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ON p-HYPERELLIPTICITY OF DOUBLY SYMMETRIC

RIEMANN SURFACES

Ewa Koz lowska-Walania

Abstract

Studying commuting symmetries of p-hyperelliptic Riemann sur-
faces, Bujalance and Costa found in [3] upper bounds for the de-
gree of hyperellipticity of the product of commuting (M − q)- and
(M − q′)-symmetries, depending on their separabilities. Here, we
find necessary and sufficient conditions for an integer p to be the
degree of hyperellipticity of the product of two such symmetries,
taking into account their separabilities. We also give some results
concerning the existence and uniqueness of symmetries from which
we obtain a series of important results of Natanzon concerning M -
and (M − 1)-symmetries.

1. Introduction

Let X be a compact Riemann surface of genus g > 1 and let a be
its symmetry, that is an anticonformal involution of X . By the classi-
cal result of Harnack, the set Fix(a) of the points fixed by a, consists
of at most g + 1 disjoint simple curves, which are called ovals of a.
Symmetry having g +1 ovals is called, following Natanzon’s terminology
from [6], an M -symmetry. If a has g+1−q ovals, then we shall call it an
(M − q)-symmetry. In his work S. M. Natanzon studied symmetries of
0-hyperelliptic and 1-hyperelliptic Riemann surfaces; such surfaces are
called hyperelliptic and elliptic-hyperelliptic, respectively. Some of his
results can be found in [2] as well as in [6].

A symmetry a of X is called separating if X \Fix(a) has two compo-
nents and non-separating if X \ Fix(a) has one component. By saying
that a symmetry has given separability, we shall understand that it is
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specified, if the symmetry is separating or not. The surface X is p-hyper-
elliptic if X admits a conformal involution ρ such that its orbit space X/ρ
has genus p. Such involution is called a p-hyperelliptic involution.

In [3] upper bounds for the degree p of hyperellipticity of the product
of commuting (M − q)- and (M − q′)-symmetries, depending on their
separabilities, in terms of q and q′ were found. On the other hand, from
Theorem 3 in [1], it follows that for g ≥ q + q′ + 1 such symmetries
commute. In this work we shall study the p-hyperellipticity of the prod-
uct of two (M − q)- and (M − q′)-symmetries of a Riemann surface X
of genus g for g, q, q′ satisfying the relation g ≥ q + q′ + 1. In such
situation we find in Proposition 3.6 a better upper bound for p in case
of two non-separating symmetries. In Propositions 3.4–3.6 we find lower
bounds for p in terms of q and q′ depending on separability of each of
the symmetries and in Theorems 3.7–3.9 we show that for arbitrary p in
ranges given before, there exists a Riemann surface of genus g having two
(M − q)- and (M − q′)-symmetries with specified separabilities, whose
product is a p-hyperelliptic involution.

Finally in the last section we give some results concerning the exis-
tence and uniqueness of symmetries, from which we obtain new proofs of
important results of Natanzon [6] concerning M - and (M − 1)-symme-
tries. In particular, in Theorem 4.1 we prove that a Riemann surface of
genus g > 4q+1 has at most two (M−q)-symmetries and that their prod-
uct is a p-hyperelliptic involution for some p in range 0 ≤ p ≤ 2[q/2],
where [·] denotes the function of integer part and this theorem gives
Natanzon’s results as corollaries. Crucial to the proof of Theorem 4.1 are
the results of Tyszkowska from [8], where there are given necessary and
sufficient conditions on p, q and g for the existence of a pq-hyperelliptic
Riemann surface X (that is the Riemann surface which is both p- and
q-hyperelliptic) of genus g and also some conditions concerning unique-
ness and commutativity of p- and q-hyperelliptic involutions of X .

The author is grateful to the referee for helpful comments and sug-
gestions concerning the first version of this paper.

2. Preliminaries

We shall prove our results using theory of non-euclidean crystallo-
graphic groups (NEC-groups in short) by which we mean discrete and
co-compact subgroups of the group G of all isometries of the hyperbolic
plane H. The algebraic structure of such group Λ is determined by the
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signature:

(1) s(Λ) = (g; ±; [m1, . . . , mr]; {(n11, . . . , n1s1
), . . . , (nk1, . . . , nksk

)}),

where the brackets (ni1, . . . , nisi
) are called the period cycles, the inte-

gers nij are the link periods, mi-proper periods and finally g the orbit

genus of Λ.
A group Λ with signature (1) has the presentation with the following

generators, called canonical generators :

(i) xi, i = 1, . . . , r,

(ii) cij , i = 1, . . . , k, j = 0, . . . , si,

(iii) ei, i = 1, . . . , k,

(iv) ai, bi, i = 1, . . . , g if the sign is +,
di, i = 1, . . . , g, if the sign is −

and relations:

(i) xmi

i = 1, i = 1, . . . , r,

(ii) c2
ij = (cij−1cij)

nij = 1, i = 1, . . . , k, j = 1, . . . , si,

(iii) ci0 = e−1

i cisi
ei, i = 1, . . . , k,

(iv) x1 . . . xre1 . . . ek[a1, b1] . . . [ag, bg] = 1, if the sign is +,
x1 . . . xre1 . . . ekd2

1 . . . d2
g = 1 if the sign is −.

The elements xi are elliptic transformations, ai, bi-hyperbolic transla-
tions, di-glide reflections, cij-hyperbolic reflections and reflections cij−1

and cij are said to be consecutive.
Now an abstract group with such presentation can be realized as an

NEC-group Λ if and only if the value

2π



εg + k − 2 +
r

∑

i=1

(

1 −
1

mi

)

+
1

2

k
∑

i=1

si
∑

j=1

(

1 −
1

nij

)



 ,

where ε = 2 or 1 according to the sign being + or −, is positive. This
value turns out to be the hyperbolic area µ(Λ) of an arbitrary fundamen-
tal region for such group and we have the following Hurwitz-Riemann
formula

[Λ : Λ′] = µ(Λ′)/µ(Λ)

for a subgroup Λ′ of finite index in an NEC-group Λ.
NEC-groups having no orientation reversing elements are classical

co-compact Fuchsian groups. They have signatures being of the form
(g; +; [m1, . . . , mr]; {−}), which shall be abbreviated as (g; m1, . . . , mr).
Given an NEC-group Λ, the subgroup Λ+ of Λ consisting of all the
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orientation-preserving elements is called the canonical Fuchsian subgroup

of Λ and for a group with signature (1) it has, by [7], signature

(2) (εg + k − 1; m1, m1, . . . , mr, mr, n11, . . . , nksk
).

A torsion free co-compact Fuchsian group Γ is called a surface group

and it has signature (g;−). In such case H/Γ is a compact Riemann
surface of genus g and conversely, each compact Riemann surface can
be represented as such orbit space for some Γ. Furthermore, given a
Riemann surface so represented, a finite group G is a group of automor-
phisms of X if and only if G = Λ/Γ for some NEC-group Λ containing Γ
as a normal subgroup.

The following two results follow easily from [4] and are crucial for the
paper.

Lemma 2.1 (c.f. Theorems 2.3.2, 2.3.3). Let Λ be an NEC-group with

the signature (1), let Λ′ be a normal subgroup of index N and assume

that no pair of consecutive canonical reflections of Λ belongs to Λ′. Then

Λ′ has only empty period cycles. Furthermore each canonical reflec-

tion cij of Λ corresponding to a period cycle Ci = (ni1, . . . , nisi
) which is

in Λ′ produces in the last either N/n(i) empty period cycles, where n(i) is

the order of the image in Λ/Λ′ of ei if Ci is empty and N/2n(i, j) empty

period cycles, where n(i, j) is the order of the image in Λ/Λ′ of cij−1cij+1

and all period cycles of Λ′ arise in this way.

Let Λ′ be a normal subgroup of an NEC-group Λ. A canonical gener-
ator of Λ is proper (with respect to Λ′) if it does not belong to Λ′. The
elements of Λ expressable as a composition of proper generators of Λ′

are the words of Λ (with respect to Λ′). With these notations we have

Lemma 2.2 (c.f. Theorem 2.1.3). Let us suppose that [Λ : Λ′] is even and

Λ has sign +. Then Λ′ has sign + if and only if no orientation reversing

word belongs to Λ′. If [Λ : Λ′] is even and Λ has the sign −, then

Λ′ has the sign − if and only if either a glide reflection of the canonical

generators of Λ or an orientation reversing word belongs to Λ′.

3. Pairs of symmetries of Riemann surfaces

Let X be a Riemann surface of genus g ≥ 2, having an (M − q)-sym-
metry a and an (M − q′)-symmetry b, different from a, for g ≥ q + q′+1.
From Theorem 3 in [1] we know that in this case these symmetries com-
mute. Now X = H/Γ, a and b are the images of orientation reversing
elements of Λ and G = Z2⊕Z2 = 〈a, b〉 = Λ/Γ for some Fuchsian surface
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group Γ being a normal subgroup of an NEC-group Λ with signature

(3) (h; ±; [2, r. . ., 2]; {(2, s1. . ., 2), . . . , (2, sk. . ., 2), (−), l. . ., (−)}).

Let θ : Λ → G=Λ/Γ denote the canonical projection and let Γa and Γb be
the inverse images of the groups generated by a and b, respectively.
These are the subgroups of Λ of index 2. By (2) they have neither
proper periods nor link periods and the separabilities of a and b depend
on the sign in signatures of Γa and Γb respectively; for the sign + the
corresponding symmetry is separating and for the sign − it is a non-
separating one. Furthermore, the number of ovals of a and b equals
the number of empty period cycles in Γa and Γb, respectively. Observe
finally, that the product ab is a p-hyperelliptic involution, where p is the
orbit genus of Λ+.

Lemma 3.1. A nonempty period cycle of Λ has even length s and it

contributes s/2 ovals to each of symmetries.

Proof: Indeed, for a period cycle C = (2, s. . ., 2) we have correspond-
ing canonical generators c0, . . . , cs, e. Then there are λ1, λ2 ∈ Λ \ Λ+

for which θ(λ1) = a and θ(λ2) = b. So none of ci is mapped onto ab
since otherwise λ1λ2ci would be an orientation reversing element of Γ.
Similarly θ(ci) 6= θ(ci+1) since otherwise cici+1 would be an element of
order 2 in Γ. So our epimorphism sends the generators ci alternatively
to a and b. Furthermore s must be even (otherwise ab = 1, a contra-
diction) and by Lemma 2.1, Γa and Γb have s/2 empty period cycles
proceeding from C.

Lemma 3.2. Let X = H/Γ be a Riemann surface of genus g having

two commuting symmetries, let G = Λ/Γ be the group generated by these

symmetries and let θ : Λ → G denote the canonical projection. Then, the

following conditions hold:

(1) Both symmetries are separating if and only if sgn(Λ) = +, r = 0
and θ(ei) = 1 for all i;

(2) Just one of the symmetries is separating if and only if sgn(Λ) = −,

r = 0, θ(ei) = 1 for all i and θ(d1) = · · · = θ(dh);
(3) Both symmetries are non-separating if and only if one of the fol-

lowing holds

(a) sgn(Λ) = −, h > 1, θ(di) 6= θ(dj) for some i 6= j;

(b) r > 0;

(c) θ(ei) 6= 1 for some i.
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Proof: Let a and b be two commuting symmetries of a Riemann sur-
face X and let λ and λ′ be two orientation reversing elements of Λ such
that θ(λ) = a and θ(λ′) = b.

Assume first that both a and b are separating. It is easy to see that
sgn(Λ) = +. Indeed, if otherwise, we would have a canonical glide
reflection, say d, and without loss of generality we can assume that
θ(d) = a. Now we have a glide reflection in Γa and so it has the sign −.
Thus a is non-separating, a contradiction. If r > 0 we would have an
elliptic generator x and θ(x) = ab. Now obviously λ′ and x are not
in Γa and so λ′x is an orientation reversing word in Γa and therefore a is
non-separating by Lemma 2.2, a contradiction. Similarly, if θ(ei) 6= 1
for some i, we would have an orientation reversing word in Γa.

Conversely, if sgn(Λ) = +, r = 0, θ(ei) = 1 for all i, then both a
and b must be separating because no orientation reversing word belongs
either to Γa or to Γb.

Assume now that a is separating and b is non-separating. It is easy to
see that it must be r = 0, θ(ei) = 1 for all i. Indeed, otherwise as before
we would have an orientation reversing word λ′x or λ′ei in Γa and so
a would be non-separating. Now if sgn(Λ) = +, we already know that
both symmetries would be separating, so it must be sgn(Λ) = −. Thus
we only have to show that θ(d1) = · · · = θ(dh) for the canonical glide
reflections of Λ. Indeed if θ(di) 6= θ(dj) for some i 6= j then θ(di) = a,
θ(dj) = b and so both a and b are non-separating by Lemma 2.2.

Conversely, let sgn(Λ) = −, r = 0, θ(ei) = 1 for all i and θ(d1) =
· · · = θ(dh). Without loss of generality we can assume θ(di) = b for all i.
By Lemma 2.2, b is non-separating as we have a glide reflection in Γb.
Symmetry a is separating because no orientation reversing word belongs
to Γa.

Let finally a and b be both non-separating. If none of conditions
required in theorem holds, we have two possible cases: {sgn(Λ) = +,
r = 0, θ(ei) = 1 for all i} or {sgn(Λ) = −, r = 0, θ(ei) = 1 for
all i and h = 1}. In the first case obviously both symmetries would be
separating by the first part of the proof. In the second case only one
of the symmetries would be separating, because condition θ(d1) = · · · =
θ(dh) holds with h = 1.

The converse follows from the previous part of the proof.

Lemma 3.3. If (M − q)-symmetry of a Riemann surface X of genus g
is separating, q must be even. If X has also (M − q′)-symmetry and the

symmetries commute, then also q′ must be even.
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Proof: First part of the proof is a direct consequence of a theorem due
to Harnack which says that,

g + 1 ≡ g + 1 − q mod 2

and thus q ≡ 0 mod 2.
We know that G = Λ/Γ for some NEC-group Λ having signature (3).

Now, by Lemma 3.2, r = 0 and, if the product of both symmetries is a
p-hyperelliptic involution, then

π(g − 1) = µ(Λ)

= 2π(εh + l + k − 2 + s1/4 + · · · + sk/4)

= 2π(p − 1 + s1/4 + · · · + sk/4)

and so s1 + · · · + sk = 2g + 2 − 4p. Furthermore, all empty period
cycles must contribute two ovals to our symmetries, since θ(ei) = 1
for all i by Lemma 3.2. Thus, the sum of ovals of both symmetries
is 2g + 2 − q − q′ = s1 + · · · + sk + 4p − q − q′. As a consequence of
Lemma 3.1, and the fact that q is even, we have that q′ is also even.

In the following propositions we assume that a and b are (M −q)- and
(M − q′)-symmetries of a Riemann surface X of genus g ≥ q + q′ + 1.
Therefore, we will be able to assume that a and b commute, G = 〈a, b〉 =
Λ/Γ for an NEC-group Λ having signature (3) and ab is a p-hyperelliptic
involution. Assume also that q ≤ q′.

Proposition 3.4. If a and b are separating symmetries, then q and q′ are
even and q′/2 ≤ p ≤ q/2 + q′/2 or q′/2 ≤ p ≤ q/2 + q′/2 + 1 for

g > q + q′ + 1 or g = q + q′ + 1 respectively.

Proof: The upper bound for g > q + q′ + 1 was found in [3] so we
only have to show the lower bound in both cases and the upper bound
for g = q + q′ + 1.

Because both symmetries are separating, from Lemma 3.2 we know
that r = 0, θ(ei) = 1 for all i and sgn(Λ) = +. Also we know that
p = 2h + l + k − 1. So

π(g − 1) = µ(Λ)

= 2π(2h + l + k − 2 + s1/4 + · · · + sk/4)

= 2π(p − 1 + s1/4 + · · · + sk/4).

Therefore s1/2 + · · · + sk/2 = g + 1 − 2p. By Lemma 3.1 we have
g + 1 − 2p ≤ g + 1 − q′ and so p ≥ q′/2.
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The upper bound for g = q + q′ + 1 follows from

π(g − 1) = µ(Λ)

= 2π(2h + l + k − 2 + s1/4 + · · · + sk/4)

≥ π(4h + l + 2k − 4 + g + 1 − q/2 − q′/2)

≥ π(2h + l + k − 3 + g − q/2 − q′/2),

as p = 2h + l + k − 1.

Proposition 3.5. If only one of a and b is separating, then q′/2 ≤ p ≤
q/2 + q′/2 − 1.

Proof: The lower bound follows directly from Lemma 3.2 and previous
proposition, because also in this case r = 0. The upper bound was found
in [3].

Proposition 3.6. If a and b are non-separating, then |q′ − q|/2 ≤ p ≤
q/2 + q′/2 − 1.

Proof: In [3] it was shown that for two commuting symmetries of a
Riemann surface X of genus g, such that their product is a p-hyperelliptic
involution, we have p < q/2 + q′/2 + 1. Here we show first that there is
a sharper bound p < q/2 + q′/2.

We first prove that k > 0. In fact, since a and b are non-separating,
by Lemma 3.2 we have that h > 1 or r > 0 or θ(ei) 6= 1 for some i. Now
if k = 0, then π(g − 1) = µ(Λ) > 2π(l − 2) in the first two cases. So
l < (g + 3)/2 which gives that our symmetries have at most g + 3 ovals.
However, this means that 2g + 2 − q − q′ < g + 3 and so g < q + q′ + 1,
which is not our case. If h = 0, r = 0 and θ(ei) 6= 1 for some i, then
by Lemma 2.1 there is a period cycle, which gives less than two ovals
to one of our symmetries. Thus 2g + 2 − q − q′ < 2l ≤ g + 3, since
π(g − 1) = µ(Λ) ≥ 2π(l − 2). This gives g < q + q′ + 1, which is not our
case.

Since both symmetries are non-separating, one of three conditions in
Lemma 3.2 holds. Assume first that sgn(Λ) = −, h > 1, θ(di) 6= θ(dj)
for some i 6= j. By Lemmata 2.1 and 3.1, 2l+s1+· · ·+sk ≥ 2g+2−q−q′
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and so

π(g − 1) = µ(Λ)

≥ 2π(h + l + k − 2 + s1/4 + · · · + sk/4)

≥ 2π(h + l/2 + k − 2 + (g + 1 − q/2 − q′/2)/2)

> π(h + 1 + l + k − 2 + g − q/2 − q′/2)

≥ π(p + g − q/2 − q′/2).

Therefore we have

p < q/2 + q′/2 − 1.

If the condition 3(b) from Lemma 3.2 holds, then

π(g − 1) = µ(Λ)

> 2π(εh + l + k − 2 + s1/4 + · · · + sk/4)

≥ 2π(εh + l/2 + k − 2 + (g + 1 − q/2 − q′/2)/2)

≥ π(εh + l + k − 2 + g − q/2 − q′/2)

≥ π(p − 1 + g − q/2 − q′/2)

thus

p < q/2 + q′/2.

Let finally θ(ei) 6= 1 for some i, r = 0 (if r > 0 then automatically we
have our bound from previous proposition). It is obvious that p ≤ q/2+
q′/2 because, by Lemmata 2.1 and 3.1, 2l+s1 + · · ·+sk ≥ 2g+2− q− q′

and so

π(g − 1) = µ(Λ)

= 2π(εh + l + k − 2 + r/2 + s1/4 + · · · + sk/4)

≥ π(2εh + l + 2k − 4 + r + g + 1 − q/2 − q′/2)

≥ π(εh + l + k − 2 + g − q/2 − q′/2),

(4)

where ε = 2 if the sign is + and ε = 1 otherwise. The last inequality
in (4) is true since k > 0, as it was shown at the beginning of the proof.
So p = εh+l+k−1 ≤ q/2+q′/2 which means that the product of (M−q)-
and (M −q′)-symmetry is a p-hyperelliptic involution for p ≤ q/2+q′/2.
Assume that p = q/2 + q′/2. Observe that we may assume k = 1
and h = 0 since otherwise the resulting inequality in (4) is strict. Also
all empty period cycles must contribute two ovals to our symmetries.
So θ(ei) = 1 for all generators ei corresponding to empty period cycles.
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As k = 1 and r = 0 we have a relator e1 . . . el+1 in the presentation
of Λ. Now θ(ei) = 1 for i = 1, . . . , l. Obviously θ(e1 . . . el+1) = 1. So
it must be θ(el+1) = 1 for a generator el+1 corresponding to the unique
nonempty period cycle, a contradiction.

The lower bound follows from the fact that nonempty period cycle
gives to both symmetries the same number of ovals. Indeed, as k > 0
and p = εh+l+k−1 ≥ l, we have q′−q = (g+1−q)−(g+1−q′) ≤ 2l ≤ 2p
which gives p ≥ |q′ − q|/2.

The next theorems show that every value of p within the ranges given
in the previous propositions, can be attained. In order to simplify each
theorem’s proof we shall employ the following conventions throughout.
First q ≤ q′ and G = Z2 ⊕ Z2 = 〈a, b〉. An epimorphism θ : Λ → G
will be defined on canonical reflections c0, . . . , cs of Λ corresponding to
nonempty period cycle (2, s. . ., 2) sending them alternatively to a and b
starting with a i.e.

θ(ci) =

{

a for i = 2j, j = 0, . . . , s/2,

b for i = 2j + 1, j = 0, . . . , s/2 − 1

and θ(xi) = ab for arbitrary canonical elliptic element xi of Λ.

Theorem 3.7. Given g ≥ 2, q, q′ and p such that g ≥ q + q′ + 1, q,
q′ are even and q′/2 ≤ p ≤ q/2 + q′/2, there exists a Riemann surface

of genus g having separating (M − q)- and (M − q′)-symmetries, whose

product is a p-hyperelliptic involution. In addition for g = q + q′ + 1
there exists such configuration of symmetries for p = q/2 + q′/2 + 1.

Proof: Let first g ≥ q + q′ + 1 and p ≤ q/2 + q′/2. For p ≡ (q + q′)/2
mod 2 consider an NEC-group Λ with signature

(h; +; [−]; {(−)l, (2, s. . ., 2)}),

where l = 2p − (q + q′)/2, s = 2(g + 1 − 2p), h = (q + q′ − 2p)/4. Then
an epimorphism θ : Λ → G defined by: θ(ei) = 1 for all i,

θ(ci0) =

{

a for i = 1, . . . , p − q/2,

b for i = p − q/2 + 1, . . . , l,

gives rise to a configuration of separating (M − q)- and (M − q′)-sym-
metries whose product is a p-hyperelliptic involution by Lemmata 2.1
and 3.2.

For p ≡ (q+q′)/2+1 mod 2 consider an NEC-group Λ with signature

(h; +; [−]; {(−)l, (2, 2), (2, s. . ., 2)}),
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for h = (q + q′ − 2 − 2p)/4, s = 2(g − 2p) and l = 2p− (q + q′)/2. Then
an epimorphism θ : Λ → G defined by: θ(ei) = 1 for all i and

θ(ci0) =

{

a for i = 1, . . . , p − q/2,

b for i = p − q/2 + 1, . . . , l,

gives rise to a configuration of separating (M − q)- and (M − q′)-sym-
metries whose product is a p-hyperelliptic involution by Lemmata 2.1
and 3.2.

Finally for g = q+q′+1, p = q/2+q′/2+1 consider an NEC-group Λ
with signature

(0; +; [−]; {(−)p+1}).

Then an epimorphism θ : Λ → G defined by: θ(ei) = 1 for all i,

θ(ci0) =

{

a for i = 1, . . . , q/2 + 1,

b for i = q/2 + 2, . . . , q/2 + q′/2 + 2 = p + 1,

gives rise to a configuration of separating (M − q)- and (M − q′)-sym-
metries whose product is a p-hyperelliptic involution by Lemmata 2.1
and 3.2.

Theorem 3.8. Given g ≥ 2, q, q′ and p such that g ≥ q + q′ + 1, q,
q′ even and q′/2 ≤ p ≤ q/2 + q′/2 − 1, there exists a Riemann surface

of genus g having (M − q)- and (M − q′)-symmetries, whose product is

a p-hyperelliptic involution and just one of them is separating.

Proof: Consider an NEC-group Λ with signature

(h; −; [−]; {(−)l, (2, s. . ., 2)}),

where l = 2p− (q + q′)/2, s = 2(g + 1− 2p), h = (q + q′)/2− p. Then an
epimorphism θ : Λ → G defined by the assignment: θ(ei) = 1, θ(dj) = a
for all i, j and

θ(ci0) =

{

a for i = 1, . . . , p − q/2,

b for i = p − q/2 + 1, . . . , l,

gives rise to a configuration (M − q)- and (M − q′)-symmetries whose
product is a p-hyperelliptic involution and only one of symmetries is
separating by Lemmata 2.1 and 3.2.

Theorem 3.9. Given g ≥ 2, q, q′ and p such that g ≥ q + q′ + 1 and

|q′ − q|/2 ≤ p < q/2 + q′/2, there exists a Riemann surface of genus g
having two non-separating (M − q)- and (M − q′)-symmetries whose

product is a p-hyperelliptic involution.
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Proof: Let q ≤ q′ and assume first that both (q′ − q)/2 and p are even.
So we have q′ − q = 4α for some integer α. Consider an NEC-group Λ
with signature

(0; +; [2, r. . ., 2]; {(−)p, (2, s. . ., 2)}),

where r = (q + q′)/2 − p, s = 2(g + 1 − p − q/2 − q′/2). Then an
epimorphism θ : Λ → G defined by the assignment: θ(ei) = 1 for i =
1, . . . , p, θ(ep+1) = (ab)r and

θ(ci0) =

{

a for i = 1, . . . , p/2 − (q′ − q)/4,

b for i = p/2 − (q′ − q)/4 + 1, . . . , p,

gives rise to a configuration of (M − q)- and (M − q′)-symmetries whose
product is a p-hyperelliptic involution. Both symmetries are non-sepa-
rating as r > 0 in virtue of p < q/2 + q′/2.

Let now (q′ − q)/2 be even and p odd. Assume first that q < q′ or
q = q′ = p+1 ≥ 4 with q even. Consider an NEC-group Λ with signature

(0; +; [2, r. . ., 2]; {(−)p, (2, s. . ., 2)})

for r = (q′+q−2)/2−p, s = 2(g+2−p−(q′+q)/2). Then an epimorphism
θ : Λ → G defined by the assignment: θ(ei) = 1 for i = 2, . . . , p − 1,
θ(e1) = θ(ep) = ab, θ(ep+1) = (ab)r and

θ(ci0) =

{

a for i = 1, . . . , (p − 1)/2 + (q′ − q)/4, and i = p,

b for i = (p − 1)/2 + (q′ − q)/4 + 1, . . . , p − 1,

gives rise to a configuration of (M − q)- and (M − q′)-symmetries whose
product is a p-hyperelliptic involution. Both symmetries are non-sepa-
rating by Lemma 3.2, since θ(e1) = ab.

If q = q′ and p is odd consider an NEC-group Λ with the signature

(0; +; [2, r. . ., 2]; {(−)p−1, (2, 2), (2, s. . ., 2)})

where r = q−(p+1), s = 2(g+1−p−q). Then an epimorphism θ : Λ → G
defined by the assignment: θ(ei) = 1 for i = 1, . . . , p, θ(ep+1) = (ab)r

and

θ(ci0) =

{

a for i = 1, . . . , (p − 1)/2,

b for i = (p − 1)/2 + 1, . . . , p − 1

gives rise to a configuration of two (M − q)-symmetries whose product
is a p-hyperelliptic involution. If q is odd, both symmetries are non-
separating, since in this case r > 0 as p ≤ q− 2 < q− 1. Also if q is even
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and p < q − 1 we have r > 0. Otherwise if q = 2 (the case of even q ≥ 4
was considered in the previous part of the proof) and p = q− 1 consider

(0; +; [−]; {(2, 2), (2, 2g−4. . . , 2)}).

Then an epimorphism θ : Λ → G defined by the assignment: θ(ei) = ab
for i = 1, 2 gives rise to a configuration of two (M − 2)-symmetries
whose product is a 1-hyperelliptic involution. Both symmetries are non-
separating by Lemma 3.2, since θ(e1) = ab.

Let now (q′ − q)/2 and p be odd. Consider an NEC-group Λ with
signature

(0; +; [2, r. . ., 2]; {(−)p, (2, s. . ., 2)})

where r = (q′ + q)/2 − p, s = 2(g + 1 − p − (q′ + q)/2). Then an
epimorphism θ : Λ → G defined by the assignment: θ(ei) = 1 for i =
1, . . . , p, θ(ep+1) = (ab)r and

θ(ci0) =

{

a for i = 1, . . . , (p − 1)/2 + (q′ − q − 2)/4, and i = p,

b for i = (p − 1)/2 + (q′ − q − 2)/4 + 1, . . . , p − 1,

gives rise to a configuration of (M − q)- and (M − q′)-symmetries whose
product is a p-hyperelliptic involution. Both symmetries are non-sepa-
rating by Lemma 3.2, since r > 0.

Now if (q′ − q)/2 is odd and p is even, consider an NEC-group with
signature

(0; +; [2, r. . ., 2]; {(−)p, (2, s. . ., 2)})

where r = (q′ + q − 2)/2 − p, s = 2(g + 2 − p − (q′ + q)/2). Then an
epimorphism θ : Λ → G defined by the assignment: θ(ei) = 1 for i =
3, . . . , p, θ(e1) = θ(e2) = ab, θ(ep+1) = (ab)r and

θ(ci0) =

{

a for i = 1, . . . , p/2 + (q′ − q − 2)/4 + 1,

b for i = p/2 + (q′ − q − 2)/4 + 2, . . . , p,

gives rise to a configuration of (M − q)- and (M − q′)-symmetries whose
product is a p-hyperelliptic involution. Both symmetries are non-sepa-
rating since θ(e2) = ab.

Let finally q′ − q be odd. Assume fist that q′ − q = 4α + 1 for some
integer α. Let first p be odd. Consider an NEC-group Λ with signature

(0; +; [2, r. . ., 2]; {(−)p, (2, s. . ., 2)})

where r = (q′ + q − 1)/2 − p, s = 2(g + 1 − p − (q′ + q − 1)/2). Then
an epimorphism θ : Λ → G defined by the assignment: θ(ei) = 1 for
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i = 2, . . . , p, θ(e1) = ab, θ(ep+1) = (ab)r and

θ(ci0) =

{

a for i = 1, . . . , (p − 1)/2 + (q′ − q − 1)/4 + 1,

b for i = (p − 1)/2 + (q′ − q − 1)/4 + 2, . . . , p,

gives rise to a configuration of (M − q)- and (M − q′)-symmetries whose
product is a p-hyperelliptic involution. Both symmetries are non-sepa-
rating as above by Lemma 3.2, since θ(e1) = ab.

If p is even, then with the same group Λ as before, consider an epimor-
phism θ : Λ → G defined by the assignment: θ(ei) = 1 for i = 2, . . . , p,
θ(e1) = ab, θ(ep+1) = (ab)r and

θ(ci0) =

{

a for i = 1, . . . , p/2 − (q′ − q − 1)/4,

b for i = p/2 − (q′ − q − 1)/4 + 1, . . . , p.

It is easy to see that this epimorphism gives rise to a configuration
of (M − q)- and (M − q′)-symmetries whose product is a p-hyperelliptic
involution. Both symmetries are non-separating since θ(e1) = ab.

Assume now that q′−q = 4α+3 for some integer α and let p be even.
Consider an NEC-group with signature

(0; +; [2, r. . ., 2]; {(−)p, (2, s. . ., 2)})

where r = (q′ + q − 1)/2 − p, s = 2(g + 1 − p − (q′ + q − 1)/2). Then
an epimorphism θ : Λ → G defined by the assignment: θ(ei) = 1 for
i = 2, . . . , p, θ(e1) = ab, θ(ep+1) = (ab)r and

θ(ci0) =

{

a for i = 1, . . . , (p − 2)/2 + (q′ − q − 3)/4 + 2,

b for i = (p − 2)/2 + (q′ − q − 3)/4 + 3, . . . , p,

gives rise to a configuration of (M − q)- and (M − q′)-symmetries whose
product is a p-hyperelliptic involution. Both symmetries are non-sepa-
rating by Lemma 3.2, as θ(e1) = ab.

Finally assume now that p is odd. Let Λ be an NEC-group with
signature

(0; +; [2, r. . ., 2]; {(−)p, (2, s. . ., 2)})

where r = (q′ + q − 1)/2 − p, s = 2(g + 1 − p − (q′ + q − 1)/2). Then
an epimorphism θ : Λ → G defined by the assignment: θ(ei) = 1 for
i = 1, . . . , p − 1, θ(ep) = ab, θ(ep+1) = (ab)r and

θ(ci0) =

{

a for i = 1, . . . , (p − 3)/2 + (q′ − q − 3)/4 + 2,

b for i = (p − 3)/2 + (q′ − q − 3)/4 + 3, . . . , p,
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gives rise to a configuration of (M − q)- and (M − q′)-symmetries whose
product is a p-hyperelliptic involution. As above both symmetries are
non-separating by Lemma 3.2, since θ(ep) = ab.

4. Some consequences and corollaries

Theorem 4.1. A Riemann surface X of genus g > 4q + 1 has at most

two (M−q)-symmetries and their product is the p-hyperelliptic involution

for some p with 0 ≤ p ≤ 2[q/2].

Proof: Assume that a1, a2, a3 are (M − q)-symmetries of X . Then by
Propositions 3.4–3.6, a1a2 is a p-hyperelliptic involution and a1a3 is a
p′-hyperelliptic involution for some p and p′ in range 0 ≤ p, p′ ≤ 2[q/2].
Now Tyszkowska [8] has shown that if a1a2 6= a1a3 then g ≤ 2p+2p′+1.
However in our case g > 4q+1 ≥ 2q+2q+1 ≥ 2p+2p′+1. So a1a2 = a1a3

which gives a2 = a3.

Recall that the hyperelliptic involution is the p-hyperelliptic involu-
tion with p = 0.

Corollary 4.2 (Natanzon [6]). A Riemann surface X of genus g ≥ 2
has at most two M -symmetries and their product is the hyperelliptic

involution.

Corollary 4.3 (Natanzon [6]). A Riemann surface X of genus g, g > 5
has at most two (M−1)-symmetries and their product is the hyperelliptic

involution.

Theorem 4.4. Let X be a p-hyperelliptic Riemann surface of genus g,
g > 4p+1 admitting an (M−q)-symmetry for g ≥ 2q+1. Then X admits

another (M − q′)-symmetry for some q′ in range q − 2p ≤ q′ ≤ q + 2p.

Proof: Let a be an (M − q)-symmetry and let ρ be a p-hyperelliptic
involution. For g > 4p + 1, ρ is unique by [5] and so the group G
generated by ρ and a is isomorphic to Z2 ⊕ Z2. Then G = Λ/Γ for some
NEC-group with signature (3).

Since p = εh + k + l − 1 we have p ≥ l − 1. But for p = l − 1, k = 0
and g > 4p + 1 = 4l − 3 which in turn gives l < (g + 3)/4. So a has
less than (g + 3)/2 ovals and therefore g + 1 − q < (g + 3)/2. This gives
g < 2q + 1 which is not our case.

So p ≥ l and thus since an empty period cycle contributes to a or aρ
with at most 2 ovals, we have, by Lemma 3.1, |||a|| − ||aρ||| ≤ 2l ≤ 2p
(where ‖ · ‖ denotes the number of ovals of a symmetry) and therefore
aρ is an (M − q′)-symmetry for q′ in range q − 2p ≤ q′ ≤ q + 2p.
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Corollary 4.5 (Natanzon [6]). Let X be a hyperelliptic Riemann sur-

face of genus g, admitting an M -symmetry. Then X admits another

M -symmetry.

Corollary 4.6 (Natanzon [6]). Let X be a hyperelliptic Riemann surface

of genus g, g ≥ 3, admitting an (M − 1)-symmetry. Then X admits

another (M − 1)-symmetry.

Theorem 4.7. Let X be a Riemann surface of genus g which has exactly

one (M − q)-symmetry for g > 2q + 1 and is not p-hyperelliptic for

g < 4p + 1. Then X does not have fixed point free symmetries.

Proof: Let a be an (M − q)-symmetry and let b be arbitrary symme-
try of X . Clearly bab is an (M − q)-symmetry and so bab = a. Then
G = 〈a, b〉 = Z2 ⊕ Z2 = Λ/Γ for some NEC-group Λ, say with signa-
ture (3). Now the epimorphism θ : Λ → G sends the canonical reflec-
tions corresponding to nonempty period cycle alternatively to a and b.
So, by Lemma 2.1, the proof will be finished if we show that k > 0.
Let us observe first that X is p-hyperelliptic for p = εh + l + k − 1. So
(g−1)/4 ≥ p ≥ l−1 which gives l ≤ (g+3)/4. Therefore, by Lemma 2.1,
for k = 0, we have g + 1− q ≤ (g + 3)/2. This gives g ≤ 2q + 1 which is
not our case.
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