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SMASH (CO)PRODUCTS AND SKEW PAIRINGS

J. N. ALONSO ALVAREZ, J. M. FERNANDEZ VILABOA AND
R. GONZALEZ RODRIGUEZ

Abstract

Let 7 be an invertible skew pairing on (B, H), where B and
H are Hopf algebras in a symmetric monoidal category C with
(co)equalizers. Assume that H is quasitriangular. Then we ob-
tain a new algebra structure such that B is a Hopf algebra in the
braided category g;)/D and there exists a Hopf algebra isomor-
phism w: Boo H — Bi<;H in C, where B oo H is a Hopf algebra
with (co)algebra structure the smash (co)product and B < H is
the Hopf algebra defined by Doi and Takeuchi.

1. Introduction

The smash product algebra and the smash coproduct coalgebra are
well know in the theory of Hopf algebras. If B and H are Hopf algebras
Radford [10] found necessary and sufficient conditions for the smash
product algebra structure and the smash coproduct coalgebra structure
on B®H to afford B® H a Hopf algebra structure. Also, in [10], Radford
describes completely the structure of Hopf algebras with a projection.
Assume B and H Hopf algebras and j: B — H anf f: H — B Hopf al-
gebra morphisms such that jo f =idgy. Then, B decomposes as a tensor
product D oo H where D is a Hopf algebra in the braided monoidal cate-
gory of Yetter-Drinfeld modules and oo denotes the smash (co)product.
Afterwards, Majid in [8] and Bespalov in [2] obtain a braided interpre-
tation of Radford’s theorem. In [1] this result is proved in the context
of braided categories, using the notions of H-Cleft comodule (module)
algebras (coalgebras). On the other hand, Doi and Takeuchi in [6] stud-
ied the double crossproducts B < H. These are determined by an skew
pairing 7: B® H — K where B and H bialgebras. When B and H are
Hopf algebras and 7 is a convolution invertible skew pairing, (B, pp =
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(T@Bo71 1) o(B@H®Ip®@H )odpgmocy, i) is aleft H-module coalgebra
and (H, vy = ((tocyp)@H® (17 ocy p))o(H2 BRIy @ B)odugn)
is a right B-module coalgebra. The construction of B i<, H is an ex-
ample of Majid’s double crossproduct B 1 H [9] because the Majid
double crossproduct is defined as coalgebra B <1 H = B ® H and the
product is equal to the one defined in [6] for B, H. In [6], it is
shown that, if H is quasitriangular, there exists a Hopf algebra projec-
tion g: B, H — H and therefore, using the Radford’s theorem, it is
possible to find D € YD such that D co H is isomorphic with B>, H.
In this paper we prove that the Hopf algebra B <, H, defined by Doi
and Takeuchi, is an H-Cleft comodule algebra and an H-Cleft module
coalgebra and then using Theorem 3.2 of [1] we show that the object D
such that D oo H =~ B, H is B with a modified Hopf algebra struc-
ture. As a consequence, we obtain that (B, ¢p) is an H-module algebra
too. Analogously, we have a similar result for the dual case studied by
Caenepeel, Dascalescu, Militaru and Panaite in [3]. The proof can be
derived easily from the one developed in Theorem 4.1.

2. Preliminaries

We assume the reader is familiar with the machinery of monoidal
categories. Details may be found in [7]. By (C,®,¢, K) we denote a
strict symmetric monoidal category with (co)equalizers where ¢ is the
natural isomorphism of symmetry and K is the base object. For every
object A in C, id4 denotes the identity morphism.

An algebra in C is a triple A = (A,n4,14) where A is an object
inCandna: K — A, pa: A® A — A are morphisms in C such that
pao(A®na) =ida =paoMa®A), pao(A®pa) = pac(pa®A).
Given two algebras A = (A,na,pa) and B = (B,np,pB), f: A — B is
an algebra morphism if ug o (f ® f) = fopa, fona =np. Also, if
A, B are algebras in C, the product algebra is AB = (A® B,Nagp =
Na ®Np, kags = (ta @ pp) o (AR cp 4 @ B)).

A coalgebra in C is a triple D = (D,ep,0p) where D is an object
inCandep: D — K, dp: D — D ® D are morphisms in C such that
(5D®D)05D =idp = (D®5D)05D, (5D®D)O(5D = (D®5D)06D.
If D= (D,ep,dp) and E = (E,eg,dg) are coalgebras, f: D — E is a
coalgebra morphism if (f @ f)odp = dgo f, ego f = ep. When D,
E are coalgebras in C, the product coalgebra is DE = (D ® E,epgr =
Ep ®eg,0pgr = (D®cpp®E)o (0p ®Ik)).

Let D be a coalgebra and let A be an algebra. By Reg(D, A) we
denote the set of invertible morphisms f: D — A in C respect to the



SMASH (CO)PRODUCTS AND SKEW PAIRINGS 469

convolution operation f*g=pa 0 (f ®g)odp. Reg(D, A) is a monoid
where the unit element is ep ® n4.

Let A be an algebra. (M, 1)) is a right A-module if M is an object in
(Cyc)and ¥pr: M®A — M is a morphism in C satisfying ¥po(M®n4) =
idpr, Yo (Y ® A) = Yar o (M @ pa). Given two right A-modules
(M,4nr) and (N,¢n), f: M — N is a morphism of right A-modules if
Yy o (f®A) = foy. We denote the category of right A-modules by
Ca. In an analogous way we define the left A-modules and we denote
this category by AC.

Let D be a coalgebra. (M,py) is a right D-comodule if M is an
object in (C,c¢) and ppr: M — M ® D is a morphism in C satisfying
(M ®ep)opy =idar, (o @ D)o par = (M ® 5p) o par. Given two
right D-comodules (M, par) and (N, pn), f: M — N is a morphism of
right D-comodules if py o f = (f ® D) o ppsr. We denote the category of
right D-comodules by C”. Analogously, ”C denotes the category of left
D-comodules.

A bialgebra in C is an object H with algebra and coalgebra structures,
and such that ey and dy are algebra morphisms (equivalently g and
wp are coalgebra morphisms). We say that H is a Hopf algebra if there
exists a morphism Ag: H — H which is convolution inverse to the
identical map. We call Ay the antipode of H.

If H and B are bialgebras f: H — B is a morphism of bialgebras if
f is a morphism of algebras and coalgebras. Moreover, in this case if H
and B are Hopf algebras, is not difficult to see that Ago f = fo Ay and
then we will say that f is a morphism of Hopf algebras.

Let H be a Hopf algebra in C. Let M be an algebra (a coalge-
bra) such that (M,vp) is in Cy (vesp. (M, pp) is in gC). We say
that M is a right (resp. left) H-module (co)algebra if ny; and pupr (eas
and dp7) are morphisms of right (resp. letf) H-modules. If (M, pys) is
in CH (resp. (M,ry) is in C). We say that M is a right (resp. left)
H-comodule (co)algebra if nys and pps (ear and dp7) are morphisms of
right (resp. letf) H-comodules.

We say that a right H-module coalgebra (M, yy) is H-Cleft if there
exists a cointegral g, i.e., an H-module morphism in Reg(M, H). Re-
placing g by ((eg 0 g™!) ® g) o 6yr we may assume that e o g = e).
In this case, we will say that ¢g is a total cointegral. Analogously, a
right H-comodule algebra (M, pys) is H-Cleft if there exists an inte-
gral f, i.e.,, an H-comodule morphism in Reg(H, M). Replacing f by
par o ((f~tony) ® f) we may assume that f o ng = nas. In this case,
we will say that f is a total integral.
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Let H be a bialgebra in C, (A;pa) be a left H-module algebra. We

define
NAtH = 1A @ NH,
0(ARop ®A®H).

It is well know that A H = (A ® H,nagu, pagr) is an algebra in C,
called the smash product.

On the other hand, if (A4,r4) is a left H-comodule coalgebra, we have
that A H = (A® H,€Axcr,0AxcH ), Where e aacyr = €4 ® e and
dach = (AupRARH )o(AQH®cA, g @H)o(ARraQHRH )o(64®05),

is a coalgebra, called the smash coproduct.

3. Two-cocycles and skew pairings

Let H be a bialgebra in C. A morphism ¢ € Reg(H ® H, K) is a two
cocycle if
co(H®p,u)=00(u,z®H)

where U, H = (O’ & NH) o 5H®H-
It is well know (see Theorem 1.6.a of [5]) that if ¢ is a two cocycle we
have the next equalities:

a) (00 (ng @nm))* (0=t o (ng @nm)) = idx,

b) co(H®ny)=eg =00 (nug® H).
Moreover, if H is a Hopf algebra o o (H ® Apy) € Reg(H ® H, K) has
inverse 0! o (A\y ® H).
Proposition 3.1. Let H be a bialgebra in C and let o be a two cocycle
in Reg(H ® H,K). Then:

a) The triple (H,nm, 1) is an algebra in C.

b) The triple (H,nm, pu__, ) is an algebra in C, where pg__, = (pp®

0'71) o 6H®H'

Proof: We show b). The proof a) is analogous and we leave the details
for the reader. Trivially, ug__, o (ng ® H) =idy = pu__, o (H @ nu).
Finally,

pr, o (b, , © H)

=pno(Hepg)o(HeHOH® (07 o (um,_, ® H)) o dnensn
—pugo(HOpuy)o(HRH®H® (07 o (H®pm, _,))odngnen
=pu,_, o (H®pm,_,). O
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Proposition 3.2. Let H be a Hopf algebra in C and let 0 € Reg(HRH,K)
be a two cocycle. Then

H? = (H, 77H7M(UH)U,175Ha6H7/\H”)

is a Hopf algebra in C where Age = (f @ A\g @ f~1) o (H ® 6g) o 0g
and f = oo (H® Ag)ody is a morphism in Reg(H, K) with inverse
fl=0c"to(Ag® H)ody.

Proof: See 1.6(b) of [5]. O

Let B and H be bialgebras in C. A morphism 7: B H — K is called
a skew pairing on (B, H) if:

a) To(up@H)=(T®7)o(B®cpu®@H)o(B®B®Joy),

b) To(B®puu)=(1®7)0o(BRcpy®H)o(dp®cu,n).

As a direct consequence of a) and b), if 7 is a convolution invertible skew
pairing on (B, H), then 1o (np ® H) = ey and 7o (B®ny) = £p.

Let 7 be a convolution invertible skew pairing on (B, H). Then the
morphism o, = ep @ (Tocy,p) ®ey is a two cocycle in Reg(B® H ®
B ® H,K), with inverse 07! = ep ® (17 o cy ) ® £, called the two
cocycle associated with 7 (1.5 of [6]).

Let H, B be Hopf algebras in C and let 7 be a convolution invertible
skew pairing on (B, H). Then (B, ppg) is a left H-module coalgebra and
(H,vpg) is a right B-module coalgebra, where

op=(T®@B®7 ) o(BH®ép®H)odpeynocup,
Y= ((rocup)®H® (t" ocyp))o(HR®B®Iy®B)odugs.

The object Bi<, H = (B ® H,NBgH, B, H,EBoH OBoH, A\Ba, H) 1
a Hopf algebra in C where

pBea, g = (B @ pr) o (B ypp @¢Yy @ H)o (B®dygp ® H),
ABra, H = (¢B @ YH) 0 dngr © (A ® AB) o cB,H.

)
)

[©]
[¢]

Moreover, if o, is the two cocycle associated with 7 then the Hopf
algebras (B ® H)° and B, H are the same [6] and [4].

4. The Hopf algebras B < H and B co H
A quasitriangular Hopf algebra in C is a pair (H,R) where H is a
Hopf algebra in C and R is a morphism in Reg(K, H ® H) such that:

a) (g ®@H)oR=(H®H®py)o(H®cgn®H)o(ROR).
b) (H®dp)oR = (up @cpm)o(H®@cyn®@H)o(R®R).
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C) UHQH © ((CH,H o 5H) ®R) = UH&H © (R@ 51—1)
If (H,R) is a quasitriangular Hopf algebra in C, it is not difficult to
prove that the morphism R obeys:

1) (tg®@H)oR=ng=(H®®ecg)oR
2) (pr@pg@pr)o(HOcan@cun@H)o(RIRAR)
=g @HQ (pgocunu)o(HIHQcyuy @ H)
o(H@cagu®@(procun)@H)o (ROIRR)

3) R'=Q0g®@H)oR
4) Ag@Ag)oR=R
5 (H®Ag)oR '=R
6) (tHeon ®H)o(HR®H®dy @ H)o (R®R)

=(H®pugn)o (HRR®@0y)oR.

Let H be a Hopf algebra in (C,c). Let (M, par) be in gC and (M, ray)
be in #C. We say that (M, par,rar) is in BYD if oy, and 7y satisfies
the compatibility condition:

(pr @ M)o(H®@cym)o ((raopn)®H)o (H ®cmr)

o(bp@M)=(pr®@eom)o (HQcuu®@M)o (g ®run).

If B is a Hopf algebra in g)}D with antipode Ap then

BooH = (B® H,nBtH, BiH,EBxH > OBocH )
is a Hopf algebra in C with antipode

ABoor = (pp @ H)o (H®ch,p) o (0g ® B)o (Ay @ Ap)
O(MH®B)O(H®CB7H)O(TB®H)
(see [2] for more details).

Theorem 4.1. Let B and H be Hopf algebras in C. Assume that H is
quasitriangular. Let 7 € Reg(B ® H,K) be a skew pairing on (B, H).
Then B is a Hopf algebra in the category YD and there exists a Hopf
algebra isomorphism w: Boo H — B, H.

Proof: By 2.5 of [6], g: B>, H— H, defined by

g=T®procau))o(BRcuu®H)o(BoH®R)

and f =np ® H: H — Bix; H are Hopf algebra morphisms such that
go f=1idyg. Then (B, H, pps. ) where

PBMTH = (B®H®T®(/LHOCH,H))O(B@H@B@CH’H@)H)O(6B®H®R)
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is a right H-Cleft comodule algebra with total integral f and (B, H,
YBea, i1 = B ® ppr) is a right H-Cleft module coalgebra with total coin-
tegral g. Thus, applying 3.2 of [1], the object (B i<, H)q defined by the
equalizer diagram

. PBr<ar+ H
(B, H)g ==, Boa,H ________, B, H® H
B<i- HQnu

is a Hopf algebra in £YD such that (B>, H)g oo H and B <, H are
isomorphic Hopf algebras. Moreover, (B <, H)? defined by the coequal-
izer of Y¥pu. i and B ® H ® g is such that (B, H)? = (B, H)g
and therefore (Bi<, H)? = (B, H)o = B because the coequalizer mor-
phism of ¥pw, g and B® H @ ey is p = B ® cy. As a consequence,
(B,nB,mB,sB,éB, SB) where mp = HUB © (B [029] ‘PB) o (ilel,-H X B) and
sp=(T®¢p)o(B®R®Ag)odp is a Hopf algebra in ZYD.

The isomorphism w between B oo H and B i< H is w = fppq. g ©
(tBoa, H® f). Note that w = (BRT®pm)o(dp@HRAg®H )o(BAR®H)
because

iBra, H = 1By, H PO (B ®@nNH)
= Upsa, i © (B H® f) 0 ppoa, i 0 (B np)
= B, © (B H @1 @A) 0 ppsa. i © (B®np)
=(B7Ag)o(lp®@R).

Finally, we compute (g, ), and r(ps, i),

1B, H © P (B, H),
= UBra, 7 © (B® H ® (B, H © CBoH,BoH))
o(f® [ ®ips,u)o (6 ® B)
=BRpun)o(ppR@Yg T p)o (dngp ® BRH @Ay @ H)
o(H®dép®@R®H)o(H®cyp)®(H®A\g®B)o(dg ®B)
=Boug)o(pp@YgRTRH) 0o (0pep@BRH® (Ag o jug o chm))
o(H®6p@R®@ H)o(H®cyp)o (6g @ B)
= iBpa, H © PB-
Thus, ©(Bea, 1), = P © iBra, H © P(Bra, H), = P © iBea, H © $B = ¥B

and, as a consequence, the left H-module coalgebra (B, ppg) is a left
H-module algebra too.
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On the other hand,

T(Bxi-H),

(9 ®p)odpem ©ips,
(TQcpu)o(BRHRIBRTQuy)o(BRH Qg QcuypyAy)

0c(BRecpu®HQQHQH)o (g @ RQR). O
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