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A low-order model is presented to study the propagation and interaction of acoustic and entropic 

perturbations through a convergent-divergent nozzle. The calculations deal with choked, unchoked, as well 

as compact and non-compact nozzles. In the choked case, a normal shock exists in the divergent section of 

the nozzle. Firstly, for circumferential waves and for a compact choked nozzle we show that the pressure, 

entropy and vorticity perturbations at the nozzle outlet can be obtained directly from the perturbations at 

the nozzle inlet. Thus, for the choked case there is no need to model either the linear waves or the mean 

flow within the nozzle. The, to validate the models developed, cylindrical configurations corresponding to 

Entropy-Wave-Generator (EWG) and Hot-Acoustic-Testrig (HAT) of DLR are studied. For the EWG, an 

entropy wave is generated upstream of a nozzle by an electrical heating device, and for the HAT a speaker 

is used to generate pressure waves. In these two configurations and for the choked case, the supersonic 

region between the nozzle throat and the normal shock is assumed to be acoustically compact. The results 

of the low-order model are found to give excellent agreement with the experimental results of the EWG 

and HAT rigs. To give insight into the physics, the model is used to undertake a parametric study for a 

range of nozzle lengths and shock strengths. The low order model is finally used to calculate the direct to 

indirect (entropy and vorticity) combustion noise ratio for an idealised thin-annular combustor. For this 

model combustor the direct acoustic noise is found to dominate within the combustor while, the entropy 

indirect noise is found to be the main source of noise downstream of the choked nozzle. The indirect 

vorticity noise has a negligible contribution.  
 

 

I. Introduction 

OMBUSTION noise is becoming increasingly important as a major noise source in aircraft [1, 2]. This is 

partially because advances in the design of aircraft have reduced other noise sources such as jet, fan and external 

aerodynamic noise [3, 4]. Furthermore, modern low-NOx combustors show a considerable increase in noise 

emission [5]. This is because lean premixed and stratified combustion burns more unsteadily and is also 

susceptible to an instability arising from the feedback interaction between unsteady combustion and acoustic 

waves [6, 7]. Even when the self-excited instability has been eliminated by a careful combustor design, the 

combustor generates substantial broadband noise. It is therefore important to investigate this broadband 

combustion noise and develop methods to predict and reduce it.  

The total noise radiated by a gas turbine combustion chamber system consists of ‘direct’ and ‘indirect’ combustion 

noise [2, 8, 9]. Fluctuation in heat release from the turbulent flame generates acoustic waves, and these and their 
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reflections from the combustor boundaries constitutes the ‘direct’ combustion noise [9]. This noise propagates 

from the combustion chamber through the turbine and jet to the far field. The ‘indirect’ combustion noise is 

generated when the gas with a non-uniform entropy or vorticity distribution is accelerated, as it is when the 

unsteady products of combustion are convected through the nozzle located at the downstream outlet of the 

combustion chamber in a gas turbine [8]. Indirect noise in a similar way to the direct combustion noise can 

propagate through the turbine and also can reflect back into the combustor. It is often called ‘entropy noise’ and 

was first investigated analytically by the early works of Marble & Candel [8] and Morfey [10] in the seventies. In 

a recent review by Ihme [2] a new indirect noise-source contribution arising from variations in the chemical 

potential by mixture inhomogeneities is identified. Combustion noise has been found to be important at low 

frequencies [11] and in the gas turbine geometry indirect noise dominates direct combustion noise at low 

frequencies [3, 12, 13]. In a detailed review by Morgans and Duran [14], five stages of flow physics have been 

identified as being important for entropy noise in gas turbines. These being (1) generation of entropy waves by 

unsteady heat release rate; (2) advection of entropy waves through the combustor (3) acceleration of entropy 

waves through nozzle guide vane and turbine blade rows that generates entropy noise (4) passage of entropy noise 

through a succession of turbine blade rows to appear at the turbine exit and (5) reflection of entropy noise back 

into the combustor, where it may further perturb the flame, causing the combustor thermoacoustic instability. 

Previous studies have analysed the propagation and generation of sound by the passage of acoustic and entropy 

perturbations through a nozzle (e.g. [8, 15-21]). Marble & Candel [8] considered linear, one-dimensional waves 

incident on a choked compact nozzle. The compact approximation works well when the nozzle is much shorter 

than all the wavelengths. The compact nozzle theory of Marble & Candel [8] was extended by Cumpsty & Marble 

[22, 23] and Cumpsty [24] to study entropy noise produced in a gas turbine at the combustor outlet and turbine 

blade stages. A significant increase of entropy noise generation was found with the increase of pressure drop over 

a turbine stage.  

The compact solution of Marble & Candel [8] has been extended to non-compact nozzles in the linear regime 

for choked nozzles with a shock [20, 25, 26], or with an isentropic supersonic expansion [27], and for subcritical 

nozzles [28]. Stow et al. [20] and Goh & Morgans [25] used an asymptotic expansion of the linearized Euler 

equations to show that slightly non-compact nozzles can be modelled through use of an effective nozzle length 

that is slightly longer than the physical length. Stow et al. [20] studied both analytically and numerically the 

reflection of downstream propagating acoustic, entropic and vorticity waves incident on a choked exit nozzle. 

They found that the compact choked nozzle boundary condition of Marble & Candel [8] is applicable even for 
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circumferential waves in an annular geometry. Goh & Morgans [25] used an asymptotic analysis of linearized 

Euler equations to determine analytical solutions to the nozzle response to incoming acoustic and entropic 

disturbances for the various flow configurations. For non-compact choked nozzles with a supersonic diffuser [27] 

and for subcritical non-compact nozzles [28], the linear transfer functions have been calculated numerically and 

analytically for the upstream and downstream acoustic waves generated by an incident entropy disturbance. Duran 

& Morgans [29] studied numerically using high resolution 1-D and 2-D computations the propagation of 

circumferential waves (acoustic, entropy and vorticity waves) through an annular non-compact nozzle with 

isentropic mean flow throughout the divergent section of the nozzle (i.e. with no shocks). They concluded that 

circumferential entropy waves generate vorticity when accelerated. This vorticity wave originates due to the 

baroclinic torque as shown in the analytical study of Dowling & Mahmoudi [3].  

Comparison of the magnitudes of direct and indirect combustion noise requires an analysis of the linear waves 

generated by unsteady combustion to be coupled of their interaction in the nozzle. Leyko et al. [17] aimed to 

quantify the direct and indirect noise generated by unsteady combustion in a straight duct with a choked exit 

nozzle. They neglected any flow variation over the duct cross-section and also assumed that there was negligible 

mean heat input from the combustion so that the mean flow parameters upstream and downstream of the flame 

could be assumed to be equal. They also assumed that the mean flow is isentropic throughout a compact 

convergent–divergent nozzle. With those approximations, they showed that at low frequencies the approach of 

Marble & Candel [8] agrees well with the numerical results obtained by solving the Euler equations. It was also 

found that [17] the ratio of indirect to direct noise is small for laboratory experiments. But for commercial 

aeroengines at takeoff the outlet Mach number is about 2.0 with an inlet Mach number of about 0.05 and in such 

conditions, the indirect combustion noise can be more than 10 times as important as the direct noise. This 

conclusion was quite over-simplified because, in a real engine, the strong azimuthal deviation of flow within the 

turbine stages have to be taken into account as well as the blade loading and blade rows spacing [17]. Nonetheless, 

their approach confirmed the importance of indirect noise as a main contributor of core noise in combustors. 

Duran & Moreau [26] studied numerically the ratio of indirect to direct noise for both subsonic and choked nozzles 

for different frequencies and again neglected any mean heat input. They studied the axisymmetric nozzle geometry 

of Bell et al. [12] and only considered the converging section, for simplicity. They found that for high frequencies, 

the ratio of indirect to direct noise decreases as frequency increases. This means that indirect noise is only 

significant at low frequencies and can be neglected at high frequencies. Recently, Huet et al. [30] conducted 

experimental and numerical studies to investigate contribution of direct and indirect sources to the combustion 



 

 

4 

 

noise generated inside a high-pressure combustion chamber with a chocked nozzle at its outlet. They results 

showed the predominance of the direct contribution for the noise reflected by the nozzle, with the nozzle being 

fully reflective to the acoustic forcing.  

It is difficult to experimentally separate direct and indirect combustion noise in practical configurations. This 

is partly due to the extreme operating conditions which makes measurement within the combustor difficult. In an 

attempt to separate the two noise sources, Muthukrishnan et al. [31] used coherence analysis to separate the two 

noise sources in a test rig of an aero-engine combustor. They found that if the combustor is choked at the exit the 

broadband indirect entropy noise is the principal source of the engine core noise. Bake et al. [32-34] revisited the 

problem on small-scale generic test rigs called Entropy Wave Generator (EWG) and Vorticity Wave Generator 

(VWG) [35]. They showed that small non-uniformities of temperature and vorticity can indeed generate 

significant noise when accelerated within a nozzle. Very recently in another experimental programme, DLR 

studied the noise generation in the Hot Acoustic Test rig (HAT) [36] by investigating the sound propagation 

through a nozzle and sound generation when cold air spots are injected into a hot mean flow. They found that the 

injection produces cold spots which propagate with the mean flow towards the nozzle and can produce noise. The 

amplitude of the pressure peak was found to depend linearly on the temperature difference between the cold spots 

and the mean flow when other flow parameters were kept constant [36]. 

The DLR EWG experiment has been investigated in a number of theoretical and numerical studies (e.g. [18, 

37]). For an axisymmetric configuration, Leyko et al. [18] using the compact nozzle approximation of Marble & 

Candel [8] and considering reflection from EWG rig outlet found excellent agreement between their analytical 

solution and experimental measurements. In addition to the choked isentropic nozzle studied by Leyko et al. [18] 

a subsonic configuration has been studied by Giauque et al. [28] and Duràn et al. [38]. The analytical results of 

Duràn et al. [38] based on a compact nozzle hypothesis for unchoked subsonic nozzle showed that the strength of 

the indirect noise is two orders of magnitude smaller than the direct noise. This finding suggested that the 

measured pressure waves at the outlet of EWG were not caused by entropy waves. These studies on EWG further 

clarified the major importance of modeling the impedance terminations of the test rig to obtain accurate results. 

Thus, in a study of  Lourier at el. [39] different approaches for setting up the characteristic boundary conditions 

were reviewed. In addition, they obtained a higher accuracy of the impedance model by applying time-domain 

impedance boundary conditions. 

In a review Dowling & Mahmoudi [3] analysed the magnitude of the indirect and direct noise sources 

generated due to a flame in an idealised combustor. To clarify the role of indirect noise they considered the outlet 
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of the geometry to be either non-reflecting or choked and investigated the pressure perturbations within the 

combustor due to specified fluctuations in the rate of heat release at a range of frequencies. They found that 

compared to the non-reflecting outlet, the choked exit approximately doubles the magnitude of the direct pressure 

perturbation. The magnitude of the indirect vorticity noise found to be negligible compared to the direct acoustic 

and indirect entropy noise. They further showed that the resonances (caused by multiple reflections of waves 

between the choked nozzle and the heat release zone) that occur in the combustor can have significant effect 

particularly on the magnitude of the indirect entropy noise [3]. Ullrich & Sattelmayer [40] studied an annular 

model combustor using hybrid CFD/CAA approach and reproduced the results obtained analytically by Dowling 

& Mahmoudi [3]. For low frequencies they found very good agreement with the analytical solution of Dowling 

& Mahmoudi [3], while for high frequencies due to insufficient grid resolution the agreement with the analytical 

solution was not so good. To provide sufficient grid resolution, high fidelity numerical simulations of turbulent 

reacting flows in complex geometries require substantial computational resources. Thus, prediction of the absolute 

level of combustion noise from a realistic combustor remains challenging. 

Thus, the main objective of the current work is to develop a simple low order model for the transmission and 

interaction of plane and circumferential waves through subsonic and supersonic nozzles, with and without shock. 

We study the acoustic response of a convergent-divergent nozzle to incident acoustic and entropic waves. By 

modelling the EWG and HAT rigs of DLR, we examine the application range of the low order model approach 

based on the compact nozzle approximation in predicting direct and indirect combustion noise  in subsonic and 

supersonic nozzles. We further perform a parametric study (e.g. effect of shock strength and nozzle compactness) 

in EWG and HAT rigs on the dissipation and propagation of acoustic and entropic perturbations. The parametric 

study further enables us to analyse the behaviour of the nozzle with and without shock wave on the dissipation 

and transmission of the acoustic wave for different frequencies. This provides an overview of the sensitivity of 

the problem upon the geometry and working parameters in the system. Hence, it highlights the regions in the 

parametric space leads to an optimum design of a nozzle. This preliminary study will help manufacturing company 

to optimize the design of the nozzle guide vane for the purpose of noise reduction for future aero-engines. Finally, 

for different circumferential mode numbers, the low order model developed will be used to predict the contribution 

of acoustic, entropic and vorticity perturbations created by the flame zone in the generation of noise at the outlet 

of an idealised combustor. 
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II. Network modelling 

To analyse the linear acoustic, entropic and vortical perturbations in a complex geometry it is convenient to 

use a network model. We have used one such network model called LOTAN (Low-Order Thermo-Acoustic 

Network model), which has already been used extensively and is described in previous publications (e.g. [6, 20, 

41]). LOTAN assumes a subsonic mean flow. We have extended it to deal with a choked convergent-divergent 

nozzle with, possibly, a shock in the divergent section. The geometry is modelled by a network of modules 

describing its features, such as straight ducts, area changes and heating zones. In straight duct sections, the model 

neglects variation with radius, and assumes a uniform axial mean flow and either one- dimensional plane waves 

in a duct of arbitrary cross-section or circumferential modes with circumferential wavenumber n in thin annular 

ducts. For the straight duct modules, wave propagation is used to relate the perturbations at one end of the duct to 

those at the other end. Across abrupt changes of area, quasi-steady conservation laws for mass, momentum and 

energy are used to relate the flow at the inlet and exit of the module, accounting for any force or heat input applied 

within the module. Appropriate boundary conditions are applied at the inlet and outlet of the geometry. For the 

unsteady flow, these might be non-reflective, open, choked or with a specified reflective boundary condition. A 

key feature of LOTAN is that it converts from waves, whose development across straight duct sections can be 

described simply, to flow rates of mass, momentum and energy, whose conservation (or change) across areas 

changes or zones of heat input can be modelled physically. It is therefore in a very convenient form to implement 

the nozzle conservation equations for the mean flow and linear perturbations. Conservation conditions across the 

combustor are applied including an increase in the energy flow rate if there is any unsteady heating, together with 

conservation of mass and momentum flow rates across the combustion zone.  For reductions in duct cross-

sectional area and for gradual area increases, the mean flow does not separate and we assume that the flow is 

isentropic. Then, by applying conservation of mass, energy and angular momentum flow rates across the area 

change we can relate the mean flows upstream and downstream of the area change. Across any region where the 

duct area increases so abruptly that the flow separates, the flow is non-isentropic. LOTAN then uses axial 

momentum conservation to the separated flow assuming that the flow initially emerges as a jet, before mixing to 

become uniform in radial direction. In the cases we will consider in this paper, the area increases in the diverging 

section of the nozzle are assumed to be so gradually that the flow is attached.  

A choked nozzle decouples the upstream and downstream flows. Then the mean flow is prescribed by the 

temperature, pressure and mass flow rate at inlet and the pressure at exit. Proceeding as for the unchoked case 

from inlet to nozzle throat, determines the throat area where the mean flow Mach number is unity. The LOTAN 
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calculation then restarts within the diverging section of the nozzle downstream of the shock. The linear unsteady 

flow is determined using the conservation equation given in the appendix (A.7). As described in Appendix A and 

B we show that the perturbations downstream of the shock can be directly obtained using the perturbations at the 

nozzle inlet without the need to model either the perturbations or the mean flow between the choked region and 

the shock wave. In comparison to previous studies [26, 27] used complicated approach to analyse the motion of a 

plane shock wave, here we showed that a very simple jump conditions (conservation of mass, energy and angular 

momentum) for finding the perturbations downstream of the shock directly from those at upstream of the nozzle. 

In a similar way, the conservation relationships given in the appendix (A.4) give the mean mass, energy and 

angular momentum flow rates downstream of the shock in terms of the flow at nozzle entry. A guess is made for 

the axial momentum flow rate which is iterated until the required mean pressure at duct exit is obtained.  

We consider the form of perturbations that occur in a gap between two concentric cylinders. The straight 

annular duct is assumed to have cross-sectional area a, and the mean flow is axial and independent of radial or 

circumferential position. The flow is assumed to be inviscid, with pressure p, density  and velocity u . We will 

assume a perfect gas, p = RgasT, and so T may be written in terms of p and . A linear disturbance in a straight 

duct can be thought of a sum of acoustic, entropy and vorticity waves. The acoustic waves propagate both 

upstream and downstream, while entropy and vorticity disturbances convect with the mean flow. Using cylindrical 

polar coordinates (x, r, ) the velocity field is denoted by ( , , )u u v w  and the duct has inner and outer radii of ri 

and ro, respectively. In annular gas turbines, the radial gap ro - ri of the combustor is typically much shorter than 

the circumference. In such situations we may approximate the flow by considering the case when the annular gap 

is narrow (i.e. ri - ro is small in comparison with the acoustic wavelength and diameter,) with any variation of 

pressure in the radial direction negligible and the radial velocity v zero [20]. A perfect gas is assumed and the 

specific heats of cp, cv and  are assumed to be temperature dependent as cp (T) = 973.6 + 0.1333×T, where T is in 

(K) and cp is in J/kg K [3]. 

The flow is taken to be composed of a steady axial mean flow denoted by an overbar and small perturbations 

denoted by primes, e.g. ( ) '( , , )p p x p x t  . The disturbances are assumed to have frequency ω in which the 

temporal dependence is of the form i te  . We restrict attention to positive ω without loss of generality. 

Furthermore, the angular dependence of the perturbations is taken to be of the form ine 

 with circumferential 

wavenumber n, which we will take to be a non-negative integer. Hence, we consider the disturbances to be of the 

form ˆ' Re[ ( ) ]i t inp p x e    etc [42]. 
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III. Validation 

To demonstrate validity of this approach we have applied it to investigate the propagation of entropic and 

acoustic waves across the convergent–divergent nozzle in the Entropy-Wave-Generator (EWG-figure 1 in section 

III.A) [33] and Hot-Acoustic-Testrig (HAT- figure 5 in section III.B) [36] of DLR. For the EWG an entropy wave 

is generated upstream of the nozzle by an electrical heating device while for the HAT a loudspeaker is used to 

generate pressure waves. In both rigs the ducts have circular cross-section and we consider frequencies  

sufficiently low that all modes except the plane (n = 0) are cut-off.  

We impose incident linear waves, acoustic, entropic or vortical from upstream onto the nozzle and wish to 

obtain the downstream-travelling acoustic, vorticity and entropy waves in the parallel section of the nozzle outlet 

at point 5 or 6 (see Fig. 1 for EWG, and Fig. 5 for HAT). The treatments first described the evolution of linear 

disturbances through the isentropic mean flow from 1 to 3. They transferred into a frame reference in which the 

oscillating shock is at rest and applied the Rankine-Hugoniot equations in this moving frame to obtain the 

perturbations at position 4. Subsequently, the isentropic flow in the region of area increase after shock from 4 to 

5 was considered to obtain the perturbations in the straight duct at point 5. 

The convergent-divergent nozzles may be too long for the compact approximation to be valid for the full 

length of the nozzle at all frequencies of interest. An approximation nozzle compactness criterion for an incident 

acoustic and entropy wave is that kL(1-�̅�)≪1 and kL/�̅� ≪1, respectively [43], where L is the nozzle length, �̅� is 

the mean Mach number upstream of the nozzle and k is the wavenumber. Considering the very different 

wavelengths of acoustic and entropic and vortical disturbances this assumption in low Mach number flows is very 

difficult to achieve for entropic and vortical disturbances and generally will not be satisfied. But much more 

accurate for acoustic disturbances. So we model the converging section by short ducts of uniform cross-section 

connected by M area changes of negligible length. The distance from the last area reduction to the choked throat 

needs to be compact. We assume that the region of supersonic flow between choked throat and the shock is 

compact, and the subsonic divergent section is modelled as a series of N piece-wise area increases across which 

the flow is isentropic, with equal length straight ducts between them.  

 

A. Incident entropy waves  
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The Entropy Wave Generator (EWG) rig is shown schematically in figure 1 and the geometry and flow 

conditions are summarised in Table 1. The details of the experiment and the configuration are given [33]. For 

these mean inlet flow conditions, the effective sonic throat area is found to be 

 * 2

0 00.6847 43.29 mmthroata m RT p  , giving an effective diameter of 7.42 mm compared to the geometrical 

throat diameter of 7.5 mm. We interpret this difference to be due to boundary layers along the duct walls at the 

nozzle throat which reduces the effective nozzle area. The LOTAN solution predicts a shock with 3M  = 1.66 at 

a location where a3 = 56.46 mm2. Suffix 3 denotes conditions just upstream of the shock.  

 
 Table 1 Physical parameters of EWG rig [33]  

Mean pressure in the duct upstream of the nozzle (0 and 1) 117 kPa 

Mean pressure in the duct downstream of the nozzle (5 and 6) 100.8 kPa 

Mean flow velocity in the duct upstream of the nozzle (0 and 1) 12.18 m/s 

Mean Mach number in the duct upstream of the nozzle (0 and 1) 0.037 

Mean Mach number in the duct downstream of the nozzle (5 and 6) 0.023 

Mean Mach number at the nozzle throat (2) 1.0 

Diameter of the nozzle throat used in LOTAN (2) 7.42 mm 

Diameter of the duct upstream of the nozzle (0 and 1) 30 mm 

Diameter of the duct downstream of the nozzle (5 and 6) 40 mm 

 

 
 

Fig. 1 Schematic diagram of EWG geometry used in LOTAN. 

 
In the EWG an electric heating device located the upstream of the nozzle produces the temperature fluctuation 

shown in figure 2. The pulse of temperature has a repetition rate of 1 s. This temperature perturbation convects 

with the mean flow, accelerates through the nozzle, gets distorted and produces pressure fluctuations in both the 

upstream and downstream ducts. Results for the downstream pressure perturbation are shown in figure 3.  

 

 
 

Fig. 2 Temperature fluctuation produced by heating device upstream of the nozzle [33]. 
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Leyko et al. [18] performed analytical solutions and also a three-dimensional axisymmetric compressible 

Navier–Stokes simulation to model EWG rig. Leyko et al. [18] found that the duct exit of the EWG is not anechoic 

and the pressure wave reflected back towards the nozzle must be included. They determined this outlet pressure 

reflection coefficient to be 
6 1/ ( / 1),R i k    where the constant k is 160 s-1 [18]. With this reflection 

coefficient they obtained excellent agreement with the experimental results. We use the same outlet reflection 

coefficient in LOTAN. The results are obtained by performing a series of frequency-domain calculations using 

LOTAN to obtain the transfer function due to an entropy wave incident onto the nozzle. Then using a Green's 

function approach [41] the time trace of the pressure was computed via an inverse Fourier transform. Results from 

LOTAN for 750 mm downstream of the throat (red line) are shown in figure 3 where they are compared with the 

results of Leyko et al. [18] and experimental signal of EWG. The agreement is excellent.  

 

 
 

Fig. 3 Pressure fluctuation at 750 mm downstream of the nozzle throat for LOTAN computation 

(red line), Leyko et al. [18] (green line) using a reflective boundary condition at the outlet 

compared with the experiment of EWG [33] (black line with symbols). 

 
As discussed above the subsonic divergent and convergent sections of the nozzle are modelled respectively as 

M piece-wise area decreases and N area increases with straight duct sections between them. To make sure that the 

results obtained are independent of M and N, the calculations were repeated for (M, N) = (1, 2), (2, 5), (4, 10) and 

(8, 20). The LOTAN results are indistinguishable. For the temperature pulse in figure 2, the excitation frequencies 

are below 100 Hz and the compact approximation is valid across the nozzle. 

In order to study the effects of the shock strength on the acoustic wave generated, we performed calculations 

for different values of the mean pressure at the outlet of EGW rig which leads to shocks of different strengths and 
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different mean outlet Mach number 5M . Figure 4 shows that changing the shock strength only has a small effect 

on the pressure signal.  

 

 
 

Fig. 4 Pressure fluctuation obtained using LOTAN at 750 mm downstream of the nozzle with 

different shock strengths. 

 

For the EWG rig the frequency studied is very low up to 100 Hz. With an average speed of sound of 320 m/s 

in the nozzle the wavelength is about 3200 mm. Such wavelength is even longer than the whole nozzle length of 

263 mm and hence the nozzle can be treated as compact. For the shock strength studied here the mean outlet Mach 

number 
2

5 (10 )M    and hence is negligible compared to 1. Therefore, the analytical solution for acoustic 

transfer function presented by Moase et al. [27] simplifies to  
1

*

5 1 5/ 0.29 / throatt A A a a




   , where 
1A

 and 

5A  represent the amplitudes of the downstream travelling acoustic waves upstream and downstream of the 

choked nozzle, respectively. This indicates that for a compact nozzle and very low Mach number flows in the 

upstream and downstream straight ducts the transmission coefficient is independent of shock strength and is only 

a function of nozzle geometry and mean inlet Mach number. 

B. Incident acoustic waves  

The DLR HAT rig shown schematically in figure 5 has an inner diameter of 70 mm and a total length of about 

5.4 m. The nozzle has a throat diameter of 30 mm and an overall length of about 400 mm. The operating conditions 

are given in Table 2. Case 1 yields a choked nozzle with a weak normal shock in the divergent section just 

downstream of the throat. For Case 2 the mean flow is subsonic throughout the nozzle with a maximum Mach 

number of 0.67 at the nozzle throat.  

 
Table 2 Physical parameters of HAT rig [36] 
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Parameter Case 1 

( 1.0throatM  ) 

Case 2 

( 0.67throatM  ) 

Mean pressure in the upstream duct (0 and 1) 105.59 kPa  102.58 kPa 

Mean pressure in the downstream duct (5 and 6) 100.05 kPa  99.98 kPa 

Mean mass flow rate (0 and 1) 0.1331 kg/s  0.1162 kg/s 

Mean temperature in the upstream duct (0 and 1) 473 K 473 K 

Mean Mach number in the upstream duct (0 and 1) 0.103 0.092 

Mean Mach number at the nozzle throat (2) 1.0  0.67 

Mean Mach number in the downstream duct (5 and 6) 0.107 0.093 

Diameter of the nozzle throat used in LOTAN (throat) 29.4 mm 29.4 mm 

Diameter of the upstream duct (0 and 1) 70 mm 70 mm 

Diameter of the downstream duct (5 and 6) 70 mm 70 mm 

 
In the experiments, characterization of the acoustic properties of the nozzle, primarily the transmission and 

reflection and its dependence on nozzle Mach number was done using sufficient microphones and loudspeaker 

excitation, so that the data could be post-processed to obtain the pressure transmission (t+) and reflection 

coefficient (r+) due to an acoustic wave 1 1( /( ))

1

i t x c u
A e

  

  incident onto the nozzle from upstream: 

 

1 1/r A A

  , (3.1) 

5 1/t A A

  .

 

(3.2) 

The indexes 1 and 5 refer to upstream and downstream of the nozzle as illustrated in figure 5. The suffices + 

and – denote the downstream and upstream travelling acoustic waves, respectively. R and T express the reflection 

and transmission in terms the coefficients for the acoustic energy flow rates 
2

2( / 2 )(1 M)P a c A    [44], 

2
2

1 1

2

1 1

(1 M )
R ,

(1 M )

P
r

P



 




 


 

(3.3) 

2
2

5 5 51 1

2

1 5 51 1

(1 M )
T .

(1 M )

P a c
t

a cP







 




 


 

(3.4) 

M  is the mean Mach number.   and c  denote respectively the local mean density and sound speed. In the HAT 

rig, the cross-sections of the measurement sections area equal, so that a1 = a5.  

Similar to the model developed for EWG in section (III.A) we assume that convergent and divergent sections 

of the nozzle are modelled by M and N ‘area decrease’ and ‘area increase’ modules, respectively.  

 

 
 

Fig. 5 Schematic diagram of HAT geometry used in LOTAN. 
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To make sure that the results obtained are independent of the number of M and N, the computations were 

performed for various M and N numbers. N = 40 and M = 8 is used as a sufficient number of segments to describe 

the divergent and convergent sections of the duct. In the experiment, the nozzle was found to be choked at the 

throat with diameter of 30 mm. While, for the flow properties given in Table 2 for Case 1, the throat area (where 

the Mach number is 1) is 
* 2676.54 mmthroata   with diameter of 29.4 mm. Similar to EWG rig this implies that 

boundary layers within the nozzle which reduces the effective throat area. Thus, in our low-order model the throat 

diameter is set to be 29.4 mm. Using gas dynamic relations the mean flow conditions of HAT rig are presented in 

Table 3. For this rig LOTAN predicts that a strong shock wave with 3 1.4M   at a position with a3 = 755.66 mm2. 

 
Table 3 Some mean flow properties of HAT rig 

5 1/p p  
4 1/p p  

4 1/T T  1M  throatM  3M  4M  5M  
*

3 / throata a  

0.95 0.66 0.90 0.103 1.0 1.41 0.74 0.107 1.12 

 
Figure 6 shows the energy reflection (R+) of a downstream-propagating acoustic wave incident onto the nozzle 

from upstream. The results predicted using LOTAN for the energy reflection coefficient R+ are shown in figure 6 

and compared with the experimental measurements on the HAT rig in Knobloch et al. [36]. 

 
 

Fig. 6 Energy reflection coefficient of the nozzle as a function of frequency obtained using LOTAN 

for Case 1 choked nozzle (red line), and Case 2 0.67throatM   (green line) compared to experimental 

results of HAT rig from Knobloch et al. [36] (lines with symbol). 

 
The results obtained using LOTAN are in excellent agreement with experimental measurements. For Case 1 

with a choked nozzle the low frequency pressure reflection coefficient is 

1 1(1 ( 1) / 2) / (1 ( 1) / 2)r M M       as  tends to zero [20]. Thus, using (3.3) with 1 0.103M  , we obtain 

R+  0.6. It is clearly visible that for high frequencies, at which the incoming acoustic waves have shorter 

wavelengths, the nozzle is no longer a severe obstacle and the reflection coefficient tends to zero. For comparison 
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the refection coefficients for an unchoked nozzle are influenced by the cross-sectional area and the mean flow 

conditions at the nozzle exit and also by the geometry of the nozzle divergence when it is non-compact. Therefore 

the results for Case 2 ( 0.67throatM  ) have a more complicated dependence on frequency than the choked case 

which simply decreases gradually with frequency. It has multiple peaks and troughs due to resonances of the 

divergent section. For very low frequencies when   0, the nozzle is compact and since the duct areas are equal 

on either side, the sound wave propagates through unchanged and R+ 0. This is in contrast to the choked nozzle 

case for which for low frequencies the reflection coefficient tends to a finite non-zero value. 

The energy transmission coefficient, T+, for an acoustic wave incident from upstream onto the nozzle is 

obtained using (3.4) and the results predicted by LOTAN for choked and unchoked nozzles are shown in figure 7 

and compared with the HAT experimental results. In both cases the predictions are in excellent agreement with 

experiment. For the choked nozzle Case1, the low frequency transmission coefficient is small.  

 

  
 

Fig. 7 Energy transmission coefficient of the nozzle as function of frequency obtained using 

LOTAN for Case 1 choked nozzle (red line), Case 2 0.67throatM   (green line) compared to 

experimental results of HAT rig from Knobloch et al. [36] (black line with symbol). 

 
As the frequency increases less energy is reflected from the nozzle convergence and more acoustic energy is 

transmitted downstream and thus T+ increases with frequency. In contrast, for the subsonic nozzle Case 2, it is 

seen that for very low frequencies the energy transmission coefficient T+ tends to 1. This is because when the 

nozzle is compact and there is no shock, the waves pass straight through the nozzle as here the upstream and 

downstream ducts have the same area. Hence, we expect all the acoustic energy to be transmitted through the 

nozzle. 
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The acoustic energy dissipation coefficient (+ = 1 – R+ – T+) for an acoustic wave incident on the nozzle from 

upstream is shown in figure 8. Since 
  is the small difference between O(1) terms some inaccuracy is observed 

in experimental measurements which vary abruptly from frequency to frequency. Nevertheless for the choked 

case the predicted trends are in reasonable agreement with experiment. Both have significant acoustic energy 

dissipation at low frequency.  

 

 
 

Fig. 8 Acoustic energy dissipation coefficient (+ = 1 – R+ - T+) as a function of frequency obtained 

using LOTAN for Case 1 choked nozzle (red line), Case 2 0.67throatM   (green line) compared to 

experimental results of HAT rig from Knobloch et al. [36] (black line with symbol). 

 

For the choked case the dissipation of acoustic energy is due to its interaction with the shock wave ( 3 1.4M 

) in the divergent section of the nozzle where acoustic energy can be converted into convecting entropy 

fluctuations. For the unchoked Case 2, the flow in LOTAN is modelled as isentropic and so the dissipation is 

predicted to be zero for all frequencies. Some dissipation is measured in the experiment and would be due to 

viscous effects, flow separation in the nozzle, or experimental error. 

1. Parametric study – effect of shock strength 

To clarify the role of the shock strength in the transmission and dissipation of acoustic energy the computations 

have been performed for different shock strengths by changing the mean pressure at the rig outlet. Figures 9(a) 

and 9(b) show the energy transmission and dissipation coefficients, respectively, for normal shocks with 

3 1.22M  , 3 1.41M  , 3 1.68M  , 3 2.0M   and 3 2.23M  . It is seen that for a fixed frequency as the shock 

strength increases the energy transmission coefficient decreases. This is because of the increasing dissipation of 

acoustic energy due to the stronger shock wave as shown in Figure 9(b). These figures also show that the effect 
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of shock wave on dissipation and transmission of acoustic energy is more significant at high frequencies. For 

frequencies below about 500 Hz changing the shock strength has no noticeable effect on the acoustic energy.  

 

 
(a) Energy transmission coefficient 

 
(b) Acoustic energy dissipation coefficient 

 

Fig. 9 (a) Energy transmission and (b) dissipation coefficients of the nozzle as a function of 

frequency obtained using LOTAN for the HAT rig with different exit pressures and hence different 

shock strengths, 3 1.22M   (purple line) 3 1.41M   (red line), 3 1.68M   (blue line), 3 2.0M   

(green line) and 3 2.23M   (yellow line). 
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Fig. 10 Energy transmission coefficient of the nozzle for the HAT rig with different exit pressures 

and hence different shock strengths as a function of Helmholtz number 𝛀 = 𝑳𝝎/𝒄 , where L and 𝒄  

are respectively, the length and average mean sound speed of the subsonic part of the divergent 

section. 

 
Figure 9 also shows two distinct frequency zones for a given shock strength: as the frequency increases up to 

a critical frequency the dissipation decreases substantially. As the nozzle becomes less compact, a further increase 

in frequency increases the dissipation. The critical frequencies found to be 510, 530, 580, 650 and 680 Hz, 

respectively, for upstream Mach numbers of 3M  = 1.22, 1.41, 1.68, 2 and 2.23. Figure 9 shows that for frequencies 

higher than critical, the dissipation has a more complicated dependency on frequency with peaks and troughs. 

This is due to resonances of the nozzle and can be related to the Helmholtz number Ω = 𝐿𝜔/𝑐̅ of the divergent 

section of the nozzle, where c  denotes the average speed of sound in the divergent section and L is its length. 

When the transmission coefficients are plotted as a functions of Ω (see figure 10), they collapse onto a single 

curve and are virtually indistinguishable. The critical frequency is found to be Ω = 𝐿𝜔/𝑐̅ = 2.5.  

 

2. Parametric study – noncompact nozzles 

In this section we study the effect of the length of the divergent section of the nozzle on the transmission and 

dissipation of the acoustic energy through the HAT rig nozzle. Results are shown in figure 11 for different lengths 

of the divergent section decreasing from the actual length of 340 mm to 70 mm.  
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(b) Acoustic energy dissipation coefficient 

 

Fig. 11 (a) Energy transmission and (b) dissipation coefficients of the nozzle as a function of 

frequency obtained using LOTAN for HAT rig with different lengths of the divergent section 

LDivergent = 340 mm (red line), LDivergent = 250 mm (green line), LDivergent = 150 mm (blue line) and 

LDivergent = 100 mm (yellow line). 

 
For a frequencies up to about Ω = 2.5 as the nozzle becomes more compact the transmission of the acoustic 

energy decreases (figure 11(a)) and the dissipation of the energy increases (figure 11(b)), indicating that the shock 

has dissipated more acoustic energy into entropy fluctuations in the choked compact nozzle. Figure 11 also shows 

that for each length of the divergent section there is a critical frequency above which resonances are observed in 

the transmission coefficient. As discussed earlier this resonance frequency is related to the length and average 

speed of sound in the divergent section and found to be Ω = 𝐿𝜔/𝑐̅ = 2.5. Above the critical frequency, the 

transmission and dissipation depend on nozzle length not only through the non-dimensional frequency Ω but also 

through the aspect ratio of diameter/length. 

 

IV. Direct and indirect noise in a model combustor 

In this section we use the low order model presented in section II to study direct and indirect (entropy and 

vorticity) noise in a model combustor. We consider an idealised combustor shown schematically in figure 12 with 

non-reflecting boundary conditions at inlet and exit. The approach can readily be extended for any inlet and outlet 

boundary conditions. Here since, we are interested in determining the contribution of perturbations generated at 

the flame to the pressure perturbations in the downstream duct, the inlet and outlet boundaries (at positions 0 and 

6 in Fig. 12) are taken to be non-reflecting (Mahmoudi et al. 2015 [13]). The combustor is composed of a straight 

thin-annular duct attached to a nozzle. Downstream of the nozzle the straight duct is also thin-annular. We assume 
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that a normal shock is present in the divergent section of the nozzle. The energy of flow is increased across x = 0 

by the rate of heat input, 'Q Q Q  .
 
The mean heat release rate, Q  is defined by specifying the rise in the mean 

stagnation temperature after combustion. The linear fluctuations in the rate of heat input have a forced frequency 

ω and azimuthal mode number n and are denoted by ˆ'( ) i t inQ t Qe   . The inlet mean flow is prescribed by 

setting the pressure, temperature and mass flux. 

 

 
 

Fig. 12 Simplified model of a combustor [13].   
 

Upstream of the flame there is only an upstream propagating acoustic wave (pU
′ ). Downstream of the flame, 

acoustic (pD
′ ), entropy (S′) and vorticity (ξ′) waves produced by the flame, travel downstream toward the nozzle 

contraction, where they are partially reflected to give an upstream propagating wave (pR
′ ). This interacts with the 

flame to produce a transmitted wave altering the wave upstream of the flame in x < 0. It also alters the downstream 

propagating acoustic, entropic and vortical waves propagating towards the nozzle outlet. We wish to obtain the 

ratio of direct to indirect noise in the downstream duct. 

To calculate the direct sound, we calculate the entropy and vorticity waves generated at the flame but ignore 

their contribution when applying the downstream boundary condition. The direct sound field is obtained by adding 

the downstream and upstream propagating acoustic waves. The indirect noise due to the entropy and vorticity 

waves can be determined by subtracting the direct noise from the full sound field calculated. 

The geometry considered in the numerical simulation is similar to that considered in [3] and summarized in 

Table 4. We consider the inlet static pressure and static temperature to be 12 bar and 653 K respectively [3].  

 

 Table 4 Summary of the geometry for model combustor [3] 

 Axial position of the flame, x = 0.0 

 Mean radius of ducts, r = 0.3 m 

 Total cross-sectional area in upstream and downstream straight ducts, a = 0.3 m2 

Distance between the flame and the nozzle inlet, l = 0.5 m 

Nozzle length, L = 0 (compact) 

  

l 

0 1 
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In this section we are looking at transfer functions |�̂� �̂�⁄ | and thus we get the ratio of waves, acoustic, vortical 

and entropic, for any linear flame model that gives the fluctuations in the rate of heat input. A major point of this 

section is that the ratio between the various types of waves does not depend on the flame model. The transfer 

function |�̂� �̂�⁄ | as a function of frequency for plane wave is shown in figure 13 for an inlet Mach number of M̅0 =

0.06 and stagnation temperature ratio across the flame zone of T̅01/T̅00 =3. At both nozzle inlet and combustor 

outlet resonances are observed in the direct and indirect entropy sound (for the plane wave there is no vorticity 

generation), though with different frequency intervals between the peaks and troughs. For the plane acoustic wave 

the gap between resonant frequencies to be about 
1c / (2 )f l  Hz where 

1c  is the mean sound speed downstream 

of the flame zone (at position 1 in Fig. 12). This resonant frequency is approximately 800 Hz for the conditions 

in figure 13. For the indirect entropy noise, the gap between peaks occurs in much smaller frequency interval 

1 /u l  Hz (approximately 170 Hz for the conditions in figure 13). At all frequencies, the direct noise at the nozzle 

inlet is almost one order of magnitude higher than in the duct just downstream of the nozzle.  

 

 
 

Fig. 13 Magnitude of the indirect entropy noise (dashed line) and direct noise (solid line) as a function 

of frequency obtained for plane wave (n = 0), �̅�𝟎 = 𝟎. 𝟎𝟔 and �̅�𝟎𝟏/�̅�𝟎𝟎= 3.0 at the nozzle inlet (red line) 

and at nozzle outlet (black line). 

 
This is because in a low Mach number mean flow, the choked boundary condition approximates to a hard end 

boundary condition for an incident plane sound wave. This leads to reflection of most of the incident energy, and 

hence only a small amount propagates through the nozzle into the downstream duct. 

In contrast, the magnitudes of the indirect noise at the nozzle inlet and outlet are similar, and as a result, the 

indirect noise is higher than the direct noise at the nozzle outlet in the frequency range considered.  
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Leyko et al. [17] aimed to quantify the direct and indirect noise generated by unsteady combustion in a straight 

duct with a choked exit nozzle. They assumed that steady heat release of the flame model is negligible (cold flame) 

so that the mean flow is assumed isentropic so that the mean flow parameters upstream and downstream of the 

flame could be assumed to be equal. They also assumed that the mean flow is isentropic throughout a compact 

convergent–divergent nozzle (no shock wave). In the case of an isentropic choked nozzle, the flow is subsonic in 

the convergent part of the nozzle and totally supersonic in the divergent part. With those approximations, they 

concluded that the indirect noise is higher than that of the direct noise in the nozzle outlet. 

To evaluate the contribution of indirect vorticity wave in the noise generation in a combustor computations 

are repeated for circumferential wavenumber n = 1 and shown in figure 14. Results for higher circumferential 

mode of n = 2 is similar to those of n = 1 and hence we do not show them separately. It was shown by Dowling 

& Mahmoudi [3] that for a 1-D flame the vorticity generated at the flame due to the baroclinic vorticity production 

mechanism. This is due to the misalignment of gradient of the mean density across the flame and the gradient of 

acoustic pressure fluctuation in the circumferential direction. Duran & Morgans [29] also discussed that when the 

fluctuating density (due to the entropy wave) is misaligned with respect to the mean pressure gradient for n ≠0, 

this causes a torque force. Because the mean pressure gradient induces a stronger acceleration of the lower-density 

regions of the flow, resulting in vorticity perturbation. For the plane wave (n = 0) there is no variation in 

circumferential direction and thus there is no vorticity generation. Therefore, in order to evaluate the contribution 

of vorticity waves in the generation of indirect noise we run LOTAN for non-zero circumferential mode numbers. 

Figure 14 shows that at both locations it is seen that for frequencies below the cut-off frequency (~450 Hz) the 

acoustic waves are cut-off and thus their magnitude is exponentially small away from their source. At the cut-off 

frequency, the direct acoustic, indirect entropy and vorticity noise each take their maximum value, and even the 

magnitude of the vorticity noise is nearly comparable to that of the direct acoustic noise; at other frequencies it is 

negligible. The indirect entropy noise is higher than the two other noise components. For frequencies above cut-

off, the acoustic waves are propagating and so their magnitude is independent of position in the straight ducts. 

The magnitude of the indirect waves varies with frequency due to resonances. At the nozzle inlet the magnitude 

of the indirect entropy noise is less than the direct noise except at its resonant frequency (Fig. 14a). We see from 

Fig. 14b that at the nozzle exit, the indirect entropy noise is usually higher than the direct noise except at its anti-

resonances. 
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(a) Nozzle inlet 

 
(b) Nozzle outlet 

 
Fig. 14 Magnitude of the indirect entropy noise (dashed line) and direct noise (solid line) as a function 

of frequency obtained for circumferential wave (n = 1), �̅�𝟎 = 𝟎. 𝟎𝟔 and �̅�𝟎𝟏/�̅�𝟎𝟎= 3.0 (a) at the nozzle 

inlet and (b) at the nozzle outlet. 

 

V. Conclusions 

The transmission of the acoustic and entropic waves through a convergent-divergent nozzle is studied using a 

low-order model, the LOTAN code. The analysis was performed both for a subsonic nozzle and for a choked 

nozzle where a normal shock wave exists in the downstream divergent section of the nozzle. We showed that the 

perturbations at the nozzle outlet can be obtained directly from the perturbations at the nozzle inlet without the 

need to calculate the flow perturbations in the supersonic region and across the shock. In order to examine the 

validity of the low order model (LOTAN code) in predicting the nozzle flow, the EWG and HAT rigs of DLR 

were modelled and the results predicted by LOTAN were compared against experimental measurements. In the 
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choked case the supersonic region between the nozzle throat and the normal shock was assumed to be acoustically 

compact. The results presented for EWG and HAT rigs were in excellent agreement with experiments. Having 

validated the modelling approach, the model was used to undertake a parametric study and to investigate the ratio 

of direct and indirect noise within a model combustor and transmitted downstream of a choked nozzle. 

For the HAT rig with acoustic waves incident on the nozzle, the energy transmission, reflection and dissipation 

coefficients obtained using LOTAN were compared with experimental data. For low frequencies below 500 Hz 

and for a choked nozzle it was observed that part of the acoustic energy is dissipated into convected entropy 

fluctuations due to the normal shock in the divergent section of the nozzle. Decreasing the mean outlet pressure 

to increase the shock strength was found to result in increased dissipation of the acoustic energy. For a given 

shock strength, the fraction of incident acoustic energy is dissipated due to the shock wave decreases dramatically 

as the frequency increases up to a critical frequency at which the nozzle becomes non-compact. The critical 

frequency is found to be related to length of the divergent section, 𝐿 and the average speed of sound in the 

divergent section 𝑐̅, and given by non-dimensional frequency Ω = 𝐿𝜔/𝑐̅ ≈ 2.5 for all the shock strengths studied. 

Above this critical frequency, the dissipation coefficient oscillates as the non-dimensional frequency varies. The 

effect of varying the length of the divergent section was studied. It was found that as the nozzle becomes shorter 

the acoustic energy dissipation at a given value of non-dimensional frequency , increases. The energy 

transmission coefficient was found to depend primarily on the non-dimensional frequency  and only weakly on 

the shock strength. It increases with . 

The relative magnitudes of the direct and indirect combustion noise were determined for an idealised 

combustor using analytical and low-order models. The idealised combustor consists of a flame within a thin 

annular duct with a converging–diverging choked nozzle at the combustor exit. There is a second annular duct of 

the same cross-sectional area as the combustor downstream of the nozzle. The combustor inlet has assumed to be 

non-reflecting although the approach can be readily extended to general inlet conditions.  

The results of the low-order model show that resonance leads to a complex dependency of the indirect entropy 

and vorticity noise to frequency. They have low frequency resonances associated with the time taken for linear 

disturbances to convect from the flame front to the nozzle and a reflected acoustic wave to travel back. The direct 

acoustic waves are significantly attenuated by the nozzle: their pressure perturbations at the nozzle outlet are an 

order of magnitude smaller than those at the nozzle inlet. While, the entropy and vorticity indirect noise at the 

nozzle outlet is close to that at the nozzle inlet. The magnitude of the indirect vorticity noise found to be negligible 

compared to the indirect entropy and direct acoustic noise. For a choked nozzle between two ducts with low Mach 
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number flows, the magnitude of the direct noise downstream of the nozzle is much smaller than the indirect 

entropy noise and thus the indirect entropy noise is the main mechanism of noise generation at the downstream 

duct.  
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Appendix A 

Analysis for a choked nozzle 

We consider an axisymmetric nozzle as shown schematically in figure A1. We suppose that there is a section 

at the inlet where the nozzle is simply the gap between two concentric cylinders. After this the cross-sectional 

area of the nozzle decreases to a throat and then increases again. The mean flow is choked at the throat with a 

normal shock in the divergent section of the nozzle.  

 
 
 

Fig. A1 One-dimensional disturbances in a choked nozzle. 

 
We impose incident linear waves, acoustic, entropic or vortical from upstream onto the nozzle and wish to 

obtain the downstream-travelling acoustic, vorticity and entropy waves in the parallel section of the nozzle outlet 

at point 5. The analytical treatments first described the evolution of linear disturbances through the isentropic 

mean flow from 1 to 3. They transferred into a frame reference in which the oscillating shock is at rest and applied 

the Rankine-Hugoniot equations in this moving frame to obtain the perturbations at position 4. Subsequently, the 

isentropic flow in the region of area increase after shock from 4 to 5 was considered to obtain the perturbations in 
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the straight duct at point 5. Previous studies investigated the development and transmission of acoustic and entropy 

waves analytically and numerically for choked flows with shock waves (e.g. [26, 27]) for a compact nozzle and 

plane wave (n = 0) obtained the reflection and transmission coefficients of the nozzle. Here, however, we extend 

their work to circumferential waves (n 0) and also describe an alternative approach that enables us to obtain the 

perturbations at the nozzle outlet at point 5 directly from perturbations at the nozzle inlet at point 1.  

 

A.1. Perturbations across the nozzle 

The flow perturbations in the convergent-divergent nozzle can be written in non-dimensional form as: 

' '
ˆˆ , ,i t in i t inp

pe e
p

   


 

    (A.1a) 

' '
ˆ ˆ, ,i t in i t in

in

u w
ue we

u c

       (A.1b) 

where ' 0v   and the subscript ‘in’ denotes values at the inlet.  

We consider the variation of the instantaneous mass flux m a u , angular momentum flux f rmw   and energy 

flux 2 21 1

2 2
/ ( 1) ( )e a pu m u w     along the duct. First we will assume that the nozzle is compact ([20]). Stow 

et al. [20] have shown that the compact approximation is valid when the frequency   is less than *1.9 /c L  for 

the acoustic wave and 
*0.9 /c L  for the convected waves, where the superscript * denotes values at the throat and 

L  is the nozzle length. The compact assumption is suitable for application to combustion noise in gas turbines 

where the frequency is on the order of few hundreds Hertz. It is not valid for the very long divergent section of 

the DLR EWG rig or for the high frequencies of the HAT rig, and we will discuss in section III how the modelling 

can be extended to the case with a non-compact length of nozzle downstream of the shock.  

For a compact nozzle, conditions of conservation of mass, momentum and energy flow rates ensure that the mean 

and perturbations of m , f  and e  are uniform upstream and downstream of the shock:  

 

1 3m m , 1 3f f  , 1 3e e  and 4 5m m , 4 5f f  , 4 5e e . (A.2) 

1 3' 'm m , 1 3' 'f f  , 1 3' 'e e  and 4 5' 'm m , 4 5' 'f f  , 4 5' 'e e . (A.3) 

 

The axial momentum flux is, of course, not uniform as there is an area change in the nozzle and axial pressure 

forces are applied to the flow by the curved walls.  

Rankine-Hugionot equations for the time mean flow give 3 4m m , 3 4f f  and 3 4e e . When combined 

with (A.2) we obtain  

 

1 2 3 4 5 ,m m m m m     (A.4a) 
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1 2 3 4 5 ,f f f f f       

 

(A.4b) 

1 2 3 4 5 ,e e e e e     (A.4c) 

the mean mass, angular momentum and energy fluxes are conserved throughout the nozzle. From these three 

equations and the mean outlet boundary condition (e.g. a prescribed mean pressure at duct exit and hence at 

Position 5), the mean values of velocity, density and Mach number at the nozzle outlet can be found. 

More care is needed when considering unsteady fluxes across the oscillating shock. This requires application of 

the Rankine-Hugoniot equations of conservation of mass, momentum and energy flux in a frame of reference in 

which the shock is at rest. We denote perturbations in the shock-stationary frame by the suffix st  and the shock 

position by ( )sx t . Then for linear perturbations  

3 3, 3' ' ' /st se e x de dx  , (A.5) 

where 
3'e  is perturbation in the energy flux at a stationary position just upstream of the shock and 

3e  is the mean 

energy flux upstream of the shock. The effect of shock displacement on the energy perturbation appears as 

3' /sx de dx . The effect of shock velocity leads to the flow relative axial velocity in the shock stationary frame 

being ' 'su i x  but in the compact limit the velocity correction 'si x  is negligible compared with the 

displacement term.  

Similar consideration downstream of the shock leads to 

4 4, 4' ' ' /st se e x de dx  . (A.6) 

The Rankine-Hugoniot equations give 3, 4,' 'st ste e . Moreover, the mean energy flux is equal across the shock and 

uniform along the duct and hence 
3 4/ /de dx de dx . Hence we conclude that 

3 4' 'e e . In a similar way for 

perturbations in mass and angular momentum flux we obtain 
3 4' 'm m  and 

3 4' 'f f   . When combined with 

(A.3) this leads to  

 

1 2 3 4 5' ' ' ' ' ,m m m m m     (A.7a) 

1 2 3 4 5' ' ' ' ' ,f f f f f       

 
(A.7b) 

1 2 3 4 5' ' ' ' ' .e e e e e     (A.7c) 

 

These equations indicate that, if the mass 1'm , angular momentum 1'f   and energy 1'e  flow rates upstream 

of the nozzle (position 1) are known and the nozzle is compact, the associated perturbations downstream of the 

shock (position 4) or at the nozzle outlet (position 5) can obtained. Thus, knowing the acoustic boundary condition 

at the outlet, the perturbations at the outlet

 

are obtained using (A.7a)-(A.7c). It is interesting and a great 
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simplification that for a compact nozzle the noise at the nozzle outlet 5 can be obtained without the need to model 

the flow within the nozzle, i.e. for points 2 to 4.  

This does not mean, however, that the linear waves at 5 are independent of the shock strength or that there is no 

unsteady shock displacement. We will show in section III that the shock strength strongly influences the 

magnitude of the wave at position 5. It is simply that this shock strength is accounted for by the mean flow 

parameters at 5. The shock displacement can, if required, be found from consideration of the axial momentum 

Rankine Hugionot equation,
3 4 4 3' ' ( / / )x x s x xf f x df dx df dx   . For axial momentum 

3 4/ /x xdf dx df dx  

because the curved walls exert an axial force on the flow and the mean flow is different upstream (supersonic) 

and downstream (subsonic) of the shock.  

Previous authors have investigated the flow in the nozzle in detail and careful analysis of their results confirms, 

after a lot of algebra, the relationships 
3 4' 'm m ,

3 4' 'f f   and 3 4' 'e e . See Appendix B for further details. 

 

Appendix B 

Conservation across the oscillating shock 
The aim of this appendix is to confirm the simple relationships 

3 4' 'm m ,
3 4' 'f f   and 

3 4' 'e e  which 

were derived physically in Appendix A  by using the analytical results obtained in the literature for the flow 

perturbations upstream and downstream of the shock. The linearised interaction between the flow perturbations 

and the moving shock wave has been studied by [20] for fluctuations incident on the shock from downstream, and 

has been extended to the case when there are disturbances approaching the shock from upstream by Moase et al. 

[27], Goh & Morgans [25]. Using Rankine–Hugoniot relations and after considerable algebra they obtained 

equations for the pressure, velocity and density fluctuations just downstream of the shock as  

4

4
24

3 3

2

23 3 3 3

32 2

3 34 3 3

''
ˆ

1
[1 ( 1) ]
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1 ' '4
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u

u
M M

M dM u Mi
M

dx c uM M M








  

 

  
      

     

 (B 1) 
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3 34 3 3

''
ˆ

1
[1 ( 1) ]

2

1 ' '4
2 2 ,

1 2 ( 1)

sx

M M

M dM Mi
M M

dx cM M M









 

  

 

  
      

     

 (B 2) 
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4

4
24

3 3

2 2 2 2

2 23 3 3 3 3

3 42 2 2

33 4 3

2

3 3 3

2

33 3
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[1 ( 1) ]

2

3 2 1 2 [2 ( 1) ]

2 ( 1) 1 2 ( 1)
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 (B 3) 

 

The circumferential velocity 
3 4' 'w w  which immediately shows that 

4 4 3' ' 'f rmw f    angular 

momentum flux is conserved across the shock.  

 

The perturbations in the mass 
4 4 4

ˆ ˆ' ( )m m u   and energy flow rates 

  1

2

2 2 2

4 0 4 4 4 4 4 4
ˆˆ ˆ' ' ( 1) / (1 ( 1) )e c m m p M u M   

 
       

 
 can be determined by substitution for 

4û , 
4̂  and 

from 
4p̂ , (B1)-(B 3).  

We assume that the nozzle is compact and hence ignore the 
1/ c  terms in (B 1), (B 2) and (B 3). This leads to 

2 2

2 23 3 34

3 42 2
2 4 4

3 3
0

3 3

3 3

' 1 1'
2 1

1 1 1
[1 ( 1) ]

2

' '
.

sx dM M Mm
M M

m dx M M
M M

u

u









 
   

      
     

 

 
  
 

 (B 4) 

The first parenthesis in the right hand side of (B 4) is equal to zero and thus we have 

3 3

4 3

3 3

' '
' ' .

u
m m m

u





 
   

 
 (B 5) 

Equation (B 5) shows the perturbations in the mass flux across the shock are conserved.  

Perturbation is energy downstream of the shock is written as 

 2

4 4 4 4 4 42
20
4

( 1)
ˆˆ ˆ' ' ( 1) .

1
1 ( 1)

2

m
e m p M u

c
M


  




    

 

 
(B 6) 

Knowing that 
3 4' 'm m  and substituting for ̂ , û  and p̂  the perturbation in energy can be written as 

3

2

3 34 32
20
4

3

3

'

1( 1)
[1 ( 1) ]' ' ,

21
1 ( 1)

'2

s

dM
x
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 (B 7) 

where 
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2 2

2 2 23 3

3 4 32 2

3 4
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2 23 3
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1 1
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 (B 8) 

Using the shock relation as follows  

2

2 3

4 2

3

2 ( 1)

2 ( 1)

M
M

M



 

 


 
, (B 9) 

and substituting into (B 9) leads to 0I  . This indicates that the effect of shock oscillation in energy perturbation 

downstream of the shock that appears as product of 3' /sI x dM dx  vanishes. 

The coefficient of the second term II is  

4 2

3 3

2 2

3 3

1 ( 1)
4( 1) .

2 ( 1) 2 ( 1)

M M
II

M M

 


  

  
 

         

 (B 10) 

The third term is written as 

23 3 3

4

3 3 3

' ' '
( 1) .

p u
III M

p u





     (B 11) 

Thus, the perturbation in energy simplifies to 

 4 2
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2 2
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4 32
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 (B 12) 

Knowing that 

3 3 3 3

3 3 33

' ' ' '1 1
,

2 2

M u p

u pM




    (B 13) 

and substituting (B 13) into (B 12) leads after some re-arrangement to 

23 3 3

4 3 3 32 2

3 3 30 0

' ' '( 1) ( 1)
' ' ( 1) ' ,

p u
e m m M e

p uc c

 




  
      

 
 (B 14) 

confirming that the energy perturbation across the shock is conserved. 
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