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REMARKS ON SUBHARMONIC ENVELOPES

Duong Ngoc Son

Abstract

We prove that the subharmonic envelope of a lower semicontinu-
ous function on Ω is harmonic on a certain open subset of Ω, using
a very classical method in potential theory. The result gives sim-
ple proofs of theorems on harmonic measures and Jensen measures
obtained by Cole and Ransford.

1. Introduction and statement of results

One of the most important objects of Classical Potential Theory is
the Laplace equation

∆h =
∂2h

∂x2
1

+
∂2h

∂x2
2

+ · · · +
∂2h

∂x2
N

= 0

in Euclidean space R
N . Let Ω be a open subset of R

N . A twice dif-
ferentiable function h defined on Ω is called harmonic if it satisfies the
Laplace equation. The family of harmonic functions on Ω will be de-
noted by H(Ω). The Dirichlet problem for the Laplace operator is the
following: Given a continuous real-valued function f on ∂∞Ω (i.e. the
boundary of Ω in the one-point compactification of R

N ), find a harmonic
function h on Ω such that

lim
y→z

h(y) = f(z)

for every z ∈ ∂∞Ω.

The classical method of Perron-Wiener-Brelot for solving the Dirichlet
problem is based on subharmonic functions. Recall that a function u

defined on Ω ⊂ R
N with values in [−∞,∞) is said to be subharmonic

on Ω if u is upper semicontinuous and for each r > 0 small enough we
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have

(1) u(x) ≤
1

λ(B(x, r))

∫

B(x,r)

u(t) dλ(t), x ∈ Ω.

Here dλ denotes Lebesgue measure in R
N . Note that if u is a harmonic

function on Ω, then equality holds in (1). Hence, any harmonic function
is subharmonic. By SH(Ω) we denote the family of subharmonic function
on Ω. For each bounded function f defined on ∂∞Ω let

U(f ; Ω) = {v ∈ SH(Ω) : lim sup
y→z

v(y) ≤ f(z) for each z ∈ ∂∞Ω}.

The Perron envelope of f on Ω is

HΩ
f (x) := sup{v(x) : v ∈ U(f ; Ω)}.

It is well known that HΩ
f is harmonic on Ω. Moreover, if the Dirichlet

problem has a solution, the solution must be HΩ
f . It is natural to ask un-

der what conditions, HΩ
f becomes the solution of the Dirichlet problem,

i.e.

(2) lim
x→z

HΩ
f (x) = f(z), ∀ z ∈ ∂Ω.

This problem leads us to the following notion. A point z ∈ ∂∞Ω is
called a regular boundary point of Ω if (2) holds for all f ∈ C(∂∞Ω).
The classical theorem of O. D. Kellogg states that the set of irregular
boundary points of Ω is a polar set (cf. [5, Theorem 8.34]).

Let Ω be an open subset of R
N and x∈Ω. The mapping L : C(∂∞Ω) →

R, f 7→HΩ
f (x) is a positive linear functional on the Banach space C(∂∞Ω).

By the well-known Riesz representation theorem there exists a unique
positive Borel measure ω on ∂∞Ω such that for all f ∈ C(∂∞Ω) we have

(3)

∫

∂∞Ω

f dω = HΩ
f (x).

The measure ω above is called harmonic measure for Ω at x. By Hx(Ω)
we denote the set of harmonic measures at x with respect to relatively
compact subdomains Ω′ of Ω (i.e. ω ∈ Hx(Ω) if and only if there exists
a relatively compact subdomain Ω′ ⊂ Ω such that ω is the harmonic
measure for Ω′ at x).

Let ϕ be an arbitrary function on Ω. The subharmonic envelope of ϕ
is

Sϕ(x) = sup{v(x) : v is subharmonic and v ≤ ϕ on Ω}.

Subharmonic envelopes have been studied extensively. They became
an important tool in classical potential theory. It is well known that
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the upper semicontinuous regularization (Sϕ)∗ of Sϕ is a subharmonic
function, provided that it is locally bounded above. Moreover, we have
the following

Cartan’s Theorem. Let U ⊂ SH(Ω) and let u := supv∈U v. Assume

that u is locally bounded above. Then u∗ ∈ SH(Ω) and u∗ = u outside a

polar set.

Recall that a subset E of Ω is said to be polar if there exists a subhar-
monic function v on Ω, v 6≡ −∞ such that E ⊂ {x ∈ Ω : v(x) = −∞}.
If w is locally bounded above then the upper semicontinuous regulariza-
tion w∗ of w is defined as follows.

w∗(x) = lim sup
y→x, y∈Ω

w(y), x ∈ Ω.

It is easy to see that w∗ is upper semicontinuous and w∗ ≥ w. Moreover,
w∗ is the smallest function with these properties.

Recently, Cole and Ransford studied quasi-subharmonic functions on
an open subset of R

N . It turns out from their results that the class
of subharmonic envelopes is nothing but the class of quasi-subharmonic
functions [2, Theorem 1.1, Theorem 1.5]. They also proved the following
[2, Corollary 1.7].

Theorem 1. Let Ω be an open subset of R
N which possesses a Green

function. Let ϕ : Ω → [−∞,∞) be a measurable function which is locally

bounded above. Then for each x ∈ Ω

(4) Sϕ(x) = inf

{
∫

ϕdµ : µ is a Jensen measure for x

}

.

Recall that a Jensen measure for x is a Borel measure µ, supported
on a compact subset of Ω such that each subharmonic function u on Ω
satisfies

(5) u(x) ≤

∫

u dµ.

By Jx(Ω) we mean the set of all Jensen measures at x with respect to Ω.
The family of Jensen measures for x contains the subfamily Hx(Ω) of
harmonic measures at x with respect to some relatively compact subdo-
main D of Ω (cf. [3, Proposition 3.1]). Moreover, we have the following
relation between the two families (cf. [3, Theorem 1.3]).
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Theorem 2. Let Ω be an open subset of R
N . Let ϕ : Ω → [−∞,∞) be a

measurable function which is locally bounded above. Then for each x ∈ Ω

(6) inf

{
∫

ϕdµ : µ ∈ Jx(Ω)

}

= inf

{
∫

ϕdω : ω ∈ Hx(Ω) ∪ {δx}

}

.

One aim of the paper is to prove some results concerning the two
classes of measures. We rely on the following main result which seems
to be classical, but we cannot find it in the literature.

Theorem 3. Let Ω be a bounded open subset of R
N and ϕ : Ω → R a

bounded, lower semicontinuous function. Denote by Sϕ its subharmonic

envelope. Let W = {y ∈ Ω : (Sϕ)∗(y) < ϕ(y)}. Then (Sϕ)∗ is subhar-

monic on Ω, harmonic on W and for each regular boundary point z ∈ ∂Ω
the following inequality holds.

(7) lim inf
y→z

(Sϕ)∗(y) ≥ ϕ(z).

This result gives simple proofs and sometimes stronger statements
of some theorems on harmonic measures and Jensen measures obtained
in [3].

2. Proof and applications

We need the following

Lemma 4. Let Ω be an open subset of R
N which possesses a Green

function and E ⊂ Ω a polar set. Given x0 ∈ Ω, there exists a subhar-

monic function v on Ω such that v < 0 on Ω, v ≡ −∞ on E \ {x0},
v(x0) = −1.

Proof: Cf. [1, Theorem 5.1.3].

Proof of Theorem 3: First, we prove (7). Let z ∈ ∂Ω be a regular bound-
ary point of Ω. Given ǫ > 0, since ϕ is lower semicontinuous, there ex-
ists r0 > 0 such that ϕ(y) > ϕ(z) − ǫ for all y ∈ B(z, r0) ∩ Ω. Consider
the function m on ∂Ω defined by

m(y) = r−1
0 ‖y − z‖.

Since z is regular, we have

(8) lim
x→z

HΩ
m(x) = m(z) = 0.

Note that the function v on Ω, v(y) = r−1
0 ‖y − z‖ is subharmonic and

limy→x v(y) = m(x) for all x ∈ ∂Ω, so v ∈ U(m; Ω). Therefore v ≤ HΩ
m

on Ω.
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Now consider the function

ψ(y) = −HΩ
m(y)(ϕ(z) −M + 1) + ϕ(z) − ǫ,

where M = inf{ϕ(x) : x ∈ Ω}. For each y ∈ Ω \B(z, r0) we have

HΩ
m(y) ≥ v(y) = r−1

0 ‖y − z‖ ≥ 1

and therefore

ψ(y) ≤ −(ϕ(z) −M + 1) + ϕ(z) − ǫ

= M − 1 − ǫ

< ϕ(y).

Otherwise, if y ∈ B(z, r0)∩Ω, then ψ(y) ≤ ϕ(z)−ǫ < ϕ(y) sinceHΩ
m > 0.

Hence, ψ < ϕ on Ω. Moreover, since ψ ∈ SH(Ω), we have ψ ≤ Sϕ on Ω
and therefore, by (8),

lim inf
y→z

(Sϕ)∗(y) ≥ lim inf
y→z

ψ(y)

≥
[

lim inf
y→z

(

−HΩ
m(y)

)]

(ϕ(z) −M + 1) + ϕ(z) − ǫ

= ϕ(z) − ǫ.

As ǫ > 0 is arbitrary, we have lim infy→z(Sϕ)∗(y) ≥ ϕ(z), as desired.

By Cartan’s Theorem, (Sϕ)∗ is a subharmonic function on Ω and
(Sϕ)∗ = Sϕ outside a polar set. It remains to show that (Sϕ)∗ is a
harmonic function on W . Let x ∈ W , it suffices to show that there
exists r > 0 such that (Sϕ)∗ is harmonic on the ball B(x, r).

Since x ∈W then (Sϕ)∗(x) = ϕ(x)−2δ for some δ > 0. On the other
hand, (Sϕ)∗ is upper semicontinuous and ϕ is lower semicontinuous, so

we can find r > 0 such that for all y ∈ B = B(x, r) we have

(Sϕ)∗(y) < ϕ(x) − δ, ϕ(y) > ϕ(x) − δ.

By the Poisson Modification theorem, there exists s ∈ SH(Ω) such that
s ≥ (Sϕ)∗, s = (Sϕ)∗ on Ω \ B and s is harmonic in B. To complete
the proof, we need only to show that s ≤ (Sϕ)∗ on B. Indeed, let
x0 ∈ B and ǫ > 0 be arbitrary. First, s ≤ ϕ on B since by the maximum
principle,

(9) s(y) ≤ sup
z∈∂B

(Sϕ)∗(z) ≤ ϕ(x) − δ < ϕ(y), (∀ y ∈ B).

Take E = {y ∈ Ω : (Sϕ)∗(y) > ϕ(y)}. Then

E ⊂ {y ∈ Ω : (Sϕ)∗(y) 6= Sϕ(y)}.
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By Cartan’s Theorem, the set

{y ∈ Ω : (Sϕ)∗(y) 6= Sϕ(y)}

is a polar set and therefore E is polar. By Lemma 4, there exists u ∈
SH(Ω) such that u ≤ 0 on Ω, u(x0) = −1 and u|E ≡ −∞. Put w = s+ǫu.
Then w ∈ SH(Ω). We will show that w < ϕ on Ω so that w ≤ Sϕ on Ω
and in particular,

s(x0) − ǫ = s(x0) + ǫu(x0) = w(x0) ≤ Sϕ(x0) ≤ (Sϕ)∗(x0).

Now it remains to check that w < ϕ on Ω. Let y ∈ Ω. Consider three
cases:

1. If y ∈ B, then w(y) < s(y) < ϕ(y), since u(y) < 0 and (9) holds.
2. If y ∈ E, then w(y) = −∞, since u|E ≡ −∞.
3. If y ∈ Ω \ (B ∪E), then by definition of E we have

w(y) < s(y) = (Sϕ)∗(y) ≤ ϕ.

Therefore w < ϕ on Ω. Hence s(x0) − ǫ ≤ (Sϕ)∗(x0), where ǫ > 0
and x0 ∈ B are arbitrary. Thus s = (Sϕ)∗ on B and therefore (Sϕ)∗ is
harmonic on B, so the proof is completed.

Remark. If W is empty, then the theorem is rather trivial. Otherwise,
W is an open subset of Ω so the harmonicity of (Sϕ)∗ on W makes sense;
also Sϕ = (Sϕ)∗ on W .

Remark. It is natural to ask if Theorem 3 is true without the semiconti-
nuity of ϕ. In this case, since W is not an open set, one cannot discuss
harmonicity of (Sϕ)∗. But we can rephrase the harmonicity in term of
Riesz measure. Thus we can expect that the Riesz measure associated
with (Sϕ)∗ puts zero mass on W (or on a certain subset of W ). More
precisely, we formulate the following question.

Question. We keep the assumptions in Theorem 3 except that the semi-
continuity of ϕ is replaced by Borel measurability. Does µ(Sϕ)∗(U) = 0,
where µ(Sϕ)∗ is the Riesz measure associated with (Sϕ)∗ and U is the
fine interior of W?

It would need more analysis in fine topology (see [1, Chapter 7] for
basic concepts of fine topology) to prove such a result. But Theorem 3
is enough for our applications.

We have the following corollary which should be compared with Lem-
ma 3.3 in [3].
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Corollary 5. Let Ω be an open subset of R
N which possesses a Green

function and x ∈ Ω. Let ϕ be a continuous function on Ω ∪ ∂∞Ω and

Sϕ be its subharmonic envelope. Assume that Sϕ(x) < ϕ(x). Then there

exists a domain D ⊂ Ω such that x ∈ D and

(10)

∫

ϕdω ≤ Sϕ(x),

where ω is the harmonic measure for D at x.

Proof: First we assume that Ω is bounded. Let W = {y ∈ Ω : Sϕ(y) <
ϕ(y)}. Since Sϕ(x) < ϕ(x) then x ∈ W . Let D be the connected
component of W containing x and ω the harmonic measure for D at x.
By Theorem 3, (Sϕ)∗ = Sϕ and it is harmonic on D. Moreover, for any
regular boundary point z of Ω such that z ∈ ∂D, we have

lim inf
y→z, y∈D

Sϕ(y) ≥ ϕ(z).

On the other hand, since ϕ is continuous,

lim sup
y→z

Sϕ(y) ≤ lim sup
y→z

ϕ(y) = ϕ(z).

Hence

(11) lim
y→z, y∈D

Sϕ(y) = ϕ(z).

For z ∈ ∂D ∩ Ω which is regular with respect to D, we can use an
argument similar to the proof of Theorem 3 to show that

(12) lim inf
y→z

Sϕ(y) = ϕ(z).

By Kellogg’s Theorem (cf. [4, Theorem 5.20]), the set of irregular bound-
ary points is polar. Hence (12) holds for z ∈ ∂D outside a polar set.
Therefore, by the generalized maximum principle, we have (10).

Now for general case we need the following classical lemma.

Lemma 6. Let {Dn} be an increasing sequence of subdomains of a do-

main D such that
⋃

∞

n=1Dn = D and x ∈ D1. If f is a continuous

function on D∪∂∞D and ωn, ω are harmonic measures at x for Dn, D

respectively, then
∫

∂∞D

f dωn −→

∫

∂∞D

f dω as n→ ∞.

Proof: It follows from Theorem 6.3.10 in [1] that HDn

f (x) → HD
f (x)

as n→ ∞. Then the proof is completed since

HDn

f (x) =

∫

∂∞D

f dωn and HD
f (x) =

∫

∂∞D

f dω.
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For j > 0 let Ωj = Ω ∩B(0, j). We can assume that Ωj is non-empty
for all j. Clearly,

⋃

j Ωj = Ω. Let

wj(x) = sup{v(x) : v is subharmonic on Ωj and v ≤ ϕ on Ωj}

and Wj = {y ∈ Ωj : wj(y) < ϕ(y)}. It is easy to see that the se-
quence {wj} decreases to Sϕ. Therefore W =

⋃

j Wj . Also, x ∈ Wj

for j large enough so we can assume that x ∈ Wj for all j. Let Dj be
the connected component of Wj containing x. Clearly D =

⋃

j Dj is
the connected component of W containing x. By what we have already
proved, we have

∫

ϕdωj ≤ wj(x),

where ωj is the harmonic measure for Dj at x. Let j → ∞. Then (10)
follows from Lemma 6. The proof is completed.

By Hs
x(Ω) we denote the subclass of Hx(Ω) consisting of all harmonic

measures of domains D ⋐ Ω with C∞-smooth boundary. We prove the
following improvement of Theorem 1.3 in [3].

Theorem 7. Let Ω be an open subset of R
N which possesses a Green

function and x ∈ Ω. Suppose that ϕ : Ω → R be an upper semicontinuous

function. Then

(13) Sϕ(x) = inf

{
∫

ϕdω : ω ∈ Hs
x(Ω)

}

.

Remark. It follows from [3, Proposition 4.1] that there exists a lower
semicontinuous function ϕ such that (13) does not hold.

Proof: It follows from [3, Proposition 3.1] that Hs
x(Ω) ⊂ Jx(Ω). Then

Sϕ(x) ≤ inf

{
∫

ϕdω : ω ∈ Hs
x(Ω)

}

.

To show that in fact equality holds, first assume that ϕ is a continuous
function on Ω∪ ∂∞Ω. It is enough to show that for all x ∈ Ω there exist
subdomains Dn ⋐ Ω with C∞-smooth boundaries such that

(14) Sϕ(x) ≥ lim
j→∞

∫

ϕ(ξ) dω(Dj , x, ξ).
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Indeed, if Sϕ(x) < ϕ(x) then, by Corollary 5, there exists subdomain
D ⊂ Ω such that

Sϕ(x) ≥

∫

ϕ(ξ) dω(D,x, ξ),

where ω(D,x, ·) is the harmonic measure for D at x. Take a sequence
{Dj}

∞

j=1 of C∞-smooth domains such that Dj ⋐ D and Dj ր D. Then

Sϕ(x) ≥

∫

ϕ(ξ) dω(D,x, ξ) = lim
j→∞

∫

ϕ(ξ) dω(Dj , x, ξ).

Then (14) holds. Otherwise, we can take {Dj}
∞

j=1 to be a sequence of
small balls centered at x with radii decreasing to 0. Clearly

Sϕ(x) ≥ ϕ(x) = lim
j→∞

∫

ϕ(ξ) dω(Dj , x, ξ).

Hence the theorem is true in this case.

Now we turn to general case. Let {ϕj}
∞

j=1 be a sequence of contin-
uous functions on Ω ∪ ∂∞Ω decreasing to ϕ. Then Sϕj decreases to a
subharmonic function v. Clearly v ≤ ϕj for all j and therefore v ≤ ϕ.
Hence v ≤ Sϕ. On the other hand, Sϕ ≤ Sϕj for all j. Therefore
Sϕ ≤ v and hence v = Sϕ. Moreover

v(x) = lim
j→∞

Sϕj(x) = lim
j→∞

(

inf

{
∫

ϕj dω : ω ∈ Hs
x(Ω)

})

≥

{
∫

ϕdω : ω ∈ Hs
x(Ω)

}

.

This completes the proof.

Remark. In this theorem, one can replace the family Hs
x(Ω) by any fam-

ily of harmonic measures of domains which can approximate general do-
mains; for example, one can use Hp

x(Ω) the family of harmonic measures
at x with respect to polygons instead of Hs

x(Ω).

The sets Jx(Ω) and Hs
x(Ω) can be considered as subsets of the dual

space C∗(Ω) of the space of continuous functions on Ω, equipped with
the weak-star topology. It is shown by Cole and Ransford in [3] that
Jx(Ω) is a closed convex set and

Jx(Ω) = conv(Hx(Ω)).

By using their arguments, we have the following corollary.

Corollary 8. Let Ω ⊂ R
N be an open set. Then Jx(Ω) = conv(Hs

x(Ω)),
where the right-hand side is the closed convex hull of Hs

x(Ω).
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