices with respect to the variance of the payoff V,
may be increasing, inverted U-shaped, oscillating (decreasing, increasing, decreasing) or
U-shaped.
Proof of Claim. We have obtained that the informativeness of prices when we

condition on the public signal is

e S _ SUPV VL (V, + 2V0)°
Var <V‘ z) —Var <V‘p, z) = VAV .
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We study the derivative of this function with respect to V,, and we have that it has the

same sign as

Q
—~
S
N—
Il

—2aV.V? + 80V, 7V2 + 8V,aV2 + 50V TVZ 4 127V.V,? — 20V 2aV7?

_4‘/5‘/;!3 _ 40‘/;2‘/;/2 . 112‘/;3‘/;, + 327_‘/;4 + 32@‘/;4 + T‘/;f B 64‘/;:47
and
h(V,) = —4aV.V, + 16aV2 — 8V, V. — 32V2 + 167V2 + 87V, V. + V2.

The equation h(V}) has two solutions. One is always greater than 4V.. If 7 < 2 — a,
the second solution V, is negative. Otherwise, it is between 0 and 4V_. It results that if
a€(0,1)orae (1,2) and 7 < 2 —a, the solution V; is negative, and it results h (V) < 0,
for any V, € (0,4V). Otherwise, V, € (0,4V;), and it results that h(V;) > 0, for any
V, € (0,V2), and h (V,) < 0, otherwise.

Next, g (V,) = 0 is an equation of forth degree, so it has 4 solutions. We have studied
this function depending on the parameters and we obtain the following cases:

Case 1 a € 0,1]

In this case 7 < 2—a always, and it results that h (V) < 0 for any V,, € (0,4V) . Then,
we show that for a < 4 (which is the case when we impose the second order condition for
insider’s problem) we have that h'(0) < 0. We have studied the first derivative and we
obtain:

if 7 < 2a+ 3 then g (V,) < 0 for any V, € (0,4V});

if 7> Fa+ 1% then it exists V* € (0,4V;) such that g (V,) < 0 for any V,, € (0,V})
and g (V,) > 0, otherwise.

This implies that if 7 < 2a + & then f(V,) > 0 for any V, € (0,4V) (so the

informativeness is increasing) and if 7 > Sa + 33, f (V) > 0 for any V, € (0,V;) and

f(V,) <0, otherwise (so the informativeness is inverted U-shaped).
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Case 2 a € [1,2]

We obtain that if 7 < 2 —a, h(V,) <0, g(V,) <0, and therefore, f (V,) > 0 for any
V, € (0,4V7).

Ifre (2 —a, %a + %) then h (V},) changes once the sign, and the same happens with
g (V,) (is negative and then positive). It results that the informativeness is oscillating

(decreasing, increasing, decreasing).

If 7 > 2a+ £ then h(V,) changes once the sign. In this case g (V;) might be either

all the time positive or changing twice the sign. However the last case is ruled out for this
values of parameters and we obtain that g (V) > 0 and therefore that the informativeness
is U-shaped.

Case 3 a € [2, 8]

In this case 7 > 2 — a so h (V,) changes once the sign.
If 7 < 2a+ B then g(V,) changes once the sign (is negative and then positive). It

results that the informativeness is oscillating (decreasing, increasing, decreasing).

3

Ifr>3a+ % then as above, g (V) might be either all the time positive or changing

twice the sign. However the last case is ruled out for this values of parameters and we

obtain that ¢ (V) > 0 and therefore that the informativeness is U-shaped.

V, +4V.
Case 4 ot -
ase 4 a € [31, WV,

results are the same as in the previous case.

1 , the behaviour of the derivatives of g is different, but the

To conclude,

if a € [0,1] and 7 < 2a + £, the informativeness of prices is increasing in Vj and

inverted U-shaped otherwise;

if a € [0,1] and 7 < 2 — a, then the informativeness of prices is increasing in V,
if 7 € (2 —a, %a + %) is oscillating (decreasing, increasing, decreasing) and U-shaped
otherwise;

f 86 2 Y €
tac l 4‘/;—‘/;/

(decreasing, increasing, decreasing) and U-shaped otherwise. m

3 ll . . . . . .
31 ] and 7 < 5a+ 17 then the informativeness of prices is oscillating

Proof of Corollary 4.5. Let us now compute the volatility of prices and characterize



145

it with respect to ¢, f,7,V, and V..

(y +7)
2

Var(p) = Var (U +(US—R+oryf)z—i—Q—US(oz+ﬁ?)—Oézfyf%—zgpw)

= Var (%er(a+ﬂy+e)(US—R+omf)+%w)

U 2 , 7\ 2
= <§+ﬁ(US—R+cwf)> V, + (US — R+ avf) VE+(%> v,

2
= %(U2(1+35)+%(R—afyf)((R—a7f)t—4US)>+<2—Up> Vo=
U, (V, +2V)
N (V, +4V.)
V, (V, +2V7) _ 212
= 4V  fty (4V, = V,) = 8V (V,, +4V,) + 7 (4V. + V] )
64‘/'52(‘/;,—1—4‘/5)3( fty( y) (y ) +7( y))

We compute also the variance of prices conditional on the report

Var (p|7) = Var(p) - —(C;Z%?)

U, (V, +2V0)  (UV,\° 4 20,V
(V, +4V7) 2 V, +4V.  V, + 4V

Proof of Corollary 4.6. Since the demand of insider is linear in y which is a normal

variable it results that d is also a normal variable with mean p,; = 0 and variance Var(d)

Va = Var(d)zVar(p((l—%) (y—y)_gg)):
~o () e ()

Then, since d is N (4, V) it results that the expected volume of trade

E(ld) = 7 Mﬁ exp (—2d—‘2> d(d) = pg + \/%Var(d) =

(" (-2 e ()

is
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Let us compute now the unconditional expected profit of the insider.

n-£((7 7))

Since we have a zero-sum game, the profit of the insider is equal to the loss made by

the noise traders

E((V-p)d)=-E(V-pw)=-E(V-p-v(d+tw)—nz)w) =vV,= V.
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Figure 4.1: Informativeness of prices with respect to V,,. The values of the parameters are
V.=2,71=03,a=1.
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Figure 4.2: The informativeness of prices with respect to Vj,. The values of parameters
are V. =2,7=09,a=1.
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Figure 4.3: The informativeness of prices with respect to V,. The values of parameters
are V. = 2,7 =0.95,a = 2.
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Figure 4.4: The volatility of prices with respect to V. The values of parameters are
V.=2,7=09,a=1.
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Figure 4.5: The volatility of prices with respect to V,,. The values of parameters are
V.=2,71=08,a=1.5.



