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HOMOGENIZATION OF A
CAPILLARY PHENOMENA

N. LABANI AND M. MABROUK

Abstract

We study the height of a liquid in a tube when it contains a great
number of thin vertical bars and when its border is finely strained.
For this, one uses an epi-convergence method.

1. Introduction

Let T be a cylindrical tube of height infinity, containing a compressible
liquid and a great number of thin cyclindrical bars of radius » which are
distributed periodically with a period € such that r < e (see Figure 1).
One supposes the bars are of the same material which is specified by the
coefficient A (see (1) below). In section 2 we show that (see Proposition 2
and Theorem 1) when (e,7)) tends to (0,0,0) the height of the liquid
grows indefinitely, does not grow or take a certain height according to
the rate ’;—é being +o00, 0 or finite (see Proposition 2 and Theorem 1).

Suppose now that the border of the tube is made of two alternate
periodic bands with a period e. The band 1 of length r is encrusted
in the other of length € — r (r < ¢€) (see Figure 3). The different materi-
als that constitute the bands are specified by the coefficients ki and k5.
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One shows that (see Theorem 2) when (e,7) tends to (0,0) the tube
behaves like an intermediate and homogeneous one of coefficient kia +
ko(1 — a), where a = lim(c ;) (0,0) =-
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Figure 1. The tube with the bars.

2. Tube containing a great number of thin bars

2.1. Problem.

Let T be a cylindrical tube of base Q with radius R and of height
infinity, containing a compressible liquid of a finite volume. Let us divide
2 by a net of side € and let us set in the center z ; of the net Y ; (j € I
the integer part of the real L—%‘) an homogeneous vertical cylindrical bar
Ty, ; of radius r (r < €) where h = (¢, 7, \) (see Figures 1 and 2).

Let us denote the union of the bars T}, ; by T}, and let Q) = Q\Tj,.
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The height of the liquid is stabilizing when it satisfies the following
minimization problem (see [3], [4]):

(1) Min{Jy(v), v € BV (Qp)},

Jh(v):/ 1+|Dv|2+c/ v2—/\/ U—k/ v
Qh Qh aTh o0

for v € BV (§}) the space of functions of bounded variation defined in
Q (see [5] for the definition and the properties of BV (Q)):

where

BV(Q) = {v € LY(Q), /Q |Dv| < +oo}

where

/ |Dv| = sup {Z/ gﬁ: )dx, Zqﬁk ) <1, ¢ € C&(Q)Vk}.

C}(9) is the space of functions defined in (2, of class C! with a compact
support included in €2,

/\/1—|—|Dv|2:sup{/U(x)gbo(a:)da:
Q Q
—Z/Qv( g‘ﬁk dzx Zq’)k ) <1, ¢r € CHQ)V }
k=1

k
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The capillary constant c is related to the pressure term of the liquid,
A and k are respectively the cosine of the contact angles (liquid, bar),
(liquid, border) and which specify respectively the bars material and
the tube border. The constants ¢, A and k are supposed real positive
numbers.

Problem. We look for the limit behavior of the height of the liquid
when h = (e, 7, A) tends to (0,0,0).

2.2. Existence and extension of the solution.

Proposition 1. (Sec [3], [4]). The problem (1) has a unique positive
solution in BV (). Furthermore up, € C?(Qy,) and is constant on the
boundary 0T}, ; of the bar Ty, ; for all j € 1.

Let us cite a trace lemma in the space BV () which will be useful:

Lemma 1. (See [4]). Suppose that Q is of class C? and satisfying an
internal sphere condition of radius r (i.e. for any boundary point x € 052,
there is a ball B of radius r such that B C 2 and x € OB). Then there
exists a positive constant ct such that for any v € BV (Q),

t
[ o< [1Do+ S [ ol
oQ Q rJa

Let us now state some estimates of uy:
Proposition 2. Let a = limy_g Q—é Then,
i) If a = 400, then limy,_ th up = +0o and if a is finite, then

. k|0Q|  malQ|
lim up = —— + ——.
h—0 Jq, 2c c

ii) If a is finite, then fQ} up and fQ; |Dup| are uniformly bounded
for % bounded.

Proof: i) The problem (1) is equivalent to the Euler equation (see [4])

(2) —DivTup +2cup, =0 in  Qp
(3) Tupn=XA on 0T,
(4) Tupn=%k on 09,
where Tv = Dv

\/ﬁ and n the outer normal.
v
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Multiplying (2) by the characteristic function xq, and using the Green
formula, (3) and (4),

k|oQ QA
(5) / uh:|_|+u_7"
Qp

2¢ c €2’

hence passing to the limit in (5), one obtains i).

ii) According to Lemma 1

t
BTh Qh € Qh

Let @y be the extension of uy in £ defined by

(7) ﬂh = Up in Qh
(8) up = Up,j in ThJ'; j e I,

where uy, ; is the value of uy on 97T} ;.
Using again Lemma 1, one has

- N ct B
/Uh:/ Uh§/|Duh|+—/Uh
on oh Q R Jo

t t
:/|Duh|+c— uh—i—c— Up
Q R Ja, Rz,

t
=/ |Duh|+c—/ uh—l—cti up,
Q R Ja, R Jor,

< (1+ct.r)/ |Duh|+ct/ up
Qn Qn

where the last inequality of (9) is due to (6).
The inequality
Jn(un) < Jn(0) = |9,

(6) and (9) yield

(1—k—)\—k;7“)/ |Duh|—|—c/u,%§ct(1+é>.
Qp Q €

Hence the assertion ii) holds. B

The following proposition yields an extension of w, and of J, in
which will be useful afterwards.
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Proposition 3. Suppose that limp_,q % is finite. Let uy, be the exten-

sion of wy, in Q which is defined by (7), (8) and J;, the extension of J,
in BV () defined by

jh(v):/ 1+|Dv\2+c/ 1)2—/\/ vifk/ v,
Q2 Qn Ty, 0

where v; is the trace of the restriction of v in Qp. Then

i) jh attains its minimum at the point uy, .

ii) The sequence uy, is uniformly bounded in BV (Q). In particular a

subsequence of 4p, noted by Uy, converges to an element u (u €
BV(Q)) in LY(Q).

Proof: i) For the existence and the regularity of the minimum of Jh
in BV (Q) see [3], [4]. The minimum value of J, is attained at a4, since
Jh(ﬂh) = Jh(uh).

ii) From the definition of iy,

(10) / \Diin| = / |Duy.
Q Qp

On the other hand, using (6), one has

(11) /ﬂh:/ thrt/ up < (1+ctf>/ uh+z/ | Dup|.
Q Qn 2 Jor, €/ Ja, 2 Ja,

Then, using Proposition 2, (10) and (11), one deduces that @y is uni-
formly bounded in BV () if lim(y ¢)—.(0,0) 2 is finite. W

2.3. Epi-limit of the functional .J,.

The following proposition characterizes the epi-limit of the sequence Jh
(see [1], [2] for the definition and the properties of the epi-limit) when
h — (0,0,0):

Proposition 4. Suppose that a = limy,_,g g is finite. Then the se-

quence of the functionals Jy, epi-converges to the functional J in BV ()
endowed with the topology of L' (2) where

J(v):/ 1—|—|Dv|2+c/v2—27ra/v—k/ v
Q Q Q oQ

forv e BV(Q).
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Proof: 1) Let v € BV () and vj, = v. Since

A 1
)\ / v = T_Q 62 / (% 9
oT), € | OTh.; OTh,;

jeI

then

Jim, Jn(vp) = J(v).

2) Let v and v, € BV (Q) such that vj, converges to v in L*(2) when
h tends to (0,0,0). Let J;, the functional defined in BV (§2) by

J,;(v):/ 1+\Dv|2+c/ v2f>\/ vifk/ v,
Q Q, dTy, o0

where v; is the trace, on 9T}, of the restriction of v to .
Using the inequality (6),

T (v) = Ju(vn) < (/Q\/m_k/mo
([

+/ |vh—v|+c(/1}2_/ vi)
aTh Q Qp

(12) <([viTDE-k [ o)
(oo [y i o)

+ct5/|vh—h|+A/|Dv|
€ Ja Q

+c</ﬂv2—/ghvi>.

Now, passing to the limitinf in (12), using the lower semi continuity of
the functionsl v — [, /14 |Dv|? — k [, v in BV(Q) according to the
topology of L1(Q) (see [6]), Fatou Lemma, the fact that v, converges to
v in L'(Q) and that limj_o 2 is finite, one deduces that

1 . ! . . I~
J(v) = h}}EEf Jp(v) < llznigf Jp(vp). N
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2.4. Limit behavior.

According to the properties of the epi-convergence (see [1], [2]), one
deduces the limit behavior of the problem (1) from Propositions 2 and 3.

Theorem 1. If limy_,g g is finite, then the minimum jh(ﬂh) of J
converges to the minimum J(u) and iy, converges to u in L' () when h

tends to (0,0,0).

Physic interpretation. When the section, of radius r, of the
2 2
bars Ty, ; satisfies 7 > <, the liquid rises indefinitely; when r < <,

it does not rise and when r ~ a%, a € (0,+00), the capillary problem
in the tube with the bars is approximated by a capillary problem in the
tube without bars with the same capillary constant 2¢ but with —27a as
Lagrange parameter.

3. Tube with a strained border

Let n € N* and € = % Suppose now that the border of the tube is

formed by two bands which are distributed alternately and periodically
with the period € (see Figures 3 and 4): the boundary 99 is formed
by n arcs Y., 5 € {1,...,n} of length e. In the center of any arc
Y. ; is encrusted an arc Ty ; (band 1), h = (¢, 7), of length r (r < e).
Suppose that the arcs 7}, ; are of the same material specified by the
coefficient k; and the union of Y, ;\T} ; (band 2) is of another material
specified by the coefficient ko (see (13)). Let us denote T}, = UT}, ; and
(0 =U(Ye,\Th;)-

The height of the liquid is stabilizing when it satisfies the minimization
problem (see [3], [4]):

(13) Min{F},(v), v € BV(Q)},

where

Fh(v):/ 1—|—|D’U|2—|—C/U2—k‘1/ ’U—kg/ v
Qp Q Th (O

for v € BV(Q); c is the capillary constant, ki, ko are respectively the
cosine of the contact angles (liquid, band 1) and (liquid, band 2). ¢, k1,
ko are supposed to be positive constants.
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Figure 3. The tube with a strained border.
3.1. Existence.

Proposition 5. The problem (13) has a unique positive solution in
BV(Q), up, € C%*(Q4) and uy, is bounded in BV (Q). In particular a
subsequence, noted uy, converges to an element u (u € BV (Q)) in L1 ().

Proof: The proof of the existence is similar than the one of Proposi-
tion 1.

The problem (13) is equivalent to the equation

(14) —DivTup +2cup, =0 in Q

(15) Tu,m =%k on Ty

(16) Tupn=ky on OO\Th,
where Tv = ——L2%

\/TTP and n the outer normal.
v
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Multiplying (14) by the characteristic function xgq, and using the
Green formula, (15) and (16)

1 Q r —r
(17) /Q’LLh = 2—C(I€1|Th| + k2|8Q\Th|) = |2_C| (/ﬂlg + kge ) .

€

The inequality
In(un) < Jn(0) = 19|

t
/ uh§/|Duh|+C—/uh
o0 Q R Jo
yield

Lk
(18) (1—k3)/ |Duh\+c/ w2 < CR3/uh+|Q|
Q Q Q

where k3 = max(ki,ks). The boundedness of up in BV (Q) is then a
consequence of (17) and (18). W

and (see Lemma 1)

Band 2
Band 1

12)9)

2

Figure 4

3.2. Epi-limit of the functional F},.

The following proposition characterizes the epi-limit of the sequence F},
when h — (0,0):

Proposition 6. The sequence of the functionals F}, epi-converges to
the functional F in BV (Q) endowed within the topology of L*(Q2) where

F(v):/Q 1—|—|D’U\2+c/ﬂv2—[kla—l-kg(l—a)]/a v

Q
forve BV(Q); a=1limy_ ) £ € [0,1].
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Proof: 1) Let v € BV () and vj, = v. Since

for= i (@) 0

. jel
and .
e—r
v=— €| —— v)
/89\Th € ; (le\Tm') /yj\Th,,j
then

’lllir% Fp(v) = F(v).

2) Let v and v, € BV () such that vj, converges to v in L*(£2) when
h tends to (0,0).

Using Lemma 1

Fu(o) - Fu(on) < ([ VIFTDAE - [ VITTDWE)

+/ |vh—v+c(/v2_/ vi)
o0 Q Qp

< ([ vizDE- [ vizouF)

e f-tee (- [
h—v|+c v vy | .
R Q Q Q

Now, passing to the limitinf in (19), using the lower semi continuity of
the functional v — [, \/1+ [Dv|? in BV () according to the topology
of LY(Q) (see [5]), Fatou Lemma and the fact that v, converges to v in
L'(2), one deduces that

T < Tlim .
F(v) hﬁnjgf F(v) < lliniglf F(vy). W

3.3. Limit behavior.
From Proposition 6, one deduces the limit behavior of the problem (13).

Theorem 2. i) The minimum of F), converges, when h tends to (0,0),
to the minimum of F in BV (Q2) where

F(v)/Q 1+|Dv|2+c/Qv2—[kla—i—kg(l—a)]/a .

Q
forv e BV(Q) and a = lim,_o £ € [0,1].
it) The functional F' attains its minimum at the point u and wuj, con-
verges to u in L' (2) when h tends to (0,0).
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Physic interpretation. When the thickness r of the band 1 satisfies
r < € (a = 0), the tube behaves like an homogeneous one whose border
is made only of the band 2; when r ~ ¢, it behaves like an homogeneous
one whose border is made only of the band 1, and when r ~ ae, a € (0, 1),
it behaves like an intermediate homogeneous one made only of a third
material specified by its contact angle (liquid, border) whose cosine is
kla + k2(1 — a).
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