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WEIGHTED NORM INEQUALITIES FOR
THE GEOMETRIC MAXIMAL OPERATOR

Davip Cruz-URIBE, SFO, AND C. J. NEUGEBAUER

Abstract

We consider two closely related but distinct operators,
1
My f(z) = supexp [ — /10g\f|dy and
I>z |I I I

1/r
* : 1 T
M f(z) = lim sup —/|f\ dy .
r=0 1355 \ | I

We give sufficient conditions for the two operators to be equal
and show that these conditions are sharp. We also prove two-
weight, weighted norm inequalities for both operators using our
earlier results about weighted norm inequalities for the minimal
operator:

1
my(z) :;gim/jlfldy.

This extends the work of X. Shi; H. Wei, S. Xianliang and S. Qiyu;
X. Yin and B. Muckenhoupt; and C. Sbordone and I. Wik.

1. Introduction

Given a real-valued, measurable function f on R™, the geometric max-
imal function of f is

Mof(z) = Sup exp (ﬁ /Iloglf\ dy) :

Keywords. Maximal operator, minimal operator, weighted norm inequalities.
1991 Mathematics subject classifications: 42B25.


https://core.ac.uk/display/13270377?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

240 D. Cruz-URriBE, SFO, C. J. NEUGEBAUER

where the supremum is taken over all cubes I which contain x and whose
sides are parallel to the co-ordinate axes. Closely related to the geometric
maximal operator is the following sequence of maximal operators: for f
as before and for any r > 0 define

1 . 1/r
M, f(@) = sup (m [ dy) ,

where the supremum is again taken over all cubes containing x. Equiv-
alently, M, f = M(f")*/", where M is the Hardy-Littlewood maximal
operator. By Holder’s inequality, for s < r, M, f(z) < M, f(z), so we
may define the limiting operator Mg by

M; f(x) = lim M, f(x).

By Jensen’s inequality, My f(x) < M f(x). Since we have the well-
known limit

1 yr 1
lim —/ f’"dy) = exp (—/log f dy)
mo(m M 11 J, o5 7]

(see Rudin [9, p. 74]), it is reasonable to conjecture that for all functions f
such that for some r > 0, f" € LL ., M f(z) = Myf(x) a.e. However,

loc?
as we will show below, this is not true in general.

The purpose of this paper is to study the relation between My and Mg,
and to prove two-weight, weighted norm inequalities for each operator.
These problems have been considered previously, with mixed results. In
1980, X. Shi [11] proved the following one-weight norm inequality.

Theorem 1.1. Given a weight w, the following are equivalent:

1. w € Ay there exists a constant C such that for all cubes I,

1 1
m/wdeC’exp (m/logwdx>.
I I

2. For 0 < p < oo the strong-type norm inequality
/ (Mof)Pwdx <C |f|Pw dx
n Rn

holds for all f € LP(w).
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(The equivalence of the A, condition and the so-called reverse Jensen
inequality was not apparently discovered by Shi; it was discovered inde-
pendently by Garcia-Cuerva and Rubio de Francia [6] and Hruscev [7].)

In 1991, H. Wei, S. Xianliang and S. Qiyu [12] attempted to extend
this result to the two-weight case on spaces of homogeneous type. Their
proof, however, contained an error. This was pointed out by X. Yin and
B. Muckenhoupt [13], who proved the following pair of two-weight norm
inequalities on R!.

Theorem 1.2. Given a pair of weights (u,v), the following are equiv-
alent:

1. (u,v) € Weo: there exists a constant C such that for all intervals I

1 1
m/judmﬁCexp (m/llogvdx>.

2. For 0 < p < oo the weak-type norm inequality
C
u({z: Mof(e) >0 < o [ IfPode
R
holds for all f € LP(v).

Theorem 1.3. Given a pair of weights (u,v), the following are equiv-
alent:

1. (u,v) € WZ : there exists a constant C such that for all intervals I
/MO('U71XI)UdI' < C|I.
I
2. For 0 < p < oo the strong-type norm inequality

/(Mof)pudng/ | f|Pvdx
R R
holds for all f € LP(v).

Their proofs depend heavily on covering lemmas which are particular
to the real line. Therefore it is doubtful that they can be extended to
higher dimensions.

Yin and Muckenhoupt also gave a complicated example to show that
the class WZ is strictly contained in Wo,. (Also note that in the two-
weight case the class W, is strictly larger than A, = Up,A, —a simple
example is the pair (el*l, el?*1).)
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Finally, they assert in passing that My f and Mg f are the same “for
suitably restricted f”. However, they give no indication of what this
means.

Independently of these three papers, in 1994 C. Sbordone and
I. Wik [10] published a different proof of Theorem 1.1. Their proof,
however, requires that for all locally integrable f, My f(z) = M f(x),
which is false. There is a simple counter-example: let C' be a nowhere
dense subset of [0,1] such that |C| = 1/2, and define f = x¢. Then
for each interval I C [0,1], [;log|f|dz = —o0, so Myf(z) = 0. But by
the Lebesgue differentiation theorem, M, f(z) > f(z) for almost every
x € ]0,1] and each r > 0, so M f(x) =1 on a set of measure one-half.
(The error in their proof is in inequality (2.11), as this example shows.)

We prove the following results: in Section 2 we give sufficient condi-
tions on a function f for the equality My f(z) = M f(z) to hold almost
everywhere. Our main result shows that for equality to hold log f must
be locally integrable and the size of f at infinity must be controlled.

Theorem 1.4. Given a function f on R"™, the equality Myf(x) =
M f(x) holds for almost every x if one of two conditions holds:

1. f € LP(R™) for some p, 0 < p < oo, and log f € Li

loc?

2. f e L>*R") and for some a > 1, M(]log f|*)(z) < oo a.e.

Neither of these conditions is strictly necessary —counter-examples
can be readily constructed using monotonically decreasing functions.
However, we give examples to show that if either condition is weakened
then equality need not hold in general.

In Section 3 we give new proofs of Theorems 1.1, 1.2 and 1.3. Our
proofs depend on the weighted norm inequalities for the minimal op-
erator: given a real-valued, measurable function f on R™, the minimal
function of f is

1
m(a) = int oo [ 171,

where the infimum is taken over all cubes containing z. Intuitively, the
minimal operator controls where a function is small, just as the maximal
operator controls where it is large. We introduced the minimal operator
in [2] in order to study the fine structure of functions which satisfy the
reverse Holder inequality. In that paper we also studied the one-weight
norm inequalities which it satisfies. In [3], Cruz-Uribe, Neugebauer and
Olesen examined the two-weight norm inequalities for the minimal oper-
ator on R!. (Additional results about variants of the minimal operator
can be found in [4] and [5].)
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Our approach has two advantages. First, the proofs are considerably
simpler, though part of the reason for this is that the work is in the
proof of the norm inequalities for the minimal operator. Second, in
the two-weight case our proofs extend to higher dimensions, provided
that we can characterize the weights governing the norm inequalities for
the minimal operator in higher dimensions. We obtained partial results
in higher dimensions in [3]: for example, our proof of the two-weight,
weak-type norm inequality extends to R if we assume that u is doubling.
More systematic results which yield sufficient conditions (both with and
without doubling conditions) for norm inequalities for My and M will
appear in Cruz-Uribe [1].

At the end of Section 3 we give another example (simpler than that of
Yin and Muckenhoupt) to show that the class W2 is smaller than W.

In Section 4 we prove results analogous to Theorems 1.1, 1.2 and 1.3
for M. In examining this operator, a key difficulty was the fact that
there exist functions f such that if @, is the cube of side 2n centered at
the origin, then

T Mg (fxq,)(e) < Mg f(z)

for x in a set of positive measure. (In other words, we could not a priori
restrict ourselves to functions of compact support and then obtain the
final result using the monotone convergence theorem.) For example, let
f=1-xXjo,1- Then for all n > 0 and all x € (0,1) it is easy to see that
Mg (fX[=n.n))(x) = 0 while Mg f(z) = 1.

Initially, we avoided this problem by assuming a growth condition on
v: we say that v satisfies the I, condition if

1 1 1/o
lim sup — (—/v_" dx) < 00,
I,o |I| |I| I

where the limit supremum is taken over all cubes I containing the origin
and all ¢ > 0 as |I] tends to infinity and as o tends to zero. This
condition appears unnatural; however, it is the formal limit as p tends
to infinity of the condition

1 1 , »/p’
(1) lim sup ] <T /Iv*p /P d:r) < 00,

[I|— o0

which Rubio de Francia [8] showed is a necessary and sufficient condition
on a weight v for there to exist u such that (u,v) is in the Sawyer
class Sp. (This class governs the strong-type norm inequalities for the
Hardy-Littlewood maximal operator. For details, see Garcia-Cuerva and
Rubio de Francia [6]. We are grateful to A. de la Torre for pointing this
relation out to us.)
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By assuming the I, condition we were able to reduce first to the case of
functions of compact support, and then to the case of functions for which
My and Mg are equal. In this case we could then apply Theorems 1.1,
1.2 and 1.3. To our surprise, we were able to show that the I, condition
is necessary as well. In R! we thus proved the following analogues of
Theorems 1.2 and 1.3.

Theorem 1.5. Given a pair of weights (u,v), then for 0 < p < oo
the weak-type norm inequality

ulfo: My (@) > 1) < / flPvde

holds for all f € LP(v) if and only if (u,v) € Wy and v € I.

Theorem 1.6. Given a pair of weights (u,v), then for 0 < p < o0
the strong-type norm inequality

/(Mgf)pudx < C/ | f|Pvdx
R R
holds for all f € LP(v) if and only if (u,v) € W and v € I».

In the one-weight case the A, condition implies the I, condition; this
gives a result in R™ analogous to Theorem 1.1.

Theorem 1.7. Given a weight w, then for 0 < p < oo the strong-type
norm inequality

/ (M§ fPwdx < C | f|Pw dx
n Rn
holds for all f € LP(w) if and only if w € Aw.
We conclude Section 4 with an example showing that in the two-weight
case the WZ condition does not imply the I, condition. This example

has the following interesting consequence: the Sawyer-type condition
associated with M,

/Mg(vfle)udac < C|I|,
I

while necessary, is not sufficient for the strong-type norm inequality for
M.
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Finally, Section 5 is an appendix which contains a problem about a
possible two-weight generalization of the A., condition.

Throughout this paper all notation is standard or will be defined as
needed. All cubes are assumed to have their sides parallel to the co-
ordinate axes. Given a cube I, [(I) will denote the length of its sides.
By weights we will always mean non-negative functions which are lo-
cally integrable and positive on a set of positive measure. Given a
Borel set E and a weight v, |E| will denote the Lebesgue measure of E,
v(E) = [pvdz, and v/xg will denote the function equal to v on E and
infinity elsewhere. Given 1 < p < oo, p’ = p/(p — 1) will denote the con-
jugate exponent of p. Finally, C' will denote a positive constant whose
value may change at each appearance.

2. Conditions for the Equality of M,f and M;f

In this section we prove Theorem 1.4. We begin with a simple ob-
servation which, since we will use it in later sections, we designate as a
lemma.

Lemma 2.1. For all non-negative functions f and all p > 0,
Mo(f7) = (Mof)? and Mg (f7) = (Mg f)".

Proof: For My this follows immediately from the definition. For M
the proof is almost as simple: given z € R™ and € > 0, for every r > 0
there exists a cube I containing x such that

Mg (f")(x) —e < (% /I(fp)f' dx)l/r < My f(z)P.

If we take the limit as 7 tends to zero we get (since € is arbitrary) that
M (fP)(x) < Mg f(z)P. Anidentical argument gives the reverse inequal-
ity, and we are done. W

Proof of the Sufficiency of Condition (1): Fix a function f € LP(R™)
such that log | f| € L{, .. Without loss of generality we may assume that f
is non-negative. Further, by Lemma 2.1 we may also assume that p = 1.

Now for each k > 0 define

[ (@) if f(z) > 1/k,
Juol@) = { 1k i f(z) < 1/k.
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We will first show that My fi(z) = M fi(z) for almost every x. Since
kf € L if f is, and since both My and M{ are positive homogeneous,
we may assume without loss of generality that k = 1. Furthermore, it
will suffice to show that Mg f1(z) < My fi(x) a.e.

Fix z € R™. There are two cases: If Mjfi(x) = 1, then by the
Lebesgue differentiation theorem (since both f and log f are locally
integrable) for almost every such z, 1 < fi(z) < M{fi(z), and so
Mofi(x) > fi(z) = 1. If there exists € > 0 such that M fi(z) >
1 + ¢, then for each integer n > 0, My, fi(xz) > 1 + €. Define the set
E = {z: f(x) > 1}. Then for any n > 0 and for any cube I such that

11/ 1] <€,

1 N I\E
(mfare) sq [ roe i sl ricaee
N

Hence the cubes used to calculate M, ,, f1(x) must be uniformly bounded
in volume. In particular, fix § > 0; then for each n > 0 there exists a
cube I,, containing x such that |I,,| is uniformly bounded and

1 n n
My fi(z) =6 < <—/ f11/ dl‘) .
\Inl| J1,

Elementary calculus shows that for all x > 1 and integers n > 0,
/™ <1+ (logz)/n + 2/n?. Therefore,

1 1 "
1 -
AL /I g fidr e /f h da’)

1 1 "
<14 —— 1 d —M .
< < +n|1n/1n og f1 x+n2 fl(x)>

Ml/nfl(a:) -6 < (1 +

Since f € L' and since M f1(x) < M f(x)+1, M fi(x) is finite for almost
every x. Further, since the I,,’s are uniformly bounded in size and all
contain x, by passing to a subsequence we may assume that they converge
either to a non-degenerate cube I or to the set {«}. In the first case

1 1
— / log f1dr converges to — / log f1 dx;
\Inl Ji, 1] Ji

in the second case, by the Lebesgue differentiation theorem it converges
to log f1(z) for almost every z. But if a sequence {a,} converges to a
and if M > 0, then

., M n
lim <1+&—|——2> = e
n o n

n—oo



GEOMETRIC MAXIMAL OPERATOR 247

In either case, therefore, if we take the limit in inequality (2) we have
that
Mg fi(z) — 6 < Mo fi(z) ae.
Since 6 > 0 was arbitrary, this establishes the desired inequality.
To complete the proof, since for each k, M f(z) < Mg fi(x) =My fi(z)
a.e., we only need to show that

(3) len;o Mofr(z) < Mof(z) ae.

The argument is similar to the one just given. Fix x; since log f
is locally integrable, there exists v such that Myf(z) = v > 0. Fix
k > 2/~ and a cube I containing = such that || f||1/|I| < 7/2. Define
E, ={z: f > 1/k}; then by Jensen’s inequality,

1 1 1
exp(—/logfkda:) S—/fkdxg— fde+1/k <.
1] Jr 1] Jr | Jing,

Therefore, for each 6 > 0 there exists a sequence of cubes [Ij, containing
x such that Uil is contained in some cube J, and such that

My fr(x) — 6 < exp <|I1—k|/1 log fx dm)

= exp (ULH /Ik 10gfd:zc—+—L log(fk/f)dm)

k| Jr,
< Mof(x) - exp [M(log(fx/f)xs)(x)] -

Inequality (3) would follow immediately if we could show that
(4) klirgO M(log(fr/f)xs)(x) =0 ae.

To show equation (4), first note that

0 if f(z) >1/k
log(1/f) —logk if f(z) < 1/k.

Therefore 0 < log(fi/f) < |log(1/f)], and so log(fx/f) € L*(J). Since
log(fx/f) tends to zero pointwise as k tends to infinity, by the dominated
convergence theorem it tends to zero in L! norm (on J). By the weak
(1,1) inequality for the Hardy-Littlewood maximal operator, for each
t>0,

log(fi/ ) (@) = {

o € 7 Mlog(i/xn)(@) > ] < T [ 1og(fuf ) da.
J
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Therefore the sequence { M (log(fx/f)x.)} tends to zero in measure, and
so has a subsequence which converges to zero pointwise almost every-
where. However, the whole sequence is monotonically decreasing, so in
fact (4) holds. This completes the proof of the sufficiency of condition (1).

This proof has the following corollary which we will need below.

Corollary 2.2. Let Iy be a cube, and suppose supp f = Iy. If for some
p, 0 < p<oo, feLP(Iy) and log f € L*(Iy) then M f(x) = Myf(z)
for almost every .

Proof: For x € I the above proof holds with essentially no modifica-
tion. For = outside the support of f a direct computation shows that
Mo f(z) = Mg f(z) =0. ®

Proof of the Sufficiency of Condition (2): Fix f € L*; again we may
assume that f is non-negative. If a > 2 then by Holder’s inequality,
M(|log f|?)(z) < M(|log f|*)(z)?/* < oo, so without loss of generality
we may assume that 1 < a < 2. But then we have the inequality

l+z<e’*<l4z+]z|/% 0<2z<1

Let g(z) = f(x)/||f|lcc- Then for any n > 0, any = and any cube I

containing x,
(L / e(l/n)loggdgC)
1] Jr

1 1 "
il ng
(mff’ )
1 1 "
<1+— log g dx + /|logg|adx>
I

nll| Jr n 1|

IA

< Mog() - exp (n'~*M(|log g|*)(z)) -
Now for almost every =,
M (|log g|*)(z) < 2°M(|log f|*)(x) + 2% |log(|| fllec)| < oo

Therefore, for each such x we can take the supremum over all I containing
x and then the limit as n tends to infinity to get Mig(z) < Mog(z) a.e.
Then by homogeneity, Mg f(x) < My f(z) a.e. and we are done.
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Examples. We now give three examples to show that the hypothe-
ses of Theorem 1.4 cannot be weakened in general. For simplicity we
construct all the examples on the real line.

First recall the example f = x¢, C nowhere dense and |C| = 1/2, given
in Section 1 above. This shows that log f needs to be locally integrable.

Example 2.3. There exists a non-negative function f such that
logf € LL., f ¢ LP(R) for any p, 0 < p < oo, and such that for all

loc»

x, Mg f(z) = oo and My f(z) < oo.
Proof: Define the function f by

et it |z| € [e" — 1,€e"], n>1,

ra={ <,

e otherwise.

Then log f is locally integrable but f ¢ LP(R) for any finite p. Now fix
n and let £k > n. Then

(eik /Oek f””dx)n > (ekQ/"*kyl.

The right-hand side tends to infinity as k tends to infinity. Therefore,
for all 2 > 0, My, f(z) = oo, and so Mg f(x) = oo. An identical
argument holds for z < 0.

To see that My f is everywhere finite, first note that since log f is
locally bounded, given x € R, My f(z) will be infinite only if

1
(5) lim sup — /logfdx = 0.
] Jr

[I|—o0
I>x

Let x = 0; then

e’ﬂ

1 en 1 n n_
[ mrar= 23R - S = 1o en)
0 k=1

and it follows from this that the limit supremum in (5) is finite. A similar
argument shows that My f(z) < oo for all z. R

Example 2.4. There exists a function f € L°°(R) such that
M (log f)(z) < oo for all z, and for all z < 0, M f(x)=2 and My f(x)=1.
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Proof: For each integer n > 0, let a, = 2=2*""'=1)_ and define f by

1 ifzxz<O,
flx)y=< 2 ifz>0andx ¢ 2" —1/2",2"], n >0,
a, ifzel2m—-1/2"2"], n>0.
Since log f is locally bounded, to show that M (log f) is everywhere finite

we only need to show that for any x € R, the limit supremum in (5) is
finite. Let z = 0. Then

1 [ log2 1 <~2%"1_1 log2
— log f| dx < <
on 0 | 0g f| T = omn on 2k - 9n

+ 1.

Hence M(log f)(0) < co. A similar but lengthier argument shows that
M(log f)(x) < oo for all x.

Now for any x < 0, 7 > 0 and n > 0,
1/r

on s 1/r
<2n1x/ frdfc) > (g -2eym)

The right-hand side tends to 2 as n tends to infinity. Therefore M, f(x) =
2 for all r > 0, so M§ f(z) = 2.

Finally, fix 5 > 0. Then for some k > 0, 28=1 <y < 2k — 1/2% or
2F — 1/2F <y < 2%, In either case, by our choice of the a,,’s,

y ok _1/2*%
/ logfdzg/ log fdx = 0.
0 0

It follows from this that for all < 0, Myf(z)=1. R

Finally, note that an estimate similar to the one in Example 2.3 shows
that for all z and all & > 1, M(]log f|*)(z) = 0.

3. Norm Inequalities for M,

In this section we give new proofs of Theorems 1.1, 1.2 and 1.3. For
each theorem we restrict ourselves to proving the sufficiency of the given
weight classes: the necessity follows at once if we substitute the test
function v~!y; into the corresponding norm inequality.

Our proofs depend on the weighted norm inequalities for the minimal
operator.
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Theorem 3.1. Given p > 0 and a pair of weights (u,v) on R, the
following are equivalent:

1. (u,v) € W,,: there ezists a constant C' such that given any interval

I CR,
1 1 p+1
—/udeC(—/vl/(pH) da:) ;
Il J; Il J;

2. the weak-type inequality
C’/ v
vz :-Mflz)<1/th) < — | —dx
(wemf@ <1<y | o

holds for every f such that 1/f is in LP(v);

3. (u,v) € W : there exists a constant C such that given any interval

I CR,
/#d:cSC/sz,
r M(o/xr)? I

where o = v1/(P+1).

4. the strong-type inequality

u v
———dr < C’/ —— dx
/]R (mf)e e |fIP
holds for every f such that 1/f is in LP(v).

The constants in (2) and (4) only depend on the constants in (1) and (3)
and are independent of p.

In the special case where u = v then W, = W = A and inequali-
ties (2) and (4) hold in R™ for alln > 1.

The proof of Theorem 3.1 for equal weights is in Cruz-Uribe and
Neugebauer [2]. The two-weight case is in Cruz-Uribe, Neugebauer and
Olesen [3].

To make the connection between the minimal operator and the geo-
metric maximal operator, we first define the geometric minimal operator:
given a function f on R”, the geometric minimal function of f is

1

Mo f(x) = inf exp (7/Ilogf|dy>,

where the infimum is taken over all cubes I containing x. It is immediate
from this definition that (Mg f)~! = My(f~!) for all f. Now, as we did
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for the geometric maximal operator, we define a sequence of minimal
operators

1/r
. 1 r r r
mefo)=int (o 17 an) " =iy
o\ ] Jr
and a limiting minimal operator
mgf(z) = lir% m,f(x).

(This sequence is decreasing so the limit exists.) In light of the results
in Section 2 above, the next result is quite surprising, especially since
the proof is so elementary.

Lemma 2. Given a cube Iy (possibly infinite), let f be a function
on R™ such that for some r > 0, fr € LL_on Iy. Then for all z,

Mo (f/x1,) (@) = M5(f/x15)()-

Proof: Fix z. By Jensen’s inequality, T (f/x1,)(x) < TG(f/x1,) ().
To see the reverse inequality, fix ¢ > 0. If © € I then there exists a
cube I C I containing x such that

Mol /x1,)() + € > exp (ﬁ J sl dy)

. 1 ) 1/r
= tim (4 (157

=My (f /xx,) ().

Since € was arbitrary, we are done.

Finally, if ¢ Iy then both MTo(f/x1,)(z) and ME(f/x1,)(x) are
infinite. W

An immediate consequence of Lemma 3.2 and the preceding observa-
tion is that if f~! is locally integrable then for any cube I, the sequence
{M,.(f~1/xr) "'} increases to My(fx;) for all z.

The weight classes Wy, and W of Theorems 1.2 and 1.3 are the formal
limits of the classes W), and W} as p tends to infinity. Furthermore, by
Jensen’s inequality, if the pair (u,v) is in Wy, then it is in W, for all
p > 0 with a constant independent of p. Similarly, suppose (u,v) € WZ.
Then for all cubes I and all x € I,
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Mo(v™"x1)(x) = Mo(v/x1)(x) ™"

> m(vl/(l’“)/xl)(x)_(l’“)

-1
> M) Jy ) () (ﬁ /Ul/<p+1> dx) _
> 7l

If we substitute this into the W, condition we see that (u,v) is in W
for all p > 0, again with a constant independent of p.

The proofs of Theorems 1.1, 1.2 and 1.3 are now straightforward. We
will prove Theorem 1.3; the proofs of the other two are identical. By
Lemma 2.1 we only need to consider the case p = 1. Fix f € L!(v) and
for each n > 0, let I,, = [—n,n]. Then for each € > 0, 1/(f + ¢€) is locally
integrable. For every r > 0, since (u,v) € WX C Wl*/r7 by Theorem 3.1

r1((f +€)71/xz,) dz/lRm((f +e)7"/xu,

Since the constant C' is independent of r, by Lemma 3.2 and the remark
following, if we let r tend to 0, by the monotone convergence theorem
we get

BG szC’/(ere)vdx.
In

[ Mot yude < [ Mol(5+ paa,Jude <€ [ (4 v

R R I,

Since v is locally integrable, the right-hand side is finite, so we can take
the limit as € tends to 0 to get

/Mo(ijn)ud:c§0/ fvdx.
R In

Since My(fxy,) increases to Myf, the desired inequality follows from
the monotone convergence theorem.

We conclude this section with an example of a pair of weights (u,v)
which is in W \ WZ. Our example is simpler than the one given by
Yin and Muckenhoupt [13]. Initially we believed that no such example
existed, since for all p > 0 the classes W), and W are the same. However,
a close examination of the proof that they are the same showed that the
constant depended on p. Attempts to eliminate this dependency instead
yielded the following example. The underlying idea of the construction
is to fix an increasing function v which is not a doubling weight and find
the “largest” function u such that (u,v) € W.

Example 3.3. There exists a pair of weights (u,v) on R in W\ WZX.
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Proof: For x > 0 define the the functions
u(z) = (1+1/Va)e Ve v(z) =e V7,

and extend them to R by making them identically zero for x < 0. For
intervals of the form I = [—s,t], s > 0, t > 0, we have

1 / p te—2/Vt q 1 /1 p oVt
—_— = —— — 11 X e = X _— .
] Iua: o a exp 7] Iogv T exp po

Since
-2Vt 2 t
exp \/_-f-— >12> )
s+t Wt s+t

it follows that (u,v) satisfies the W condition on all such intervals.
(Note that when s = 0 equality holds; it is in this sense that u is the
largest possible function.)

Now fix I = [s,t], 0 < s < t. The Wy condition follows from the
inequality

te=2/Vt _ ge=2/V5
t—s

(6) < 2exp (

-2
Vs + \/?f) '
If t > 2s then this inequality is immediate. Now suppose that ¢t < 2s.

Since u is an increasing function, the left-hand side of inequality (6) is
smaller than u(t). Hence it will suffice to show that

1+1/Vt < 2exp <\/1_f(j—s—\/j_—\/f)>

However, since e* > 1+ z,

2./5 4/s 1—\/{5:
2exp<—\/E(\/§+\/E)>>2+—\/Z(\/§+\/E)>2+—\/E 14 1/Vt.

(The last inequality holds since ¢ < 2s.) Therefore, (u,v) is in W.
To see that (u,v) ¢ WX, let I = [0,t], t > 0. Then for all z € I,
Mo(v='x1)(z) > e*/V®. Therefore,

7 [ M ude > [ 1@ de = 142 VE

Since the right-hand side tends to infinity as ¢ tends to zero, (u,v) cannot
bein W3 . A
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4. Norm Inequalities for M

In this section we prove Theorems 1.5, 1.6 and 1.7. Each of these
theorems is a consequence of the corresponding norm inequality for M.

Proof of Sufficiency: We begin with three lemmas which together show
that the I, condition allows us to reduce the proof to the case of func-
tions of compact support.

Lemma 4.1. Suppose v € Io,. Then for all xy € R",

1/0
lim sup ! < ! /v_” d:r) < o0
I,0 |I| |I| I ’

where the limit supremum is taken over all cubes I containing xq and
o >0 as |I] tends to infinity and o tends to zero.

Proof: Suppose to the contrary that there exists an xg such that the
given limit supremum is infinite. Then there exists a sequence of cubes I,
containing xo such that |I;| tends to infinity, and a sequence of real
numbers o}, tending to zero such that

1 /1 o
lim — <—/ v 7k d:r) = 0.
k—oo |Ik:‘ ‘Ik| I

By Holder’s inequality we may assume that the ox’s tend to zero as
slowly as desired.

Now let J, be the smallest cube containing both I and the origin.
Then |Ji| = (1 + €)™ |I)|, where

1) _ 1) + |z
() = W)

1+e =

Hence the €;’s tend to zero, so by the above observation we may assume
that o > €. But then

1 ( 1 oy )””k> 1 1 ( 1 o g >1/”
— | — v XL —_— | — v X .
FARNPANSA T (14 )+ o) [T | \ | Tx| /1,

Since for all k, (1 + €;)'/?% < e, this implies that v ¢ I, a contradic-
tion. W
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Lemma 4.2. Suppose f is a non-negative function on R™ such that
for some r >0, f" € Ll _, and K is any compact set. If fx = Fxrm\K
then for each xg € R"™,

1 1/o
(7) hmsup( /f” da:) = lim sup (—/ff”( dm) )
] ro \HU[J;

where the limit supremum is taken over all cubes I containing xo and
o >0 as |I] tends to infinity and o tends to zero.

Proof: The left-hand side of equation (7) is always greater than or
equal to the right-hand side, so we only need to prove the reverse in-
equality. If the left-hand side equals zero there is nothing to prove, so we
may assume that it is equal to some A > 0. Then there exists a sequence
of cubes I, containing xy and a sequence of real numbers o such that
|7)| tends to infinity and oy tends to zero, such that

1 1/o0y
3 Ok —
(8) kh—>oo <|Ik;| / f dx) =\

Since A is the limit supremum over all such I and o, and since by Hélder’s
inequality the terms on the left-hand side get larger if we make the
o’s larger, this limit will still hold if we replace the o;’s by any larger
sequence tending to zero. In particular, we may assume that 1/0; <
| Ik|1 /2'

Now let J, = I N K and Ly = I \ K. Then

1 1/o0y 1 1 1/ok
fox dz) ( / forde + — for dz)
<|Ik| / | [kl Ji,

1/0k
( 1 I dff)l/ak 1+_ka forda) 7"
| 1| It K ka for dx ’

Since K is compact and f" € L
rem,

(9)

e, Dy the dominated convergence theo-

lim fordx <|K|.

k—o0 Tn
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Further, since A > 0, equation (8) implies that there exists 7, 0 <7 <1,
such that for all k& sufficiently large

1

— fo%dx > 1.
k| J1,

Therefore, again for all k sufficiently large,

1

— forde > 1/2,
(k| Jr,

SO

P 1/ok 1/o I |M/2
kda 4K\ 41K\
1< 1+L <(1+ | ') <(1+ | ') .
Jo, ford s 7| 1|

The right-hand side of this inequality tends to 1 as k tends to infinity.
Therefore equations (8) and (9) imply that

1 1/ok 1 1/o
A = lim sup (— 7 d:v) < lin} sup (T / & d:c) ,
o I

k—oo |Ik| Iy

and this establishes the desired inequality. W

Lemma 4.3. Let v € I, and suppose f € L'(v). Let Q,, be the cube
centered at the origin of side-length 2n. Then for all z,

(10) Mg f(x) = lim Mg (fxq,)(@).

Proof: Without loss of generality we may assume that f is non-neg-
ative. Since v € I, there exists M > 0 and o¢ > 0 such that, given a
cube I containing the origin with |I| > M, then

1 /1 L/eo
m<m/v_"°da€> < C < 0.
I

Therefore, by Holder’s inequality we have that for all such cubes I,

1 1/o 1 1 f(1m0) (1—-0)/o
= [ fod < dz - — (= [ v=o/0=9)g .
(m/ff x) = Jo T |I|<|I|/I” ”’“)

Since f € LY(v), f° € Li . provided o/(1 — o) < 0p.

loc
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Now fix z € R™. Suppose first that there exists NV > 0 and a sequence
of cubes I} containing x and contained in @y such that

M*f()hm<1 fl/k )k
0 x| Ji '

Then for all n > N, Mj f(z) = M (fxq, )(x), which establishes equa-
tion (10).

If no such sequence of cubes exists, then

1/o0
(11) M;f(z) = hmsup<|l|/f”dx> ,

where the limit supremum is taken over all cubes I containing x and
o > 0 as |I| tends to infinity and o tends to zero. We will show that
this implies that M f(z) = 0, which in turn implies that equation (10)
holds.

To see this, fix € > 0. Then there exists a compact set K such that

/ fodxr <e.
R\ K

Let fx = fxwrr\k- Then by Lemma 4.2,

M f(x )—llmsup(|j|/dem) ,

where the limit supremum is taken over the same I and ¢ as in equa-
tion (11). We again apply Holder’s inequality: since v € I, by
Lemma 4.1 we have that

(1-0)/0o

1

M f(x) S/ fodx - hmsup (—/v‘”/(l_") dac) < Ce.
RP\K | \ 1] Jr

Since € is arbitrary, M f(z) = 0 and we are done. B
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We can now prove Theorems 1.5, 1.6 and 1.7. We will only prove
Theorem 1.6; the proofs of the other two are identical. (For Theorem 1.7,
we note in passing that if w € A, then w € A, for all p sufficiently large,
which immediately implies that w € I.)

First, by Lemma 4.3 and the monotone convergence theorem, it will
suffice to prove Theorem 1.6 for functions f € LP(v) of compact support.
Second, by Lemma 2.1 we may assume that p = 1. Fix such an f and
suppose that supp f C @y for some N > 0. Define the sequence of
functions {f,} by

f(z) if f(z) = 1/n,
falx)=< 1/n ifze @y and f(zx) <1/n,
0 otherwise.

As we showed in the proof of Lemma 4.3, there exists r > 0 such that
f7 is locally integrable. Therefore, f7 € L'(Qn), and log f, € L*(Qn).
Therefore, by Corollary 2.2,

M f(x) < Mg fule) = Mofu(z)  ace.

Since (u,v) € W%, for all n > 0, by Theorem 1.3
/Ma‘fudx < / My fpudr < C/ fovdx.
R R R

Since f, < f+ %XQN and v is locally integrable, by the dominated
convergence theorem we can take the limit as n tends to infinity and get
the desired inequality.

Proof of Necessity: The necessity of the W, and WZ conditions in
Theorems 1.5, 1.6 and 1.7 follows from their necessity in the correspond-
ing theorems for My. The necessity of the I, condition follows from the
next lemma since u is positive on a set of positive measure.

Lemma 4.4. Given a weight v ¢ I, there exists a function f €
L' (v) such that M f(x) = oo for all x.
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Proof: Since v ¢ I, there exists a sequence of cubes I containing
the origin such that |I| tends to infinity, and a sequence of real numbers
o tending to zero such that for all k,

1 1/0’k
(—/ vk da:) > E*|I|.
x| Jr,

For each k let aj be such that ag|l;| = 1/k?, and define the function

f by
Z arv ()~ X, ().

It is immediate that f € L'(v). Now fix x € R™ and let J; be the
smallest cube containing x and I;. Then, as we showed in Lemma 4.1,
|Zx|/|Jk| tends to 1 as k tends to infinity.

Let » > 0; then for all k such that o}, < r,

1 1/r
Mrf<x>>( / dex)
| Jk|
|Ik|>1/7“( 1 / >1/0’)C
> [ = Tk dx
= (1) (i W
|Ik)l/’r‘< 1 / B >1/Uk
> ag <— — | v %%dx
| J| k| J1,
I |
> apk®|I| ( >
| /|
1/r
:k@) "
| Jk|
Therefore M, f(x) = 00, so M f(x) =cc. R

The Independence of I, and W7 . We give an example to show
that the W2 condition does not imply the I, condition. For simplicity
we construct our example on R.

Example 4.5. There exists a pair of weights (u,v) € W2 such that
v Iy
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Proof: Define u(z) = xo,1(7). For n > 1let I, = [2" —1/2",2"],
Io =R\ U,I,, and a, = exp[—2?""1(n + 1) log 2]. Now define

o(@) = x1o (&) + Y anxz, (@).

By our choice of the a,’s, if J, = [277,2"] and = € [0,1] then a
straight-forward induction argument shows that

Mo(v™ x5, ) (2) < exp (2% ZIOg(l/ak)UIc) = 2"
k=1

Therefore, if J is an interval such that 2"~! < |J| < 2" and which
intersects [0, 1], then

/ Moy(v™ x )ude < Mo(v™ x, 0 )ude < 2" < 4)J).
J

Jn+1

Hence (u,v) € WZ.
However, if we let 0 = 1/n, then

1 1 Ve 1 n
| = 7 d T —1/nd
IJﬁI(I%At/;l’ x) Jﬁl(hh|/C1U x)

|
|-
VR
&)=
S
S
L
~~
3
=
N——
3

~exp[22" ! (n+ 1) log 2]
- 22n2+2n+1 :

The right-hand side tends to infinity as n tends to infinity, so v does not
satisfy the I, condition. H

We conclude with the following observation. In this example both v
and v~! are locally integrable, so by Corollary 2.2, for any interval I,
Mg (v=txr) = Mo(v=tx7) a.e. Hence the pair (u,v) satisfies the Sawyer-
type condition associated with Mg, namely,

[ M50 auds < il
I

but the strong-type norm inequality does not hold for M. Hence this
condition is necessary but is not sufficient.
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5. Appendix: A Two-Weight Generalization of A,

As we noted in Section 1, the two-weight reverse Jensen inequality,
W, does not characterize the union of the two-weight A, classes. Simi-
larly, the stronger W condition does not characterize this union either.
The same example shows this: the pair (el*l, e/?#1) is in W but is not
in any A, class.

However, suppose (u,v) € W% and v € I,. Then by the remarks at
the beginning of the proof of Lemma 4.3, for all p > 0 sufficiently large,
v satisfies the Rubio de Francia condition (1) mentioned in Section 1. In
other words, for all p sufficiently large, there exists a function u, such
that (up,v) € S, C Ap. The function u, need not equal u for any p;
however, it is natural to ask the following question.

Question 5.1. Is it possible to find functions u, such that (up,v) € Sp
and the u,’s converge to u (pointwise or as measures) as p tends to
infinity?

If this were true it would establish the two conditions W% and I, as
the “natural” limit of the A, condition and so give a two-weight notion
of As.

This question arose as the final draft of this paper was being written
and we have no conjecture as to its veracity. However, a straightforward
calculation does show that e?*| € I, and that for the pair (el®!, el?2?])
we may take u, = e|“7‘x[_np7np} for n,, sufficiently large.

References

[t

D. Cruz-URrIBE, SFO, The minimal operator in R™, Preprint.

D. Cruz-UriBE, SFO, aAND C. J. NEUGEBAUER, The structure

of the reverse Holder classes, Trans. Amer. Math. Soc. 347 (1995),

2941-2960.

3. D. Cruz-UriBE, SFO, C. J. NEUGEBAUER AND V. OLESEN,
Norm inequalities for the minimal and maximal operator, and dif-
ferentiation of the integral, Publ. Mat. 41 (1997), 577-604.

4. D. Cruz-URrIBE, SFO, C. J. NEUGEBAUER AND V. OLESEN, The
one-sided minimal operator and the one-sided reverse Hoélder in-
equality, Studia Math. 116 (1995), 255-270.

5. D. Cruz-UrIBE, SFO, C. J. NEUGEBAUER AND V. OLESEN,

Weighted norm inequalities for a family of one-sided minimal op-
erators, Illinois J. Math. 41 (1997), 77-92.

o



10.

11.

12.

13.

GEOMETRIC MAXIMAL OPERATOR 263

J. GARCiA-CUERVA AND J. L. RUBIO DE FRANCIA, “Weighted
Norm Inequalities and Related Topics,” North Holland Math. Stud-
ies 116, North Holland, Amsterdam, 1985.

S. V. HRUSCEV, A description of weights satisfying the A, condi-
tion of Muckenhoupt, Proc. Amer. Math. Soc. 90 (1984), 253-257.
J. L. RuBio DE FrRANCIA, Boundedness of maximal functions and
singular integrals in weighted LP spaces, Proc. Amer. Math. Soc. 83
(1981), 673-679.

W. RUDIN, “Real and Complex Analysis,” McGraw-Hill, New York,
1974.

C. SBORDONE AND I. WIK, Maximal functions and related weight
classes, Publ. Mat. 38 (1994), 127-155.

X. SHI, Two inequalities related to geometric mean operators,
J. Zhejiang Teacher’s College 1 (1980), 21-25.

H. WEI, S. XIANLIANG AND S. QIvU, A, condition character-
ized by maximal geometric mean operator, in “Harmonic Analysis,”
Proceedings, Tianjin 1988, Lecture Notes in Mathematics 1494,
Springer-Verlag, New York, 1991, pp. 68-72.

X. YIN AND B. MUCKENHOUPT, Weighted inequalities for the max-
imal geometric mean operator, Proc. Amer. Math. Soc. 124 (1996),
75-81.

David Cruz-Uribe, SFO: C. J. Neugebauer:
Department of Mathematics Department of Mathematics
Trinity College Purdue University

Hartford, CT 06106-3100 West Lafayette, IN 47907-1395
U.S.A. U.S.A.

e-mail: david.cruzuribe@mail.trincoll.edu e-mail: neug@math.purdue.edu

Primera versié rebuda el 20 de setembre de 1997,
darrera versio rebuda el 20 d’octubre de 1997



