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RESTRICTION AND DECAY FOR FLAT
HYPERSURFACES

ANTHONY CARBERY AND SARAH ZIESLER

Abstract

In the first part we consider restriction theorems for hypersur-
faces I' in R™, with the affine curvature Kll/("+1) introduced as
a mitigating factor. Sjélin, [19], showed that there is a universal
restriction theorem for all convex curves in R?. We show that in
dimensions greater than two there is no analogous universal re-

striction theorem for hypersurfaces with non-negative curvature.

In the second part we discuss decay estimates for the Fourier trans-
form of the density KIE/ 2 supported on the surface and investigate
the relationship between restriction and decay in this setting. It
is well-known that restriction theorems follow from appropriate
decay estimates; one would like to know whether restriction and
decay are, in fact, equivalent. We show that this is not the case
in two dimensions. We also go some way towards a classification
of those curves/surfaces for which decay holds by giving some
sufficient conditions and some necessary conditions for decay.

1. Universal restriction theorems

If S is a smooth (n — 1)-dimensional submanifold in R™ (n > 3),
So is a compact subset with non-vanishing Gaussian curvature and do is
the induced Lebesgue measure then the Stein-Tomas restriction theorem
says that, for all f € LP(R"™),

1) (/ 0 |f<s>|qda<s>)l/q < Clfl

2000 Mathematics Subject Classification. 42B99.

Key words. Restriction, decay estimates, affine curvature.

The authors were partially supported by Forbairt.

The first author was partially supported by a Leverhulme Fellowship.

The second author would like to thank Carlos E. Kenig for many valuable conversa-
tions relating to this work.


https://core.ac.uk/display/13268486?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

406 A. CARBERY, S. ZIESLER

n+1
[25] in the case of the sphere.) The inequality (1) is known as the
L(p, q) restriction property. Here and throughout, C' denotes a universal
constant whose value may change from line to line. It is also well-known

that (1) must fail for p > % and for ¢ > (Z—f&) p'; see [22] again.

However, for n = 2 (1) is known for the larger and optimal range, 1 <
p<4/3, g <p'/3; see 28] and [22].

There are various related results for surfaces whose Gaussian curva-
ture may vanish but which nevertheless satisfy some other conditions
such as being finite-type or having non-vanishing principal curvatures;
see for example [22], [9], [18], [20].

In higher dimensions, in the case of non-vanishing Gaussian curva-
ture, some exciting progress has been made in extending the range of p;
see [3], [2], [27], [16], [17], [23] and for the current best result in three
dimensions see [24].

In this paper we consider hypersurfaces which may be flat. We take
surfaces I'(t) = (¢,7(t)) where t € R"! and v: R"~! — R. We begin
by formulating the appropriate analogue of (1) for such surfaces. In
our discussion of restriction theorems for such surfaces in the present
paper, when n > 3, we only consider the range of p, ¢ in the Stein-
Tomas theorem and do not attempt an analogue of the improved higher-
dimensional results. To compensate for the possible lack of curvature we
insert a mitigating factor (which we shall choose in a moment) Mr(t)
into the left-hand-side of (1) and look for inequalities of the form

([ vcamemnna)” <cis,

Here, to obtain positive results, we shall see that it is appropriate to
take 1 to be a smooth non-negative cut-off function when n > 4 but in
dimensions 2 and 3 we can take 1 to be the characteristic function of
the set where I' is defined.

One alternative approach in the absence of curvature, followed by
Bak, [1], is to look for Orlicz space theorems. Another approach, taken
by Brandolini, Tosevich and Travaglini, [4], is to average over rotations.

We would like to choose Mr to reflect the affine-invariance of the

restriction property. Following Sjélin, [19], and also [7], when ¢ =
(Z—ﬁ) p’ it is natural to take My to be the affine curvature K (t)!/(?+1)
where Kr(t) = det(Hess~(t)). The power n%H is the unique power
of Kp which preserves the affine invariance of the problem; the resulting

for 1 < p < 2”+2 ,q < (” )p where 1 S+ ]% = 1. (See [22], and
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inequality is then also invariant under reparametrisation of the hypersur-
face and suggests that the restriction phenomenon might be a “universal”
or intrinsic property of a class of hypersurfaces.

This power of K1 preserves affine invariance when ¢ = (Z—I_}) P

q
However in general we need Klf’(”’” in order to have affine invariance
in an L(p, q) restriction theorem. Note that p =1 gives the power 0.

So we wish to determine for which I' one has

(2) (/ FO @) () K (1) 7D dt>1/q < £l

for1<p<2” 7q<( )p If one can show that

) . 1/2
( G R dt) < Cllf,
2n+2

for p = 45 then interpolation with the p =1 case gives the full range.
To distinguish the cases where 1) is a smooth cut-off or a characteristic
function we shall refer to the above inequality as (2)* when we mean to
take 1 as a characteristic function.

In two dimensions Sjélin, [19], proved that there is a universal restric-
tion theorem for all convex curves:

(¢

Theorem 1.1 ([19]). LetT'(t) =
Then (2)* holds for 1 < p <
independent of ~y.

v(t)), where v € C%(0,1) is convex.
,q = %p’ and with a constant C

It is worth noting that the proof of this given in [19] also applies in
the following case.

Theorem 1.2. Let I'(t) = (t,7(t)), where v: R — R, and v € C? is
convez.

A / 1/q
Then (f|f(t,7(t))|q7”(t)Q/p dt) < C||fllp holds for 1 < p < 4,
q= %p’ and with a constant C' independent of .
We also note that the proof only requires that v be single-signed and

the argument will go through in exactly the same manner if one assumes
that 7 is concave instead of convex.
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We now consider the situation in higher dimensions. We shall demon-
strate that there is no universal restriction theorem of the form (2)* for
hypersurfaces whose curvature is non-negative, in dimensions n > 3. We
let t = (t1,t9,...,t,—1) and consider surfaces of the form I'(¢) = (¢, v(t)),
where v: R"™! — R is C?[(0,1) x (0,1) x --- x (0,1)] and satisfies
det(Hess~(¢t)) > 0.

Theorem 1.3. Let ' be as described above and p > 1. Then there is no
universal constant C' such that (2)* holds for all such T.

Proof: Let t; = rcosf, to = rsinf, y = (t3,...,t,—1) and define
() = rcos NO + |y|>. Then Kr(t) = 2"’3W > 0. We now
choose f(§1,82,...,&n) = ¢1(§1,82,--.,&n—1)02(£n) where ¢1 and ¢

are smooth non-negative cut-off functions such that |¢1| < 1, [¢a| < 1,

_ 1 fOr‘(glv"'agnfl)‘S%’
¢1(£17...7£n—1)_{0 for‘(gl,.,_,gn_l)‘zl
and
1 for gl <2,

Then (2)* gives

N2gin? N6

TD
2 } rdrdfdy < C,

[[101 091026001 {

where 7 is v written in cylindrical polar coordinates. Using the fact that
|7] < 2 on the support of ¢; this leads to

/2
(3) / (N sin NO) 70T df < C.
0

Since foﬂ/2 (sin N9) TS df > ¢, (3) must fail as N — co. O

In the setting of convezr hypersurfaces the question seems considerably
more subtle and we have not arrived at any definitive conclusion. The
standard method to prove restriction results is to use decay estimates for

the Fourier transform of the measure Ké supported on the surface and
these estimates may fail even for finite-type convex surfaces, sometimes
quite dramatically, as was shown in [6]. By finite-type we mean that
the surface has finite order of contact with any tangent line, as defined
in [5]. We shall discuss decay estimates further, in the context of ra-
dial hypersurfaces, in Section 4 and Section 5. The standard means of
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finding a counterexample to restriction (via a Knapp-type homogeneity
argument, see [22], [10], [11]) leads one to an inequality which is true
for all convex hypersurfaces, as we shall see below. This leads one to
wonder whether there could indeed be a universal restriction theorem
for convex hypersurfaces in R, n > 3.

For convex hypersurfaces with v > 0 the natural approach when
looking for a counterexample is to take a smooth non-negative cut-off
function ¢ which is identically 1 on (0,1) and define f(£1,&,...,&n) =
S(51)6(5) - d(322)¢(s2y—y)- Then if (2)* holds for T' we

On—1 8 Yy 61>52:~~76n—1)
have, for 0 < §; <1,i=1,2,...,n—1,

On—1 01
/ o [ KT dty -ty 1 <C[S1 6017516 )]T7
0 0

In fact, one can easily check that the optimal choice of the parameters
is 01 =09 =---=6,_1 = 1. Then the above inequality becomes

’

1 1 a
(4) // KO0 dty - dtyy < Cy(1,..., 1)/
0 0

However the isoperimetric inequality of affine differential geometry (see
for example [13, Chapter 5] and [14]) shows that (4) holds. A simple
argument, which we now give for the sake of completeness, verifies this
in the case of radial hypersurfaces. We let I'(t) = (¢,v(|t])) in R™, where

/ n—2
n > 3. In this case, Kr(t) is given by Kr(t) = +"(|t]) <M>

[t]
Clearly, if v is convex and 7/(0) = 0 then Kt > 0 for v € C?(0,1) and
moreover I' is convex.
Then (4) can be modified to

1 q 7
(5) / Kp(r)7o=0 =2 dr < Cy(1)9/7.
0

Lemma 1.1. When p’ > ) q, (5) holds uniformly for all convex
v € C%(0,1) such that v(0) = v'(0)

/\
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Proof: We use fol ~"(r)(1—r) dr = (1) and Hé8lder’s inequality to obtain

1 e
</ ’y”(’l”) p/(f_l) ")/I(T') :/((n_21>) r(n—Q)(l——p/(f_l)) d7’>
0

/ q/(ﬂ—/_Q) ’
r)p/(n-1) (n=2)(p" (n—1)—q)
Y(r)remD | emipesise
(1 — 'r) p/(n—1)

1 q
- [brma-n
0

p/(n=1)—gq
a(n—2) p/(n—1)

1 M 1 (n=2)[(n=1)p"—q] p;t;q
- , p’(n—1) r- (-0 -9
< (1) D ~'(r) dr -
0 0 (1—7r)e—De0
2'—q
q 1 1 o7
<ot ([
0 (1—7r)e-D0-2

< Cy(1)7,

when 2 > ntl, .
q n

2. Restriction and decay

With the exception of the argument for n = 2, the typical proof of
an L(p,2) restriction theorem hinges on a decay estimate such as

i€.x o c
e aot ST e

where r > 0 and do is the surface measure on S. If (6) holds then one

obtains an L(p, 2) restriction theorem for the surface S, for p < %

(6)

The key value of 7 is r = 251, See for example, [22].

Some recent work of Tosevich, [10], and Tosevich and Lu, [11], shows
that in the cases of hypersurfaces with non-vanishing Gaussian curvature
or convex finite-type hypersurfaces, restriction and decay (both without
mitigating factors) are equivalent. More precisely, (2) holds for p =

2&:2”, g = 2 if, and only if, (6) holds.




RESTRICTION AND DECAY FOR FLAT HYPERSURFACES 411

In our setting, the appropriate decay estimate to give restriction is
given in the following lemma. Part b) of the lemma also shows that if
the decay estimate misses by a logarithm, then one obtains restriction
up to the endpoint. The proof is an easy adaptation of the arguments
in [12]; see also [8] where the ideas originated.

Lemma 2.1. Suppose that T' is defined on the open set Q C R 1!,
[:Q— R" and T is C?(Q).

a) If,forogﬁg%, and some N > 0,

(1+ [V
‘gnlﬁ(nfl) ?

/ CHET) | e (1) e dt’ <C
Q

then (2)* holds for p = W, qg=2.

b) If, for 0 < B < %, some N > 0 and some € > 0,

N €
i(€.0(1)) Btia (1 + [a])™ log* [&nl
[ ecr e al < oD o]

then (2)* holds for p < %, qg=2.

A corresponding statement holds for (2) if one inserts an appropriate
cut-off into the integral. This will be needed when we discuss dimen-
sions n > 4.

If 6= % in Lemma 2.1a) then one has p = %Z’i,f and so interpolation
gives the full result, i.e. (2) for 1 <p < %7 q < (2_;})29/, Ifg=1
in b) then we obtain (2) for 1 <p < 27?:327 q< (Z—;i) p'.

Decay estimates with mitigating factors have previously been consid-
ered in [12], [21], [6] and [18].

In Section 3 we shall show that, in our setting, restriction and decay
are not equivalent when n = 2. There are in fact convex curves for which
the decay estimate fails.

In Section 3 and Section 4 we also give a partial classification of the
curves/surfaces for which the desired decay estimates hold, in R?* and R?
respectively. The higher-dimensional case is considered in Section 5. In
dimensions three and above we consider only radial hypersurfaces I'(¢) =

(&, ~([t])-

Before proceeding, we state Van der Corput’s lemma, a crucial tool
in our estimates. See [22] for the proof.
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Lemma 2.2 ([22]). Suppose that ¢ is real-valued and smooth on [a, b
and ) is real-valued and C*([a,b)). If o) (x)| > 1, then

b - b
/ M@ (z) d| < epA1/F llw(b)lJr/ WW)M%] g

when i) k > 2, 4i) k=1, if ¢’ is monotonic.

It follows that if ¢’ is single-signed then one can replace the right-
hand-side of the estimate by ¢, A™*/* maxy, 5 [¢)(z)|; we shall use this
repeatedly.

3. Restriction and decay in 2-dimensions

Theorem 3.1. Thereis a~y: [0,1] — R such thaty € C?(0,1), v(0) =
7' (0) = 0, v is convexr and

1
/ ei&.(t,v(t)),y//( )1/2 dt‘ C
0

@) G

fails.

It follows from this, together with Theorem 1.1, that restriction and
decay are not equivalent in a general setting. To prove the theorem we
first note that, taking & = 0 in the decay estimate one obtains

b a0 12 G
e's2 dt
[ e eal < g

and so if we choose & so that £7(1) &~ 155 then

1

c,
8 / ")V dt < < Cy(1)Y2.
®) [y ra< i < e
Proof of Theorem 3.1: By (8) it is enough to show that there is a
~:[0,1] — R so that (1) is finite but fo "(t)Y/2 dt is not. For exam-
ple, we can choose 7 so that

1
1
Py (t) = 2 1
(1 — t)Q 10g 1

for 1/2 < t < 1. Then ~"(t)'/? is not integrable at 1. However, for
1/2<t<1,

(1) =/(1/2) + / JRESES



RESTRICTION AND DECAY FOR FLAT HYPERSURFACES 413

and
t

v(t) =(1/2) + (t - 1/2)7'(1/2) +/ (t = s5)7"(s) ds,

1/2
for 1/2 <t <1, so that

(1) = 7(1/2) + 1/27/(1/2) + / L

1/2 (1 — 8) 10g2 lis

which is finite. O

This shows that the L(6/5,2) restriction theorem for convex curves
does not imply the corresponding decay estimate with mitigating fac-
tor KI{/ % We do not know whether restriction and decay are equivalent
for § < 1/2. In this case, the inequality analogous to (8) is fol A ()P dt <
C,~(1)?, which is true for all convex curves with v(0) = +/(0) = 0.

We now consider necessary/sufficient conditions for uniform decay
estimates. Some results with a similar flavour can be found in [15].

Preliminary Remark. Let us suppose for a moment that we have uniform
decay for the class of curves v that are C?(0,1) and convex. (So the
decay estimate (7) holds with a constant independent of .) Then the
argument used for (8) together with dilation shows that

)
() / V)2 dE < Cy(8)72,
0

for all 6 <1, with C independent of ~.

Proposition 3.1. Suppose that v: [0,1] — R satisfies v, 7' convex,

17 /

~ € C20,1] and v € C3(0,1), 4(0) = 7'(0) = 0 and (7;/2) <0. If
also " (t) < C'YW/((?)? , for all0 <t <1, then

1
(10) / ei(ft+n’¥(t)),}//l(t)1/2+ia dt S C(I]‘ F/2a|) fOT all n,

0 n
with C independent of ~y.

111/2 /

Conversely, if v: [0,1] — R is C?(0,1), convexr and (’YW, ) <

0
and (10) holds for v and all of its dilates v(3-), for 6 <1, then " (t) <
’ 2
CWV((?) , for all 0 <t <1 and with C independent of ~.
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Remarks. 1. The converse statement is a corollary of (9); in fact the

2
condition 7" < C’WT is equivalent to (9), under the assumption

1/ /
that (771,2) <0.

2. This result also shows that decay holds for flat curves such as
y(t) = e V¥ and ~(t) = m, for ¢ small.
3. We have only considered the mitigating factor with power of the
curvature 8 = 1/2; conditions could also be formulated for 5 <

1/2.
Proof: We first prove the forward assertion. We begin by noting that
Y () YD) A (4
/ 7 ’)/”(t)l/2 dt < O/ Y (132
0 0 v(t)
e
IR
So, we need only consider fvl_l(L) ettt () (1) 1/2+1e gt We suppose
Kl
that & + 77/ (to) = 0 for ¢y € [’y‘l(#), 1]. If there is no such t then
the argument below simplifies. For such a ty to exist, clearly £ and 7
must have opposite signs and so '(tg) = ‘%’ We then let t; and to
be such that 7/(t1) = £7/(to) and 7/(t2) = 29/(to). We assume that
~~1 (ﬁ) < t1 < tg < tg < 1. The other cases are either similar or
simpler. Then [¢ +1'()] > cl¢] and [€-+17/(8)] = alnl'(£) on [0, 1] and
[t2,1]. Then, using Van der Corput’s lemma, together with the convexity

’2
of 7 and the assumption v < C 77, we have

C + |af)

<
€l telt(2.nl

"}/H(t)l/2

t
/1 ei(§t+n'y(t)),y//(t)1/2+ia dt
71 ()

C+|al) ~(t)
I (G
CO + laf) ¥'(t1)

- |£| |7I|11/2

C + |af)
Inl*/2
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Also using Van der Corput we obtain

1/2

/ - eitrm©) rpy1/2+ia gy o CU+ o) Mg 13 772
4 T Y2 mingep, ¢y (8)1/2

To see that the right-hand side is bounded by Cl(;lﬂg“ we need to use

. . n1/2 .
the assumptions that 7' is convex and 2 v 18 decreasing. Then

' (t2)
v (t1)

For the remaining part of the integral we integrate by parts.

maXtE[thtz] ’y//(t)l/Q < ’7//(t2)1/2

- < <
MINg e[ty 5] ’Y”(t)l/2 ’Y”(tl)l/z

=4.

1
/ et Et+ny (D) 7//(t>1/2+m dt’
[2)
1 2+ia
& d (¢* (§t+nv(t))) dt‘
, W€+ (1)) dt
YWV A () /* (v%w“*Ha>’
< + RN
1€+ ()] €407 (t2)] E+1y(b)

S|n|{1+ () *(1+”A;wwﬂﬂww

1 1(4\3/2
V(1) dt}

2
), M e r

< ¢ C(1+ o / 3/2
- Inlv(tz)l/2 [n]

v (t)
] hv@ﬁﬂd

dt

t

§|77|—1/2+ (1+|a|)

C 1t Y (t)
<Y Lo+l / dt
TG ST A

CO+ |af)
2
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We now turn to the proof of the converse statement. By (9) under
our assumptions on 7, the decay estimate gives

S A1 (4\1/2
/0 %7’(0 dt < C(5)"/?

1" 1/2
— %ws) < CH(0)2,

which gives the stated inequality. ]

4. Decay estimates for n = 3

Examples of failure of decay with mitigating factor for finite-type
convex hypersurfaces in higher dimensions are given in [6]. In the radial
setting Schulz, [18], showed that decay with mitigating factor K| 11/ ? fails
for the example v(r) = e~ /" for odd dimensions. We begin, in Theo-
rem 4.1, by extending this example in three dimensions. By considering
the curves v(r) = e~/ we show that decay can fail for mitigating
factors Klg, for all % <p< % Of course, for n > 3, failure of decay tells
us nothing about restriction.

Before proceeding we note that if v is defined for 0 < |t| < a and we
change to polar coordinates then the decay estimates we are considering
are of the form

) C(1 + |

[€a>P

where & = (&1,&;) and Jy is the Bessel function of order zero.

IN

/ ) Jo(r[€' ) K (r) T dr
0

S m
Theorem 4.1. Ify(r) = e~ and § > gt2 then, for |&| > 577

(3m+4)B—(m+2)
e

It follows that, for each 5 < 3 < % there is a convez v € C*[0,1/2] with
~v(0) = ~'(0) = 0 such that (11) fails.

/2
/ ezésv(r)KF( )Pr dr
0

We note that this is in contrast to the two-dimensional setting where
decay with 3 = 1 holds for the curve (t,e= 7). (See Remark 2 after
Proposition 3.1.) We also recall that in two dimensions we had no such
results for § < 1/2. (See the comments after the proof of Theorem 3.1.)

Before proving Theorem 4.1 we need the following lemma.
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Lemma 4.1. Suppose f >0, f/ <0, f” >0 on[0,b] and b > 27“ Then

/() (=)

where [x] denotes the fractional part of x.

<

>
il

b
/ e f(t) dt
0

Proof: A change of variables shows that it is equivalent to show that,

G- ()

2_

b
- C
e27rz17tf t) dt
fp e =

We start by noting that

b
/0 sin(27nt) f (t) dt

1| [
= - / sin(27u) f <E> du
n1J0 n
[nb]—1

:% 3 /jj+1sin(27ru)f (%) du

=0

b
/ 2™ £ (t) dt
0

>

1 g+l U

+ — cos(2mu) f/ (—) du
21 J; n

1 g+l U
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Also,
b . u 1 nb , [ u
+ %f(b)(l — cos(2mnb)

> 0.

Then, using f’ increasing and the Mean Value Theorem, we have

1 [nb]—1

2mn?

b
/ e27rintf(t) dt| >

o =

j=

Y

|
B
1
~

1

Proof of Theorem 4.1: For v(r) = e~ 7"

)

O f (%) /jj+1(1—cos(27ru))du

Kp(r) = "m0 (m__pmy o= >0 for 0 <7 < 1/2, m > 1. Then if

m—+1
we take f(u) = (log 1)

Bmt+dp=(m+2) , 1

m+1

v(1/2)
/ et f(u) du .
0

m—+2
3m—+4"

1/2
/ 61537(’”)[((1")[37“ dr
0

The given f satisfies the conditions of Lemma 4.1 if § >
that

1/2
/ e’gﬂ(T)K(T)ﬁr dr
0

C
> W(log 1€3])

for |&5] > %.

(— — m)ﬁﬁ we have

It follows

(3m+4)B—(m+2)
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We also remark that if we take v as in the proof of Theorem 3.1,

ie. v (t)= m, then one can verify that v/(£)? > C"(t)2~# for

1< g <Landallte 0,1, from which it follows that ’ JEE @) dr’ <
C must fail. This is enough to show that decay fails for this v also.

We now give the three-dimensional (radial) analogue of Proposi-
tion 3.1. First we suppose that v: [0,1] — R is convex and C?(0,1)
and decay holds with a constant independent of ~y, for v and all of its di-
lates (d-), for § < 1. The relevant decay estimate is now for 0 < g < %,

1 N
(12) / 510 (el K (r) o ar < SO0

0 |32 7

for all £&. Then the argument used for (8) together with dilation shows
that

s
(13) /0 K(r)ﬁr dr < C'y(é)w

for all § < 1, with C' independent of . We have stated this for 3 rather
than g = % since in this case the inequality (13) may be violated for
values other than 3.

Proposition 4.1.  a) Suppose that v: [0,1] — R satisfies v and
v conver, v € C?(0,1], v € C3(0,1), v(0) = +'(0) = 0 and
17 ! ’
(T;’,(g)) <0 forr e (0,1). If also v (r) < CVT(T) and
¥"(r) < C’—V”r(r) forr e (0,1), then

1 N
/ CiESW(T)Jo(r|§’|)K(r)l/2+mrdr < C(l + |O‘|)

(14) 0 €3] ’

for all &, with C independent of .
Conversely, if v: [0,1] — R is convez and C3(0,1],

" !
(T::,(gg)) <0 for r € (0,1) and (14) holds for ~ and all of its

dilates v(8-), for 6 < 1, then v"(r) < C@, for all0 < r <1,
with C' independent of .
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b) Suppose that v: [0,1] — R satisfies v and ~' convez, °y € C%(0,1],
v € C%(0,1), 4(0) = 7’(0) =0 and (m <§>) <0 forr € (0,1).
If also, v"(r) < C’# (0,1) and some pu > 0,
then

1
/ &) Jo (e VK (1) /2 dr

0

C(1+|a)N
€3]

< ‘1og%+1 €3

for all &3.

Remarks. 1. In parallel with the two-dimensional case, the converse
statement in a) is a consequence of (13) and in fact the condi-

tion " (r) < C’@ is equivalent to (13), under the additional
1" /
assumption (T,Z, (£;)> <0.

2. If, in b), one adds the hypothesis that v (r) < C’@ " 7(1T)

for some p > 0 then one can obtain a similar estimate but with a
power of 37“ on the logarithm. See Proposition 5.1 below. There-
fore, with this extra condition the power of the logarithm may be

taken to be min{3£, & 4 1}.

3. For the example v(r) = e~ 7, one has T:y’:;ff)) ~ -1 and so the
conditions of b) hold but those of a) fail. This is in contrast to
what happens in two dimensions; the conditions of Proposition 3.1

are satisfied by this curve.

We shall prove only the converse in a) at this point, leaving the suf-
ficient conditions for decay to be dealt with simultaneously with the
higher-dimensional result in the following section.

Proof of the converse in Proposition 4.1a): Suppose that the stated de-

N 1/2
cay estimate holds. Then, by (13) we have foé (T:Z,(g)) v (r)ydr <

Cv(6). Using the assumption that (m ((7)’)) < 0 gives a lower bound of

" /
(‘2 (((;;)) ~(0) for the integral and this gives the result. O

5. Decay estimates for n > 4

We consider radial hypersurfaces I'(t) = (¢,v(]t|)) in R™, where n > 4.

We recall that Kr(t) = ~v"(|t]) ( Qf'))
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Following Lemma 2.1 we want inequalities such as

N

(15) / e(ig.F(t))¢(t)KF(t)B+ia dt| < C(l + |7a|)

t<1 €| (R~ DB
for some N > 0 and 0 < 8 < 1/2 with 8 = 1/2 being the key value.
Without the smooth cut-off ¢, one cannot hope for this decay to hold in
dimensions higher than 3, even for the nicest possible v, that is v(r) = 2.
This is because one cannot achieve decay better than @ near 1. It
follows that the restriction results one can obtain via decay estimates
must necessarily be of the form (2).

If we change to polar coordinates then (15) becomes

1
4 1 ,
(16) / Y (1) ————5 Jus (r|¢'|) K (r) T2 dr
0 (rlg’h=" *
C(1+ |a))¥
S i
where ¢ = (£1,&,...,&,-1) and Jana is the Bessel function of or-

der "T_?’ Throughout this section ¢ will be a smooth cut-off which

vanishes at 1. It need not vanish at 0.

Sufficient conditions for decay are given in the following proposition.
We note that although our primary interest is now n > 4, this result is
valid for n > 3.

Proposition 5.1. Suppose that v: [0,1] — R satisfies v(0) = ~'(0) =
0, v € C*2(0,1) where k = [2]. Suppose that v and v are convew.

A:(:; (r) <C"log ‘for some u>0,1=0,1,...,k+1, then

e’f”(r)d)(r) 71 —Jn
|/ (rle)"E

s (€ ()22

Ot 1aD™ | o
< W‘bg“ 2 |€n|’

Remarks. 1. Conditions could also be formulated to give decay for
8 <1/2.
2. For the full restriction result one needs to take p = 0; in this case
the conditions on ~y are closely related to the finite-type condition.
The lemma below clarifies this. First we recall (from [5]) that
(t,~v(]¢])) is finite-type m, m > 1, at 0 if v € C* is such that
7'(0) = 0 and m is the least integer such that v(™)(0) # 0.
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Lemma 5.1. Suppose that v: [0,00) — R.

a) IfyeC>®,v>0,v >0 and t;;g) < C then v is finite-type at 0.

@)
(1)
If v € C* with k > m then one also has

k=1

b) If~ is finite-type m at 0 then‘ ‘ ~C forr=0,1,...,m—1.

ty D (1)
(1)

< C forr =

Proof: a) t;’;g) <C = log% <log & = () = y(1)t° = 7 is

finite-type, since v € C'*°.

b) If 4(0) = 4/(0) = --- = 4™=V(0) = 0 and y(™(0) > 0 then
A () =t M (0) + O™ ) for 1 = 0,1,...,m and Y (t) =
¥ (0) 4+ O(t) for r = m +1,..., k. The results follow easily. O

We now turn to the proof of Proposition 5.1. We first need some
preliminary work.

ry Ot (r)

)

Lemma 5.2. Suppose < C‘log“ﬁ‘ fori=1,2,.... m+1

and some p > 0.

a) Then
()"

— ,rm—i-l
b) If also [|¢'| 4+ &Y' (r)| = clén|y/(r) then

fn’}// (m)
‘(m +m'> )| <

Proof: A straightforward calculation. O

™ Dk,il r
We now define D} f(r) = dir (m) DEf(r) = dir (4%/';5”{;(1))
for k > 2.

L ry D (r) po_1 _
emma 5.3. If O < C'llog G fori=1,2....m+1 and

some 1 > 0 and if ||€'| + &7 ()| > c|€n |y (r), then for some N > 0 and
all 0 < B <1/2, we have, forv >0 and 0 < a <1,

m B+ia v i ‘
or (k7o (7))
C(l + |Oé|)N / (n—1)8— —(n—1)8 1 1 1 m‘ /2 1
<——————/(r)\" My —in —logh——+—| |logh"’*—|.
e ) A ON 30




RESTRICTION AND DECAY FOR FLAT HYPERSURFACES 423

Proof: Let Hy(r) = (8 +i«) I]{('((TT)) + - k% and then observe
that

] r B+iagw
B (k2000 (2)) = S (L (7)o () i)

and

(e ()
K (r)ftiapy 1,/r r !
REEREGIE <<5¢’ (2)+o () mon)

+ (1¢ (5)+o (%) H1<r>) H2<r>> .

In general one finds

. K B4ia,.v
D (K50 () = e o)
a (1€ + &/ ()™

where F,,,(r) is an algebraic expression in

¢, ¢, 0™ Hy HYy, ... . H™ Y Hy, H, .. . H™? . Hy ;.
Using Lemma 5.2 we see that, for some N > 0,

|[Fon(r)] < C(L+]a)™ |1
tion that ||£'| + &£,/ (r)| > ¢|§n ]/ (r) we have

m
. 7(1,.) + %‘ and so using again the assump-

or (Kﬁ“““)”qﬁ (2))!
_ 40(1;|L2‘|)N7//(74)@7/(7«)(n—zw—mru—(n—m ’% log” 7(1T) N % "
< %7’(7“)("_1)5”"7”—("_1)5 %log“ %—F% m’ #/QW )

O
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Proof of Propositions 5.1 and 4.1b): In both propositions the integral
over [0,771(1/|¢,])] is dealt with via a size estimate. We first note that
if a < e ! and o > 0 then

“ 1 1
(17) / log® — du < Cpalog™ =
0 u a

To see this we integrate by parts:

e 1 1 @ 1
/ log® — du = alog® — + a/ log® ™! = du.
0 u a 0 u

1 -1

< log®™! L for all u € (0,a) and since a < e
%. This then gives

If & <1 then log®™
this is bounded by log

1 <
u
(67

@ 1
/ log® = du < (14 a)alog® =
0 (3

If @ > 1, we integrate by parts repeatedly until the logarithm in the
integrand has a negative exponent and then argue in a similar way.
We now consider

Y 1/ 1€n )
/ K(T)l/zrn_2 dr
0

“H(1/1€aD) (n—2)/2
— /’y ’}/N(’I")l/Z (7/(70)) ,r,n—2 dr
0 T

“H1/1€nD)
< O/A/ ry/(r)(nfl)/Q
0

7' (r)

(n=3)/2 4.

1
logh/? —|r
(r)

using the assumption that v (r) < C ‘log“ ﬁ .
If n = 3, this is

v/l )) TesT
/ v (1) dr:/ log
0 ( ) 0

< e, wecan apply (17) to obtain a bound of & T |

/2 1
U

logh/? —— du.

For \E n/2 |§3|‘

In all dimensions, for o 5 | > e~ !, we have the trivial estimate

log/? [&] .

7 ()
/ ()1/2n2dr<c<
0

€l
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We now consider the case n > 4. From the argument above we see that
we may assume that \ELI < e~ 1. Then we use the additional assumption

that 7/(r) < CW(T)

log* ()

-1 n—1
/v (1/1&1) <fy’(r)) 7 log“/2< 1 )
0 r v(r)
771(1/|€n|) (n73)/2
y(r
</ (1) o
0 T
1
/\snl n—3
= u 2
0

Cu 1 |opn®2
S |€n|(n_3)/2m ’IOg 2 |€YL|

"2 dr

n—2 1
log () < >
v(r)

rn=3)/2 4.

logh(*72) 1
u

du

)

by (17), which gives us the desired estimate.

For the integral over [y~1(1/]£,|), 1] there are several cases to consider.
We shall assume that |¢/| > 1 since the argument simplifies otherwise.
This gives us two cases to consider.

Case 1: y~1(

1 N
e < T

In this case we take ¢ to be a smooth cut-off which takes the value 1
on [0, 1] and vanishes at 1. Then we need to estimate

/S_ 1§n'y(r)¢(r)¢1 <7‘|€/|) 1 . Juos (T|€/|)K(T)%+iarn—2 dr
v (rlgh—= =2

and

19)
1

420909 (101 ("5 )) g e Gl DRI -2

Here and throughout this proof we shall replace the Bessel func-
tion J n-s by the leading term in its expansion. The remainders are

1
1€

dealt with by similar arguments. See [26, Section 7.21 and Section 3.1]
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for the asymptotic expansion and the series expansion for small argu-
ment respectively. Thus, instead of bounding (18) and (19), we shall
bound instead

27 4 ! .
(20) /\5 [ ezgn'y(r)(bl (Tls |) K(,r)%—&—za,rn—Z dr
7 )
and
1 !
X , r
Q1) | [, Do) (101 (75 ) st
1€’

We consider (20) for Proposition 4.1b) (n = 3) first. We remind the
reader that the conditions are slightly different from those in Proposi-

tion 5.1. In particular (T;*,”) is assumed to be decreasing. For notational

simplicity we let a =~ (I & ‘) Integrating by parts once gives a bound

of
C | K'2(a)a Edl .
&4{ ), ’ }

(;) SC’log“ 7a)’1<0‘log”/2 |§3\‘.

o1 (S5 K () /2oy
dr v (r)

Our assumption that T;’, (

ives
& v (a)

1
y(r)
For the integral we also use the monotonicity condition on T;*,

a bound of
C(+ |af) <T|§’|)‘K(T)1/2 .
& {/ i SO

[ () ] )

C(1+a]) [ K(a)/a ©1"(r)
=l {Wa) <”/a (1) dr)
K

to obtain

—~
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We now note that integrating by parts we obtain

OK'(r) v /s_ (7”(7«) 1) K(r)Y/2r
——dr < + - dr
o K@) o () ) A
1/2, e
< CK(CIL) /‘5‘ 7/(7“) dr
() Jo o ()
So we finally obtain a bound of % ‘log“/2 |§3|‘ {1 + |log V,Y(,g) },

which gives the estimate Ctla]) ‘log% gy

[€3]

. v (7&)
estimate ) < ~ (a) < Cl&s).
We now estimate (20) under the conditions for Proposition 5.1. First
we define [)k exactly as we did D¥ but with |¢/| = 0. We again take
a=y"1(2 e ‘) Integrating by parts repeatedly leads to an upper bound

of

, since we have the trivial

K(a)l/Zan72 k—1 1

@ 2 W

D} o (151 ) o2 @

L
+ / ol 7'5n"/(7”)Dk |:¢ <T§/|) K(T)1/2+io¢,rn—2:| dr
=A+B+C.
Using the assumptions that 7" (r) < C1- (T) log" Wﬂ) and

~'(r) < C@ ‘log" ﬁ‘ allows us to bound A as follows;

c n=3 n=3
A (@0 Jlog 2 6
c n=3 n_2
< e @ Jlog T e

n=2
Gl

<

nl "2
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For B we use Lemma 5.3;

k—1
n—3

1
B<C(+la))) WV’(Q) 2
i=1 "

—j n=8 1 '
o ‘Elog“ €] + 11| og™’2 [£,|

IOgH/Q |§n| k-1 n—3 . i
< OO+l o 3 flog 70 | log” 6ol + €]
n| 2 i=1

n—3
log""27) &,
&

<C1+ |a))- =

Finally Van der Corput’s lemma and Lemma 5.3 give

) C(1+ |a])N [log/? |£n|’ oy ene Lo L i k
< max ' (r r —logh —
& ¥ 19/ (a) (0,727 ro (r)
_ GO+ )Y flog ™1/ g, | NICE
< max '(r) 2 "roz 7",
[&n |1/ (a) [, 727
The required estimate follows on choosing k = [g] and noting that

7' (a) = y(a)/a.

This completes the estimates for (20); we now turn to (21). How
we proceed depends on whether or not the phase function has a critical
point in the interval of integration.

We take first the case when |£,7/(r) + |€'|| > ¢|&.y/'(r)] for all r €
[Ifl_’l’ 1]. As before we shall consider the three-dimensional case first. In
this case ¢(r) = 1 on the interval of integration. We note that the cut-off
[1-— gbl(%g/l)] vanishes at ﬁ

Integrating (21) by parts once gives a bound of

c KY?1) ¢ /1

+ dr.
&sller /2 v (1) e o

1€

d [ = o B K)o
r &0 + €




RESTRICTION AND DECAY FOR FLAT HYPERSURFACES 429

The estimate of the integral is similar to that needed for the integral
over [a, |£2—,|] With our assumptions on v we have

C(1+|a|) 1 1¢/] rle| (r )1/27"
Al ¢1< : )\Wdr

1€7]
1 1_

1
1e’]

+

1/2

1 2
L CUt o) K(gep)” 5' Lo
- ! /
sl Y (e 3 ()
1+ (1
< Gl \1og“/2|53|\ 110 T0LA
1] V' (fe7)

which gives the required estimate.
For n > 4 we integrate by parts repeatedly again, noting that this
time the cut-off vanishes both at 1 and ﬁ This replaces (21) by

! i r)+rlE’ ré‘ i
S| e 5>D1;{¢( )<1 d)( | |>> ()12t } 0
1= €]
Van der Corput’s lemma and Lemma 5.3 allow us to bound this by
N n(k+1/2) et
C(1+ al) | e
SRl i i/

C1+lal™ [tog"*172 g |
al¥l1 7

The required estimate follows on choosing k = [%]
Next we suppose that the phase function has a critical point in [I £1 T 1].

n—1_
max 7' (r) 2 k.

[\§I7]

So we take tg such that v/(t9) = ‘5 ’ We also take t; and t5 to be such

that 7/(t1) = ’E ‘ and 7/ (t2) = 2 ‘E ‘ and we assume that IE I <t <

tg < ta < 1. Of course, it could be that t; and/or ¢o lie outside the
interval of integration, however these cases can be treated in a similar
manner.
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For all dimensions n > 3 we use Van der Corput’s lemma to give

1 " i ) rl¢'] 12 4ia, n52
= e'sn? o(r)y(1—¢ 5 K(r) rz dr
&1 [
< Cl+]al) JZ_';J') L/K(tl)l/%f1 =R
= 1¢]
C 1+ [0 n—2
< ditlel ,a| |)7”(t1)1/27/(t1) >
1€’
_ C(1+]al) (m”(u))“ Y ()T
[k Y (t1) 1/
C(l+|a])| & T
< (|§/%| |) g_n |5,|1/2‘10gu/2 |£n“
< % 105" €.

Again, for all dimensions n > 3, for the integral over [t1,t2] we use
convexity of v and ' together with Van der Corput with the second
derivative to obtain

1

n—2

&=

ta
/ (e HET) 5 (1 _ (#)) K(r)/2He 22 gy
t1

2

C(1+ |af) 7" (t2)Y2 (t2) "=
&1 [&alY2y (8) 12

n—2
2

4
£

C(1+ |a]) <7”(t2))1/2

T g2 N ()

CC(L+a)) (7 (t2)\"?
e (v”(h)) '
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Now

"(t 1
’y”(tg) < Y ( 2) llog,u

ta v(t2)

IN

"(t1) t
oD oy g
1 2

< Cy"(t1) log" €l ,

which gives the upper bound of @ ‘log“/2 |§n|‘ for the integral.

For the remaining part of the integral we need to deal with the
case n = 3 separately. The argument for n = 3 follows that used for
[ﬁ, 1] in the case where there was no critical point in the interval. For
n > 4 we also follow the argument used in that setting and integrate by
parts repeatedly. This gives

W /1ei(£w(r)+|£'|r)¢( )(1 o (Hf')) K(r )1/2+iar(n_2)/2 dr
n— t
< 1 {’)/”(tg)l/Q’}/(tQ)("_Q)/Q
T2 ey (k) + €]
BT [( L |

+ /tlDl’f {(b( )(1 ¢1(7‘|§ |>) (r )1/2+iar(n—2)/2} i Env (N +IE ) gy

=A+B+C.

|

N () T |log” /2 3y | |log"/? |¢.,]|
2) n
NOWA<C &/ |"/2t1/2 SC P n;l

estimate the terms in the sum for B. This gives

. We use Lemma 5.3 to

(i+1/2)
v(t2)

k—1
C(1+ Jah™ P
B < |§/|n/2 E |§ |Z t2 i, 27" |log

N
- c +n|f¥1|) ‘1Ogu(k—1/2) |£n|‘ .
1€n| 2
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Finally Lemma 5.3 and Van der Corput’s lemma give an upper bound
for C:

1

c(1 N _ o
< COAIaDT o2t gm0 6| ma (1) 25 .

S [t2.1]

If we choose k = [%] this gives us the desired bound.

Case 2: % < 'y_l(ﬁ).

gl

In this case we need to bound

1

Il

1
/ ez‘(&m(r)wlﬁ/l)(b(r);((r)1/2+iar"T’2 dr
Y (Es)

All the arguments are similar to those already given. This completes the
proof of Proposition 5.1. O
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