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FOURIER RESTRICTION TO CONVEX SURFACES OF
REVOLUTION IN R3

FARUK ABI-KHUZAM AND BASSAM SHAYYA

Abstract

If T' is a C3 hypersurface in R” and do is induced Lebesgue mea-
sure on I, then it is well known that a Tomas-Stein Fourier restric-
tion estimate on I' implies that I" has a nowhere vanishing Gauss-
ian curvature. In a recent paper, Carbery and Ziesler observed
that if induced Lebesgue measure is replaced by affine surface
area, then a Tomas-Stein restriction estimate on I" implies that T’
satisfies the affine isoperimetric inequality. Since the only prop-
erty needed for a hypersurface to satisfy the affine isoperimetric in-
equality is convexity, this raised the question of whether a Tomas-
Stein restriction estimate can be obtained for flat but convex hy-
persurfaces in R" such as I'(z) = (z, e_l/mm), m=1,2,.... We
prove that this is indeed the case in dimension n = 3.

1. Introduction

Let I' be a C? hypersurface in R” and do a measure on I'. A Tomas-
Stein Fourier restriction estimate for the pair (T, do) is an inequality of
the form
(1 1P lz2gam S 191, 2582
for f € Co(R™).

The existence of restriction estimates such as (1), as well as their
connection with the geometry of I', or with the decay of the Fourier
transform of do, has been a subject of great interest. See [9, pp. 368-373]
for some important applications of these estimates.

The choice of the measure do is not completely arbitrary. It usually
reflects some aspect of the geometry of I'. Two important choices of do
are induced Lebesgue measure and affine surface area. In the former
case, if I' is assumed to have non-vanishing Gaussian curvature, (1) is a
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classical result of Tomas and Stein (see [10] and [9]). Conversely, if (1)
holds with induced Lebesgue measure, then a result of Tosevich and Lu [3]
(see also [2]), implies that I has non-vanishing Gaussian curvature. The
proof of this converse uses, among other things, a Knapp-type scaling
argument. To see how this argument goes, consider the special case
where T' is a surface of revolution given by I'(z) = (x,¢(z)), where
é(x)=~(]z|), and v: [0,b) — R is increasing and satisfies v(0)=~'(0)=0.
For 0 < 0 < b, let Ss = {(z,y(|z]) : |x|] <} and let f5 be a smoothed-
out characteristic function of S;. It is then easy to see that || f5/| 2 (a0) S

§"=1D/2 and that |f;do| > 6" on a (C/8) x -+ x (C/8) x (C/~(5))
box in R™ (for a suitable constant C'). Now if (1) holds then, by duality,
the equivalent adjoint restriction estimate

) IFdol zesz.

2 ) Sl L2 do)

also holds. Applying (2) to fs we obtain
(3) 52 < (6)

and this implies that v”/(0) # 0. In particular v cannot have vanishing
Gaussian curvature at the origin. A more elaborate argument shows that
the same conclusion holds in general.

In the latter case, say when I'(x) = (z, ¢(z)), the affine surface area
on I' is given as the pushforward under T" of the (n — 1)-dimensional
measure |Ky(x)|["/ (V) dz, where Ky(x) = det(Hess ¢ (x)) is the affine
curvature of I'. To see what kind of geometry on I' may be expected,
take the case of a surface of revolution considered above. The radial
assumption on ¢, e.g. ¢(z) = v(|z|), simplifies matters and one computes

that / o
Kolz) = " (|2 (M) |

||
If we then take do in the adjoint restriction estimate (2), which is equiv-
alent to (1), to be affine surface area and use the function f5 in it, we
arrive [1] at the inequality

[lro()”

But now this inequality does not imply non-vanishing curvature. Rather,
it is satisfied by any convex -, regardless of how flat it is at the origin,
e.g. it is satisfied by v(t) = e~'/*", m any positive integer. In fact, even
if ¢ is not radial, there is a similar scaling argument that can be applied,
and it leads to the conclusion that ¢ satisfies the affine isoperimetric

1/(n+1)
n—2 n—1 (n—1)/(n+1)
r dr < (5 7(5)) .
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inequality of affine differential geometry, which is certainly true when-
ever ¢ is convex. For more details we refer the reader to [1, pp. 409-410],
[5, Chapter 5], and [6].

An earlier result of Sjolin [8] had already established that, if the
dimension n = 2, and ¢ is convex, then the restriction inequality holds
true for affine surface area. The strength of this result, along with the
above considerations, suggested that, perhaps, the geometric condition
of convexity of ¢ could imply a restriction result for affine surface area
in higher dimensions. But if only convexity is to be used, functions
such as ¢(z) = e~ /121" have to be admitted. In attempting to prove
this result, i.e. to show that convexity implies restriction, Carbery and
Ziesler [1] considered the implications of a decay assumption on the
Fourier transform of do.

Kenig, Ponce and Vega [4] proved that if the decay assumption

(1+ [ah™
€n]

was true for all real @ and some integer N, then (2) holds'. When
testing (4) on ¢(x) = e~ /1*I" Carbery and Ziesler [1] found that it did
not hold true in dimension n = 3. This, of course, did not mean that
there was no restriction result for ¢(z) = e~/1*I". More recently, the
same restriction question was addressed in [7]. A consequence of the
results there implies that if ¢(-) = (] - |), where v is convex, v(0) =
7'(0) = 0, ¥ (t) non-negative, and if

ty"(t)
sup —;
o<t<b Y (t)

(4)

/ e—2wi£»F(m)|K¢(x)|%+ia dz| <
B(0,b)

<(C < oo,

then the restriction estimate (1) holds for affine surface area in di-
mension n = 3. Testing this last condition on ~(t) = e~ %/*" where
0 <t <bm, by, =m/(3m + 3)), one finds that

" (t)

0<t<bm 7' (t) 0<t<bm (

ﬂ—m—l)zoo.
tm

Once again, the function e~'/*" was precluded from the result.
It turns out that, at least for surfaces of revolution I'(z) = (z, ¢(z)),
o(x) = v(Jz|), a Tomas-Stein restriction estimate for affine surface area

IThis connection between decay and restriction is valid in dimensions n = 2,3. In
dimensions n > 4, one has to modify things slightly by inserting a smooth cut-off
function into both (2) and (4), see [1] for further details.
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does hold in the presence of convexity, if we add the condition that

F(E)y"()

p < C < 0.
o<t<b ’Y’(t)z

(5)
Now testing this condition on y(t) = e~ */*" one finds that

)" (t 1
(6) sup Mg) = sup (1 - ﬂtm) <1
o<t<bn, Y'(t) 0<t<bm m

We thus have a Tomas-Stein restriction result that includes the sur-
faces T'(z) = (x, e~ Y/1#1™) in R3,

The purpose of this paper is to obtain restriction estimates for convex
surfaces of revolution in R?. A major role is played by the function

V()" ()
V()

and our results only require the boundedness of certain LP° norms of this
function. In particular, we obtain a Tomas-Stein restriction estimate for
surfaces of revolution in R? satisfying (5). We find it useful to prove
our results in a little more general setting. In Section 2 we introduce a
family of measures do.,, state a general (LP, L7) restriction result for such
measures, and obtain as a corollary the result on T'(z) = (z,e~'/1*I"),
In Section 3 we present the main component of our proof. In Section 4
we prove our results.

2. Statement of results

Let 0 < b < oo, and denote by B(0,b) the ball in R? of center 0 and
radius b. Let C([0,b)) be the set of all real-valued functions v € C3([0,b))
such that v(0) = 4(0) = 0, ¥"(t) > 0 for 0 < t < b, and Y®)(t) > 0
for0<t<b.

Suppose 0 < A< 1,1 <p, pg < 00,4 < g<o0, and 1/p+2/¢<1.
For v € C([0,b)), let do, be the pushforward under the map z —
(x,v(Jz|) of the two-dimensional measure

’

(2l e\
( )

-
x|y ()=

(7)

with the understanding that when p’ = g = oo, p’/(2q) is set to be equal
to 1/4; so that p’/(2¢) = 1/4 on the sharp line 1/p + 2/q = 1 including
the point (1/p,1/q) = (1,0).
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Theorem 1. If1/p+2/q=1—1/pg, then
I £l e (o)

¥([-1)? Lro(B(0,b))

for all (f,7) € Co(R?) x C([0,b)), where Cy = 4(27/67)3/20),

(8) ||fd0V||Lq(R3) <y

Notice that if A = 1, then the density of the measure (7) is
|K,Y(|.|)(x)|p//(2‘”, so if in addition 1/p+ 2/q = 1, then do,, is the same
affine surface area measure we described in Section 1.

Corollary 1. Suppose v € C([0,b)) is such that
1

|y’
¥(] - 1)? LPo (B(0,b))

Let A\=1 and do = do,. If 1/p+2/q=1—1/po, then

I fdollLarsy S I flle(do)

< 00.

for all f € LP(do).

For example if y(t) = e~ /¢" | then by (6),

1
<”Y(| DY I)) %

V(|- 1)?
for 1 < py < oo, and so the adjoint restriction estimate in Corollary 1

holds for (t) = e~ */*" whenever 4 < ¢ < 0o and 1/p+2/q < 1.
If, as another example, we take y(t) = —tlog(1—t), which is in C([0, 1)),
1

then

is finite for 1 < py < oo but not for pg = oo (except if ¢ = c0), and so the
adjoint restriction estimate in Corollary 1 holds for v(t) = —tlog(1 — t)
whenever 4 < ¢ < oo and 1/p+2/q < 1.

< (wh2)VPo < 0
LPo(B(0,bm))

LPo(B(0,1 Lro(B(0,1))

3. Main estimate

Let B = B(0,b) N {x = (x1,22) € R%: &1, 29 > 0}. The purpose of
this section is to prove the following proposition.
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Proposition 1. Suppose 0 < b < oo and v € C([0,b)). Then

V() y(Jo)? )
[, ;e 03+ e) <IUI7(IUI) Ivlv(lvl)) du

< (275732 || b L1 s

for all Lebesgue measurable h: R? — [0, 00].

Proof: Denoting the integral on the left-hand side of the inequality by I,
and changing into polar coordinates, we have

N Ry (e T o

The change of variable 2 = re? + se'® (cf [7]) shows that

z 0
/ / h(rew + se'?, ¥(r) +v(s)) dop db
o Jo

</ 2h(z,9(r) +4(5)) .
= Jvriciaicrss VTP - 00— S0 + 5P — [2P)

So

s
2

h(rew + se'?, y(r) +v(s)) dp dd

bl
/o

S—

/ 1h(z4() +9(5)) "
VrF<ial<rts VR — (7 — )0 + 5 — [2P)

/ 4h(x,y(r) +7(s))
V< |zl <rts \/ (2rs)((r + 8)% — [a]?)

[ e,
\<T+s

Vr+s— 7|

IN

IN

IN

)
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where we have used the inequality r 4+ s > 24/rs. It follows that

o [ [ M (0
- 2/B(Ozb)/ob/obh(x’W(THW(S)) T]ir(zs—)$<7/7(2~?;j(g)3>i e
(

_ ey XETS) (O
o 10100 FERI () o
= 4/8(07%) 11 dz,

where E = {(r,s) € (0,b) x (0,b) : r+s > |z|}, F ={(r,s) € E: s <71},
and

s xr(rs) (Y0P
H_/o /o h(z,~v(r) +~(s)) ﬁ—i—s—x( S0 (s) ) dr ds.

To estimate I, we shall first apply the change of variable

>

=

r=r(ty) =7""(ysin’t)
s=s(t,y) =y '(ycos?t),

which is defined on the open set

Q:{(t,y)eR2:%<t<g,y>0};

so, with a slight abuse of notation, (7, s) is now a mapping from €2 to R2.
The Jacobian of this mapping is

2ysint cos® t + 2y sin® t cost ysin 2t
J(r,s)(tuy) = 1 ) 1 By = = 7 .
Y (v Hysin® 1)y (v (y cos?t)) ()Y (s)
But?
(9) y(r) =ysin®’t and v(s) = ycos?t,
0
0 0
(10) ”y'(r)—r =ysin2¢t and ’y’(s)—s = —ysin2t,

ot ot

2To simplify the notation, we are writing r, s, dr/dt, and ds/0t for r(t,y), s(t,y),
or/ot(t,y), and 0s/0t(t,y) respectively.
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and so
. or | 0s
ysin2t = /7' (1) () | =7 |57 |-
ot | Ot
Thus
1 or |0s
Jrs tu — T ——— - | =
) = T | o [
But also
7' (r)y'(s) Or | 9s y? sin’ 2t .
Y(r)y(s) ot |ot|  (ysin*t)(ycos?t)
SO
Yy (o) _(,or|os|\}
< V) ) T = 5|

Next, to determine the domain of integration in the ty-plane, we make

the following observations. By the convexity of v, v(r) +~(|z| — r), as a
function of r, increases on the interval (|z|/2, |z|). So

29(2) < (1) +1(lal =) < 7) 429

whenever |z|/2 < r < |z| and |z] — r < s, which are in turn satis-
fied whenever s < r < |z| <r + s. Also by the convexity of ~,

29(2) < ) < 1() < 7(0) +1(6)

whenever r > |z| and s > 0. Thus

29(2) < () +109) < 290)
whenever 0 < s < r < b and |z| < r + s. But, by the definition of the
mapping (7, s),

y =) +(s)
for all (t,y) € Q, so

29(12) <y < 2400

whenever 0 < s < r < b and |z] < r + s. For any such (fixed) y, the
range of (r,s) is a curve in R? that “enters” the closure of the domain
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of integration of IT when ¢ = w/4 (i.e. when s = r) and “leaves” when
t = 7(y) for some 7(y) € (w/4,7/2]. Thus

27(b) T(y) i
H_/ / ! (4& %) dt dy
27(”) T+S—|I| ot | ot
27(b) () 2 or los|\ 1
=/ hz,y) L(—’“ 8—8) dt dy
2+(4gh 5 Vrs— |z \OL]O
Now, by the definition of 7(y),
rs=r(ty) +s(ty) 2 e for T <t<7(y),

S0, in particular,

and hence
rs— el Zr4s = ((ry)y) +s(ry).p) for T << ()
Thus
2v(b) 1
II</ \/5 (ﬁ %) dt dy.
H) z \/r—i—s r(r(y),y) — s(t(y),y) ot | ot

The rest of the proof will be devoted to estimating

| (g
Vr+s—r((y),y) —s(r(y),y) \ o

for 2y(|z|/2) <y < 27v(b) and w/4 < t < 7(y).
We start by examining the function dr/9dt 4+ ds/0t. By (10),

0s

_)i

ot

& L @ _ ysin2t  ysin2t

ot ot () (s
is negative for /4 < ¢t < w/2 (since v'(s) < +'(r)), so
or n Os|
ot ot

ysin2t  ysin2t
Y(s) ()

5 ( cost . ; sint t>
=2y sint — cos
7'(s) v'(r)

cos? t sin? ¢
+

sin(t — ¢),
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where ¢ = ¢(t) is defined by

int d t !
g GO (s ()
cos? ¢ sin? ¢ cos? ¢ sin? ¢
O OL O OL

We shall need precise information about ¢ and 9%r/0t? + §%s/0t?. For
this we need the following easy, but important, observation. By integra-
tion by parts,

/ "2 (@) (@) dar = 2v(p)y" () — 2 / " @)y ® (@) da
0 0

for 0 < p < b, and since 7 is nonnegative, we get

(11) Y (p)? < 2y(p)y"(p) for 0<p<b.

(This is the only place where we use the assumptions that v is C® and
73) is nonnegative; everywhere else we need only require of v to be C?
and convex.)

Differentiating both sides of (10) with respect to ¢, we have

ar\? 8>
"' (r) <8—:) +*y’(r)a—tg = 2y cos 2t

and

ds\” d?s
" s Y S
~"(s) (Z%) +7'(s) BT 2y cos 2t.
This combined with (11) gives

V()2 (or\® 9
= Z <
20 \at +9'(r) 52 = 2y cos 2t

and

()2 /9s)\ > 52
7'(s) <_S> +~Y’(5)a—t2s < —2ycos 2t.

/ 2 2 / 2 2
() (g) =2ycos’t and () (%> = 2ysin®t,

2y(r) \ Ot 2v(s) \ Ot
$0
2 2
”y’(r)% < —2ysin?t and ”y’(s)% < —2ycos®t,
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and it follows that
9%r  0%s
(12) v'(r) (ﬁ + ¥> < -2y <0

for m/4 <t < m/2.
Going back to ¢, we have

()

V' (r)

Now if we let m(p) = +'(p)?/v(p), 0 < p < b, then by (11), m’(p) >0

and it follows that m(s) < m(r). Hence
tam g = L) oy o VIO

m(r)y(r) y(r)
and hence 0 < ¢ < w/4. Thus

tan ¢ = tant.

tant = cotttant =1,

cos? t sin? ¢
P _l’_ [
LB EAETOE

5 cos?t % 2+ sin? ¢ & > (t—z)
- (ysin2t)2 \ Ot (ysin2t)2 \ Ot S 4
_ oSy L oy (- 1)
~\ sin?t \ Ot cos?t \ Ot st 4
or 0s
>¢< p(a) (-7
2
T

for 7/4 <t < w/2. Thus

Jor Os
+

Fringy sin(t —

7

5|

t ’ s 1

< 2vEi 3

Q‘>|QJ Q)|QJ
» | Flo

|5 +

for m/4 <t < m/2.
As we saw above, Or/0t+0s/0t is negative on the interval (7/4,7/2).
Also by (12),
o’r 0%

iz "o <0
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so Or/dt + 0s/0t, as a function of ¢, is decreasing on (w/4,7/2), and
so |0r/0t + 0s/0t| is increasing there. Now applying the mean value
theorem, we obtain

or 0s
_ _ > AN et it
rts—r(r(y)y) = s(7ly)y) 2 (1ly) 1) |5 + 5

for 7/4 <t < 7(y). Thus
150! L Gl
Vs —r(r(y),y) - \/T —t|2r 4 95

1

T 1

1
P
>dt

for 7/4 <t < 7(y). Thus

/T(y) \/5 (81"
z r+s—r(r(y),y) —s(t(y),y) \ 0t

T [T
<\ / NGO = 5

21/4°

Os

ot

Thus

x3/2 r27(0) (2.9)
o< —/ h(z,y)dy
214 Jay(igh
and consequently

27(b)
1<274r 3/2/ / h(z,y)dyde < (2757)%2 ||| 1rsy. O
B(0,2b) J2~ (12
4. Proof of Theorem 1
Let f be a continuous function on R3 which is compactly supported

in the third variable, and let v € C([0,b)). It is enough to show that

| fdo|| paqey < (27/67)%/ (20 1£1| o (do)s

LPo (B(0,b))

where do = xg do,, and E = {(z1,22,73) € R® : 21,20 > 0}. If ¢ = 0
then this follows easily from Hélder’s inequality. So we may assume
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q < 00. Then the relation 1/p + 2/q = 1 — 1/pg tells us that p,py > 1.
Also, since

Hfdo'HLq(RB - ||fdafdo.||Lq/2(R3 - ||fd0' * de'||Lq/2 R3)?

and since ¢/2 > 2, it is enough by the Hausdorff-Young inequality to
establish that

/h|f|da>k |f|do

()’

LP0 (B(0,b))

< (27/0m)3/a 11 oy 1ol Loz o)

for any nonnegative Lebesgue measurable function h on R3. But by
Holder’s inequality,

/ Bl fldo 1 £1do < 1120t 1] 1o

so we need to have

2

A
(- DYDY
1Bl gy < (2700 | (LD I era ey
" LPo(B(0,b))
Now this follows from Proposition 1 by writing
||h|| P (doxdo)
Ap Ap’

Q ‘ﬁ\

=

—~
8

~

—~
<
m

= [ [ 1 @ryatah e ) fZ,—N()d:cdy,

where
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and applying Holder’s inequality to get

[

< (/B/BN@)E’)

< (27/67T)3p’/q

"(doxdo)

1
-

N(y)# do dy)

2p!

KB
dx dy)

(y

M
N(y

=
P|>’ S

(//hq/2x+y (2] +(1y]) ((;:)):
- ([ ywa)
) </B/ma(“y’7<lxl> + v<|y|>>(|1/|%g|3> |Z|Eyl?|2|> fd“’” dyf

</ N(z 2q dx) po ((27/67T)3/2th/2”L1(R3)) q

()

HhHiq/2(R3)7
LPo(B(0,b))

where 7 is the dual exponent to ¢/(2p’) (so that rp’ = po).
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