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Abstract

This paper considers the problem of model uncertainty in the case of multi-asset volatility
models and discusses the use of model averaging techniques as a way of dealing with the risk
of inadvertently using false models in portfolio management. Evaluation of volatility models
is then considered and a simple Value-at-Risk (VaR) diagnostic test is proposed for individual
as well as ‘average’ models. The asymptotic as well as the exact finite-sample distribution
of the test statistic, dealing with the possibility of parameter uncertainty, are established.
The model averaging idea and the VaR diagnostic tests are illustrated by an application to
portfolios of daily returns on six currencies, four equity indices, four ten year government
bonds and four commodities over the period 1991-2007. The empirical evidence supports the
use of ‘thick’ model averaging strategies over single models or Bayesian type model averaging
procedures.
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1 Introduction

Multivariate models of conditional volatility are of crucial importance for optimal asset al-
location, risk management, derivative pricing and dynamic hedging. However, their use in
practice has been rather limited, particularly in the case of portfolios with a large number
of assets. There are only a few published empirical studies that consider the performance
of multivariate volatility models involving a large number of assets, and for operational
reasons most of these studies focus on highly restricted versions of the multivariate gener-
alized autoregressive conditional heteroscedastic (GARCH) model of Bollerslev (1986). The
risk associated with possible model misspecification could then be sizeable. Also for risk-
management purposes, the main focus is often on the tail behavior of the predictive density
of the asset returns, and not simply to obtain the ‘best’ approximating volatility model.
This in turn implies that a unified treatment of empirical portfolio analysis requires shifting
the focus from a statistical to a decision-theoretic framework for model evaluation. This
paper provides an integrated econometric approach to the portfolio optimization subject to
the Value at Risk (VaR) constraint in the presence of model uncertainty, and the associated
risk monitoring problem. In this paper we focus on uncertainty of multivariate volatility
models and abstract from return prediction uncertainty already addressed extensively in the
literature.! The various issues involved are discussed and evaluated in the context of an
empirical application.

Many variants of the multivariate GARCH have been proposed in the literature. These
include the conditionally constant correlation (CCC) model of Bollerslev (1990), the Risk-
metrics specifications popularized by J.P.Morgan (1996) and used predominantly by practi-
tioners, the orthogonal GARCH model of Alexander (2001), and the dynamic conditional cor-
relation (DCC) model advanced by Engle (2002).2 Recent surveys are provided in Bauwens,
Laurent, and Rombouts (2003) and McAleer (2005). Multivariate stochastic volatility (SV)
models have also been considered in the literature, with reviews by Ghysels, Harvey, and
Renault (1995) and Shephard (2004).> We consider models frequently used by practition-
ers together with many models recently proposed in academic papers, and consider their
empirical performance within a decision-theoretic framework.

The highly restricted nature of the multivariate volatility models advanced in the liter-
ature could present a high degree of model uncertainty which ought to be recognized at the
outset. This is particularly important since due to data limitations and operational consider-
ations it is not possible to subject these models to rigorous statistical testing. Application of
model selection procedures also involves additional risks that are difficult to assess a priori.
This is especially true when the number of assets is moderately large, and it might well be
that no single model choice would be satisfactory in practice.

This paper considers model averaging as a risk diversification strategy in dealing with
model uncertainty, and provides a detailed application of recent developments in model

1See, for example, Pesaran and Timmermann (1995).

2The DCC model is also related to the VCC model of Tse and Tsui (2002).

3So far the focus of the SV literature has been on univariate and multivariate models with a small
number of assets, with the notable exceptions of Diebold and Nerlove (1989), Engle, Ng, and Rothschild
(1990), King, Sentana, and Wadhwani (1994) and Harvey, Ruiz, and Shephard (1994), that are similar in
structure to the class of factor GARCH models that we do consider below.



averaging techniques to multi-asset volatility models. Frequently used model selection cri-
teria are the Akaike Information Criterion (AIC) and the Schwartz Bayesian Information
Criterion (SBC). However, such a two-step procedure is subject to the pre-test (selection)
bias problem and tends to under-estimate the uncertainty that surrounds the forecasts. Of
course, the use of model averaging techniques in econometrics is not new and dates back to
the work of Granger and Newbold (1977) on forecast combination. However, this litera-
ture focusses on combining point forecasts and does not address the problem of combining
forecast probability distribution functions which is relevant in risk management.

Concerning model evaluation, the standard forecast evaluation techniques that focus on
metrics such as root mean square forecast errors (RMSFE), also run into difficulties when
considering volatility models. Since volatility is not directly observable, it is often proxied
by the square of daily returns or more recently by the standard error of intra-daily returns,
known as realized volatility (see, for example, Andersen, Bollerslev, Diebold, and Labys
(2003)). In multi-asset contexts the use of standard metrics such as RMSFE is further
complicated by the need to select weights to be attached to errors in forecasts of individual
asset volatilities and their cross-volatility correlations and the choice of such weights is not
innocuous in a multivariate framework (see Pesaran and Skouras (2002)). Here we develop
a simple criterion for evaluation of alternative volatility forecasts by examining the Value-
at-Risk (VaR) performance of their associated portfolios. Our test, which can be applied to
individual as well as to average models, belongs to a class of so-called unconditional coverage
tests, the most important case of which is the Kupiec (1995) binomial test. In contrast to the
existing literature, though, we formally establish both the asymptotic as well as the exact
finite-sample distribution of our test statistics. Further, we provide formal conditions that
permit to ignore the potential effect of the sampling variability associated with estimation.
Conditional coverage tests (see Christoffersen (1998)) and density forecast tests (Crnkovic
and Drachman (1997) and Berkowitz (2001)) could also be adapted to our model averaging
framework, although the related distribution theory will need to be established. For a review
of existing approaches to the evaluation of the VaR estimates see Andersen, Bollerslev,
Christoffersen, and Diebold (2006). The VaR based diagnostic tests developed in this paper
can be used both for risk monitoring of a given portfolio as well as for construction of optimal
(in the VaR sense) portfolios.

The remainder of the paper is organized as follows: the decision problem that underlies
the VaR analysis is set out in Section 2. Section 3 provides a brief outline of the different
types of multivariate volatility models considered in the paper. Several approaches to model
averaging are reviewed and discussed in Section 4. Section 5 introduces the Value-at-Risk
(VaR) diagnostic test and establishes its finite-sample as well as its asymptotic distribution.
Section 6 provides a detailed empirical analysis using daily returns for eighteen futures
contracts covering equity indices, government bonds, exchange rates and commodities over
the period 2 January 1991 to 11 July 2007. Section 7 concludes with a summary of the main
results and suggestions for future research. The mathematical proofs and a description of
the multivariate volatility models are provided in three appendices.

4For reviews of the forecast combination literature see Clemen (1989), Granger (1989), Diebold and
Lopez (1996) and Hendry and Clements (2002).



2 The Decision Problem: Active Risk Management

Here we are concerned with the decision of a portfolio manager who is interested in control-
ling the risk of a given portfolio composed of N futures contracts over a given trading day.
We refer to this portfolio decision problem as ‘active risk management’, and distinguish it
from what might be called ‘passive risk management’ where the outcome of the portfolio
decision is evaluated or monitored by a risk manager or by an outside supervisory financial
institution. This distinction is important since the solution to the portfolio decision problem
requires a complete knowledge of the conditional multivariate probability distribution of the
N x 1 vector of returns, r;. In contrast, for passive risk management it is clearly possible
to work directly with the conditional univariate distribution of portfolio returns, p;, with no
apparent need for multivariate volatility modelling.

We suppose that the portfolio manager is allowed to hold long and short positions and
the contracts could be in home currency (taken to be US dollar) or in foreign currencies.
Denote the price of each contract (in local currency) on close of business day t by P}, and
the US dollar exchange rate relevant to the j contract by Fj; (measured as the units of
foreign currency in one US dollar), and the number of contracts held in the portfolio at
yesterday’s close by n;, ;. Abstracting from transaction costs, the change in the value of
this portfolio in US dollar is given by

N N
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where nj; and rj; = (P — Pj;—1) /Pj+—1 are the position size (number of contracts) and
the one-day holding return of asset j, and 7%, = (Ej; — Ej;1)/FEj:1 is the daily change in
spot currency rate. Note that for US dollar denominated assets 7§, = 0. Since the second
order terms 7,7, (rjt)Q Tjt, etc. are negligible the daily change in the value function can be
simplified as

N
AV, = ij,t—lrjtct—la (2)
j=1

where wj; 1 =n;4—1Pj;—1/(E;1—1C¢—1) is the value of the contracts in US dollar relative to
notional capital, C;_1, on close of day t — 1. In what follows we suppose that a portfolio
manager chooses these position sizes by solving a standard mean-variance problem subject
to a daily value at risk (VaR) constraint. Let p;(w;—1) = w;_,1r; be the portfolio return, where
wie1 = (W1t-1,wa -9, ..., wnt—1) and ry = (ryg, 7o, ..., 7a¢)’. Then the objective function of
the mean-variance problem is given by

! 5 - !
Q(wt—1|M:-7:t—1) = wt_lE(rt|M75Et—1) - tlet_lv(rt|M7E—l)wt—la (3)

where F;_; is the available information, ¢&;_1 > 0 is a (possibly time-varying) risk-aversion
coefficient, and M denotes the assumed multivariate model of returns, characterized by the
joint probability distribution of r; conditional on F; 1, and denoted by fa(r;|F;—1). The
VaR constraint is given by

Pr (wg_lrt < =L |M,ft_1) < q, (4)
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where L; 1 > 0 is a pre-specified maximum daily loss (as a fraction of notional capital)
and « is a probability value (typically taken to be 1%) which captures the fund manager’s
attitude towards risk in the case of large losses.

To obtain a feasible solution to the mean-variance problem we shall assume that con-
ditional on F;_; returns r, have means jia; and finite variance-covariances 3s;. The
conditional probability distribution of the change in the portfolio value, p; = w, r;, takes
relatively simple forms when the distribution of returns are closed under linear transforma-
tions.’> For example, in the case where the conditional distribution of r; follows a multivariate
t distribution with v;_; > 2 degrees of freedom, p; will also be t distributed with the same
degree of freedom, and hence
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and the VaR constraint (4) simplifies to
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where ¢y, | .o (Cy_ .0 > 0 for a < 0.5) is the a% left tail of the Student ¢ distribution with
vs_1 degrees of freedom.

The optimal portfolio weights, wy ; ,4, that maximize Q(w;—1|M,F;_1) subject to the
VaR constraint in (5) are then given by®
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where sy = \/ /VL’/VLtZH’tuM’t can be viewed as the er ante daily Sharpe ratio of the

portfolio. This solution shows that the VaR constraint will be binding only if the risk
aversion coeflicient is relatively small. In the case where the VaR constraint binds, the level
of wy | s is determined by the level of the risk capital, L; 1, and the tail property of the
underlymg return distribution. In practice, to avoid negative values of d; ;, it would be
advisable to cap s so that it does not exceed ¢,, , q.

The solution to the constrained MV optimization problem is more complicated when the
return distribution is constructed as an average of a number of Gaussian or t-distributed
return distributions with different means and variances. We shall return to this problem
below in section 4.1.

5The probability distribution of r; is said to be closed under linear transformations if all linear combi-
nations of r; have the same distribution as the marginal distributions of the returns.
SFor the details of the derivations see Appendix A.



3 Multivariate Models of Asset Returns

Our primary concern in this paper is on modelling and evaluation of alternative multivariate
volatility models in a wider context that nests both passive and active risk management
problems. Typically one would also need to address the uncertainty that surrounds the
conditional mean returns, E (r; |F;_1) = p;. But given the focus of the present paper we shall
abstract from this problem and throughout assume that mean returns can be characterized
by first order autoregressive processes

Tit = Qj0 + Q1T ¢—1 + Eit, (7)

such that p; = a0 + anriy—1. Therefore, in what follows we shall focus on alternative

specifications of the joint probability distribution of &, = ry— p;, namely fa(r; |F;—1) for the

model class M. For this purpose it is convenient to work with the standardized unexpected
1

returns, z;, defined by z, = 3, %¢;, where X; = Var (g, | F;_1).

A complete specification of fr(r; |F;—1) can be achieved by: (i) a non-singular choice of
3%4; (ii) specification of the distribution of standardized values, z;. For the latter, we focus on
distributions that are closed under linear transformations. This includes the case of standard
multivariate Gaussian, and the multivariate Student ¢ with v degrees of freedom. These are
the two specifications that are most commonly encountered in practice. In specifying 3,
we focus on parametric volatility models, the classical example of which is the multivariate
generalized autoregressive heteroskedasticity model of order 1,1 (MGARCH(1,1)). In its
most general form it is given by’

vech(Eycarcny) = aot+Aovech(E o arcm, 1) + Bovech (riir)_y) (8)

where vech(-) denotes the column stacking operator of the lower portion of a symmetric
matrix, ag is an N(N +1)/2 x 1 vector, and Ay, B, are N(N +1)/2 x N(N + 1)/2 matrices
of unknown coefficients. It is evident that even such a low-order model already contains a
large number of parameters even for moderate values of N which renders model (8) effectively
unfeasible for practical applications.

The different multivariate volatility models considered in this paper are special cases of
the MGARCH(1,1). These volatility models are denoted by M; and the associated condi-
tional covariance matrix by ¥;. Altogether we consider 53 different specifications of 3;; that
can be grouped into 9 different model types. We consider both econometric specifications
advanced in the academic literature as well as ad hoc data filters more commonly used by
practitioners.

Within the first group, we considered the constant conditional correlation (CCC(p,q))
model of Bollerslev (1990) and its more recent generalizations, namely the dynamic condi-
tional correlation (DCC(p, g, 1,1)) of Engle (2002) and the asymmetric dynamic conditional
correlation (ADCC(p,q, 1,1)) of Cappiello, Engle, and Sheppard (2006). We also consider
the orthogonal GARCH (O-GARCH(p, q)) of Alexander (2001), the factor GARCH model
of Harvey, Ruiz, and Sentana (1992) (factor GARCH(p, ¢, 1,1)) and the Student ¢ dynamic
conditional correlation model of Pesaran and Pesaran (2007) (TDCC(p, ¢,1,1)).

"See Bollerslev, Engle, and Wooldridge (1988, equation (4)).



Within the second group we consider the equal-weighted moving average model (EQMA (ng)),

which is a rolling filter that puts equal weights on the ng most recent squared observa-
tions. We further consider the exponentially-weighted moving average (EWMA (ng, Ao)),
well known as the Riskmetrics filter (see J.P.Morgan (1996)) and a number of its vari-
ants such as the two-parameter exponential-weighted moving average (EWMA (ng, Ao, 10))
(see De Santis, Litterman, Vesval, and Winkelmann (2003, p.14)). We also consider two
hybrid filters: a mixed moving average (MMA (ng, 1)) specification whereby the condi-
tional variances are computed as in the EQMA(ny) model but with the conditional co-
variances obtained using the Riskmetrics approach; and a generalized exponential-weighted
moving average (EWMA (ng, p, ¢, 1)) whereby conditional variances are modelled as univari-
ate GARCH(p, ¢q) with the conditional covariances specified using the Riskmetrics approach.
More detailed accounts are given in Appendix B.

Let 0;9 be the k; x 1 vector of coefficients characterizing the true unknown parameters of
the volatility model M;, denoted by ;= 3;(0,,). For estimation of #;, we shall be using
the Gaussian pseudo maximum likelihood estimator (PMLE), defined by

T

" 1 P
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where ©; represents a suitable parameter space, 7 is the end of the estimation period, Tj is
the size of the estimation period.® Correspondingly, let 2# = Eit(éiTO). We view Gaussian
PMLE as a robust method, delivering consistent and asymptotically normal estimates of 6;
under the volatility model M; even for non-Gaussian z;. In particular we shall assume that
as Ty — o0, A

iy 2 61 (10)

and

VT (ém) _ eio) | M; % N (0,9, (6:0)], (11)

where €; (6;0) is a positive definite matrix, 2, denotes convergence in probability and 4,
convergence in distribution. The asymptotic properties of the Gaussian PMLE have been
established for certain classes of multivariate GARCH-type volatility models (see Ling and
McAleer (2001)) and it is reasonable to expect that results such as (10) and (11) would
hold for the more general class of models considered in this paper, under suitable regularity
conditions.’

In what follows we shall assume that under model M;,

1
M; - vy =+ 222, Ziy | Fio1 ~ (Fie, 0, Iy), (12)

meaning that F (z; |F,_1, M;) = 0, E (zyz., | Fi—1, M;) = Iy, where Iy is the N x N identity

matrix, and Fj(.) is the the conditional joint probability distribution function of z; = 3,,%&;.

8 An exception is the TDCC model, which is estimated under the assumption of a Student ¢ distribution
with v degrees of freedom, where v forms part of the parameter vector 6.

9Some of the models we consider do not require estimation. For instance Zaffaroni (2007) shows that
the PMLE estimator of the Riskmetrics model fails even the consistency property.



Note that the above formulation allows the higher order moments of z;; to be time varying.
This would be the case, for example, when z; is distributed as the multivariate Student ¢
with time varying degrees of freedom, v;_;, conditional on F;_;.

4 Average Volatility Models

Considering the restrictive nature of the multivariate volatility models in the literature,
model averaging techniques that explicitly allow for parameter and model uncertainty could
be particularly important in risk management. Let f(ri|F;_1, M;) be the predictive density
of r; conditional on model M;, F;_; the in-sample available information, and M = UZL M;
the space of the models under consideration. Each model M; is fully specified by the choice of
the volatility model, 3;;, and of the conditional probability distribution, F};, of devolatilized
residuals, z;.
Model averaging implies a predictive density of r; conditional on JF;_; given by

f(I‘t ’ftfla M) = Z )\i,tflf(rt‘ftfly Mi)7 (13)

where the set of weights \;;_; are pre-determined at the time the decision over the posi-
tions, wj—1 (j = 1,2,...,N), is taken. This is possible since it is assumed that there is
no feedback from trade decisions to the probability models under consideration. One could
consider attaching equal weights to all the models belonging to M, yielding A\;;—1 = 1/m.
A further refinement would be to apply model averaging not to all of the models but only
to a given number of top performing models. Therefore, one could pool different models
by taking simple averages, but after ‘trimming’ models with poor past performances. For-
mally, this implies A\;;—1 = 1/ny—1 for i € N1 C M, where n,_; indicates the cardinality
of the sequence of subsets of models NV;_1. For i &€ N;_1, A\j;—1 = 0. Such a procedure,
often referred to as ‘thick’ modelling, has been proposed, among others, by Granger and
Jeon (2004) who note that, standard two-stage procedures, such as selection methods based
on the AIC or SBC, might exhibit poor performance simply because the ‘true’ model does
not belong to the set of models under consideration.'® Another example is the Bayesian
Model Averaging (BMA) that combines the models under consideration using their respec-
tive posterior probabilities.!! BMA requires \;; 1 = Pr(M; |F;_1), where the latter denotes
the posterior probability of model M;. The BMA approach requires specifications of the
prior probability of model M; and of the prior probability of ; conditional on M;, for
1 =1,2,...,m. BMA can be quite demanding computationally, particularly in the case of
multi-variate volatility models with many unknown parameters. As a result, the model
weights \; ;1 are often approximated by the Akaike weights or the Schwartz weights. The

10See Stock and Watson (1999) for an application to macroeconomic time series and Aiolfi, Favero, and
Primiceri (2001) for an application of ‘thick’ modelling to point forecasts of excess returns across different
models.

1A formal Bayesian solution to the problem of model uncertainty is reviewed, for example, in Draper
(1995) and Hoeting, Madigan, Raftery, and Volinsky (1999). Recent applications to time series econometrics
are provided in Fernandez et al. (2001a,b), Garratt, Lee, Pesaran, and Shin (2003) and Godsill, Stone, and
Weeks (2004).



latter gives a Bayesian approximation when the estimation sample, T, is sufficiently large.'?
In particular, setting \;;—1 = exp(A;i—1)/ Z;nzl exp(Aj¢—1), in the case of AIC and SBC
we have A;,_1= AIC;;_1 — Max;(AIC;1—1),N;y-1= SBCiy—1 — Max;j(SBCj;_1), where
in turn AICi’tfl = LLijtfl - ki, SBCiytfl = LLi,tfl - (%) hl(t — 1), and LLi’t,1 indicates
the maximized logarithm of the joint probability distribution, with k; parameters, of the
observations ry, g, ...,r;_; conditional on the given initial values ro, ..., v 1."

In this paper, we implement both the ‘thick’ modelling and the (approximate) BMA
procedures. The former is carried out by first ranking the individual models according the
AIC or SBC criteria, and then constructing an ‘average’ model based on a given number of
top-percentile (say the top 25%) of all the models under consideration. Therefore, we still
make use of the information contained in AIC and SBC criteria, but only to trim-out the
poorly performing models. Under this approach the models that survive will be given equal
weights.

In contrast to applications that focus on point forecasts, in the case of density forecasting
the choice of the number of models to be used in the model averaging process and the
differences in their forecast error variances can have important implications for the shape
of the resulting average model in general and the degree of its fat-tailness, in particular.
Therefore, it seems likely that averaging across a very large number of models could be
counter productive for density forecasting, whereas this might not be a problem for point
forecasting. Further analysis of average models and their tail properties will be provided
below in Section 5.3.

4.1 MYV Optimization Subject to VaR Constraint in the Case of
Average Models

Suppose the ‘average’ model is constructed using the probability weights, A;;_1, applied, for
example, to the following m Gaussian return distributions:

M; - vy|Fiqg ~ N(py, 2y) fori=1,2,...,m. (14)

The MV objective function in this case is given by

_ 0t =
Qwi—1) = wg,l,ut - tTWéqztwt—l?

where (see, for example, Draper (1995))

e = Zki,tfl,um
i—1

Xy = Z i =123 + Z i1 (pie — i) (pae — ﬁt),

i=1 i=1

2In the empirical applications to be discussed below T, is sufficiently large and parameter uncertainty
is likely to be of second order importance. Also see Burnham and Anderson (1998, Chapter 4).

13We do, however, recognize that for small to moderate sample sizes used in macro-economic applications
the choice of priors could be important, particularly if the object of exercise is the estimation of the marginal
probability densities.



with the VaR constraint given by
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where @ (+) is the distribution function of the standard normal variate.
The Lagrangian for the above constrained optimization problem is given by
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where 1);_1 is the Lagrange multiplier which will be non-zero when the VaR constraint binds.
The first-order necessary conditions for this optimization problem are given by
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and ¢ (+) is the density of the standard normal variate. The m + 1 equations (17) and (18)
in w;—; and ;1 can be solved iteratively. Pre-multiplying (17) by w;_; and solving for 1/;_,
in terms of w;_; we have

Wil — 5t71wg_1itwt71

Liy Zzl )\i,t—1¢i(wt—1) (W£_1Eitwt—1)

14 Alternatively, one could use any other set of return distributions, for example a set of ¢ distribution
with v; ;1 degrees of freedom ({7}, ,_,}~;). In this case the VaR constraint would be
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Solving for w;_; in terms of ¥,

wie1 = [018¢ + Y1Go(wi1)] o [t + 18 (wi1)] - (21)

One could then check to see if the solution to the unconstrained problem, namely @; | =
(8,-13;) iy, satisfies the VaR constraint (16). If affirmative, set w} ;, = & ;. Otherwise,
use a standard root-finding algorithm such as the secant method® to search over different
values of ¢;_1 in order to find a pair (¢} ;,w; ), such that w; , is a function of ¥} ; (via
equation (21)) and satisfies the VaR constraint with equality.

5 Value-at-Risk Based Diagnostic Tests

This section examines the evaluation of multivariate volatility models from the perspective of
risk management. First we consider the problem for a given model, M;. Next, we describe
how the analysis can be extended to models obtained by application of model averaging
techniques.

5.1 VaR Diagnostics for Individual Models

In the econometric literature models are often evaluated by their out-of-sample forecast
performance using standard metrics such as the RMSFE but, as noted earlier, the application
of this approach to volatility models is subject to a number of difficulties. An alternative
approach would be to employ decision-based evaluation techniques and compare different
volatility models in terms of their performance in trading and risk management.'® In this
sub-section we propose simple examples of such a procedure based on the VaR problem set
out in Section 2.

Consider first the VaR constraint (4) associated with the passive version of the risk
management problem where the portfolio exposures, w;_i, are given, and suppose that the
analysis is carried out conditional on model M;. In this setting the VaR constraint becomes

Pr(ps < —pis—1 |Fio1, M;) < a, (22)

where p; ;-1 will be a function of a and the assumed volatility model, M;. To fully specify
the model, assume that the standardized returns, z;, have a joint cumulative distribution
function Fj;(-) which is closed under linear combinations so that c'z; also has (univariate)
distribution Fj; ,(-) of the same type for any fixed N-dimensional vector c¢. A special case
of our results is obtained if z;; is assumed to follow the multivariate normal or the Student
t distribution. Conditional on F;_; and model M; being true, p, will have mean ji,, = wjj
and variance o7, (M;) = w;_; 3 w;_1. Therefore, under (12) we have

o wi_1(re — pe)

Zpt(Mi) - o t(M) |E—17 Mz ~ (Fitv 07 ]-) (2?))
p i

15See e.g. Burden and Faires (1997) for a description of the secant method.
6For a general discussion of decision-based evaluation techniques see Pesaran and Skouras (2002).
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This implies that under M;, z,(M;) is a martingale difference sequence with unit variance.
Note, however, that z,(M;) need not be independent across time. Temporal dependence
in z,(M;) could arise not only due to possible higher-order moment dependence of the
underlying innovations z;;, but also because of possible serial dependence of portfolio weights
and the temporal dependence of X;;.

Denoting the maximum value of p;,_; that satisfies (22) by p;;—1(wi—1,0) and assum-
ing that (23) holds, then Fy ((—pie—1(wi—1, @) — wj_j )0, (M;)) = a. But since Fy(-)
is a continuous and monotonically non-decreasing function we have (—p;;—1(wi—1,a) —
Wi )0y (Mi) = Fi'(a) = —cu(a), or

Pir—1(wi—1,0) = —w_pu + cit()o (M), (24)

where —c;(a) is the o per cent critical value of the distribution of z,(A/;) conditional on
model M; and F;_;. Note that c;(a) and o, (M;) are based on observations available at
time ¢ — 1, and this is highlighted in the notation used for p;; 1(w;_1,@).'”

The evaluation of model M; can now proceed in the following manner. Suppose that the
evaluation exercise starts on day ¢t = 7 + 1 with the available sample of T observations split
at this date into T'= Ty + (T — Tp) for some 0 < Ty < T. Further suppose that the first Ty
observations before day 7 + 1 are used for estimation whereas the last 73 = T — T}y obser-
vations are used for evaluation purposes. Accordingly, we define the sets of estimation and
evaluation dates by 7o = {t — Ty + L, 71— Ty + 2,....,7},and 7y = {7+ 1,7+ 2, ... 7+ T\ },
respectively.

A simple test of the validity of model M; from the perspective of the VaR can then
be based on the proportion of days in the evz}luation sample where the VaR constraint is
violated: ’ﬁ'z = Zte'ﬁ dit<9iTo>/T17 where dit(ez'T()) = I[—pt + W;_l/,bt — Cit(Oé) 6,,t(M,)] and
Gpt(M;) = (wg_lﬁlit wt_l)%, S = Eit(é{]‘b). Recall that éiTO is the PMLE of the unknown
parameters (if any) of ¥;; under model M; (see (9)), and I(-) as an indicator function.

We now present two Theorems. The first establishes the distribution of T;7; under the
null hypothesis defined by

Hyy: ¥, = 3, and z; | Fio1, M; ~ (Fm 07IN)' (25)

for 71 < oo and as Ty — oo. The second Theorem establishes the asymptotic distribution
of the following standardized test statistic based on 7;

T (7, —
2 = VTi(#: — ) (26)
a(l —a)
under H,y, and as T)/Ty, + 1/T7 — 0. The proofs of both Theorems are provided in
Appendix C.

"The above derivations hold even if the portfolio exposures, w;_1, are derived conditional on model M;.
In that case the portfolio weights could be denoted by w; ;—; to highlight their dependence on the choice of
the volatility model. But to simplify the notations we continue to represent the portfolio weights without
the subscript i.
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Theorem 1 (finite-1) distribution) Assume that 3;(0;) is continuous in 0; and that (11)
holds. Let Bi(Ty,a) define a Binomial distribution with parameters Ty and o. Then under
Hip,

Tv#; % Bi(Ty, o),  as Ty — oo, (27)

for any finite Ty, 0 < a < 1, and any sequence of portfolio exposures, wy_1,t = 0,%1...,
satisfying || wi—1 ||> 0, with || - || being the Euclidean norm.

Remark. This result is important for cases when T} is small or, alternatively, when one
is interested in testing VaR performance of a given set of portfolios for small values of
a. In such cases the asymptotic normal distribution presented below might not provide a
sufficiently accurate approximation.

Theorem 2 (asymptotic distribution) Assume that (i) fu(-) = F.,(-) exists and fi =
sup, fu(r) < oo for any t; (it) condition (11) holds and 0y belongs to the interior of
the compact set ©;; (iii) %,(0;) is twice continuously differentiable in 6; such that, for
some § > 1, infy.co. Ay (6;) > 0, a.s.

ONit(0) /06 1 < -
E{sup H T i z/ | }5 = Wit, T Zfz’tﬁb:t/5 = 0(1), (28)
0€0i A\ (0) A7 (0io) Lien

where M\iy(0;) and N, (0;) define, respectively, the mazimum and the minimum eigenvalues
of 3:(0;), () for Ty sufficiently large

E || Bz, — 050 |71 = O(Ty /07y, (29)

Under Hyy, 2z, <, N(0,1) as Ty /Ty + 1/T7 — 0, any 0 < a < 1, for any sequence of
portfolios w1, t = 0,%1..., satisfying ||wi—1|> 0.

Remarks:

(i) It is important to note that the null distribution of 2z, does not depend on the portfolio
exposures, w;_1, although the power of the test typically does depend on w;_1.

(ii) The mild condition for consistency of the test is that 7; does not converge in prob-
ability to o as T1/Ty + 1/T7 — 0. This can happen if either we use the wrong condi-
tional covariance matrix or the wrong innovation distribution, or both. For example, in the
first case, under M; : 3 # X;; we have E(m;|M;) = Til > ver, ElFu(—cit(a)gij)], where
Qijt = (wh_ s Wi Jwy_Bjiweq)V? for t € Ty, Tt is clear that under M;, g;;; does not
tend to unity and in general E(7;|M;) will diverge from its hypothesized value of «, and the
power of the test tends to unity with 77.

(iii) Most likely, the assumptions required for (10) and (11) will imply (28) but we felt it is
necessary to make the additional explicit assumptions since the former have been formally
established only for a sub-class of multivariate volatility models considered in this paper.
(iv) When model M; is not subjected to estimation, as is the case for some for some of the
models we consider, such as the Riskmetrics model, then the Theorem applies by setting
0; = 0, and the conditions (28) and (29) are no longer needed. In particular, the non-
singularity condition of the model conditional covariance matrix is not required.
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(v) Under the null hypothesis Hyo : E(2,¢(M;) | Fi—1) = 0. This is a key property since it im-
plies that I [—z,,(M;) — ci(a)] — v is also a martingale difference process. Strict stationarity
of the asset returns is not required.

(vi) The importance of the condition T7/Ty — 0 in cross validation of forecasts was put
forward by West (1996). McCracken (2000) extends West’s framework to allow for non-
differentiable loss functions in a regression set-up.

5.2 VaR-Based Diagnostics for Average Models

Suppose that set of m models is described by r;|F;_1, M; ~ (Fy, py, 2i) for (i = 1,2,...,m).
Therefore, Fj;(-) defines the conditional distribution of the observed return r;, given F;_;
and the volatility model M;.

The probability distribution function of the portfolio return, p;, based on the average
model obtained with respect to these models using the weights, A;;_;, is then given by

Pr(p < a|Fo1, M) =" Nigoa F (W) In cases where Pr(p; < a|F;_1 , M;) does not
have a closed form it needs to be computed by stochastic simulations, noting that conditional
on model M; we have, J~! ijl [(—wg_lrﬁ) +a) — Pr(p < a|Fi—1, M;) almost surely as
J — oo, where J is the number of replications and rﬁ? is the j** draw from the assumed
distribution of r; under M;. On the other hand, when the probability distribution of r; under
M; is closed under linear transformations, as with Gaussian or multivariate ¢ distribution, the
computations can be simplified considerably by drawing from the distribution of p; = w; 1y
under M; directly or using the closed-form expression when the latter exists.

It is now easy to generalize the diagnostic test statistics given by (26) for an individual
model M;, to the case of an average model. For a given o we need to find the maximum
value ppi—1(wi—1, ), the VaR associated with the BMA forecast probabilities, for which
Yo N1 Fit (= pog—1 (wimr, &) — w'pir) Jo e (M;)] < . To solve for py 1 (wi—1,), let

" K+ W g
et s F —_— —_ et
9(k) ;)\m 1 Fy ( —eTA ) a =0, (30)

and note that g(x) = 0 has a unique positive solution under the additional assumptions that
« is sufficiently small such that ¢g(0) > 0, and the model densities f;;(-) = F},(+) exist and
fit(+) is continuous and strictly positive for some i.1® In this case Pbi—1(wi—1,00) can be easily
computed using numerical techniques such as the Newton-Raphson iterative procedure. The
VaR diagnostic statistic, given by (26), can then be computed for the average model using

A~

dbt =7 [_pt _ ﬁb,t—l(wt—lva)L n place Of dit(eiTo)'

5.3 Tail Behavior of Average Volatility Models

It is well known that linear combinations (mixtures) of normal distributions are not normal,
although the moments of the mixture distribution are effectively linear combinations of the
corresponding moments of the individual normal distributions, with the same weights. For

18This result follows by noting that under the additional assumptions ¢'(k) < 0, and lim, ...g(k) =
—a < 0.
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instance, the pooled volatility forecast of portfolio returns with zero conditional means is
given by V(pi|Fro1, M) = >0, )\it_laﬁt(Mi). However, tail probabilities using the mixture
model and a Gaussian model with the same average volatility are not the same, namely

ool @

lt 1 O_pt

unless ¥;; = ¥ for all ¢, where ®(-) defines the normal cumulative distribution function. The
following Theorem, whose proof is reported in Appendix C, characterizes the direction of the
bias. In risk management applications where a < 0 and one is interested in tail probabilities,
it is easily seen that the correctly combined model, on the left hand side of (31), will be more
fat-tailed than the associated Gaussian model with the same average volatility measure, on
the right hand side of (31), so long as a < —v/30,+(M;), i = 1,...,m. As we shall see this
result has direct bearing on some of the empirical results that we Shall be reporting below.

Theorem 3 Let f(z) be a diﬁerentiable real function, with ' denoting its first-derivative,

with f (u) | du < oo. Let F(z f f(u)du. Then, for any constant a and any
finite sequence bi,bs, ..., b, of stmetly posztwe eonstants satisfying
1 1 1
al(a/b?)f (a/b?) +3f(a/b?)] >0, i=12,..m, (32)

it follows that
Z)\F[a/ %}>F a/Z)\b é] (33)

for any finite sequence A1, Ag, ..., Ay, of non-negative constants such that \y +Xo+...+\,, =
L, A<1l,i=1,2,...m

Remarks:
(i) When f(u) is the standard normal density, for a < 0 condition (32) is

1
a/b? < =3, i=1,...,m. (34)

When a > 0 condition (32) is instead 0 < a/bi% < /3 (i = 1,2,...,m), although note that
when a > 0, (33) expresses the case where the tail probability of the average model is smaller
than for the model with the average parameter 2111 Aib;.

(ii)) When f(u) is the standardized Student ¢ distribution with v > 2 degrees of freedom, for
a < 0 the same condition (34) applies, independently from v.

6 An Empirical Application

6.1 Data and Some Preliminary Analysis

The active and passive risk management procedures in the presence of model uncertainty
developed in this paper can be applied to a variety of problems in finance. Here we shall
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consider a global macro portfolio of 18 futures contracts grouped into four equity futures
indices (S&P, FTSE, DAX, NIKKEI), six currencies (GBP, EUR, JPY, CAD, AUD, CHF),
four 10 year government bonds (US, EUR, Gilt, JGB), and four commodities (Gold, Silver,
Wheat, Crude), yielding a reasonably diverse global macro portfolio. The overall portfolio
return is measured in US dollar, with currencies defined as the number (fraction) of US
dollars per unit of the foreign currency. The returns are daily and cover the period 2
January 1991 to 11 July 2007 (a total of T' = 4311 daily observations). The source of the
data is Datastream with returns on the futures contracts appropriately adjusted for roll
overs. Since we are considering markets with different time zones and holidays, the return
data are aligned by filling forward the missing asset prices due to differences in holidays in
the US, euro area and Japan.

[Insert Table 1 around here.]

Daily returns are computed as rj = 100 (P;; — Pjy—1) /Pji—1, 7 = 1, ..., 18, where P}; is
the j asset price. Table 1 gives the mean, standard deviation, skewness and kurtosis of asset
returns together with estimates of a t—GARCH(1,1) model fitted to the individual returns
over the full sample. The returns r; = (r, 72, ..., 718,¢)" display the familiar stylized features
— namely little evidence of skewness, possibly with the exception of JPY, Silver and Crude,
but a substantial degree of fat-tailedness as measured by excess kurtosis. There are also
important differences in the unconditional volatilities across asset classes, with bonds being
least volatile followed by currencies, equities and commodities. The estimates of univariate
t-GARCH models show a high degree of volatility persistence with the sum of the coefficients
of 7"1'2,t—1 and 0]2-,t_1 being very close to unity. The estimates are also very similar across assets.
The degrees of freedom of the Student ¢ distribution, v, assumed for the innovations were
closely clustered across assets, and ranged from 4.5 for Japanese Yen to 11.5 for FTSE
with an average of 6.5, suggesting a significant degree of departure from normality, partly
reflecting the relatively large estimates obtained for the kurtosis coefficients.

[Insert Table 2 around here.]

The unconditional return correlations across assets and asset classes are summarized in
Table 2. The results show a relatively high degree of average pairwise correlations for assets
within a given asset class and a relatively low average correlation across the asset classes
with a few notable exceptions. Not surprisingly, gold and silver futures have a relatively
high correlation with currencies, and amongst bonds, JGB is only weakly correlated with
the returns on other bond futures.

These results further highlight the non-Gaussian nature of asset returns. But estima-
tion of multivariate volatility models with non-Gaussian distributions present considerable
technical difficulties and are unlikely to significantly affect the QMLE estimates that are
computed assuming Gaussian errors. For risk management purposes, it seems justified to
combine the QMLE estimates with multivariate Student ¢ distributions with a low degree
of freedom. Therefore, based on the univariate t-GARCH estimates we also consider multi-
variate volatility models where the innovations are ¢ distributed with 7 degrees of freedom.
This approach is followed for all the empirical results to be reported below, except for the
TDCC model of Pesaran and Pesaran (2007) where the degrees of freedom of the underlying
multivariate ¢ distribution are estimated recursively.
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6.2 Recursive Estimation of Multivariate Volatility Models

For each of the 9 types of multivariate volatility models listed in Appendix B, a number of
variations were considered, depending on the choice of the window size (ng) when applicable,
the pre-specified parameters of the Riskmetrics specifications (g, vy) and the orders of the
multivariate GARCH models (p, g, 7, s). In particular, we considered the following parameter
values ng = 50, 75,125,250, A\g = 0.94,0.95,0.96, vy = 0.6,0.8,0.94, p,q € {1,2} and r =
s=1.

To estimate the volatility models, we first obtained recursive forecasts of the individual
mean returns using the AR(1) specification defined by (7), which we denote by fi;;, for
j=1,2,...,18. These AR specifications were estimated each day using a rolling window of
size 800. The AR(1) autocorrelation coefficients of the individual returns were quantitatively
small (ranging from —0.20 to 0.15 across all the assets and over the whole sample period),
and were on average negative, suggesting some degree of market over-reaction.

The multivariate volatility models were estimated (when applicable) using the one-day
ahead forecast errors, €;; = ;¢ — fijt, 7 = 1,2,...,18, based on rolling samples of size 800
days. The re-estimations were carried out every 25 days. The first rolling sample covered
the period 2 January 1991 to 25 January 1994, and the last estimation sample covered
the period 17 June 2004 to 11 July 07; namely a total of 3512 rolling samples of size 800.
Clearly, the parameters of the volatility models could have been also updated daily. The
monthly updates of the parameters can be viewed as a plausible and practical solution to a
highly computer intensive problem. Therefore, the models were estimated 144 times over the
evaluation sample. Interestingly enough, the estimation procedure converged in the case of
all volatility models with the exception of the ADCC models where they failed to converge
in one sample period. For this period the parameters of the ADCC models were set equal
to the ones obtained in the previous sample period.

6.3 Modelling Strategies

A number of different modelling strategies may now be considered. One possibility would
be to follow the classical approach and select the ‘best’ model from the set of models under
consideration using model selection criteria such as AIC or SBC. Alternatively, the model
uncertainty can be explicitly taken into account using ‘thick’ modelling or Bayesian type
model averaging procedures. The former is implemented here using the top 10%, 25%, 50%
and 75% of the models selected according to AIC or SBC. We refer to these as ‘best’; ‘thick
average’, and ‘Bayesian average’ modelling strategies. As an extreme benchmark we also
consider an equal-weighted average model using all the 53 specifications.

[Insert Tables 3 to 6 around here.]

In-sample penalized measures of fit for the various multivariate volatility models (as set
out in Appendix B) for a selection of rolling windows are summarized in Tables 3 to 6. Tables
3 and 4 gives the AIC and SBC values assuming Gaussian innovations, whilst the results in
Tables 5 and 6 report the in-sample measures assuming Student t innovations with 7 degrees
of freedom. Each table gives the AIC (or SBC) values of the different models together with
their rank in parentheses (1 for the best fitting model and 53 for the worst one) for the
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first sample (2-Jan-91 to 25-Jan-94, 800 observations), for the last sample, (17-June-04 to
11-July-07, 800 observations), and for the average AIC (or SBC) values over all 3,512 rolling
samples.

Overall the DCC type models performed best, followed by CCC, and OGARCH specifi-
cations. Amongst the Riskmetrics type specifications, the simplest of the data filters namely
the equal weighted moving average specification, EQMA, with ny = 125, or 250, do con-
siderably better than the other filters and perform well even when compared to estimated
models such as O-GARCH. Out of all the models considered the TDCC specification per-
formed best irrespective of the penalization criteria, sample period or assumptions about
the innovations. The better performance of the TDCC model could be partly due to the
fact that the degrees of freedom of the underlying t distribution is updated every month
rather than being set to 7 as in the case of the other specifications reported in Tables 5 and
6. However, it is unlikely that the large differences that exist between the AIC (or SBC)
values of TDCC(1,1) and the second best model, ADCC (1,1), could be only due to the
differences in the estimates of the degrees of freedom. Note that the average value of the
AIC (across all the 144 rolling samples) for the TDCC model is -8676 as compared to the
value of -8756 obtained for the ADCC with Student t (7) innovations (see Table 5). The
apparent superiority of the TDCC over the other models is likely to be due to the way con-
ditional correlations are defined in terms of de-volatized returns. As shown in Pesaran and
Pesaran (2007) standardizing returns by realized volatility (estimated using daily returns)
yields approximately Gaussian processes with respect to which correlations are likely to be
more meaningful measures of dependence as compared to the standardization of returns by
conditional volatilities as utilized in DCC type models.

The fact that the DCC models, and in particular the TDCC version, dominate the other
models in terms of AIC or SBC also means that in Bayesian type model averaging the best
model in the set of models under consideration will tend to get a weight that could be very
close to unity. In the case of financial applications where the sample sizes are relatively large,
the best model could totally dominate the other models. In our application where the average
AIC (or SBC) value of the TDCC model exceeds the next best model by 80, and considering
that the computation of posterior model probability weights involve exponentiating these
differences, we typically end up giving a weight of unity to the best model and zero to the
other models.'® As a result, as we shall see below, portfolio outcomes and VaR diagnostics
are almost identical for the best model and Bayesian type model averaging strategies.

6.4 Active Management: Performance of Optimal Portfolios and
VaR Diagnostic Test Results

In this section we provide an out of sample, decision-based comparative analysis of the
different multivariate volatility models, and different average models based on them. We
use the same recursively computed one-step ahead mean forecasts, fi; = (fi1t, flot, --., fl1st)’
in the case of all the 53 individual multivariate volatility models and their various averages.

9Notice that the model weights are obtained by exponentiation of the AIC-penalized log-likelihood values
and even seemingly small differences in the average fit of the models can translate into major differences
in model weights for sufficiently large sample sizes. See also Garratt, Lee, Pesaran, and Shin (2003).
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In this way we are able to focus on the uncertainty of multivariate volatility models and
abstract from the uncertainty associated with the mean returns. For each multivariate
volatility model, M;, we estimated the one-day ahead recursive forecasts of ¥; denoted by
S, i=1,...,53. Using fi; and 3, and for a given assumption regarding the distribution
of innovatlons (Gaussian or a Student ¢ with 7 degrees of freedom) we then computed the
optimal portfolio weights, @; , ,, using the closed form solution given by (6) and setting
a = 1%, 0;_1 = 75, and L,y = 1%. Recall that « is the risk tolerance probability of
the fund manager and L;_; is the maximum permitted daily loss defined as the fraction of
the notional capital, and d;_; is the coefficient of risk aversion. We calibrated ¢ in order
to achieve a reasonable fraction of times where the VaR part of the optimization will be
binding.

For each set of portfolio weights, we then computed the portfolio returns, p;u, =
Wi 5, and the associated performance statistics: the mean, standard deviation, the In-
formation Ratio (IR), defined as the ratio of the mean to the standard deviation. All these
statistics were computed recursively over the evaluation sample from 26-Jan-94 to 11-Jul-07,
inclusive (3511 data points).

6.4.1 Individual Volatility Models
[Insert Table 7 around here.|

Table 7 summarizes the results for the individual volatility models and gives the annu-
alized mean return, the IR and VaR diagnostic test statistics. These statistics are provided
for Gaussian and Student ¢(7) innovations. The percentage of times the VaR constraint (5)
binds for the optimum solution is also given.

The results differ markedly across models, which highlights the important role the choice
of multivariate volatility model can play in portfolio management. We also note that the
VaR constraint tends to bind more often in the case of the Riskmetric filters relative to the
OGARCH or DCC type models. The VaR constraint also binds more frequently when the
innovations are t distributed.

The trading performance of the different volatility models, as measured by IR, vary con-
siderably from a low of 0.61 for the MMA(250,0.95) specification with Gaussian innovations
to a high of 1.51 for the CCC(1,2) specification with ¢(7) innovations. Nevertheless, it is
interesting that all volatility models generate a positive IR, despite the relatively simple
model assumed for the return processes. Amongst the Riskmetric type specifications the
simple EQMA filters performed best, which is in accordance with the in-sample results dis-
cussed above. The IR of the portfolios constructed assuming ¢-distributed innovations were
also generally higher than those based on Gaussian innovations, although the magnitude of
the difference is not that large. The TDCC model, which had performed best in-sample,
continued to perform well in trading. However, the differences between models in trading
turned out to be considerably less pronounced compared to their differences in terms of the
statistical measures of penalized in-sample fit.

We next turn to the VaR diagnostics and use the portfolio returns for each volatility
model, M;, to compute (i) 7;, the percentage of times the VaR constraint was violated
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(pe.v; < Ly—y = 0.01) and (ii) zz,, the VaR diagnostic statistics defined by

L V3511 (7; — .01)
T /0.01x099

Under the null hypothesis that the underlying volatility model is correctly specified, zz, is
approximately distributed as a standard normal variate. Since the parameters are estimated
recursively every T7 = 25 days which is small relative to the estimation sample of T, = 800,
the conditions of the Theorem lregarding T and Tj is likely to hold. The values of 7;, and
2z, for all the 53 individual volatility models are also summarized in Table 7.

The estimates of 7; are all biased upward, and are scattered over a relatively wide range,
from a high value of 13.04% for the MMA(50,0.95) with Gaussian innovations to a low of
1.40 for DCC(1,1) with #(7) innovations. Once again the DCC type models do considerably
better than the Riskmetric filters in controlling the rate of VaR exceedences. The choice of
the multivariate ¢ distribution for the innovations helps reducing the bias of 7; for all 4, but
does not eliminate it. The null hypothesis that 7; = 0.01 is rejected at the 95% significance
level for all individual volatility models under consideration.

We obtained similar results for other portfolios, although the extent of over-rejection were
somewhat lower for the Riskmetric filters when an equal weighted portfolio was used. This
is in line with the results in Theorems 1 and 2 where the distribution of the VaR diagnostic
test is invariant to the choice of the portfolio weights, w;_;.

6.4.2 Modelling Strategies

As has been emphasized in this paper there are many ways in which the results from the
53 individual volatility models can be used/combined. We refer to these as strategies and
distinguish between the standard classical strategy where the ‘best’ in-sample fitting model is
selected, and alternative strategies that consist of combinations of the models. In particular
we shall consider both Bayesian type and ‘thick’ model averaging procedures discussed in
Section 4. In the case of thick modelling we focus on the top 10%, 20%, 50% and 75% of
models ranked by AIC or SBC. The top echelon of selected models are then given equal
weights in the averaging process. Finally, we included all the 53 models in an average ‘All’
group strategy.

[Insert Table 8 around here.]

For the model averaging strategies the optimal portfolio weights are computed iteratively
as set out in Section 4.1, and the VaR diagnostic statistics are then computed with the help of
(30) derived in Section 5.2. All computations are carried out recursively over the evaluation
sample as in the case of the individual volatility models. The results are summarized in
Table 8, using Gaussian and Student ¢(7) distributions. Given the in-sample dominance of
the DCC type models there are no differences in the test results for the average ‘Bayesian’
and the ‘best’ modelling strategies. As noted earlier, this is due to the fact that for almost
all periods in the evaluation sample the ‘best’ model happens to totally dominate all other
models, and as a result the average ‘Bayesian’ and the best models end up being the same
for all practical purposes. This result suggests that the potential risk diversification benefits
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of Bayesian model averaging might be limited in financial applications where the available
time series samples are typically rather large.

A comparison across strategies shows that all procedures yield very similar IRs, with
thick strategies doing generally better than the ‘best’ models. The use of Student ¢ inno-
vations also seem to help improve the IRs irrespective of the strategy, although the ‘best’
models benefit more from switching to Student ¢ innovations than to the thick modelling
approaches. In terms of VaR exceedences again the thick modelling strategies tend to have
lower rejection frequencies than the ‘best’ or the Bayesian average strategies. Amongst the
various models and model strategies considered, the top 25% AIC thick modelling strategy
with Student ¢#(7) innovations is the only strategy that yields VaR exceedences that are sta-
tistically insignificant (7 = 1.20 and z; = 1.17) whilst maintaining an IR that is comparable
to that of other strategies (IR = 1.37). It seems that in the present application one needs
both model averaging and Student ¢ distributed innovations to deal with the fat tail nature
of the underlying asset returns. A useful visual summary is provided in Figure 1 where
the empirical VaR exceedances (7;) from Tables 7 and 8 are plotted against the IR. The
results from the individual models are marked by empty circles, best and Bayesian average
strategies are marked by empty triangles, and the results from the thick modelling strategies
are marked by filled squares. The vertical line represents the tolerance probability, a = 1%.
The results from thick modelling strategies stand out quite clearly, as they are clustered
together close to the vertical line and display reasonably high IRs.

[Insert Figure 1 around here.]

The above findings are in line with the theoretical results discussed in Section 5.3, where
it was shown that the average model will be more fat-tailed than the underlying Gaussian or
Student ¢ models with the same average volatility. When the underlying models are already
fat tailed model averaging (without any single model dominating) can induce a further degree
of fat-tailedness. This is evident in the case of the top 25% AIC thick modelling strategy
with Student #(7) innovations.

6.5 Statistical Diagnostic Test Results

The different volatility models and modelling strategies can also be evaluated using purely
statistical techniques. A statistical procedure, which is close to ours, focuses on the proba-
bility density forecasts of a given portfolio return, p; = w;_,r;, and considers the probability
integral transforms 0;; = ff’;o f(x\]—"t_l, M;)dz, for t =741,..., 7+ T, where f(x|.7-}_1, M;)
is the estimated probability density of p; under model M; and conditional on F;_;. Mak-
ing use of a well-known result due to Rosenblatt (1952) it is easily seen that the sequence
{0y, t € T} will be i.i.d. uniformly distributed on the interval [0,1] if f(z|F;_1, M;) coin-
cides with the ‘true’ but unknown conditional predictive density of p;. For further discussions
see Diebold, Gunther, and Tay (1998) and Diebold, Hahn, and Tay (1999).

To test the hypothesis that 0 are random draws from the uniform [0, 1] distribution,

we consider the standard Kolmogorov-Smirnov test K'S = maxi<j<r, |4 — @j‘ as well as

; — J Ak ~ J A A A
the Kuiper test Ku = maxi<j<r, (£ — 07) + maxi<j<r, (0] — 7)), where 07 < 03 < ... < 0f
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represent ordered values of 0;;41, ..., Uir41,. The Kuiper test has the added advantage of
placing greater emphasis on the tail behavior of the distribution.

[Insert Figure 9 around here.]

Table 9 reports the p-values of these tests for the 53 individual multivariate models using
equally weighted portfolios, defined by p, = (1/18) Z;il ri. The KS and Ku tests are
rejected for all the individual models when the underlying innovations are assumed to be
Gaussian, which is not surprising considering the known fat-tailed nature of the underlying
returns. However, the results are mixed when the innovations are assumed to follow a
Student t distribution. Although all volatility models continue to be rejected by the Ku
test (possibly with the exception of the TDCC), none are rejected by the KS test at the 1%
level.

The test results for the average modelling strategies are summarized in Table 10. The
test outcomes are very similar to the ones obtained for the individual models in the sense
that all average models are rejected by the Ku test, but none are rejected by the KS test at
the 1% level of significance when the innovations are Student ¢ distributed.

Overall, the statistical tests support the main conclusions reached using the VaR based
diagnostics.

7 Summary and Conclusions

This paper considers the problem of model uncertainty in the context of multivariate volatil-
ity models and notes that it is particularly important given the highly restrictive nature of
these models that are used in practice. To deal with model uncertainty we advocate the
use of model averaging techniques where an ‘average’ model is constructed by combining
the predictive densities of the models under consideration, using a set of weights that re-
flect the models’ relative in-sample performance. We consider ‘thick’ modelling as well as
(approximate) Bayesian modelling frameworks.

Second, the paper proposes a simple decision-based model evaluation technique that
compares the volatility models in terms of their Value-at-Risk performance. The proposed
test is applicable to individual as well as to average models, and can be used in a variety of
contexts. Under mild regularity conditions, the test is shown to have a Binomial distribution
when evaluation sample (7}) is finite and 7, (the estimation sample) is sufficiently large.
The proposed test converges to a standard Normal variate provided T3/Ty + 1/T7 — 0,
a condition also encountered in the forecast evaluation literature that uses the root mean
square error as an evaluation criterion, as discussed in West (1996). The proposed VaR test
is invariant to the portfolio weights and is shown to be consistent under departures from the
null hypothesis. The Binomial version of the VaR test could have important applications in
credit risk literature where the evaluation samples are typically short.

In the empirical application we experimented with AIC and SBC weights and found that,
due to the large sample sizes available, they led to very similar results with the selected
models often totally dominating the rest. The model most often selected by both criteria
turned out to be the TDCC model. In out of sample evaluation, only the TDCC model
managed to pass the VaR diagnostic tests. Interesting enough, the simplest of all data filters
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used in this paper, namely the Equal Weighted Moving Average filter also performed well;
doing better than other data filters as well as the O-GARCH specifications. In general, the
‘thick’” modelling approach turned out to be the most reliable within the class of models and
model average strategies that we considered. Thick model averaging strategies consistently
had low VaR exceedance frequencies (relative to most single models), whilst retaining high
information ratios. Overall, the only strategy that was not rejected by our VaR diagnostic
tests was the equal-weighted average model based on the top 25 models (ranked by AIC)
and assuming Student ¢ innovations with 7 degrees of freedom.

Finally, while model averaging provides a useful alternative to the two-step model selec-
tion strategy, it is nevertheless subject to its own form of uncertainty, namely the choice of
the space of models to be considered and their respective weights. It is therefore important
that applications of model averaging techniques are investigated for their robustness to such
choices. In the case of our application it is clearly desirable to consider also other forms of
multivariate volatility models, which could be the subject of future research.

22



Appendix A Derivation of the Optimal Mean-Variance Portfolio
Subject to the VaR Constraint

Under the assumption of a Student t distribution with v;_; degrees of freedom the Lagrangian of the mean-
variance problem (3) subject to the value-at-risk constraint (5) is given by

O
Llwi 1M, Fiq) = wé—WM,t - tlez—le,twt—l (A1)

—y_1 {Eut,l,a\/w2_1zm,t—1w — Wi M -1 — Lt—l}
The first-order conditions with respect to w;_1 are

oL

Owy—1

Pt — Ot—1Ea pwe—1 (A.2)

_ , —05
—i_1 {—Cut,l,a (w1 Zpm—1w) XM p—1wWi—1 — MM,t—l} =0,

and the complementary slackness condition is

Y1 {Eut,ha\/w{_lEM,tqw — Wi M —1 — Ltfl} =0. (A.3)

If the VaR constraint does not bind #;_; = 0 and the optimal solution is given by

« A
Wi 1 = Ezﬂj,t—llu/\/l,t—l- (A4)

If, on the other hand, the VaR constraint binds ¥;_; < 0 and the optimal solution is given by

I w1
W;—l = o IEM,t_ﬂ/JM,t—la (A.5)
t—
6t—1_wt—1(°‘)£712M t—1w)_0'5 .
where 0;_; = o, > 0;—1. From the complementary slackness condition (A.3) we also
have that

Cur .0\ Wh_ 1B Mt—1w — Wy pimi—1 — Li—1 = 0. (A.6)

Substituting wy_; from (A.5) into (A.6) we get

5 = SM,t(é'Ut—lya - SMJ)
t—1 — ’
Lt—l

/ -1
where spt,e = /W Zaq Bt
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Appendix B Description of Volatility Models

Almost all the multivariate volatility models considered in the literature can be cast in terms of the following
decomposition of the conditional volatility matrix, ¥, originally due to Bollerslev (1990):

Et: DthDt, (Bl)

where R, is the one-step-ahead conditional correlation matrix with its (h, j)th element given by py; ¢, and
Dy is a diagonal matrix with /oy, on its (h,h) th element. This is a convenient decomposition and
allows separate specification of the conditional volatilities and conditional cross-asset returns correlations.
The models used in our empirical applications also belong to the class of models spanned by different
specifications of |/pp+ and ppj+, which are computationally feasible for estimation and forecasting in the
case of portfolios with a large number of assets (N = 15 in our application). In what follows e; denotes the
N x 1 vector of residuals from the OLS regressions of returns on a number of predictor variables. In our
empirical application N = 15 and residuals are computed from first-order autoregressions of the individual
return series. For the computation of the CCC, DCC, and ADCC models we have benefitted from Matlab
code made available by Kevin Sheppard.

B.1 Equal-Weighted Moving Average (EQMA (n))

In the absence of reliable intra-daily observations on returns, a simple estimate of X; can be obtained using
the following rolling moment estimates based on the last ny observations:

0

1
/
Elt = — E sy
o

s=1

For ¥1; to be positive definite we must have ng > N. In the empirical applications we consider four variants
of ¥y;, using ng = 50, 75,125, and 250. Subject to ng > N, care should be taken so that ng is not set too

high; otherwise ¥1; could behave like the unconditional variance matrix of the returns.

B.2 One and Two-Parameter Exponential-Weighted Moving Average
(EWMA(no, >‘Oa VO))

The one-parameter EWMA (setting A\g = 1) is the popular Riskmetrics estimate of ¥; (see J.P.Morgan
(1996)) which is defined by the following recursion

(1= o) ; (1—20)

Yot = AoBop—1 + T mor - -
2t 0242,t 1+(1_)\80)€t 1841 YO

’I’Lg*l /
)‘0 €t—no—1%t—ny—1s (B2)

for a constant parameter 0 < A\g < 1, and a window of size ng. Typically, the initialization of the recursion
in (B.2) is based on estimates of the unconditional variances using a pre-sample of data. For the (i,7)th
entry of 3o, we have

1 - o)
§ s—1
02,ijt = )\"0 /\ Eit—sEjt—s-

The Riskmetrics model is characterized by the fact that ng and A are fixed a priori. Moreover, it has been
recently pointed out that it is not possible to formally estimate the model statistically, due to its asymptotic
degenerateness (see Zaffaroni (2007)). The value of A\g = 0.94 is suggested in J.P.Morgan (1996). In our
analysis we shall consider the values A\g = 0.94,0.95, and 0.96, and set ng = 250. We only consider one value
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for the window size since there is an obvious trade-off between \g and ng, with a small \g yielding similar
results to a small ng. Note that for ¥s; to be non singular requires ng > N. Nevertheless, the model does
admit a well-defined forecasting function and indeed 35,1 represents the one-step ahead forecast of the
conditional variance for period ¢ + 1, based on the information available up to time t¢.

Practitioners and academics have often pointed out that the effects of shocks on conditional variances and
conditional correlations could decay at different rates, with correlations typically responding at a slower pace
than volatilities (see De Santis and Gerard (1997)). This suggests using two different parameter values for
the decay coefficients, one for volatilities and the other for correlations (see De Santis, Litterman, Vesval, and
Winkelmann (2003, p.14)). This yields the two-parameter Exponential-Weighted Moving Average (EWMA
(no, Ao, vp)). Therefore, the diagonal elements of (B.2) define conditional variances o3 ppt, h = 1,..., N the
square-roots of which form the diagonal matrix D3;. The covariances are based on the same recursion as

(B.2) but using a smoothing parameter vy, generally different from Ao (vp < Ag) yielding

1 — 1/0 i
O3,hjt = E enisEjis, for h# j.

We assume that the same window size, ng, applies to variance and covariance recursions. The ratio

03,hjt/\/T3hh,t 0355t (B.3)
represents the (h, j)th entry of the matrix Rgs;. X3, is obtained by combining terms according to (B.1). The
parameters vg and \g are not estimated but calibrated a priori, as for the one-parameter EWMA model.
B.3 Mixed Moving Average (MMA (ng,1p))

This is a generalization of the equal-weighted MA model discussed above. Under this specification, the
conditional variances are computed as in the equal-weighted MA model, the square root of which yields the

diagonal matrix D4t. Then we estimate the conditional covariances using a Riskmetrics type filter: o4, =

11 Vlﬁ?o)) S vi Yen 1—s€j.1—s, which after normalization according to (B.3) yields Ry;. Re-combining the

results according to (B.1) we then obtain Xg;.

B.4 Generalized Exponential-Weighted Moving Average
(EWMA(?’Lo,p, q, VO))

This is a generalization of the two-parameter EWMA. In the first stage N different univariate GARCH(p, q)
volatility models are estimated for each rj,; by PMLE. The conditional covariances are then obtained using
the Riskmetrics filter (B.2), with the parameters ng and vy fixed a priori. The results are then normalized
using (B.3), with the resultant variances and correlations re-combined according to (B.1), thus yielding
Y5:. The estimated number of parameters of this model is k5 = N(1 + p + ¢), which will be used in the
computation of AIC and SBC.

B.5 Constant Conditional Correlation (CCC(p,q))

Bollerslev (1990) introduced a multivariate GARCH model with the simplifying assumption that the one-step
ahead conditional correlations are constant. Under this model, (B.1) takes the form ¥g; = Dg;R¢Dg:, where

D¢, is a diagonal matrix containing the square-root of the o¢ pne, each of which follow the GARCH(p, q)
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model of Bollerslev (1986)

q p
2
06,hht = Coh + E QonkEnp—k T g BonjO6,hht—j
k=1 j=1

for constant positive parameters con, aoni, .-, Qong, Bont, ---, Bonp- Positivity of these parameters is sufficient
but not necessary to ensure ogpn: > 0 a.s. (see Nelson and Cao (1992)). The positive definite matrix
Rg, made by N(N — 1)/2 constant parameters, contains the (constant) conditional correlations of the
ent,h=1,2,...,N.

Bollerslev (1990) proposed to estimate the model by the PMLE and noting that (9) simplifies due
to the constant correlation assumption. The estimated number of parameters of this model is given by
ks =N{p+q+1)+N(N-1)/2.

B.6 Orthogonal GARCH (O-GARCH(p, q))

This model is proposed by Alexander (2001) and uses a static principle component decomposition of stan-
dardized residuals defined by

SiT
where &;7 and s;7 are the sample mean and standard deviations of the returns. Denote the sample covariance
matrix of the standardized returns by

T =~=~
~ 1 €€ - N
St = %, & = (51t;7---75Nt)l-
Then _
STWr =WrAr, (B.4)

where and W and A are the corresponding N x N matrices of eigenvectors and eigenvalues, respectively.
Then setting (see Alexander (2001))

S7i(u) = VW (u)Ly(u)W(u)'V,

where W (u) = (wq,...,w,) denotes the N x u matrix of eigenvectors corresponding to the first largest u
eigenvalues, V is a diagonal matrix with the sample standard deviation of rp; on the (h,h)th entry and
I'i(u) is a u x u diagonal matrix whose (7, j)th entry, v;+, 7 = 1, ...,u, is assumed to satisfy the following
univariate GARCH(p, ¢) specification

_ 2 2 o
Vit = Coj + Q01851 + oo + Q0jpSji—p + Boj1 Vit—1 + - + Bojg Vit—gs T =1, u,

where s; = (g, ...7€T)/Wj, j =1,...,N. Note that this method makes use of the fact that the factors are
unconditionally orthogonal, but there is no guarantee that they will also be conditionally orthogonal. Also
to ensure that ¥7;(u) is non-singular we must have u = N, which is the value considered here, yielding
Y7t = X7:(N). Hence for the O-GARCH(p, q) specification we have k7 = N(p + ¢ + 1).

B.7 Dynamic Conditional Correlation (DCC(p,q,1,1))

Engle (2002) relaxed the assumption of constant conditional correlation of the CCC model of Bollerslev
(1990). The conditional variances of individual returns are estimated as univariate GARCH(p, q) specifica-
tions, and the diagonal matrix, Dg;, is formed with their square roots. Unlike the CCC, the conditional
correlations are now allowed to be time-varying and are obtained as follows. Starting with the standardized
residuals, £g; = (Dgt)_l ¢, the DCC model assumes that the (h,j)th entry of the conditional covariance
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matrix of £g;, namely R, is given by qn;i/+/Gnnt G5j¢, where gpj; is the (h, j)th element of matrix Q; defined
by
Q; = Q1 — o1 — do1) +70189,0-189,4 1 + 001 Q1.

for a fixed positive definite matrix Q, and positive parameters satisfying vo1 + dp1 < 1. Finally, Xg,
is obtained re-combining Dg; and Rg; based on (B.1). The estimation of the parameters of the DCC
model is carried out using a two-stage Gaussian PMLE procedure. The log-likelihood function is first
optimized with respect to the parameters driving the individual conditional variances. Conditional on
these parameter estimates, in the second step the log-likelihood function is maximized with respect to the
parameters driving conditional correlations. See Engle (2002, Section 4) for details. For this model we have
ks=Np+qg+1)+ NN+1)/2+2.

B.8 Asymmetric Dynamic Conditional Correlation (ADCC(p,q,1,1))

Cappiello, Engle, and Sheppard (2006) generalized the DCC allowing for the possibility of asymmetric effects
on conditional variances and correlations. The conditional variances of the individual returns are specified
using the specification advanced by Glosten, Jagannathan, and Runkle (1993) given by:

q q p
2 2
09,hht = Con + E QORKER t—k T E Yon I (Ent—r < 0)eh g + E BohjT9,hht—j
k=1 k=1 i=1

where I(A) denotes the indicator function which takes the value of unity if A > 0, and zero otherwise. Let
gt = (Dgt)71 ¢, where Dy, is the diagonal matrix formed with the square roots of o9 pp. The ADCC
model assumes that the (h,j)th entry of the conditional covariance matrix of Tq;, namely Ry, is given by
Qhjt/\/Annt GGyt Where qpjq is the (h, j)th element of matrix Q; defined by

Q: = Q (1 =701 — do1 — Yo1) + 0180,6-186 11 + 001Qe—1 + Vo189 4 10,41
where g9, = €9, ®I(g9,,—1 < 0) (here ® denotes the Hadamard product), Q is a fixed positive definite matrix,
and 791, do1, and Y1 are positive parameters satisfying o1 + dg1 + Y91 < 1. Finally, Xg; is constructed
using Dg; and Rg; as in (B.1). The estimation of the parameters of the ADCC model is carried out as for
the DCC, where now we have kg = N(p+2¢+ 1)+ N(N +1)/2 + 3.

B.9 ¢-Dynamic Conditional Correlation (TDCC(p,q))

Pesaran and Pesaran (2007) modify the DCC model of Engle (2002) by basing the stochastic process of the
conditional correlation matrix on devolatized residuals €1g; rather than standardized residuals ég;. Whereas
the standardized residuals are obtained by dividing &; by the conditional standard deviations from a first-
stage GARCH(p,q) model, devolatized residuals are computed by dividing &; by the square root of a k-day
moving average of squared residuals, including the contemporaneous observation,

Eit
< L N
€105t = grealized’ (B5)
Jt
Zk—l 62
realized — __ Jj=0 “jt—k
Ot = \N—F% (B.6)

which renders them approximately Gaussian. The conditional correlation matrix of &;, namely R, is given
by qnjt/\/Anht Gj5¢, Where gy is the (h, 7)th element of matrix Q, defined by

Q; = Q1 — 101 — do1) +Y01810,t-1800,11 + 001 Qe—1-

for a fixed positive definite matrix Q, and positive parameters satisfying yo9; + dp1 < 1. Finally, X1g; is

obtained re-combining Dg; and Rjg; based on (B.1). As in the DCC model the conditional variances of
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individual returns are estimated as univariate GARCH (p, ¢) specifications, and the diagonal matrix, Djqq,
is formed with their square roots. The parameters of the TDCC model are estimated using maximum
likelihood based on a Student t¢-distribution with v;_; degrees of freedom. The number of parameters to be
estimated is k1o = N(p+q+ 1)+ N(N +1)/2 + 3.
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Appendix C Proofs of the Theorems

Proof of Theorem 1. As Ty — oo, T1; —p T = T% Zteﬂ dit, dit = I (—py — cit(a)o e (M;)). Consider now
the moments of T77; and note that for any integer n > 1,

E(Mm)" = Y. A{E(didit,...di, )} - (C.1)

t1,t2,.. tn€T1

However, for any 6 > 0 we have E(d¢, | F;—1, M;) = a, or unconditionally E(d¢, | M;) = a. Hence, all
the terms E (dyt, di,...d;t,,) in (C.1) coincide with the case when the dj;, j = 1,..,n, are i.i.d Bernoulli
distributed random variables with parameter «, for any choice of ¢y, ...,t,. Also, since T} < 0o, the support
of the distribution of T77; is bounded and as a consequence its moment generating function exists and is the
same as that of a Binomial distribution with parameters 77 and «. Therefore, by the method of moments
(see Billingsley (1986, Theorem 30.1)), Ty 7; will also have a Binomial distribution. H

Proof of Theorem 2. Assume H;q defined by (25) holds. Set ¢;; = qit(éiTo, 0i0) = (6,5t (M;) /01 (M;)) =
(wg_liit wi—1/wi_ 1 wt_l)l/Q. Then

E[dit(éiToﬂftfh Mz] = Fit(—cit(a)%t)

and

El7;|M;] = ZE{th —cit(a)git) }-

teT1

As Ty — oo, 01T0 2, 6, and since 3;:(6;) is a continuous function of 6; it also follows that qu(GiTU,Gio) 21,
for all values of t € 7;. Hence, for any given finite evaluation sample size, T1, and as Top — oo, E (7;|M;) =

T% > e, E{Fi(—cit(a)qir) } £> Fit(—cit(a)) = a. Consider now the statistic /T (#; — «) and write it as

VTi(7i — a) = /Ti(mi — @) + VT (7 — ), (C.2)

where m; = %Zteﬁ dit(0i0). Also note that /T1(7; — m;) = /T1/To(3> e, Xit,1y/T1), where Xiy 1, =
VT [dit(éiTo) — d;it(0;0)]. But it is easily seen that,

| Xiom| = VTo if (e + cit(@)6,0(M;)) (e + cir(a) o, (M;)) <O,
it,To 0 otherwise.

Hence, for all t € Tq, Pr (|th 1| = V1o | Fi—-1, ) < |Fiu(— cit(a)qit(éi%,@io)) — Fit(—cit(@))], and conse-

quently E(| X 1,| |Fi—1,M;) < \/T0|Flt( cit(a )qﬁ:(@zTo,@zo)) — Fit(—cit(@))]. Using the mean-value expan-
sion of Fj(—cit(a )qn(Gsz :0)) around HZTO one gets

Fir(—cit(@)qi(Biry, 0i0)) = Fy(—cir(@)) — cir(@) fir(—cir(@) gt (8i, 050)) Oqir (65, 9@‘0)/35&0 Bz, — i0),

where the elements of 6; are convex combinations of the corresponding elements of éiTo and 6;9. By Holder’s
inequality for the norm of matrices, since || w; |> 0, we have E(| X 1| |Fe—1, M;)
< Cit(a)fit(*cit(oé)%(gm92‘9)) ||3ta(917 0:0)/00;r, | VTo || bir, — 0io I< cir(e) fir(—ci(2)qie (05, 040) )
{supgeo, || OXit(0)/06 || /A2 (0 )ﬂt(ﬂo)}\/To | Gir, — 640 ||. Taking the unconditional mean and using the
Holder inequality again yields E(| X 1, ||M;)

- A 5
< cirla) sup, fir(w)(B|supgeo, | 9it(6)/00 || /AL (0)25(00)1°)s VTo(El| fiz, — b0 [77)1~1/7. Therefore,
Tl_1 Zteﬁ Xit 1, = Op(1) and the second term in (C.2) vanishes as T1 /Tp+1/Ty — 0. Hence T1(71; —a) —
VT (7 — «) = 0,(1), where /T (m; — o) = \/% Yver, its Git = 1 (—=pt — cit(a)opi(M;)) — . Therefore, it
remains to establish the asymptotic distribution of /77 (7; — ). This easily follows by the martingale central
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limit theorem of Brown (1971, Theorem 2) since the g;; are a bounded, martingale difference sequence with

the constant variance a(1 — o).l

Proof of Theorem 3: Inequality (33) can be expressed as Zf\il)\ig(bi) > g(Zﬁvzl Aibi), for the
function g(z) = F(a/\/x). Jensen’s inequality ensures that the latter inequality is satisfied whenever g(-)
is strictly convex. Since g() is twice differentiable by construction, we just need to check the conditions
such that the second derivative of g(x) satisfies g”'(z) > 0. Straightforward calculations yield the required
condition (32).H
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Table 1: Summary Statistics and Univariate GARCH Models

(in per cent)

Asset Mean  St.Dev. Skewness Kurtosis t-GARCH(1,1)
(x_100) & Bi v
Currencies
GBP 0.938 0.577 -0.121 6.542 0.031 0.963 5.349
EUR 0.337 0.647 0.052 5.254 0.026 0.971 6.130
JPY -0.715 0.697 0.860 12.504 0.039 0.945 4.535
CAD 0.425 0.376 0.048 4.882 0.038 0.960 7.600
AUD 1.040 0.621 -0.073 6.101 0.026 0.971 6.142
CHF -0.212 0.706 0.151 4.967 0.022 0.974 5.958
mean 0.302 0.604 0.153 6.708  0.030  0.964 5.952
Equities
SP 3.114 1.005 -0.072 7.843 0.051 0.944 5.846
FTSE 2.137 1.057 -0.023 5.902 0.069 0.923 11.491
DAX 3.526 1.398 -0.285 9.407 0.074 0.919 7.360
NIKKEI -0.047 1.392 0.072 5.051 0.061 0.930 7.214
mean 2.182 1.218 -0.077 7.051 0.064 0.929 7.978
Bonds
10Y US 1.373 0.364 -0.250 4.824 0.031 0.962 6.624
10Y EUR 1.309 0.313 -0.278 5.099 0.041 0.950 8.193
10Y Gilt 1.009 0.403 0.035 7.489 0.035 0.960 6.592
10Y JGB 1.665 0.279 -0.460 7.295 0.062 0.930 5.163
mean 1.359 0.340 -0.238 6.177 0.042 0.951 6.643
Commodities
Gold 0.084 0.872 0.108 13.646 0.053 0.944 4.115
Silver 2.099 1.553 -0.523 9.834 0.034 0.961 4.033
Wheat 2.088 1.241 0.267 5.036 0.058 0.919 7.636
Crude 5.067 2.041 -0.870 19.479 0.049 0.942 6.396
mean 2.33} 1427 2025,  11.999 0.049 0.941  5.545
mean(all assets) 1.402 0.863 -0.076 7.842  0.044  0.948 6.465

Notes: Columns 2 to 5 report the sample mean, standard deviation, skewness and kurtosis of returns computed as
rj¢ = 100 X (Pj¢ — Pj,t—1)/Pj,t—1, where Pj; is the close price of the 4t asset. Columns 7 to 9 report the estimated parameters
of GARCH(1,1) models with Student ¢t-innovations:

_ 2 _ -2 2 2 rit V-1 —2
V(rt|Qi—1) =05, =651 —oj — Bj) + ayrj 1 + Bjoj 1, where k) Tuj1s
jt ot —

and 6? is the unconditional variance of r;;. All estimated coefficients are significant at the 1% level.

The full sample period is January 2, 1991 to July 11, 2007 (4311 observations). The currencies in order are British pound,
Euro, Japanese Yen, Canadian dollar, Australian dollar, and Swiss Franc.
Source: Datastream
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Table 2: Average Pairwise Correlations of Returns Within and Across Asset Classes

Asset Foreign Exchange Equity Indices 10Y Bonds commodities
GBP 0.427 -0.081 0.060 0.106
EUR 0.493 -0.120 0.078 0.119
JPY 0.310 -0.038 0.001 0.094
CAD 0.175 0.091 0.049 0.138
AUD 0.261 0.059 0.016 0.196
CHF 0.486 -0.158 0.077 0.125
SP -0.038 0.322 0.007 -0.038
FTSE -0.076 0.440 0.017 -0.012
DAX -0.083 0.454 -0.026 -0.038
NIKKEI 0.033 0.180 -0.058 0.044
10Y US 0.097 -0.047 0.331 -0.023
10Y EUR 0.059 0.005 0.438 -0.003
10Y Gilt 0.021 0.035 0.388 -0.005
10Y JGB 0.009 -0.053 0.078 -0.019
Gold 0.242 -0.043 0.014 0.306
Silver 0.190 0.012 -0.014 0.299
Wheat 0.053 0.006 -0.014 0.075
Crude 0.034 -0.018 -0.036 0.125

Notes: This table reports the average pairwise correlation of returns of futures contract ¢ with the returns of all contracts
(j # 1) in each asset class. The sample period is January 2, 1991 to July 11, 2007 (4311 observations).
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Table 3: AIC Values for Multivariate Volatility Models under Standard Normal Innovations

Model type Sample periods Sample periods

25-Jan-94 11-Jul-07 Average 25-Jan-94 11-Jul-07 Average

1) (2) (3) ) (5) (6)
EQMA (1,1,097) -13653 (22) -10007 (16) -13532 (23)
(no) (1,2,0.97) -13585  (20) -10117 (19) -13510 (20)
(250) -13283  (19) -9533  (14) -13169  (18) | (2,1,0.97) -13663  (23) -10025 (17) -13523 (22)
(125) -13131 (18) -9623 (15)  -13449 (19) (2,2,0.97) -13614 (21) -10138 (20) -13516 (21)
(75) -13875  (26) -10373  (28) -14243 (28)
(50) -15617  (39) -11966 (42) -15872 (42) | OGARCH

(p,q)

EWMA (1,1) 212397 (14) -10148 (21) -13063  (16)
(0, Ao, 10) (1,2) 12402 (15)  -10157  (22) -13067  (17)
(250,0.95,0.95) -15825  (41) -11762 (39) -15532 (38) | (2,1) -12415  (16) -10292 (26) -13020 (15)
(250,0.97,0.95) -15907 (42) -11713 (38) -15537 (39) | (2,2) -12419  (17) -10271 (25) -12982 (14)
(250,0.95,0.97)  -13877 (27) -10179 (23) -13775 (25)
(250,0.97,0.97) -13908 (28) -10100 (18) -13747 (24) | CCC
(125,0.95,0.95) -15626  (40) -11835 (41) -15634 (40) | (p,q)
(125,0.97,0.95) -15592  (38) -11782 (40) -15664 (41) | (1,1) 212235 (13)  -9150 (10) -12456  (11)
(125,0.95,0.97) -13837 (25) -10338 (27) -13992 (27) | (1,2) -12207  (11) -9250 (12) -12453  (10)
(125,0.97,0.97) -13766  (24) -10253 (24) -13977  (26) | (2,1) 212226 (12)  -9167  (11) -12460 (13)
(75,0.95,0.95) -16011  (43) -12306 (45) -16147 (43) | (2,2) -12198  (10) -9273  (13) -12457 (12)
(75,0.97,0.95) -16052  (44) -12287 (44) -16212 (44)
(75,0.95,0.97) -14548  (31) -11038 (32) -14760 (31) | DCC
(75,0.97,0.97) -14521  (30) -10976  (31) -14765 (32) | (p,q)
(50,0.95,0.95) -17995 (51) -13846 (51) -17905 (51) | (1,1) -12034 9) -8956 (6) -12266 (7)
(50,0.97,0.95) -18072  (52) -13872 (52) -18000 (52) | (1,2) -12002 (1) -9043 (8) -12261 (6)
(50,0.95,0.97)  -16734  (48) -12776 (49) -16688 (47) | (2,1) 212030 (8)  -8972  (7) -12270  (9)
(50,0.97,0.97) -16733  (47) -12748 (48) -16714  (48) | (2,2) -11999 (6) -9065 (9) -12267 (8)
MMA ADCC
(no,v0) (p,q)
(250,0.95) -16995  (50) -12418 (46) -16566  (46) | (1,1) -11962 (2) -8882 (2) -12197 (2)
(250,0.97) -14773  (32) -10643  (30) -14570  (30) | (1,2) -11964 (3) -8891 (3) -12224 (3)
(125,0.95) 16336 (45) -12163 (43) -16455 (45) | (2,1) -11981  (4)  -8908  (4) -12238  (5)
(125,0.97) -14293  (29) -10501 (29) -14553  (29) | (2,2) -11982 (5) -8919 (5) -12237 (4)
(75,0.95) 16588 (46) -12539  (47) -16722  (49)
(75,0.97) -14875  (33) -11122  (33) -15120 (37) | TDCC
(50,0.95) -18331  (53) -14027 (53) -18310 (53) | (p,q)
(50,0.97) -16869  (49) -12818 (50) -16907 (50) | (1,1) -11451 (1) -8676 (1) -11860 (1)
GEWMA
(pya,v0)
(1,1,0.95) 15365 (36) -11474 (34) -15104  (36)
(1,2,0.95) -15276  (34) -11616 (36) -15074  (33)
(2,1,0.95) -15385  (37) -11495 (35) -15088  (35)
(2,2,0.95) -15312  (35) -11641 (37) -15078 (34)

Notes: This table reports the Akaike Information Criteria (AIC) of the volatility models described in Appendix B under
the assumption of standard normal innovations (with the exception of the TDCC model). The AIC is computed as AIC;; =
LL;; —k;, where LL;; is the maximized log-likelihood value at time ¢ for model 7, and k; is the number of parameters estimated
under model 7. All multivariate volatility models (when applicable) were estimated based on one-day ahead forecast errors,
€it = Tit — [lit, using rolling windows of size 800 days every 25 days. The one-step ahead forecasts, fi;;, were obtained by
estimating an AR(1) model also on a window of size 800 recursively and updated daily. For the TDCC model the distribution
is Student t with vy_1 degrees of freedom, where v4_; is re-estimated every 25 days. Columns 1 and 4 report the AIC values
of the first sample (2-Jan-91 to 25-Jan-94, 800 observations). Columns 2 and 5 report the AIC values of the last sample
(17-Jun-04 to 11-Jul-07, 800 observations). Columns 3 and 6 report the average AIC values over all 3512 rolling samples, with
800 observations each, extracted from the full sample of data (2-Jan-91 to 11-Jul-07). The models’ rank is given in parentheses.
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Table 4: SBC Values for Multivariate Volatility Models under Standard Normal Innovations

Model type Sample periods Sample periods

25-Jan-94 11-Jul-07 Average 25-Jan-94 11-Jul-07 Average

1) (2) (3) ) (5) (6)
EQMA (1,1,097) -13779 (22) -10133 (17) -13659 (20)
(no) (1,2,0.97) -13754  (20) -10285 (22) -13679 (21)
(250) -13283  (19) -9533  (10) -13169 (14) | (2,1,0.97) -13832  (24) -10194 (19) -13691 (22)
(125) -13131  (18) -9623  (11) -13449 (19) | (2,2,0.97) -13825  (23) -10349 (25) -13727 (23)
(75) -13875  (26) -10373  (26) -14243 (28)
(50) -15617  (39) -11966 (42) -15872 (42) | OGARCH

(p,q)

EWMA (1,1) 212523 (10)  -10275 (21) -13189  (16)
(0, Ao, 10) (1,2) 212571 (11)  -10325  (23) -13235  (18)
(250,0.95,0.95) -15825  (41) -11762 (37) -15532 (38) | (2,1) -12583  (12) -10461 (27) -13189 (15)
(250,0.97,0.95) -15907 (42) -11713 (36) -15537 (39) | (2,2) -12629  (13) -10482 (28) -13193 (17)
(250,0.95,0.97) -13877 (27) -10179 (18) -13775 (25)
(250,0.97,0.97) -13908 (28) -10100 (16) -13747 (24) | CCC
(125,0.95,0.95) -15626  (40) -11835 (40) -15634  (40) | (p,q)
(125,0.97,0.95) -15592  (38) -11782 (38) -15664 (41) | (1,1) 212720 (14)  -9635 (12) -120941  (10)
(125,0.95,0.97) -13837 (25) -10338 (24) -13992 (27) | (1,2) -12734  (15) -9777  (14) -12980  (11)
(125,0.97,0.97) -13766 (21) -10253  (20) -13977  (26) | (2,1) 212753 (16)  -9694  (13) -120987 (12)
(75,0.95,0.95) -16011  (43) -12306 (45) -16147 (43) | (2,2) -12767  (17) -9842  (15) -13026  (13)
(75,0.97,0.95) -16052  (44) -12287 (44) -16212 (44)
(75,0.95,0.97) -14548  (31) -11038 (32) -14760 (31) | DCC
(75,0.97,0.97) -14521  (30) -10976  (31) -14765 (32) | (p,q)
(50,0.95,0.95) -17995 (51) -13846 (51) -17905 (51) | (1,1) -12165 (3) -9087 (3) -12398 (3)
(50,0.97,0.95) -18072  (52) -13872 (52) -18000 (52) | (1,2) -12175 (4) -9217 (7)  -12434 (4)
(50,0.95,0.97)  -16734  (48) -12776 (49) -16688 (47) | (2,1) 212203 (6)  -9146  (5) -12444  (6)
(50,0.97,0.97) -16733  (47) -12748 (48) -16714  (48) | (2,2) -12214 (7) -9281 (9) -12483 (7)
MMA ADCC
(no,v0) (p,q)
(250,0.95) -16995  (50) -12418 (46) -16566  (46) | (1,1) -12138 (2) -9058 (2) -12373 (2)
(250,0.97) -14773  (32) -10643  (30) -14570  (30) | (1,2) -12182 (5) -9109 (4) -12442 (5)
(125,0.95) 16336 (45) -12163 (43) -16455 (45) | (2,1) 212241 (8)  -9168  (6) -12498  (8)
(125,0.97) -14293  (29) -10501 (29) -14553  (29) | (2,2) -12284 (9) -9221 (8) -12539 9)
(75,0.95) 16588 (46) -12539  (47) -16722  (49)
(75,0.97) -14875  (33) -11122  (33) -15120 (33) | TDCC
(50,0.95) -18331  (53) -14027 (53) -18310 (53) | (p,q)
(50,0.97) -16869  (49) -12818 (50) -16907 (50) | (1,1) -11542 (1) -8767 (1) -11952 (1)
GEWMA
(pya,v0)
(1,1,0.95) 15491 (35) -11600 (34) -15230 (34)
(1,2,0.95) -15444  (34) -11785 (39) -15243 (35)
(2,1,0.95) -15554  (37) -11663  (35) -15256  (36)
(2,2,0.95) -15523  (36) -11852  (41) -15289 (37)

Notes: This table reports the Schwartz Bayesian Criteria (SBC) of the volatility models described in Appendix B under
the assumption of standard normal innovations (with the exception of the TDCC model). The SBC is computed as SBCj; =
LL;; —0.5k;log(T), where LL;; is the maximized log-likelihood at time ¢ for model 4, k; is the number of parameters estimated
under model ¢, and T' = 800 is the sample size. For the TDCC model the distribution is Student ¢ with v;_1 degrees of freedom,
where v;_1 is re-estimated every 25 days. Columns 1 and 4 report the SBC values of the first sample (2-Jan-91 to 25-Jan-94,
800 observations). Columns 2 and 5 report the SBC values of the last sample (17-Jun-04 to 11-Jul-07, 800 observations).
Columns 3 and 6 report the average SBC values over all 3512 rolling samples, with 800 observations each, extracted from the
full sample of data (2-Jan-91 to 11-Jul-07). The models’ rank is given in parentheses.
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Table 5: AIC Values for Multivariate Volatility Models under Student ¢ Innovations

Model type Sample periods Sample periods

25-Jan-94 11-Jul-07 Average 25-Jan-94 11-Jul-07 Average

1) (2) (3) ) (5) (6)
EQMA (1,1,097) -12823 (30)  -9669 (20) -12862 (22)
(no) (1,2,0.97) -12793  (28) -9769  (23) -12856  (20)
(250) -12477  (21) -9184  (14) -12543 (14) | (2,1,0.97) -12841  (31) -9674  (21) -12862  (23)
(125) -12175 (18) -9225 (15) -12695 (19) (2,2,0.97) -12811 (29) -9776 (25) -12865 (24)
(75) -12522 (22) -9720 (22) -13163 (28)
(50) -13345  (36) -10627 (41) -13960 (42) | OGARCH

(p,q)

EWMA (1,1) 211907 (14)  -9911  (27) -12637  (17)
(no, Ao, v0) (1,2) 11918 (15)  -9923  (28) -12642  (18)
(250,0.95,0.95) -13643 (40) -10471 (37) -13735 (38) | (2,1) -11933  (16) -10030 (30) -12628 (16)
(250,0.97,0.95) -13670 (43) -10465 (36) -13752 (39) | (2,2) -11939  (17) -10015 (29) -12608 (15)
(250,0.95,0.97) -12765  (24) -9632  (18) -12870 (25)
(250,0.97,0.97) -12766  (25) -9592  (16) -12862 (21) | CCC
(125,0.95,0.95) -13250 (33) -10430 (35) -13793  (40) | (p,q)
(125,0.97,0.95) -13281  (34) -10424 (34) -13816 (41) | (1,1) 11754 (11)  -8994  (10) -12144  (10)
(125,0.95,0.97) -12463  (20) -9649  (19) -13000 (27) | (1,2) -11749  (10) -9101  (12) -12147 (11)
(125,0.97,0.97) -12461 (19)  -9613 (17) -12997 (26) | (2,1) -11765  (13)  -9007  (11) -12150  (12)
(75,0.95,0.95) -13365  (37) -10678  (44) -14015 (43) | (2,2) -11755  (12) -9120 (13) -12156  (13)
(75,0.97,0.95) -13405 (38) -10681  (45) -14045 (44)
(75,0.95,0.97) -12762  (23) -10064 (32) -13402 (31) | DCC
(75,0.97,0.97) -12772  (27) -10041  (31) -13407 (32) | (p,q)
(50,0.95,0.95) -14123  (50) -11353 (51) -14696 (51) | (1,1) -11568 (7) -8806 (6) -11961 (5)
(50,0.97,0.95) -14162  (51) -11365 (52) -14726 (52) | (1,2) -11560 (5) -8905 (8) -11964 (7)
(50,0.95,0.97)  -13693  (45) -10931 (49) -14258 (48) | (2,1) -11580  (9)  -8818  (7) -11969  (8)
(50,0.97,0.97) -13706  (47) -10923  (48) -14267 (49) | (2,2) -11569 (8) -8924 (9) -11973 9)
MMA ADCC
(no,v0) (p,q)
(250,0.95) 14243 (52) -10817  (47) -14257  (47) | (1,1) 11526 (2)  -8756  (2) -11912  (2)
(250,0.97) -13299  (3b) -9897  (26) -13336  (30) | (1,2) -11535 (3) -8771 (3) -11941 (3)
(125,0.95) 13641 (39) -10626 (40) -14127  (45) | (2,1) -11553  (4)  -8783  (4) -11956  (4)
(125,0.97) -12767  (26) -9769  (24) -13270  (29) | (2,2) -11560 (6) -8801 (5) -11962 (6)
(75,0.95) -13646  (41) -10813  (46) -14241  (46)
(75,0.97) -12962  (32) -10134 (33) -13566 (33) | TDCC
(50,0.95) -14299  (53) -11452  (53) -14843  (53) | (p,q)
(50,0.97) -13806  (49) -10978 (50) -14354 (50) | (1,1) -11451 (1) -8676 (1) -11860 (1)
GEWMA
(pya,v0)
(1,1,0.95) 13697 (46) -10531 (38) -13716  (36)
(1,2,0.95) -13660  (42) -10632 (42) -13709 (34)
(2,1,0.95) -13720  (48) -10534 (39) -13715 (35)
(2,2,0.95) -13680  (44) -10637  (43) -13717 (37)

Notes: This table reports the AIC of the volatility models described in Appendix B and estimated (when applicable)
assuming normal innovations as in Table 3 but evaluated here using a Student ¢ distribution with 7 degrees of freedom (with
the exception of the TDCC model). For the TDCC model the distribution is Student ¢ with v¢_1 degrees of freedom, where
vi—1 is re-estimated every 25 days. Columns 1 and 4 report the AIC values of the first sample (2-Jan-91 to 25-Jan-94, 800
observations). Columns 2 and 5 report the AIC values of the last sample (17-Jun-04 to 11-Jul-07, 800 observations). Columns
3 and 6 report the average AIC values over all 3512 rolling samples, with 800 observations each, extracted from the full sample
of data (2-Jan-91 to 11-Jul-07). The models’ rank is given in parentheses.
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Table 6: SBC Values for Multivariate Volatility Models under Student ¢ Innovations

Model type Sample periods Sample periods

25-Jan-94 11-Jul-07 Average 25-Jan-94 11-Jul-07 Average

1) (2) (3) ) (5) (6)
EQMA (1,1,097) -12050 (28)  -9795 (22) -12988 (22)
(no) (1,2,0.97) -12961  (29) -9937  (25) -13025 (25)
(250) -12477  (21) -9184  (10) -12543 (10) | (2,1,0.97) -13010  (31) -0842  (23) -13031 (26)
(125) -12175  (14) -9225  (11) -12695 (14) | (2,2,0.97) -13022  (32) -9987  (26) -13076  (27)
(75) -12522  (22) -9720 (20) -13163  (28)
(50) -13345  (36) -10627 (39) -13960 (42) | OGARCH

(p,q)

EWMA (1,1) 212034 (10) -10038 (27) -12764  (16)
(no, Ao, v0) (1,2) 12086 (11) -10092  (30) -12811  (18)
(250,0.95,0.95) -13643 (40) -10471 (37) -13735 (34) | (2,1) -12102  (12) -10199 (32) -12796 (17)
(250,0.97,0.95) -13670 (42) -10465 (36) -13752 (35) | (2,2) -12150  (13) -10226 (33) -12819 (19)
(250,0.95,0.97) -12765  (24) -9632  (17) -12870 (21)
(250,0.97,0.97) -12766  (25) -9592  (14) -12862 (20) | CCC
(125,0.95,0.95) -13250 (33) -10430 (35) -13793  (36) | (p,q)
(125,0.97,0.95) -13281  (34) -10424 (34) -13816 (37) | (1,1) 12239 (15)  -9479  (12) -12628  (11)
(125,0.95,0.97) -12463  (20) -9649  (18) -13000 (24) | (1,2) -12276  (16) -9628  (16) -12674 (12)
(125,0.97,0.97) -12461 (19)  -9613  (15) -12997 (23) | (2,1) 212292 (17)  -9534  (13) -12677  (13)
(75,0.95,0.95) -13365  (37) -10678  (41) -14015 (43) | (2,2) -12325  (18) -9690 (19) -12725 (15)
(75,0.97,0.95) -13405 (38) -10681  (42) -14045 (44)
(75,0.95,0.97) -12762  (23) -10064 (29) -13402 (31) | DCC
(75,0.97,0.97) -12772  (27) -10041  (28) -13407 (32) | (p,q)
(50,0.95,0.95) -14123  (50) -11353 (51) -14696 (51) | (1,1) -11699 (2) -8937 (3) -12093 (3)
(50,0.97,0.95) -14162  (51) -11365 (52) -14726 (52) | (1,2) -11734 (4) -9078 (7) -12137 (4)
(50,0.95,0.97)  -13693  (43) -10931 (49) -14258 (48) | (2,1) J11753  (6)  -8992  (5) -12142  (5)
(50,0.97,0.97) -13706  (44) -10923  (48) -14267 (49) | (2,2) -11784 (7) -9139 (9) -12189 (7)
MMA ADCC
(no,v0) (p,q)
(250,0.95) 14243 (52) -10817  (46) -14257  (47) | (1,1) 11702 (3)  -8931  (2) -12088  (2)
(250,0.97) -13299  (3b) -9897  (24) -13336  (30) | (1,2) -11753 (5) -8989 (4) -12159 (6)
(125,0.95) 13641 (39) -10626 (38) -14127  (45) | (2,1) -11813  (8)  -9043  (6) -12216  (8)
(125,0.97) -12767  (26) -9769  (21) -13270 (29) | (2,2) -11863 (9) -9103 (8) -12264 9)
(75,0.95) -13646  (41) -10813  (45) -14241  (46)
(75,0.97) -12962  (30) -10134 (31) -13566 (33) | TDCC
(50,0.95) -14299  (53) -11452  (53) -14843  (53) | (p,q)
(50,0.97) -13806  (45) -10978 (50) -14354 (50) | (1,1) -11542 (1) -8767 (1) -11952 (1)
GEWMA
(pya,v0)
(1,1,0.95) 13824 (46) -10658  (40) -13842 (38)
(1,2,0.95) -13829  (47) -10801 (44) -13877 (39)
(2,1,0.95) -13888  (48) -10702 (43) -13884  (40)
(2,2,0.95) -13891  (49) -10847 (47) -13927  (41)

Notes: This table reports the SBC of the volatility models described in Appendix B and estimated (when applicable)
assuming normal innovations as in Table 4 but evaluated here using a Student ¢ distribution with 7 degrees of freedom (with
the exception of the TDCC model). For the TDCC model the distribution is Student ¢ with v¢_1 degrees of freedom, where
vi—1 is re-estimated every 25 days. Columns 1 and 4 report the SBC values of the first sample (2-Jan-91 to 25-Jan-94, 800
observations). Columns 2 and 5 report the SBC values of the last sample (17-Jun-04 to 11-Jul-07, 800 observations). Columns
3 and 6 report the average SBC values over all 3512 rolling samples, with 800 observations each, extracted from the full sample
of data (2-Jan-91 to 11-Jul-07). The models’ rank is given in parentheses.

36



Table 7: Information Ratios and VaR Diagnostic Tests for Optimal Portfolio (Individual
Multivariate Models)

Model type Normal Student (7)
mean IR 7 zz % VaR  mean IR 7 zz= % VaR
return binds  return binds
EQMA (no)
(250) 11.66 1.38 299 11.85 22 11.43 1.43 2.45 8.63 34
(125) 13.62  1.42 3.73 16.26 28 13.15 1.46 3.33  13.89 42
(75) 13.86 1.24 5.61 27.46 36 13.34  1.29 5.04 24.07 51
(50) 16.52 1.18 9.14 48.49 48 15.67 1.22 8.15  42.55 64
EWMA (no, Xo,0)
(250,0.95,0.95) 14.16  1.05 8.74  46.12 48 13.69 1.11 7.72 40.01 63
(250,0.97,0.95) 13.69  0.99 8.94 47.30 47 13.31  1.06 797 41.54 62
(250,0.95,0.97) 13.28 1.28 5.33  25.76 35 12.84 1.32 4.67  21.86 51
(250,0.97,0.97) 1296 1.24 5.24  25.25 34 12.56  1.29 4.24  19.32 49
(125,0.95,0.95) 14.21  1.05 8.86 46.80 48 13.74 1.11 7.80 40.52 63
(125,0.97,0.95) 13.79  0.99 9.09 48.15 47 13.39 1.06 8.15  42.55 62
(125,0.95,0.97) 13.54 1.27 5.72  28.14 36 13.08 1.31 5.04 24.07 52
(125,0.97,0.97) 13.26  1.23 5.64 27.63 36 12.83 1.28 4.87  23.05 51
(75,0.95,0.95) 14.37 1.01 9.97 53.41 51 13.87 1.06 8.54  44.93 66
(75,0.97,0.95) 14.04 096 10.08 54.09 51 13.61  1.02 8.86 46.80 65
(75,0.95,0.97) 13.86 1.16 7.35 37.81 41 13.31  1.20 6.44  32.38 58
(75,0.97,0.97) 13.62 1.12 7.46  38.48 41 13.12  1.17 6.41 32.21 57
(50,0.95,0.95) 16.28 0.95 12.70 69.69 60 15.55 1.01 11.51 62.57 73
(50,0.97,0.95) 15.87 090 12.76 70.03 60 15.25 096 11.28 61.21 73
(50,0.95,0.97) 16.43 1.08 10.97 59.35 53 15.64 1.13 9.46  50.36 69
(50,0.97,0.97) 16.22 1.05 11.02 59.69 53 15.45 1.10 9.60 51.21 69
MMA (no, o)
(250,0.95) 10.39 0.61 9.77  52.22 46 10.45 0.69 8.66 45.61 59
(250,0.97) 11.36  0.95 5.58  27.29 34 11.12  1.00 4.84  22.88 47
(125,0.95) 12.61  0.78 9.85 52.73 48 12.38 0.85 8.54  44.93 61
(125,0.97) 12.96 1.08 6.10 30.34 37 12.67 1.15 5.27  25.42 51
(75,0.95) 12.86 0.79 10.45 56.29 51 12.84 0.88 9.51  50.70 65
(75,0.97) 13.18 1.02 7.92 41.20 42 12.85 1.08 6.95 35.43 57
(50,0.95) 14.36  0.75 13.04 71.73 59 14.29 0.85 11.65 63.42 72
(50,0.97) 15.64 097 11.08 60.03 53 15.01 1.03 9.97 53.41 68
GEWMA  (p,q,0)
(1,1,0.95) 12.54 0.95 8.57 45.10 43 12.17  1.00 741 38.14 58
(1,2,0.95) 13.12 1.01 8.54  44.93 43 12.71  1.06 7.32 37.64 57
(2,1,0.95) 12.72  0.94 8.37 43.91 43 12.43  1.00 7.23 37.13 57
(2,2,0.95) 12.94  0.96 8.77  46.29 43 12.61  1.02 7.60 39.33 57
(1,1,0.97) 11.65 1.16 4.90 23.22 31 11.34  1.20 4.10 18.47 45
(1,2,0.97) 12.08 1.21 4.90 23.22 30 11.75 1.26 4.07 18.30 45
(2,1,0.97) 12.08 1.18 5.07 24.24 31 11.77  1.23 4.24  19.32 45
(2,2,0.97) 12.19 1.19 5.10 24.41 32 11.88 1.24 4.50 20.84 45

Nominal tolerance probability o = 1%

Notes: This table reports the mean return, information ratio (IR), VaR exceedance ratio (#) and its z;-statistic, as well as
the percentage of times the VaR constraint is binding, of portfolios that were constructed based on the estimated mean return
(pt — generated by an AR(1) model) and the covariance matrix (2;+ — generated by the individual multivariate volatility models
described in Appendix B). The risk-aversion parameter ¢ is set to 75 and the nominal VaR frequency « is 1%. We assume
that innovations are either normal or Student ¢ with 7 degrees of freedom. For the TDCC model the Student t distribution
has v¢_1 degrees of freedom (instead of 7), where v;_1 is re-estimated every 25 days. The multivariate models were estimated
using a rolling window of 800 observations over the period 2-Jan-91 to 11-Jul-07, 3511 rolling samples in total.
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Table 7 cont’d: Information Ratios and VaR Diagnostic Tests for Optimal Portfolio (Indi-
vidual Multivariate Models)

Model type Normal Student (7)
mean 1R 7 zz % VaR mean IR 7 zz % VaR
return binds  return binds
OGARCH (p,q)
(1,1) 9.70 1.19 2.73 10.33 16 959 124 234 795 27
(1,2) 9.34 1.13 2.62 9.65 16 9.22 1.17 245 8.63 27
(2,1) 9.29 1.15 2.68 9.99 16 9.16 1.19 231 7.78 27
(2,2) 9.63 1.20 2.51 8.97 16 948 1.24 228 7.61 27
ccc (p,q)
(1,1) 995 1.43 1.79 4.73 13 9.82 1.46 148 2.86 23
(1,2) 10.23 147 1.82 4.90 12 10.10  1.51 1.62 3.71 23
(2,1) 10.13 142 2.08 6.43 13 9.98 1.46 1.82 4.90 24
(2,2) 10.21 1.42  1.94 5.58 14 10.05 1.46 1.77 4.56 24
DCC (p,q)
(1,1) 9.41 1.37 1.57 3.37 13 9.31 1.41 1.40 2.36 24
(1,2) 9.65 1.42 1.68 4.05 12 9.55 1.45 148 2.86 23
(2,1) 9.65 1.38 1.85 5.07 14 9.54 142 1.62 3.71 25
(2,2) 9.69 1.38 1.88 5.24 14 9.57 142 159 3.54 24
ADCC (p:q)
(1,1) 8.76 1.27 1.74 4.39 14 870 1.31 1.57 3.37 25
(1,2) 892 1.24 1.99 5.92 14 893 1.30 1.74 4.39 25
(2,1) 9.36 1.30 1.91 5.41 15 9.24 1.34 1.7 3.37 27
(2,2) 9.31 1.25 2.05 6.26 16 931 1.32 1.77 4.56 27
TDCC (p,q)
(1,1) - . - - | 921 139 157 3.37 21

Nominal tolerance probability a = 1%
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Table 8: Information Ratios and VaR Diagnostic Tests for Optimal Portfolio (Multivariate
Modelling Strategies)

Model type Normal Student (7)

mean IR 7« zz % VaR  mean IR 7 zz % VaR

return binds  return binds
Best (AIC) 930 1.29 191 541 15 9.30 1.34 1.59 3.54 26
Best (BIC) 9.24 1.27 205 6.26 15 939 136 1.62 3.71 26
Bayesian Average (AIC) 9.33 1.29 191 541 15 929 134 159 3.54 26
Bayesian Average (BIC) 9.27 1.28 2.08 6.43 15 940 1.36 1.62 3.71 26
Top 10% (AIC) 9.24 138 1.59 3.54 13 883 1.34 140 2.36 24
Top 10% (BIC) 9.05 1.34 1.57 3.37 13 8.74 133 148 2.86 25
Top 25% (AIC) 870 1.34 1.37 2.19 13 872 137 1.20 1.17 24
Top 25% (BIC) 9.04 1.37 1.51 3.03 13 890 1.38 1.31 1.85 24
Top 50% (AIC) 9.18 1.37 1.7 3.37 15 9.08 1.40 1.28 1.68 26
Top 50% (BIC) 9.19 1.38 1.54 3.20 15 9.10 1.41 1.28 1.68 26
Top 75% (AIC) 9.68 1.36 1.82 4.90 20 9.56 1.39 140 2.36 32
Top 75% (BIC) 9.68 1.35 1.79 4.73 20 956 1.39 1.42 2.53 31
All 10.11  1.32 236 8.12 25 995 1.36 1.79 4.73 36

Nominal tolerance probability a = 1%

Notes: Table 8 reports the mean return, information ratio (IR), VaR exceedance frequency (#) and its zz-statistic, as well
as the percentage of times the VaR constraint is binding, of portfolios that were constructed based on the estimated mean
return (u¢ — generated by an AR(1) model) and a set of covariance matrices {3;;} with weights {A;+}. The risk-aversion
parameter § is set to 75 and the nominal VaR frequency « is 1%. We assume that innovations are either normal or Student ¢
with 7 degrees of freedom. The multivariate models were estimated using a rolling window of 800 observations over the period
2-Jan-91 to 11-Jul-07, 3511 rolling samples in total.
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Table 9: Kuiper and Kolmogorov-Smirnov Tests of the Validity of the Individual Multi-
variate Models Using an Equally Weighted Portfolio

Model type normal t7 Model type normal t7

Ku KS Ku KS Ku KS Ku KS
EQMA (1,1,0.97) 0.000 0.005 0.003  0.052
(no) (1,2,0.97) 0.000 0.006 0.003  0.052
(250) 0.000 0.004 0.012 0.104 | (2,1,0.97) 0.000 0.006  0.002 0.048
(125) 0.000 0.006 0.004 0.052 | (2,2,0.97) 0.000 0.008 0.002 0.048
(75) 0.000  0.007  0.001  0.030
(50) 0.000  0.007 0.000 0.033 | OGARCH

(p,q)

EWMA (1,1) 0.000 0.015 0.000  0.002
(no, Ao, v0) (1,2) 0.000 0.015 0.000  0.002
(250,0.95,0.95)  0.000 0.008 0.000 0.022 | (2,1) 0.000 0.015 0.000 0.003
(250,0.97,0.95)  0.000 0.005 0.000 0.048 | (2,2) 0.000 0.015 0.000 0.001
(250,0.95,0.97)  0.000 0.008 0.000 0.027

(250,0.97,0.97) 0.000 0.004 0.001 0.048 | CCC
(125,0.95,0.95)  0.000 0.008 0.000 0.022 | (p,q)
(125,0.97,0.95)  0.000 0.006 0.000 0.040 | (1,1) 0.000 0.008 0.002 0.036
(125,0.95,0.97)  0.000 0.008 0.000 0.024 | (1,2) 0.000 0.008 0.001 0.036
(125,0.97,0.97) 0.000 0.005 0.001 0.043 | (2,1) 0.000 0.010 0.001 0.030
(75,0.95,0.95)  0.000 0.009 0.000 0.018 | (2,2) 0.000 0.010 0.001 0.022

(75,0.97,0.95) 0.000 0.006 0.000 0.030

(75,0.95,0.97) 0.000 0.010 0.000 0.020 | DCC

(75,0.97,0.97) 0.000  0.007  0.000 0.024 | (p,q)

(50,0.95,0.95) 0.000 0.012  0.000 0.008 | (1,1) 0.000 0.007 0.002 0.043
(50,0.97,0.95) 0.000  0.008 0.000 0.012 | (1,2) 0.000 0.008 0.001 0.040
(50,0.95,0.97) 0.000 0.013  0.000 0.009 | (2,1) 0.000 0.008 0.002 0.043
(50,0.97,0.97) 0.000 0.010 0.000 0.012 | (2,2) 0.000 0.008 0.001 0.030
MMA ADCC

(no,vo) P q)

(250,0.95) 0.000 0.004 0.002 0.075 | (1,1) 0.001 0.012 0.000 0.016
(250,0.97) 0.000 0.004 0.010 0.096 | (1,2) 0.000 0.009 0.000 0.012
(125,0.95) 0.000  0.005 0.000 0.052 | (2,1) 0.000 0.010 0.000 0.016
(125,0.97) 0.000 0.005 0.001 0.075 | (2,2) 0.000 0.012 0.000 0.016
(75,0.95) 0.000 0.008 0.000 0.040

(75,0.97) 0.000 0.007 0.000 0.043 | TDCC

(50,0.95) 0.000 0.005 0.000 0.040 | (p,q)

(50,0.97) 0.000 0.006 0.000 0.036 | (1,1) 0.000 0.008 0.012 0.096
GEWMA

(»,q,0)

(1,1,0.95) 0.000 0.006 0.001 0.043

(1,2,0.95) 0.000 0.005 0.001 0.048

(2,1,0.95) 0.000 0.008 0.001 0.036

(2,2,0.95) 0.000 0.008 0.001 0.043

Notes: This table reports the probability values for the Kuiper and the Kolmogorov-Smirnov tests for the different
multivariate volatility models considered in this paper. We assume that the innovations are either normal or follow a Student ¢
distribution with 7 degrees of freedom. For the TDCC model the Student ¢ distribution has v4_1 degrees of freedom (instead of
7), where v;_1 is re-estimated every 25 days. The multivariate models were estimated using a rolling window of 800 observations
over the period 2-Jan-91 to 11-Jul-07, 3511 rolling samples in total.
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Table 10: Kuiper and Kolmogorov-Smirnov Tests of the Validity of the Multivariate Model
Averaging Strategies Using an Equally Weighted Portfolio

Strategy type normal t7

Ku KS Ku KS
Best (AIC) 0.000 0.012 0.000 0.024
Best (BIC) 0.000 0.012 0.000 0.024

Bayesian Average (AIC) 0.000 0.012 0.000 0.024
Bayesian Average (BIC) 0.000 0.012 0.000 0.024
Top 10% (AIC) 0.000 0.009 0.000 0.022
Top 10% (BIC) 0.000 0.012 0.000 0.022
Top 25% (AIC) 0.001 0.013 0.000 0.015

) 0.000 0.009 0.000 0.027
AIC) 0.000 0.010 0.000 0.022

)

)

)

Top 50% (

Top 50% (BIC 0.000 0.010 0.000 0.024
Top 75% (AIC 0.000 0.010 0.000 0.022
Top 75% (BIC 0.000 0.010 0.000 0.024
All 0.001  0.010 0.000 0.020

Notes: This table reports the probability values for the Kuiper and the Kolmogorov-Smirnov tests for the average mul-
tivariate volatility models considered in this paper. We assume that the innovations are either normal or follow a Student ¢
distribution with 7 degrees of freedom. The multivariate models were estimated using a rolling window of 800 observations
over the period 2-Jan-91 to 11-Jul-07, 3511 rolling samples in total.
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Figure 1: Scatter Plot of Information Ratios and VaR Exceedance Frequencies Across
Models and Modelling Strategies
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