-

View metadata, citation and similar papers at core.ac.uk brought to you byf’f CORE

provided by Diposit Digital de Documents de la UAB

Publ. Mat. 50 (2006), 413-446

ESTIMATES FOR THE BERGMAN AND SZEGO
PROJECTIONS FOR PSEUDOCONVEX DOMAINS OF
FINITE TYPE WITH LOCALLY DIAGONALIZABLE
LEVI FORM

PHILIPPE CHARPENTIER AND Y VES DUPAIN

Abstract

In this paper, we give precise isotropic and non-isotropic estimates
for the Bergman and Szegd projections of a bounded pseudocon-
vex domain whose boundary points are all of finite type and with
locally diagonalizable Levi form. Additional local results on esti-
mates of invariant metrics are also given.

1. Introduction

This paper deals with precise mapping properties of the Bergman and
Szegd projections of pseudo-convex domains of finite type in C™ whose
Levi form are locally diagonalizable at every point of the boundary (see
Section 2 for a precise definition). We obtain sharp estimates for these
operators for usual L} Sobolev spaces, classical Lipschitz spaces A, and
nonisotropic Lipschitz spaces I, related to the geometry of the domain.

Our results, in the present paper, are analog to those obtained for con-
vex domains of finite type in [MS94] and [MS97] and extend previously
known results for the strictly pseudoconvex case ([AS79] and [PS77]),
for the finite type domains of C? ([NRSWB89], see also [Chr88] and
[FK88]) and in the case of pseudoconvex domains of finite type of C”
having a Levi form of rank n — 1 (JAC99], see also [Mac88]).

Similar results where obtained for pseudoconvex domains in C™ whose
Levi form have comparable eigenvalues (see [Koe02], [Cho02b] and
[Cho03]).
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In 1990, C. L. Fefferman, J. J. Kohn and M. Machedon studied the
class of domains we consider here and proved local Lipschitz estimate
with arbitrary small loss for the  Neumann problem and the Szegd
projection [FKM90] (see also [Der99]).

The present article is the first of two papers. Here, we prove the
following results:

Theorem. Let ) be a bounded pseudo-conver domain of finite type in C™
with locally diagonalizable Levi form.

(1) For all p, 1 < p < 400, and all s > 0, the Bergman projection
of Q maps continuously L () into itself.

(2) For 1 < p < 400 and s € N, the Szego projection maps continu-
ously L?(0R) into itself.

Theorem. Let ) be a bounded pseudo-convex domain of finite type in C™
with locally diagonalizable Levi form.

(1) For 0 < a < 400, the Bergman projection maps continuously
Ao () into itself.

(2) The Szegé projection maps continuously A, (0) into itself, for
all o €]0, +o0].

A consequence of the proof is:

Corollary. Under the same conditions, the Bergman projector maps
continuously L>=(£2) into BMO(S).

Defining non-isotropic Lipschitz spaces Ty, for o < 1/M where M is
the type of €2, with the pseudo-distance associated to the geometry, we
also obtain:

Theorem. Let ) be a bounded pseudo-conver domain of finite type in C™
with locally diagonalizable Levi form.

(1) For a < 1/M, the Bergman projection maps continuously A, into
(2) The Szego projection maps continuously Ao (2) into T, (02) for 0 <
a<l1/M.

Extending the definition of I', for all @ > 0, we also give similar
results for a > 1/M.

In the last section, we indicate some supplementary local results on
invariant metrics similar to those obtained by D. W. Catlin in dimen-
sion 2 [Cat89] and by J. D. McNeal for convex domains [MINO1].
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In a forthcoming paper, we will improve the result of [FKM90] get-
ting local (isotropic and non-isotropic) Lipschitz estimates without loss
for the Szego projection.

We essentially use the techniques developed in [CNS92], NRSW89],
[MS94] and [MS97] associated to the geometric properties of the do-
main and the estimates for the Bergman kernel function proved in [CD].
In Section 2 we quickly describe this geometry and summarize the results
necessary to our purpose.

Our geometry posses some good properties similar to those of convex
domains described by McNeal in [McN94| but they are not completely
equivalent and, if we follow the ideas of [MS94] and [MS97], the proof
must be modified. For example, to evaluate |f(p) — f(q)|, p,q € Q, we
cannot use an integration along the segment [p,q] and we must use a
convenient curve essentially given by the exponential map. Similarly,
when we want to apply Cauchy formula, we don’t have directly the
existence of polydisc of good weighted size included in the domain.

Furthermore, we often need to work in some more local context, which
implies that we have to modify the definitions of the concepts we use.

In Section 3, devoted to the Bergman projection, we show how to
adapt the methods of [MS94] to the geometry of the domain we consider,
in a relatively detailed way, to get the wright estimates.

Section 4 is devoted to the Szegd projection. Because, on one hand
the N.I.S. operators theory is quite well known, and on the other hand,
we have detailed the use of the geometry in Section 3, we will only give
the main articulations of the proofs.

2. Geometry and Bergman kernel estimates

Let us first precise the class of domains we consider in this paper and
introduce the basic notations.

Definition 2.1. Let 2 be a bounded pseudo-convex domain in C™ with
smooth boundary. Let p be a point on the boundary of 2. We say that
the Levi form is locally diagonalizable at p if there exist a neighbor-
hood V of p and a smooth basis % of sections of the complex tangent
bundle T%! in VNON which diagonalizes the Levi form. When this prop-
erty holds at every point of the boundary, we say that  has a locally
diagonalizable Levi form.

Let p be a smooth defining function of Q (i.e. @ = {p <0}, Vp #0
on 09). Let po be a point of Q. Let (L;)1<i<n—1 & family of smooth
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vector fields in a neighborhood V' of py which is a basis of the complex
tangent space at 9 in V N 0N diagonalizing the Levi form, and let

Ln=N= |Vp|2 Z 0z; Bzz

the complex normal vector field.

If = (L',...,LF) is a list of vector fields of ZU Z U {L,, L,}, we
denote by |.Z| the length k of Z.

For each index i, let ¢;; = (9p; [Li, L;]). Let (i) the set of all lists
of vector fields ¥ = (L',...,L*) such that L7 = L; or L’ = L; for
all j. If & € £(i), we denote Z(c;;) = L'...L*(c;;). Recall that if
Q is of finite type there exists M > 0 such that, for all ¢, there exists
alist £ € Z(i), |-£| < M, such that .Z(c;;) # 0. Then we define, for
peV,d>0andi<n-—1,

M—2 2/1.L|+2
ZL(cii)(p
Fpo)= Y [
|£|=0
ZLeZL (i)

and put .Z,(p,6) = 672,
Associated to these functions, we use the following notations: for
$= (517"'a8n)7 54 >07

F*(p,d) = H Fi(p, ),

and, when s = (1,...,1), we simply write % instead of #

Moreover, if &= (L', ..., L*) is alist if vector fields L7 € {L1, Ly, ...,
Ln, Ly}, andifl = (Iy,...,1,), [; being the number of indices j such that
L7 € {L;, L;}, we will also write

FZ = F

As usual, the notations <, 2, ~ mean that the inequality or equiva-
lence holds up to a multiplicative constant depending only on €2 and the
choice of the vector fields L;, and <., 2., ~, mean that the constant
depends also on .

Shrinking V' if necessary, the following relations hold in V'x]0, +o0[:
(2.1) §72M < Zi(p,6) < 672,
and, for a > 1,

(2.2) a=2Z(p,8) < Fi(p,ad) < a” /M FZ(p, ).
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2.1. Special coordinate systems. Let (Z) be the canonical coordi-
nate system of C”. With the previous notations, to each point p of V' and
all § > 0 one can define a change of coordinate @g (sometimes denoted
simply ®,), Z = ®(2), such that ®,1(0) = p and L;(p) = %, satis-
fying the following properties. ®, and @, 1 are polynomial coordinate
systems defined on C" of degree less than (2M)"~! and:

Proposition 2.1. (1) The coefficients of the polynomials defining ®,
and fI);l are uniformly bounded for p € V and § > 0.
(2) The Jacobians of ®, and fI);;l are uniformly bounded from below.

Proposition 2.2. Ifa = (a1,...,a,), D* denotes any deriwative of the

alal .
orm with b; + ¢; = a;. Then
f 02010250 0251 .ozen v ‘

(1) For all derivative D*, |D%(p o (Q)g)*l)(())’ Sial 1, for all §.
(2) For all derivative D*, [D*(p o (®))~(0)| Sjal lo(0)] /% (p, |p(D)]).
if 6= Ip(p)]-
Proposition 2.3. For z € ®,(V), let Z, = (z1,...,2n — t), for t > 0.
If z, € ©,(V), then

po fl);l(z) —po @;1(2,5) ~ .
2.2. Polydisks and pseudo-balls. For 1 <i < n, let
‘@’L(p)a) = <g\’i(paé)il/?

Let € > 0 fixed sufficiently small. For p € V and § > 0, we define the
“polydisk” centered at p of radius d by

Py(0) = () {|z] < e%ilp. )}
The volume of P, () is estimated in terms of the functions .%;:
Proposition 2.4. For alla >0, if pe V,
Vol(Py(8) 1 {lpl < ad}) S a VoI(P,(#))
and
(2.3) Vol(P,(6)) ~ F(p,0).
Note that the first inequality follows Propositions 2.3 and 2.1.

The change of coordinates @g is “close” to the vector fields in the
following sense.

Write L; = > b aizj and aizj =" a}L; (in the coordinate system ®9)
then
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Proposition 2.5. For all A >0, allp € V, all g € P,(Ad), A§ < &y,
and all o, (3,

|D°0al(@)| < Kap 702 (p, )% (p, )%, (p,).
and

D2 (@) < KapZ D2 (0,0) %7 (0, 8)%,(p, ).
where Kop depends on A, o and 3.

As a consequence, if ¥ = {L',... LF} is a list of vector fields of
length k, the vector field L' ... LF can be expressed with derivatives in
the coordinate system: if we write

L' L*g) =) eilq) D,
|s|<k

then

Proposition 2.6. For all A > 0, with the above notation, if p € V,
|p(p)| < 8 < B0, for all q € Py(AS), A5 < do, |e(q)| < K17 7= (p,9).

We now briefly recall the notations about the exponential map asso-
ciated to the real and imaginary parts of the vector fields L;: we denote
by exp,, the exponential map centered on p € V associated to the 2n real
fields Y; defined by Yar = Re(Lk), Yor—1 = Sm(Lg), for & < n. Thus,
V' being sufficiently small, exp, is a diffeomorphism of a neighborhood
of the origin in R?" onto a neighborhood of p in V containing a fixed
ball, and, for all points p; and ps in V, there exists u = (u1,...,u2,)
such that ps = exp,, (u). Moreover

Lemma 2.1. For all points py and pz in V, if po = exp, (u) then
luil < lp1— pal.

Now we recall how the “pseudo-distance” of two points of V' is defined
using exp,,. With the previous notations, we write, for 1 <k <n,

ék(pv 5) = ‘%ékJrl(pv 5) = f%k(pa 5)7

and

v(p1,p2) = inf{t > 0 such that
P2 = €xpy, (ul, .. .,UQn), with |ul| < %;(pl, t)}
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Remark 2.1. This function ~ is independent of the choice of the basis of
vector fields diagonalizing the Levi form in V N 9Q. If 4 is associated
to an other basis diagonalizing the Levi form in V' N 0<, there exist two
constants K7 and K3 (depending on the basis) such that K1y <+’ < Kay.

Let the “pseudo-ball” associated to the exponential map is defined by

Bexp(p7 5) = {q = epr(’LLl, e ,’U,gn), |u1| S ‘%fi(pu 6)}7
and is related, for not too small 4, to the polydisks as follows:

Proposition 2.7. There exist two constants a and A such that, for
peV, lp(p)l <6 <o,

Bexp(p,0) C Py(ad) C Bexp(p, A9).
Corollary. If v(z,w) < 4§ and |p(z)| < 6 < dg, then w € P,(ad).

We will also use the notion of balls defined by curves. Let p € V
and 0 > 0. We denote by B¢ (p,d) the set of points ¢ € V such that there
exists a curve ¢: [0,1] — V, piecewise € such that ¢(0) = p, ¢(1) = ¢
and ¢'(t) = Y, ai(t)Vi(¢(t)), almost everywhere, with |a;(t)| < Z.(p,9).
The relation with the “balls” defined with the exponential map is given
by the following proposition:

Proposition 2.8. There exists Ko such that, if p € V, |p(p)| < < do,
chp(pa 5) - B(v”(pa 5) C chp(p; KOCS)

Corollary. For all B > 1, if w € Bg(z, B9), |p(z)] < 6 < do/B, we
have v(z,w) <p 4.

Remark 2.2.  defines a pseudo-distance on VNI but not on V' because
of the restriction on § in Proposition 2.7 and Proposition 2.8. But these
properties will be sufficient for our purpose. If m denotes the natural
projection on 052, then

A(p1,p2) = v(m(p1), 7(p2)) + |p(p1) — p(p2)]

is a pseudo-distance on V.

The next proposition controls the variations of the weights .%; in the
polydisks and balls previously defined:

Proposition 2.9. For all B > 0, if p € V, |p(p)| <
q belongs either to P,(BJ) or to Bexp(p, BS) or to By
all 7;7 yz(pv 5) =B j’b(Qaa)

0 < do/B, and if
(p, Bd), then, for
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2.3. Point-wise estimates of the Bergman kernel.

Proposition 2.10. Let Kp(z,w) be the Bergman kernel of Q. For all
points p, p1, and py in V NQ:

(1) Kp(p,p) = F(p,|p(p)])-_

(2) For all lists £ (resp. L), of length less than N, composed with
holomorphic (resp. anti-holomorphic) vector fields L; (resp. L;),
li (resp. l;) denoting the number of times L; (resp. L;) appears
in &L (resp. £ ),

1;+1;

| 2.2 wKB(p1,p2)| SN Hji(ph(;)u 2

where 6 = y(p1,p2) + |p(p1)] + |p(p2)]-
(3) In particular, for all integer m > 0,

V" Kp (p1,p2)| Sm F(p1,0)0" ™.

In the calculus in the next sections, we will use the following equiva-
lences:

2.9 Y(p1,p2) + [p(1)| + |p(P2)] = v(p2,p1) + |p(p1)] + [p(p2)]

>~ y(p1,p2) + [p(p1)]-

Remark 2.3. (1) The previous estimate does not seem to be symmetric,
but, in fact, it is.

(2) In [CD] the non-isotropic estimates (2) of the previous proposition
was used to prove the continuity of the Bergman projection from L!
to L'°°. In the present paper, the isotropic estimate (3) will be sufficient
to estimate the Bergman projection, but we will need the non-isotropic
one for the Szeg6 projection.

3. The Bergman projection

3.1. Sobolev estimates. The goal of this section is to prove the fol-
lowing:

Theorem 3.1. Let 2 be a bounded pseudo-convexr domain in C™ of finite
type with locally diagonalizable Levi form. For all p, 1 < p < +00, and
all s > 0, the Bergman projection of Q maps continuously £P(2) into
itself.

By interpolation, it suffices to prove the result for s = k € N.
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To each point p of 02, we associate a orthogonal coordinate system
(by a complex linear change) centered at p such that aam—i(p) =1 (x, be-

ing the real part of the last complex coordinate) and % < 88;11 < % in a
neighborhood W (p) of p.

For each integer m € N*, we cover 0f2 by a finite number of neighbor-
hood Vi, (px) C W(pk), k=1,...,N, pr € 99, such that, in the previous
coordinate system, Vi, = Vi(pi) is a polydisk centered at pj, of radius 7
such that the polydisk Uy = Ui (pi) centered at py of radius 8mf is
contained in W (py) and in the neighborhood V related to the point py
defined in Section 2. Let us denote A = Ag(pk) the polydisk centered
at pi of radius 2m#. All properties about the geometry and the Bergman
kernel, listed in the previous section are then valid in the Uy. We de-
note then ﬂi(k) and v(*®) the corresponding functions .%; and v defined
in Uk (pk)

In [MS94, p. 181], J. D. McNeal and E. M. Stein introduced a notion
of B-type kernels. For our purpose we need a small modification of this
definition:

Definition 3.1. A function B(z,w) € €>°(2 x Q) is called a B-type
kernel if there exist two constants C' and C’ such that, for (z,w) €
Ui, x Ug,

1B(z,w)| < CT[Z" (z.60),
i=1
where 8 = [p(2)| + |p(w)| + & (2, w), and, for (z,w) & Up_, Ur x Us,
|B(z,w)| < C".
Remark. Note that the notion of B-type kernel does not depend neither

on the choice of the basis diagonalizing the Levi form nor on the choice
of m and the Uy.

Lemma 3.1. Let B(z,w) be a B-type kernel. Let |B| the operator as-
sociated to |B(z,w)|. Then |B| maps continuously LP(Y) into itself for
1 <p<4o0.

Remark. The proof of this lemma gives an other proof of the LP part of
Theorem 2.2 of [CD)].

Lemma 3.1 is an easy consequence of the Holder inequality and the
following lemmas:

Lemma 3.2. For 0 < € < 1, there exists a constant C1 = C1(g) such
that,

1B (1o7%) (=) < Culpl ™ (2).
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Proof: We have to prove the inequality

[ 1BG )l )] du < ol
Q

We consider, for m = 1, a covering (Vi) of 91, as defined at the
beginning of the section, and the associated polydisks Uy. Suppose first
z & U, Vi. Then |p(z)| is bounded from below and | B(z,w)| is uniformly
bounded and the result is clear. Suppose now z € Vi,. We cut the
domain of integration €2 in the two pieces Uy, and Q\ Ug,. On Q\ Uk,
Propositions 2.1 and 2.8 and (2.1) imply that |B(z,w)| is uniformly
bounded and it suffices to consider the integration over Uy, .

Let

Ey = {w € Uk, NQ, such that v, (z,w) < |p(2)|}
and, for k£ > 1,

By, = {w € Uy, N, such that 257 |p(2)] < i, (2, w) < 27 |p(2)]}

and let us estimate

[ 1Bl otw)] du.
Ey

Let EY = Ex N {w such that [p(w)| < 2=t |p(2)|}.

By the corollary of Proposition 2.7 ECBexp(2,2%|p(2)])CE (a2¥|p(2)]).
Moreover, by Propositions 2.7 and 2.4 and (2.2)

Vol £ 27 [[ 77 (a2 o)) S 27 [ [ #7722 (o)),
i=1 i=1
and, B(z,w) being a B-type kernel, (2.2) implies

/| o Bl du £ 271 ()

<2727 o(2) 77,
which finishes the proof of the lemma, because 0 < € < 1. O

Following [MS94, Lemma 2, p. 184], we now define operators related
to derivatives of the Bergman kernel and show that they are B-type ker-
nels. The fact that we are not on a convex domain implies that we need
to modify slightly the definitions of those operators. These operators are
associated to a covering of 02 and defined by integrals. To give sense
to the considered integrals, we must restrict the domain of integration
([0, 400 in [MS94]) to intervals depending on the order m of deriva-
tion. This induces also that the covering of 92 must have properties
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depending on m. So, for m a non zero integer, we consider a covering of
0N associated to m by polydisks Vj (as defined at the beginning of the
section) and the associated Ay and 7. Then

Lemma 3.3. Let k € {1,...,N}. Let m' be an integer less or equal
than m. Let X1,...,Xm be €°° wvector fields on Vi acting on the
first variable z of the Bergman kernel Kg(z,w), and let ¥ a function
in 2(Ag). Then the operator whose kernel K is defined, in the coordi-
nate system associated to V(py), by

57 57 m/
K(z,w):/ Xi... XK | z,wi,...,wp_1, W, — g t;

0 0 —

=1

m/
><1/) wl,...,wn—Zti dtl...dtm/
i=1

is defined on Q x Q0 and is a B-type kernel.

Proof: First, let us show that the kernel K is well defined. Let w € €Q,
and denote

m/
t:Zti and Wy = (w1, ..., Wp—1, Wy — t) .
i=1

Suppose w; € Ay. The inequality > t; < 5m7 and the definition
of Uy imply w € Uy, and, consequently, by the choice of the coordi-
nate in V(pg), for s < ¢, %p(ﬁ)s) ~ 1 and p(w;) < p(w) < 0. Thus
wy € ) and K is well defined.

More precisely, if ¥ (w;) #0, d(w;, C™* \ Uy) > 6ms, and thus, if z ¢ Uy,
the distance from w to z and 4 (z,w) are uniformly bounded from be-
low (Propositions 2.1 and 2.8) and |X; ... X, Kp(z,w;)| is uniformly
bounded (Proposition 2.10).

By (2.4) and (2.2), it suffices then to prove that, for z and w in Uy

(omitting the subscript k for 3‘}(]6) and ),

K (z,w)| < CT] Zilz, lo(2)] + 7 (2, w)).

=1

By a change of variables,

2m’ 7
K (z,0)] < / Xy L X Kz )| ()] dt,
0
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and the estimates of the derivatives of the Bergman kernel (Proposi-
tion 2.10) give

2m’ 7 n 5‘_2
C Y g1 iz Zi00) oy gy,

0 o

whete 3(8) = p(2)] + |o(i5e)| + (2 Be)-
Now, we estimate y(z, ;) in terms of vy(z,w). By definition of the

function ~, there exist real numbers u;, |u;| < Z}(z,v(z,w;) such that

Wy = exp,(u1,...,u2,). Moreover, there exits, by Lemma 2.1, num-
bers v;, |v;| < Kiliwy —wl|, such that w = exp,, (v1,...,v2,). As
op -
87p ~ 1, we also have |v;| < K (|p(w:)] — [p(w)]).

n

Thus there exists a curve ¢, piecewise €1, such that p(0) = z, p(1) =
wand ¢'(s) =Y, ai(s)V;(p(s)), for almost all s, with

lai(s)] < 22;(z,v(z, @) + K2 (|p(r)] — |p(w)])
< Zi (2.2Y (v(z, @) + Kz (Ip(@0)] = |p(w)])))
by (2.2), and, the function § — Z.(z,0) being increasing, we have
Jai(s)| < 2 (2, 2" (y(2, @) + Ka(|p(@e)| = [p(w)] + [p(2)]))) ,

and we can apply the equivalence between the balls defined by the expo-
nential map and the balls defined by curves (corollary of Proposition 2.8)
which implies

V(= w) S (2 we) + ([p(we)] — [p(w)] + [p(2)]).
Then §(t) 2 v(z,w) + [p(w)], and, because §(t) > [p(z)| and |p(@y)| 2
|p(w)| 4+ t, we get

5(t) 2 lp(z)| + |p(w)| + (2, w) +t = 6(0) + .

Using the fact that the functions § — %;(w,d) are decreasing, we
obtain from (3.1)

tm,fl n—1

|K (2, w)| < /OOO GO T H Fi(2,6(0) +t)dt

< 8(0)* T[ #i(=.6(0)) /OOO @(O;ZW dt

i=1

which completes the proof of the lemma. O
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Lemma 3.4. Under the conditions of the preceding lemma, for k €
{1,..., N}, there exists a € vector field T defined on Uy, Tp = 0
on O0QNUy, such that, if D is a derivative of order m, for all integer m/,
0 <m/ <m, we have, for z € Uy, w € Vi, and ¢y, € D(V},),

57 57‘m m’
D.Kp(z,w)t(w / / ZTl D.Kp| zwi,...,wo—» t;
=1

X‘I)Lm/ wl,...,wn—Zti dtl...dtm/,
where @ € D(Ag), D, acts on the z variable and T, is the vector
field T acting on the w variable.

Proof: As we saw at the beginning of the proof of the previous lemma,
we can write, for ¢y € [0,57] (denoting w’ = (w1, ..., wp_1)),

D.Kp(z,w',w, — t2) Y (w', wy, — ta)

57
d
:/ [D KB(Z U) wn—tl—tg)U)k(w wn—tl—tz)] dtl.
0

dt,
Let us denote z, = Re(w,). Then
d )
dtl [D KB(Z w , Wn — tl — tg)’t/]]g(w s Wn — tl — tg)]
/ 6 /!
=—-D.Kp(z,w',wy, —t; — t2)a—¢k(w Wy —t1 — ta)
Tn,
a /! !/
Rl (D.Kp(z,w',wn, =ty — t2)) Y (W', wn — t1 — t2),
0] op/0w, O
thus, if T' = p/Ow we obtain (the Bergman kernel being

ow, 0p/ow, dw,’

antiholomorphic in the second variable)

D.Kp(z,w,wy, — t2) (W', wy, — ta)

57
:/ Ty (D.Kp(z,w' w, —t1 — t2)) Y (w',wy, — t1 — t2) dtq
0

57
0
+ | D.Kp(z,w' ,w, —t; — tg)(——a 1/1k(w’,wn—t1—t2)) dty.
0 Tn
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The lemma is then obtained easily by induction using the same method

and noting that

0

P
5w, <TfUDzKB <z,w1, e, Wh — th>>

Let D be a derivative of order m. We want to estimate D,(Pgf)(2)
for f € ZP(Q). Denote by Ag the interior of £\ U;CV:1 Vi, and let i, be
a partition of unity associated to the Ay.

Using the same notation for w’ as before, we deduce

Corollary. For all m’, 0 < m'’ < m, and for each k > 1, there exist
functions ¥; = \I/Z(-k), 0 < i <m, with compact support in Ay such that,

for f € €°(Q),

DPg(fr)(2) = DPg(f1o)(2)

N 57 57 m’
+ g / / D.Kp | z,w,w, — g t;
1/ AN Jo 0 =1

’

X W (W wn =Y 13) (W) + Wy (w0 — > )T f(w) + -
=1

i=1

’

e o(w w — Y G)T™ f(w) | dty .ty dw.

=1

Proof: We have

D.(Ps fun)(z) = / D (K p (2, w)ih (1) f (w) do.

AN
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An integration by parts gives

’

m m,
/ Tfu D.Kg| z,w',w, — Zti Dy | W, wn—Zti fw)dw
AN i=1 i=1

ml
= T D.K ! ti
— w zIA\B Z, W, Wn — i

AN

i=1

’ ’

X || =T ®r,ms w',wn—Zti + D w',wn—Zti divT(w) | f(w)
i—1 i=1

- (I)l,m’ ’LU/, Wnp — Z ti wa(w) dw7
=1

where div T is the divergence of T.
By induction, we obtain

’

/ iTZ,(DzKB <z, W, wy —i tz>> D) | W', Wi, —i t; | f(w) dw
A i=1

LN g i=1

’

m
:/ D.Kp z,w’,wn—Zti
ApNQ

i=1

’

X \Ifm(w’,wn—Zti)f(w) + o+ Uo(w', wy, — Zti)T;”/f(w) dw,
i—1 i—1

which gives the corollary, by Lemma 3.4 and Fubini’s theorem. O

Remark. For w € Ay, DKp(z,w) is uniformly bounded and thus
|DPg(f10)(2)] < 1ol

Theorem 3.1 is now a trivial consequence of the previous corollary,
Lemma 3.3 and Lemma 3.1.

3.2. Isotropic Holder estimates. This section is also strongly in-
spired by [MS94] and we will use the same notations.

For convenience, we briefly recall here the definition of the spaces
Aa(©), 0 < a < +00.
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First, for 0 < a < 1, a function f belongs to A,(C™) if it is bounded
and if |f(z) — f(y)| S |z —y|*, 2,y € C". For a > 1, a ¢ N, f belongs
to Ao(C") if it is bounded and if, D’f € A,_j5/(C") for 3 of length
equal to the integral part of a. A function f belongs to A;(C™) if it is
bounded and, for all x and h, |f(x 4+ h) + f(z — h) — 2f(z)| < ||, and
f belongs to Ay (C"), k € N,, if D?f € A;(C") for all 3 of length k — 1.

A function f belongs then to A, (£2) if there exists a function F' €
A (C™) whose restriction to €2 is equal to f. In other words, the Banach
space A, (Q2) is defined as a quotient space.

We will prove the following result:

Theorem 3.2. Let Q be a bounded pseudo-convexr domain in C™ of
finite type with locally diagonalizable Levi form. For 0 < a < 400, the
Bergman projection maps continuously A, (Q) into itself.

The proof is based on a result essentially due to Hardy and Littlewood:

Proposition 3.1. Let f be a bounded € function on . If there
exists an integer m > o such that |V™f(2)| < |p(2)]”™ " on Q, then
fe ().

To see that Pgf satisfies this sufficient condition when f € A,(Q),
we use the following characterisation:

Proposition 3.2. For a function f defined on Q the three following
properties are equivalent:

(1) f € Aa(9).
(2) There are functions fi, such that f =3 " fr and
(@) [kl ooy Sr 2%
(b) for all integer m > o, (V™ fill oo () Srim gmhk—ka,
(3) For all integers k and m, m > «, there exist two functions gy
and by such that f = gi + by and
(@) 116kl poo () Sp 277,
(b) V™ gll ooy Spom 27274
Choose an integer m > « + 1 and use the decomposition of f given
by property (3) of Proposition 3.2 with k such that |p(z)| ~ 27%. Then
V™ Ppf(z) = V" Ppbr(z) + V" Ppgi(2).
To estimate these quantities, we first prove the two following lemmas:

Lemma 3.5. For all m > 1, there exits a constant C depending only
on 0 and m such that

/ VT K (2, w)] dw < C |p(=)| "
Q
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Lemma 3.6. Let D be a derivation of order m > 2. There exist op-
erators Aoy, . .., Bm—1 defined by kernels By, ..., By—1 and vector fields
X1,..., X;m—1, of order 1, such that:

(1) fori=1,....,m =1, [ |Bi(z w)| dw 5 [p(=)| ",
(2) for all € function f,

/ D.Kp(z,w)f(w)dw
Q

= Bm-1f(2) + Bn—2(X1f)(2) + -+ Bo(X1... Xin1f)(2).

Proof of Lemma 3.5: We use the covering {Vi} of 012, associated to m,
defined in the previous section. If 2z ¢ (J;~, Vi then |p(z)] is bounded
from below and V, K g(z, w) is bounded. Suppose now z € Vj, and write

V7K (2, w)| dw:/ V7K (2, w)| duw +/ V7K (2, w)| dw,
Q O\Us,q Ugy Q2

In the first integral the distance from z to w is uniformly bounded from
below and, thus, V7*Kpg(z,w) is uniformly bounded. It suffices then to
estimate the second integral. As in the proof of Lemma 3.2 we use the
following partition of Uy,:

Ey = {w € U, N Q, such that y(z,w) < |p(2)|}
and, for k£ > 1,
Ey, = {w € Uy, N, such that 2" |p(2)] < y(z,w) < 2% |p(2)]} .

By the estimates on the derivatives of the Bergman kernel (Proposi-
tion 2.10) and the relations between .%;(z, ad) and %;(z,0) ((2.2)), we
get

[ 192 Kaew)] dw S T] 7162 () Vol(),
Ey

1
i CARBIR

and the proof is finished recalling (as it has been established in the proof
of Lemma 3.2) that

Vol(Ex) Sm [ [ Zi(2.2% o))" O
=1



430 PH. CHARPENTIER, Y. DUPAIN

Proof of Lemma 3.6: We use the partition of unity defined in Lemma 3.4,
and, by the corollary of that lemma for m’ =m — 1

D:Ppf(z) = | D:Kp(zw)f(w)o(w)dw

Q

n 57 57 m—1 m—1
+Z/ / DKp (2wl wn— S 4] S
k=179 \/0 0 i=1 1=0

m—1 m—1
<\I]§7]§) 1 <w17 wn_zt7,> Tlf (w/, wn—ztz>> dtl e dtm_1> dw
i=1 =1

Jo ID.Kp(z,w)f(w)|o(w) dw is uniformly bounded (see remark after

the corollary) and the functions \I'Z(-k) being uniformly bounded it then
suffices to prove that

57 57 m—1
/ / / D,Kg z,w’,wn—Zti
ana,Jo 0 ]

As in Lemma 3.5, this is trivial if z ¢ Ug. Suppose z € Uy and
w € QN Ag. Then (w',w, — > t;) belongs also to Uy and we use the
estimates of the derivatives of the Bergman kernel (Proposition 2.10)
and the estimate of §(¢) obtained in the proof of Lemma 3.3

dty ... dty—y dw S, |p(z)] 7"

m—1

8(t) = [p(2)| + lp(@0)] + 7(z,Be) Z [p(2)] + lp(w)] + (2, w) + Y ts.

i=1

The properties of functions .%; (2.2) implies

‘DZKB (z, W, wy, —

[1imy Zi(z |p(2)] + |p(w)| + (2, w))
" (p)]+ pw) +v(z,w) + 4+ )™

and thus

57 57 m—1
/ DZKB z,w’,wn— Ztl dtl...dtm,1
0 0 i=1

< [[isy Zi(z p(2)] + p(w)] +7(z, w))
~ lp(2)] + |p(w)] + (2, w) '
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Now, to finish, it suffices to consider the partition of Uy defined in the
proof of Lemma 3.5. o

End of the proof of Theorem 3.2: By Lemma 3.5
V™ Ppbi(2)] < Clp(2)| " 274 $p Clp(2)] ™,
and by Lemma 3.6

IV Psgr(2)] < o)™ Hlgkllae + -+ 1X1 - X1kl o0]
But

lgkllog + -+ 1X1 - Xmo1grll e S gkl + (V™ orll . »
and, because m — 1 > «,

IV gkl o S 2727 S ()

~

This completes the proof. O

As an immediate corollary of Lemma 3.5 and the fact that a ¢! func-
tion satisfying |V f(2)| < |p(2)] is in BMO(Q) (Lemma 7 of [MS94]), we
have:

Corollary. Under the conditions stated in Theorem 3.1, the Bergman
projector maps continuously L () into BMO ().

3.3. Nonisotropic Holder estimates. Let Vi,...,Vy be a covering
of the boundary as defined in Section 3.1 (for m = 1).

For each £, if p is a point of V}, let ®, be the change of variables as-
sociated to p and §(p); we denote by (z;) the corresponding coordinates.
Recall that Vj, is chosen so that, if g = po @;1, and w, z € ®,(Vy) such
that w; = z; for j < n and w, = 2z, +t, t € R, then p(w) — p(z) ~ ¢
(Proposition 2.3).

In Section 2.2, we defined the function v (p, q) for points p and ¢ in
the euclidean ball B(pg,rr). Let us define a global version 7 of these
functions putting, for arbitrary points p and ¢ in €2,

v(p, q) = inf {y%(p, q) such that p,q € Vi, 1 <k < N},

if there exists k such that p,q € V4 and v(p,q) = 1 if not. Then we
denote

p(p,q) = min {y(p,q) + [p(p)| + |p(D)], Ip — 4l}-
With these notations, we define now the space I',(€):
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Definition 3.2. For a@ < 1/M, T',(Q2) is the space of continuous func-
tions f on € such that

If(p) = f(@] < p(p, @)™

Remark. Note that with this definition, I',(2) is independent of the
choice of the covering V}, (Remark 2.1).

In the previous section, we proved that the Bergman projection maps
continuously A, into itself. We will now see, that, the properties of
holomorphic functions in €2 related to the geometry give a better:

Theorem 3.3. Let 2 be a bounded pseudo-conver domain of finite type
in C™ with locally diagonalizable Levi form. For a < 1/M, the Bergman
projection maps continuously A, into T'y.

By Theorem 3.2, it suffices to show that a holomorphic function in A,
belongs automatically to I',,. We prove this in two steps. First, we
show that the derivatives of a holomorphic function in A,satisfy some
non-isotropic estimates in terms of the functions .%;. The proof of the
theorem is then done in Section 3.3.2. In Section 3.3.3 we indicate briefly
how the theorem can be extended for o > 1/M.

3.3.1. Nonisotropic estimates of the derivatives of a holomor-

phic function in A,. For a = (a1,...,a,) € N*, D® denotes the
derivative, in the (z;) coordinate system, D* = %. Recall that
1.0z

we denote F/2 = [[1_, F/2

=11
Proposition 3.3. Let f € A, (Q) N (). Let p € Vi, D, the change

of coordinates corresponding to p and § = |p(p)|, and D* a derivative.
Then there exits a constant C, depending only on Q, f and a, such that

D(f 0 0, 1)(O)] < C [ F (. lpp))*2 1pp)* +1] .

The starting point of the proof is the following lemma which is valid
for any domain Q (c.f. [MS94, Lemma 8, p. 197]):

Lemma 3.7. Let f € A, (NI (Q). Let 0% be a derivative of length |s| >
a (in the canonical coordinate system). There exists a constant C' de-
pending only on f, |s| and Q such that, for all q € Q,

10° F(q)] < Clp(g)|*IH.

Let p € Vi. This lemma and the regularity properties of the change
of variables z = ®,(Z) (Proposition 2.1) imply that, if D* denotes a
derivative with respect to the z variable of length |a| > «, then there
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exists a constant C' depending only on f, |a| and Q such that, for all z €
(I)P(Q)v

(32) ‘Da (f o (I);l) (Z)’ <C ‘p(q);l(z))’7|a|+a'

We want to use this inequality through Cauchy’s formula, so, we need
to know that certain polydisks are contained in ®,(2):

Lemma 3.8. There exists two constants ¢ < 1 and v > 0, depending
only on Q, such that, for 0 <t < dy, if z belongs to the polydisk

{0 oo (L) i

lp(p)]
2+ 1] < clo(p) (%)}
then
po,'(2) = plz) < 1 [olp) — vi].

Proof: Let z be a point in the polydisk described in the lemma and
z'=24/(0,...,0,t). Taylor’s formula gives

[s]

5(:) — 5 *CISI s~ —5/2 M >
() p(0>ISS|Z<:M D*3(0)F @"”(p)')( ()] ) A

where * are absolute constants and, by Proposition 2.2 (1), and (2.1),
A satisfies

A< i ()| < Kalp(p)]
Moreover, Proposition 2.2 (2) implies
1D*5(0)] < K |p(p)| Z*/(p, |p(p)])
and

15(") = p(0)] < cK3(|p(p)| +1)-

On the other hand, by Proposition 2.3, there exists a constant v such
that p(z)—p(2") < —vt, which implies the lemma, for ¢ small enough. O

Proof of Proposition 3.3: Let | > a be an integer. Using (3.2) and the
previous lemma, Cauchy’s formula applied at the point (0,...,0, —t)
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shows that there exists a constant K depending only on f, I, Q and |s]|
such that

o _
(3.3) D“a7fo<1>p1(0,...,0,—t)‘

Swammmmw(Jﬂ9L>ﬁ7hﬂﬁ¢ﬂﬁﬁ

lp(p)] +1 )
We choose | = [o] + 1. The function fo® ! being holomorphic, we have
al B o al—l B
9o Fo®)1) =g (fo @, 7). and
8l71 . 8l71 .
D F (fOQP )(O,,O,—t):D F (fOQP )(O,...,O,—(SO)
do o .
— t D 8—% (foq)p )(O,...,O,—u)du=A+B.

Note first that |A| is bounded by a constant depending only on |a| and f,
because fI);l(O, ...,0,—0p) belongs to a fixed compact of .
If v is not an integer, (3.3) implies

du
(Ip(p)] +u)' ™
v
(lo(p)| + )"

and a simple iteration gives the estimate of the proposition.
If v is an integer (then I = o 4 1), the same inequality implies

s [0 du
Bl < KZ(p, p(p)) |p(p)|"/*™ / f—
t ([p(p)] +u) "2

Fra o)\
< KFZ2(p,|p(p)]) (m) ’

and we may follow the same proof as before. o

do
WSKmemm/
t

< K1 .7%(p, |p(p)))

3.3.2. Proof of Theorem 3.3. The result is a trivial consequence of
Theorem 3.2 and the following lemma:

Lemma 3.9. For oo < 1/M, a holomorphic function in A, () verifies
[f(p) = F(D] < p(p, @), P €
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Proof: Let us denote by Z = (Z;) the coordinate system associated
to each Vi as in the beginning of Section 3.1. We showed, at the
beginning of the proof of Lemma 3.3, that if Z € Vi, N 2, the point
Zy=(Z1,...,Zn—1,Zn —t) belongs to Uy, NQ for 0 < ¢ < 7.

To prove the lemma, f being in A, it suffices to establish the estimate
when p(p, q) = v(p, q) + p(p) + p(q), and, f being bounded, when p and ¢
are in some V; for [ > 1 and so that p(p, q) is small (i.e. < 7).

To simplify the notations, let 7 = p(p,¢q), and consider the asso-
ciated points p, and ¢, (in the Z coordinates). By Proposition 2.8,
¢r € Bexp(pr, K1), and there exist coefficients (u;)1<;<2n such that
qr = exp,_(u1,...,uz,) and |ug| < Z;(pr, 7).

Thus, if we denote f-(p) = f(p) — f(p-), and the similarly for g, we
have

f(p) = f(q) = f+(p) — f(q) + f(p-) — fgr)

1
= fr(p) — f-(q) + /0 Zui)}if(exppr (tus, ..., tusy,)) dt.

The function f being holomorphic the last integral can be written

1
/ Z viLi f(exp, (tu,. .. tusn))dt,
0

where |v;| < Zi(pr, 7). Now, in the coordinate system defined by @),
w(t) = exp, (tui,...,tuz,), Li(w(t)) = %, and Proposition 3.3 gives

(recall « < 1/M)

|Lif (w()] S F2 w(t), |p(w®)]) lp(w(t)] .

But, p(w(t)) belongs to [p(pr),p(gr)], and thus, by the properties
of coordinate system (Z;), |p(w(t))| ~ 7. Then, Proposition 2.9 gives
Fi(we, |p(w(t)]) ~ Fi(pr,7) and

|f(pr) = fla-)| S 7.
of

Zn
an integral of %(f(pt) between 0 and 7, @ < 1 and Lemma 3.7 imply

(recall [p(pi)| 2 1)

|f-(p)| < C(f) /O t=tdt = C(f)re.

f being holomorphic, 4 (f(p;)) = (pt), then, if we write f-(p) as

The similar inequality is clearly true replacing p by ¢q. Then the lemma
is proved. O
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3.3.3. The case @ > 1/M. The spaces A, are well adapted to our
purpose for all @ > 0, but those given by Definition 3.2 cannot be used,
for « > 1/M, to obtain results on the Bergman projection (for example,
if & > 1/M it forces the function to be constant in certain directions). To
get through the general case we have to define the spaces I', in another
way.

The functions in A, can be characterized by the existence of a decom-
position in a sum of functions whose derivatives are well controlled in an
isotropic way (Proposition 3.2). Similarly, for o < 1/M, the space T',,
can be characterized (see Lemma 3.9 for the fact that if f satisfy Def-
inition 3.3 below then f € I'y(2), and the methods of [MS94| and
Proposition 2.5 for the converse) using such a decomposition but with
non-isotropic estimates for the derivatives. It is then natural to define
the space I'y, for all & > 0, as follows (recall that we denote by Z = (Z;)
the coordinate system associated to each V; as in the beginning of Sec-
tion 3.1).

Definition 3.3. A function f belongs to 'y, 0 < a < +oo, if it is
in Ay (Vo) and, for every I > 1 and every integer k there exists func-
tions fr and gi, defined in V; N Q, such that f = fx + gx in VN Q
and:

(1) [1fillpoe g 27"
(2) If Z € V,NQ and |p(Z)| > 27*, for all integer m > Ma,

V791 (Z2)| Sgam 270270

(3) If Z € ViNnQ and |p(Z)| < 2%, D® being a derivative of length |a| >
M« with respect to the coordinate system ® = ®; associated to Z
and 6 = |p(2),

|D%(gi 0 @ )(0)| Spa F2(Z,27F)2700

Theorem 3.4. Let 2 be a bounded pseudo-conver domain of finite type
in C™ with locally diagonalizable Levi form. For 0 < a < 400, the
Bergman projection maps continuously A, into T',.

Once again, the result follows the next lemma:
Lemma 3.10. For all o > 0, each function in Ay (2) belongs to T'o(£2).

Proof: Recall that we showed, at the beginning of the proof of Lem-
ma 3.3, that if Z € V;NQ, the point Z, = (Z1, ..., Zn—1,Zn —t) belongs
to Uy N for 0 <t <7,
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Let s > a be an integer. By integration by parts, we have, for Z €
VN Q and f holomorphic in U; N €2,

_1)s—1
r = [ s p2),

where F is €°° on V; N Q.
For k such that 27% < 7, we define f;, and g by

_1)\s—1 2=k s
fu(Z) = ((sl—)l)!/o o 1$Sf(Zt)dt,

_1)s—1 7 s
w2y = s [ e s m)

so that f = fr + gk.
Then

Lemma. With the previous notations, if f € Ay () is holomorphic, we
have

[fu(Z)] < C(f)2~*

and, if ®, is the change of coordinates associated to p = Zy-r and 6 =
lo(p)| and z = ®,(Z), for all derivative D?,

|D%(g1 0 ®,1)(2)] < C(F,0) | /2 (Zar, |0 Zo-0) ) I0(Zo-4)| +1]

Proof: By the choice of the coordinate system, |p(Z:)| = t, and, f being
holomorphic, 4= —(f(Zy)) = BZS L (Z,), then s > a and Lemma 3.7 imply

o—Fk
1(2)] < C() /0 pstats g = O(f)2-ke.

To estimate the derivatives of g, let us first integrate by parts:

s—1

d!
gr(z) = E(Z)+ ) _#2~ kdtlf(Zt)|t -k = +Z*2 klel (Z2-x),
=0

where the x are absolute constants depending only on s and E is €
on V;NQ.
Then, Proposition 3.3, (2.1) and the fact that [p(Z5-x)| = 2% imply

~

|D%(gk 0 0, 1)(2)| SCUf) [F2(Zoms, [0 Zo-)) I0(Zo-)|"+1) . D3
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To prove Lemma 3.10, it suffices to show that the functions gysatisfies
properties (2) and (3) of Definition 3.3. Denote by Z and z the coordinate
system associated to ®, and ®; where ¢ = Z9 = Z and p = Z5-«, and

: i o 7o 8 j ) ~ j
write L; = Ebga—zj = Ebga—gj, 3 = 2. a;Lj, 5= = > a]L;. Because

|p(Z)] < |p(Z3-+)|, Propositions 2.5 and 2.9 imply that all the derivatives
D2, |paad)|, || and | pa(al)

3

, are

Sa FYHZNp(Zo-))F (2,1 0(Zo 1)) F P (2, p(Zo)).
It follows immediately that
|D2(g 0 @ 1)(0)| Sa |DEgr 0 ®,1)(2)] -

Now, |p(Z)| < 27% implies |p(Z5-+)| ~ 27%, and, because |a| > Ma,
(2.1) and (2.2) give the required inequality.

If |p(Z)| > 2%, the result is trivial because the function .#%/2(p, §)5*
is decreasing in the case |a| > Ma. O

4. The Szego projection

The theory of “non isotropic smoothing” operator (NIS operator) was
introduced in [NRSWB89] to study the Szegd projection for domains
of finite type in C2, and then extended to decoupled domains of C"
in [CG94] and to convex domains of finite type in [MS97].

These operators are defined in relation with a (non-isotropic) good
pseudo-distance which confers to the domain a structure of homogeneous
space. Then the method consists to prove first that the class of NIS
operators is stable under basic operations (composition, derivation, Lie
brackets. . . ), second that a NIS operator of order 0 maps certain spaces
into themselve (LP spaces, non-isotropic Holder spaces. .. ), and, finally,
that the Szego projection is a NIS operator of order 0. Relations between
the Szegd projection and the Bergman kernel and pointwise estimates of
this kernel are used to prove the last point.

In the case of convex domains of finite type J. D. McNeal and
E. M. Stein [MS97] obtained also classical Holder estimates proving
pointwise estimates for the Szegd kernel inside the domain.

Note that the NIS operators has also been used in [CNS92] to study
the 9-Neumann problem.

The goal of this section is to show that the NIS operator theory and
its applications to the Szegd projection can be developed in the case
of domains of finite type with locally diagonalizable Levi form. The
general ideas of the NIS operators theory being now well known, we
will only show how to adapt this theory to our context (giving slighty
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modified definitions for bump functions and NIS operators) and give
the essential steps without detailled proofs. The proofs can easily be
deduced from [MS97].

4.1. NIS operators and bump functions. As we did in Section 3,
we cover () by open sets Vi, 0 < k < Ny, the sets Vi, 1 < k < Ny, being
a covering of J). For each k > 1, let {Lgk), . ,Lgi)l} be a basis of the
complex tangent space diagonalizing the Levi form in Vi, N 09.

First we define the “bump functions” as follows:

Let zp € 92NV and § > 0 such that the “polydisk” Py (d) (see
Section 2.2) is contained in Vj. A function ® € €N (P, () N 9N) with
compact support is called a normalized “bump function” of order N if,

for every list .Z (associated to the vector fields Ll(-k) or Zl(-k), i <n)of
length less than IV,

| 2P| < F(20,8) %/

Note that the properties of the change of coordinates (Section 2.2) and
Proposition 2.7 show that, for a €]0, 1[, there exists a constant Cy o such
that, for k > 1, if P,,(d) C Vi, there exists a function ® identically equal
to 1 in Py, (ad) NI such that ®/Cl o is a normalized bump function
of order N.

These bump functions are used to define partitions of unity to localize
the problems in the open sets Vj, so that we can work with the vector
fields LM,

Now we give the definition, adapted to our situation, of a NIS operator
of order a:

Definition 4.1. An operator & mapping €°°(9f2) into itself and de-
fined by

o f(z) = /6 e f ) doo),

where A is > outside the diagonal is called an operator of order a =
(a1,...,ay) if there exists a family of operators o7 defined by kernels A,
satisfying the five following properties:
(1) For f € €(00), <. f converges to o7 f in € (01).
(2) Az € €°° (00 x 00Q).
(3) For k = 1,..., Ny, and all lists .% and £’ associated to vector
fields Ll(-k) and fz(-k) of length a and (3,
(a) for all (x,y) € Vi x Vg,

—at+ 2L+’
2

| Loy Ac(2,y)| Sas F (2, 790(2,y)) ,
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(b) for all (z,y) & Ups1 (Ve X Vi),
| L2 Ac(2,y)] Saps 1,

the constants in the inequalities being independent of ¢.

(4) For r € N*, there exists N, € N* such that, for all normalized
bump function ® on P, () N 9N (contained in V) of order > N,
and all list .Z (as before),

—at+ &

[Z£(A®) || o Sr F 72 (w0,9),

oo ~IT

the estimate being uniform in e.
(5) The properties (1)—(4) are satisfied by the adjoint &/* of &7.

Following the methods of [NRSW89] and [MS97], with the previous
definition it is easy to prove the next stability properties:

Proposition 4.1. (1) If o and o/ are NIS operators of respective
order a and b, and if Y, 1, o EEE 4 Y, L, o0 Ui < 32,
then @y o ot is a NIS operator of order a + b.

(2) If o is a NIS operator of order a and if D is a differential operator
of order 1, then the family of kernels D, A.(x,y) defines a NIS
operator of order a — (1,0,...,0).

(3) If o is a NIS operator of order a and h € €°°(99), the opera-
tor [¢/, h] is a NIS operator of order a + (%, 0,...,0).

4.2. The Szego projection as an operator of order 0. We use the
relation, shown in [NRSW89], between the Szegd projection and the
Bergman kernel. Let us recall it briefly.

For € 99, let N(x,t) denote the integral curve of N normalized
so that N(z,0) =  and p(N(z,t)) = t. Choose b sufficiently small so

that N(z,t) € QN (Uk21 Vk), 0 <t <b For ge €°(Q), define the
kernel A, by

b
Ay (29) = [ Kn(N (0. 9)g(Na,1) dr.

We assume |Vp| = 1 on 9. Thus, if f € €°°(dQ) and if f denotes a
€ (Q) extension of f, Stokes formula shows that

Ay, (2, w) f (w) do(w) = / (N 1) Py ((07.00)) (N(, 1)) at

o0

b ~
n / 9(N (2, 1)) Pa(FAp)(N (. ) dt.

where Pp is the Bergman projection.
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As the Bergman projection maps €*°(Q) into itself, the preceding
formula shows that the operator <7, , defined with the kernel A, , con-
verges, in €*°(0Q), to the operator 27, defined by the kernel

b
Aw) = [ 0¥ 0)Kp(NGw.0).3) .

Following the calculus made in [MS97], it is easy to show that <7 is
an operator of order 0.

Our domain being of finite type, the Szegd projection Pg maps
%>°(0N) into itself. Thus, writing, for f € €>°(99Q),

ipsf Zgz x,t 8:f (N(z,1)),

by integration by parts we immediately obtain that

Psf = hmZdw (6pPsf>

the convergence being in ¢>°(92). Using the fact that f — Pgf is or-
thogonal to holomorphic functions and that the kernel of .27, is anti-
holomorphic in the second variable, we easily obtain

(4.1) Psf = lim (P.f +Q.Psf).

in €°°(09), where P. = Y " | 5’5 Ay, and Qe = Q+ Y1, [ ie> aaTP}

with Q the operator of order ( ,0..., O) associated to the Poisson ker-
nel.

In other words, this method allows us to write Pg as a limit of well
controlled operators. Then the fact that Ps is of order 0 follows Propo-
sition 4.1.

4.3. Estimates for the Szego projection.

4.4. LP estimates. The restriction to 0§2x 92 of the function v defined
in Section 3.3 is a pseudo-distance which defines a structure of homo-
geneous space on 9f). Thus, we can use the T(1) Theorem of [DJS85]
to show that a NIS operator of order 0 is bounded on L?(92), an then
also on LP(99), 1 < p < +oo. Using commutations properties (similar
to Corollary 4.2 of [MS97]), we obtain

Theorem 4.1. For 1 < p < 400 and s € N, the Szegd projection maps
continuously LE(00) into itself.
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4.5. Holder estimates. Let us first consider the calssical Holder space
Ao (09) (i.e. defined with the euclidean distance). Following (4.1), we
can write Ps = P + @ Pg, where P is an operator of order 0 and @) an
operator of order (ﬁ, e O), and, iterating, Pg = ijol Q'P+ QN Ps.
The Szego projection being autoadjoint, we also have Pg= Z?{:—llP*Q*i—l-
Ps@Q*N. Then, writing Ps = P¢Pg, we approximate Ps by operators
whose kernels are in € (992 x 9Q2) holomorphic in the first variable and
antiholomorphic in the second, and we can prove that the Szegd projec-
tion satisfies interior estimates in the sense of Definition 4 of [MS97],
and reproduce without any difficulty the proof of this paper to obtain:

Proposition 4.2. The Szegd projection maps continuously A, () into
itself for all o €]0, +00].

Consider now, for 0 < a < 1/M, T',(99), the space of function
satisfying a Holder estimate of exponent o with respect to the pseudo-
distance defined with 4. Then T',(99) is the restriction to 9Q of the
space I', () introduced in the previous section. We extend this definition
to all @ >0 by I'(0Q) = {Flaq, F € T'a()}.

Note that if a function f € A, (9€) is the restriction of a holomorphic
function F' in 2 (i.e. if it’s Poisson integral is holomorphic), then F' be-
longs to A, (R2). Using then Proposition 4.2 and Lemma 3.10 it is easy
to prove:

Theorem 4.2. For all a €]0, +o0[, the Szegd projection maps continu-
ously Ay (09) into Ty (092).

5. Further results

The geometric study of pseudo-convex domains near points of finite
type with locally diagonalizable Levi form made in [CD] gives two es-
sential properties:

(1) The existence of a change of coordinate ®¢, attached to a point z €
Q and a 6 > 0, related, uniformly in z and 8, to the functions
Fi(z,6) (Section 2.1 and 3.5 of [CD]).

(2) The existence of a plurisubharmonic function on 2 whose hessian is
controlled, in strings, by the functions .%;(z, §) (Section 4 of [CD]).

These local properties where used in [CD] to obtain estimates of
the Bergman kernel and, in the previous sections, using these estimates
and property (1), we proved some estimates for the Bergman and Szego
projections when all the boundary points satisfies our hypothesis.
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It is also possible to use the two properties to give precise estimates of
the standard invariant metrics of {2 under the local hypothesis of finite
type and diagonalizability of the Levi form:

Theorem 5.1. Let 2 be a bounded pseudoconver domain in C" with
€ boundary. Suppose that there is a point of finite type zo € OS2
and a neighborhood U of zg where the Levi form is diagonalizable. Let
us denote by Bq(z,L) (resp. Cq(z,L), resp. Kq(z,L)) the Bergman
(resp. Caratheodory, resp. Kobayashi) metric of Q at the point z € Q.
Let Lj, 1 <1 <n—1 be a basis which diagonalizes the Levi form and
L, the complex normal vector field. Then if L is a holomorphic vector
at the point z € QNU, L =% b;L;, we have
Bo(z,L) ~ Ca(z,L) = Ka(2,L) = > _ [bi| 7,/(2,0(2)),
i=1

where §(z) is the distance to the boundary, the constants in the equiva-
lences being independent of z and L.

Note that, using uniform properties of the change of variables ®9,,

it is enough to prove the equivalence of the metrics on a suitable do-
main ), = ®J,(Q). To do that, we follow the method introduced by
D. W. Catlin [Cat89] in C?, as S. Cho did in [Cho02a] for the case of
domains whose Levi form have comparable eigenvalues.

The starting point is an analog of Theorem 3.1 of [Cat89] which
is easily proved using the proofs of Theorem 4.1 and Proposition 5.1
of [CD]:

Theorem 5.2. There exists a neighborhood U of zy such that, for all
0 > 0 small enough, there exists a function s € €°°(C™) with the
following properties:
(1) [As(z)] < 1.
(2) For all L = Y b;L;, (90Xs(2); L, T) = 3 |bi|* #/%(2,6), for z €
Un{lp(z)| <4}
(3) For z' e Un{|p(2)| <} and any derivative D = D** ... D", in
(@2) 71 (U N {lp(2)| < 6} NP1 (9)),

|DXs 0 @3, < F/2(2,6).

Then Catlin’s proof can be done with anisotropic estimates using
cutoff functions associated to the anisotropic polydisk P,. The func-
tion J,(¢') introduced by Catlin in Section 4 of [Cat89] corresponds to
the function § +(2’,&’) (see Lemma 3.5). The existence of the uniform
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bumping is given by a theorem of S. Cho [Cho92] which is valid in any
finite type domain.

As shown by J. D. McNeal in [MINO1], Theorem 5.1 and the estimates
on the Bergman kernel recalled in Section 2.3 give an estimate for the
0 problem for the norms associated to an invariant metric:

Theorem 5.3. Let Q be a domain in C™ which satisfies the hypothesis
of Theorem 3.1. Then there exists a constant C > 0 such that, for any
(n,1)-form «, O-closed, there exists a solution u of the equation Ou = «
satisfying

[ull; < Cllally,

where ||.||; denotes the norm associated to any of the metrics of Cara-
theodory, Bergman or Kobayashi.
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