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Abstract—This paper presents the design of an observer for
a lightweight robotic arm actuated by a single biased Shape
Memory Alloy (SMA) wire. The internal states of the system
are estimated via an Extended Kalman Filter (EKF) with sliding
mode unknown input and states estimation. This observer allows
estimating the temperature, stress and martensite fraction rate
of the SMA wire. This approach avoids the use of switching
dynamics in the observer’s model, due to the martensite fraction
being considered as the unknown input. The discretized model of
the robotic arm and observer development is presented. Finally
the effectiveness of the proposed observer is tested in simulation.

Index Terms—EKF, Unknown Input, SMA wire, robotic arm,
lightweight, sliding mode

I. INTRODUCTION

Shape Memory Alloys (SMA) are a group of metallic
materials with Shape Memory Effect(SME). This character-
istic gives them the ability to recover their original shape
after mechanical deformantion. For this effect to take place
certain type of stimuli must be applied, such as thermal
variations.There are different types of SMA materials, the most
common one being the Nickle-Titanium alloy commonly know
as Nitinol [1].

These materials have numerous characteristics that have
made them a great substitute to conventional actuators. Among
these characteristics are the following: noiseless operation,
bio-compatibility, high mass-force ratio, magnetic suscepti-
bility, damping and more. Due to these characteristics, SMA
has been commonly used to develop actuators in recent years
[2]. Among these we can find medical applications such as
intra-arterial supports [3], aerodynamic applications such as
actuator for morphing segments on a UAV wing [4]. More
general applications can also be found as in [5] where the
authors propose a SMA actuated car mirror or [6] where a
SMA based motor is designed. In addition, this material has

been used in the robotic field for the development of robotic
manipulator like the lightweight robotic arm presented in [7].

In spite of the great characteristics of this smart materials,
they also have disadvantages which represent a great chal-
lenge in the aspect of control. SMAs have highly nonlinear
dynamics due to a phenomena known as hysteresis. This type
of nonlinear behavior greatly hampers the development of
accurate control. Although they possess Hysteresis behavior,
SMA wires have linear relation between its internal states,
for example Resistance-Strain or Martinsite fraction-Strain [8].
However, the internal states of SMAs often are immeasurable
in real applications or require complex equipment to do so. A
solution to this problem is the estimation of the internal states,
so the purpose of the article is to discuss suitable observer
design.

When talking about estimation for SMA wires, the research
found in the literature is limited and mostly concentrated
on the estimation of the mechanical states of SMA based
actuators. A Luenberger observer for the estimation of the
mechanical states (position and velocity) were proposed in
[9] and [10]. In [11] an Extended Kalman Filter (EKF) was
applied to predict the state of the SMA based system while an
Artificial Neural Network (ANN) has been used to compensate
for the inaccuracies caused by the dynamic of the biased
spring. In [12] the authors present an augmented EKF for the
estimation of temperature, stress and spring parameters, based
on a deterministic SMA switching model while the stability
of the system is barely mentioned. Finally the authors in [13]
present a disturbance observer for an SMA actuated smart
joint.

Most of these approaches demand complex switching mod-
els or intelligent control using ANN. With this in mind,
we propose a new approach for the estimation of SMA’s
internal states, including the martensite fraction. We propose
an Extended Kalman Filter with sliding mode for unknown
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input and states estimation for a SMA wire actuated robotic
arm. This approach allows the estimation of the SMA wire
states avoiding the switching inside the observer’s model.
Furthermore, it is capable to estimate the martensite fraction
rate, which as already mention is a critical parameter for
modeling the SMA wire dynamic and an interesting alternative
to control design.

The current paper is organized as follows: First the mechan-
ical design and mathematical model of a lightweight SMA
actuated robotic arm is presented in Section II. In Section III
the proposed Extended Kalman Filter observer incorporating
sliding mode for estimation of the martensite fraction rate
(unknown input) is described, while Section IV presents the
estimation of the unknown input through the sliding mode. In
Section V the Extended Kalman Filter with Unknown Input
(EKF-UI) observer is applied for estimation of the states and
unknown input of a SMA wire actuated robotic arm, while
the simulation results are shown in Section VI. Finally the
conclusions are presented in Section VII.

II. SMA ACTUATED ROBOTIC ARM

Nowadays aerial manipulation has became a trend topic in
the robotics field. When dealing with aerial manipulation with
small Unnamed Aerial Vehicles (UAV), the optimal use of the
available payload is a critical point. Addressing this problem,
we propose a lightweight robotic arm actuated by SMA wires
previously published in [7] and [14]. This design proposes a
SMA actuated single degree of freedom Robotic Arm which
weighs a total of 48 g. Figure 1 shows a Computer Aided
Design (CAD) of the proposed robotic arm. This design is
based on the joint proposed in [15]. This joint consist of two
couplers fixed together by a torsion spring and actuated by a
single SMA wire. The proposed observer will be tested over
the biased wire configuration, where the Wire-2 is a rigid wire.
So in this configuration only 1 SMA will be actuated and the
biased force will be provided by a torsion spring (for further
details on the design please refer to [7] or [14]).

A. Robotic arm model

The model of the robotic arm can be divided into three
submodels: 1) SMA wire model, 2) Kinematic model and 3)
Dynamics. Figure 2 shows the block diagram of the complete
system.

1) SMA wire model.: The model of the SMA wire, is fur-
ther subdivided into three recursive models. The heat transfer
model describes the dynamic of a system heated by joule
effect and cooled by natural convection where the convection
coefficient is approximated by a second order polynomial of
the temperature.

The SMA wire phase transformation model computes the
martensite fraction rate (ξ̇). This parameter depends on the
temperature and stress of the SMA. It is a highly nonlinear
switching dynamic parameter, which is responsable for the
typical hysteretic behavior of the SMA wires. Two equations
are needed to fully describe the full hysteresis major and minor
loops, one while heating and the second for cooling.

Fig. 1. Proposed SMA wire actuated robotic arm CAD model.

SMA-1
model

Dynamics

Kinematics
SMA-1

Robotic arm model (biased SMA wire config.)
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Fig. 2. Block diagram of the SMA actuated robotic arm.

The wire constitutive model describes the relation between
the SMA wire dynamic states and the mechanical effect caused
by the same wire (defined by Stress (σ)). This model was
presented by [16] and then modified by [17]:

σ̇ = Eε̇+ Ωξ̇ + ΘṪ , (1)

where Ω and Θ are the phase transformation constant and ther-
mal expansion coefficient, respectively. We have Ω = −Eε0
and ε0 is the initial strain.

2) Kinematic model.: This model relates the SMA wire
model with the mechanics of the robotic arm itself. The strain
ratio of the SMA wire and angular velocity of the arm depends
on the geometry of the design.

3) Dynamic model.: The dynamic system gives the relation
between the SMA wire actuation and the mechanical effects
over the end-effector. The general dynamic model of the
mechanical system is described as:

M (θ) θ̈+ Vm

(
θ, θ̇
)
θ̇+ g (θ) +Fdθ̇+ Φ (θ, θr) = τω (2)



where θ, θ̇, θ̈ represent the positions, velocities and accelera-
tions of the couplers, M (θ) is the inertia matrix, Vm

(
θ, θ̇
)

is
the centripetal-coriolis matrix, g (θ) is considered as the effect
of gravity, Fd is the viscous coefficient term, Φ (θ, θr) is the
nonlinear hysteretic term, τω is the input torque applied to the
manipulator joint by the SMA wire, which is mathematically
described as:

τw = Fwr = Aσr (3)

For further details on the full SMA wire actuated robotic
arm model and design, please refer to [18].

III. EXTENDED KALMAN FILTER WITH UNKNOWN INPUT

In this section the observer structure and characteristics of
the system are defined. Consider the following discrete non-
linear system:

xk+1 = f (xk, uk, rk) + φ (xk) d (xk, uk)

yk = h (xk, wk)
(4)

where xk = [x1k, x2k, ..., xnk]
T ∈ Rn is the state vector at

instant k, uk ∈ Rr and yk ∈ Rp are the input and output
vectors at time instant k, d (xk, uk) is the unknown input and
φ (xk) is the distribution matrix of unknown inputs,rk is the
system noise cause by the parameter inaccuracies and wk is
the measurement noise. Both, system and measurement noise
matrices are modeled as Gaussian noises with zero mean and
completely independent.

Assuming the function f (xk, uk) is bounded with respect
to its own arguments and system 4 is uniformly observable
while the unknown input is also bounded as |d (·) | ≤ d.
The Extended Kalman Filter with Unknown Input (EKF-UI)
observer is proposed as follows:

1) Measurement update

x̂k+1 = x̂k+1/k +Kk+1ek+1

Kk+1 = Pk+1/kH
T
k+1

(
Hk+1Pk+1/kH

T
k+1 +Rk+1

)−1

Pk+1 = (I −Kk+1Hk+1)Pk+1/k

(5)

2) Time update

x̂k+1/k = f (x̂k, uk) + φ (x̂k) d̂ (xk, uk)
Pk+1/k = FkPkF

T
k +Qk

(6)

Where
ek+1 = yk+1 − h

(
x̂k+1/k, wk+1

)
(7)

Fk = f (x̂k, uk) =
∂f (xk, uk)

∂xk

∣∣∣∣
x̂k=x̂k

(8)

Hk+1 = H
(
x̂k+1/k

)
=
∂h (xk+1, wk+1)

∂xk+1

∣∣∣∣
x̂k+1=x̂k+1/k

(9)

here Qk and Rk are diagonal matrices, which represent the
covariance matrices of the system (rk) and measurement (wk)
noises respectively. These matrices satisfy:{

Q = cov(r) = E
[
rrT

]
R = cov(w) = E

[
wwT

] (10)

Different methods can be used to estimate the unknown
input, but in the current article we will consider the Unknown
Input Estimator based on Sliding Modes which is presented
next.

IV. SLIDING MODE UNKNOWN INPUT ESTIMATION

This approach is based on the work presented in [19], where
a high-gain observer with sliding mode for state and unknown
input estimations is developed with stability discussion. Using
this approach the unknown input can be estimated using a
sliding surface defined as a function of the first term of the
estimation error (e1k) as follows [19]:

d̂ (xk, uk) = −ρsign (e1k) (11)

where ρ is the sliding mode gain.
To avoid the chattering caused by the sign(·) function

(characteric challenge of sliding mode technique), this fuction
is replaced by a sat(·, ε), defined as [20]:

sat (·, ε) =

{
·/ε, if | · | ≤ ε,
sign (·) , if | · | > ε.

(12)

V. APPLICATION TO SMA WIRE BASED ROBOTIC ARM

The martensite fraction rate, necessary for the estimation of
the stress via the constitutive model of the SMA wire, is a
switching nonlinear parameter of the SMA wire. The explicit
estimation of this parameter demands switching dynamics
inside the observer, which can lead to instability. For this
reason, a new approach is presented, where the martensite
fraction rate is considered as an unknown input or disturbance
to the system (d (xk, uk)). Using this method we avoid the
necessity of a switching dynamic in the estimation model. Let
us define the discretized model of the SMA actuated robotic
arm with martensite fraction as the unknown input in the
following way:

f (xk, uk) =


x1k
x2k
x3k
x4k

+



x2k

A1r1
J1

x4k − b1
J1
x2k − mloadgrload

J1
cos (x1k)−

1
R1mw1cp1

V 2
k −

−Er
l0
x2k

1
J1
τs (x1k, x2k)

h1Aw1

mw1
cp1

(x3k − Tamb)

+Θ
(

1
R1mw1

cp1
V 2
k −

h1Aw1

mw1
cp1

(x3k − Tamb)
)


Ts

(13)



φ (xk, uk) =


0
0
0

−ΩTs

 (14)

d (xk, uk) =


0
0
0

ξ̇k

 (15)

h (xk, wk) =

[
x1k
x2k

]
+ wk (16)

Further the state vector is defined as follows:
x1k - Angular position of coupler-1 (θ1)

x2k - Angular velocity of coupler-1
(
θ̇1

)
x3k - Temperature of SMA wire-1 (T1)
x4k - Stress of SMA wire-1 (σ1)

It is important to mention that the only measurable state
in this system is the position of coupler-1 (x1k), while the
angular velocity of the coupler-1 (x2k) can be computed from
this measurement. So the temperature and stress of the wire are
estimated. In order to apply the proposed EKF-UI algorithm
(Equations 5 - 9) let us define the required state and output
matrices as follows:

Fk =


1 Ts

Ts
J1

[−ks + k1 sin (xk1)] 1− Ts
J1

(bs + b1)

0 0

0 −Er
l0
Ts

0 0

0
TsrAw

J1
1− h1Aw1

mw1
cp1
Ts 0

Θ
(

1− h1Aw1

mw1cp1
Ts

)
Ts 1



(17)

Hk =

[
1 0 0 0
0 1 0 0

]
(18)

VI. EKF-UI SIMULATION RESULTS

In this section the results of the proposed EKF-UI are dis-
cussed. The EKF-UI for a biased SMA wire actuated robotic
arm was tested through simulation using Matlab/Simulink
environment. Noise was added to the system to emulate
the system and measurements noise. For the system noise,
changes in parameters like the damping coefficient of the
joint and spring constant where made in the simulated model
in comparison to the values used for the observer. In the
case of the measurements noise, a Gaussian signal with zero
mean was added to the position an velocity simulated vectors.
Here the Gaussian signal variance was selected to emulate the
average characteristics of commercial high resolution digital
encoders. In Table I we can see the model parameters used
for simulation.

TABLE I
PARAMETERS OF THE SMA WIRE AND THE COMPLIANT ACTUATOR [21],

[22].

Parameter Value Parameter Value
EM 28 GPa CA 10 Mpa/oK
EA 75 GPa CM 10 Mpa/oK
As 88 oC Tamb 25 oC
Af 98 oC A 4.9x10−8 m2

Ms 72 oC Aw 290.45x10−6 m2

Mf 62 oC cp 320 J/Kg oC
mw 6.8x10−4 kg/m εL 2.3%
R 20 Ω/m h0 20
l0 0.37 m h2 0.001
bs 0.5 b1, b2 0.1
ks 0.0018 Nm/1o Θ -0.055

The system was tested in open-loop with a sinusoidal input
with an amplitude peak-peak of 6 V and a frequency of 1/60
Hz. The results of this test are shown in Fig. 3, Fig. 4 and
Fig. 5.

Figure 3 shows the tracking of the four states of the
presented system. Here we can observe that all the states are
accurately estimated using this approach, however, the angular
velocity (x2k) has a higher noise while being estimated. This
is direct effect of derivating the position. Figure 4 shows the
tracking error for the same four states. This figure shows that
the convergence time for the estimated states is less than one
second, except for the wire’s temperature (x3k) which takes
around 15 seconds to converge. Despite the noise present on
the estimation, the average estimation error is less than 0.05%
for the temperature and 5% for the stress after convergence.
We can see an increase in the error when the system crosses
a transformation temperature (See Fig. 3 c) ), owing to the
switching dynamics of the hysteretic system. Nonetheless, the
observer is capable to converge again after a few seconds.

As mentioned before, the martensite fraction is an important
parameter to model the behavior of a SMA wire, and a
great alternative for control development. Nevertheless, it is a
parameter difficult to measure in real applications since it de-
pends on the microscopic internal transformation of the SMA
wire. Our approach is capable of estimating this parameter
as shown in Fig. 5 where the martensite fraction rate vs the
estimated martensite fraction rate is plotted. Although some
noise is shown, the estimation follows the switching dynamic
behavior of this internal state accurately.

VII. CONCLUSIONS

This work presents an Extended Kalman Filter with sliding
mode unknown input and state estimation for a light-weight
robotic arm actuated by shape memory alloy wires. Using
the constitutive model for the development of the EKF-UI,
the martensite fraction rate is estimated as an unknown input
avoiding the use of switching dynamics inside the observer’s
model.

The simulation results prove the effectiveness of the pro-
posed observer to deal with the hysteretic behavior of the
SMA wires. The future perspective of the current result is
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Fig. 3. Actual (xk) vs EKF-UI estimated (x̂k) states , a) Angular position, b) Angular velocity, c) Wire’s temperature, d) Wire’s stress

to focus on the problem of noise reduction in the estimator
and further perform control design using state feedback. Also
as future work, the observer will be experimentally tested as
the robotic arm’s construction is completed.
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