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Electromagnetic response of a P7 dipole is studied both analytically and numerically. In the analytical
approach, the dipole is represented by two point scatterers. Within the first Born approximation, the asymmetry
of the scattering field with respect to the orientation of the dipole is proven. In numerical simulations, the dipole is
represented by two infinitely long, parallel cylinders with opposite sign of the imaginary part of a refractive index.
Numerical data confirm the validity of the Born approximation in the weak scattering limit, while significant

deviations from the Born approximation were observed for stronger scatterers and in the near-field range.
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I. INTRODUCTION

Parity-time (P7) symmetry has recently emerged as a
promising design principle for extending Hermitian to non-
Hermitian optics and has given rise to a rich variety of
physical phenomena based on the appearance of exceptional
points and phase transitions in the eigenvalues of the asso-
ciated non-Hermitian Hamiltonian [1,2]. In classical wave
systems, where the real part of the potential in optics is
the refractive index and gain and/or loss is analogous to
its imaginary part and P7 -symmetry demands that n(r) =
n*(—r), one can envisage various structures obtained by
combining the index and gain and/or loss modulations with
required symmetries which represent classical analogs of
quantum systems described by P7 -symmetric potentials. The
recent experimental realizations of P7 -symmetric optical
systems have attracted widespread interest, in particular due to
their promising prospect to achieve tunable components with
extreme sensitivity and very unconventional wave behavior
[3-6]. These include loss induced invisibility [7], Bloch
oscillations [8], laser generation by reversing the effect of
loss at threshold [9-11], unidirectional propagation [12,13],
and optical solitons in P7 periodic systems [14,15], to name
a few of numerous new concepts proposed.

The key feature of P7 symmetric photonic structures stems
from the fact that they may have real eigenvalues despite
having gain and loss which break the space symmetry. For
a certain amount of gain and/or loss, there exists a threshold
at which the system undergoes a spontaneous P7 -symmetry
breaking, and above which eigenfrequencies become complex
and power grows exponentially. Based on the P7 concept
several types of extended systems included P7 gratings, P7
lattices, and P77 -symmetric resonant structures characterized
by the complex-valued periodic functions have been studied
both theoretically and experimentally [16—19]. The periodic
systems also provide asymmetric response, offering for exam-
ple a unidirectional invisibility [7], unidirectional coupling
[20], and other peculiar effects. Due to periodicity such
systems are resonant, i.e., provide the asymmetric responses in
the vicinity resonant wavelength A ~ 2a, where a is the period
of the structure.

Most of the P7 studies focus on one-dimensional systems.
A naive extension to two dimensions is possible by considering
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parity symmetry in one space direction, which however can
hardly lead to principally novel effects. Some exception is
perhaps in [20], where the nontrivial chiral-P7 concept has
been introduced, which is possible only in two-dimensional
(2D) or 3D systems. The majority of the studies also consider
the global P7 symmetry. This means that the bulk is uniformly
filled by a continuous P7 media (i.e., by P7 lattices). Perhaps
a single exception within this context is the work in [21], where
the local-P7 concept has been introduced, providing the P7
effect in different directions. This results in P7 systems
with nontrivial flows, i.e., for instance axisymmetric flows
toward some focus as suggested in an original proposal [21].
Moreover, it could be extended to build a system with arbitrary
‘PT flows, like closed loops of currents, chiral objects, and any
other flow configuration on demand [22].

The most natural way of looking into the physical properties
of such complicated P7 objects is to consider them as
structures built from microscopic P7 objects, i.e., so-called
PT molecules represented by P7 dipoles, which can be
described as a generalized form of the conventional ones—
see Fig. 1. The main idea behind our paper is to identify
the P7 dipole as a minimum unit building block which
possesses the P7 properties. We demonstrate that such a
minimum object consists of two scatterers with different
complex scattering coefficients. Realization of P7 symmetry
in optics requires that considerable amounts of gain loss
can be provided only by semiconductors and polymers. For
example, P7 -symmetry breaking was observed experimen-
tally in a passive P7-symmetry ridge optical waveguide
consisting of multilayer Al,Ga;_,As heterostructure with
varying concentration, where the loss is introduced through
deposition of a thin layer of chromium on one of the coupler
arms [6]. Another configuration employing the P7 symmetry
concept was demonstrated in the P7 -synthetic microring
resonator with InGaAsP multiple quantum wells deposited
on InP substrate where balanced gain and/or loss modulation
is achieved by periodically formed Cr/Ge structures on
the top of the InGaAsP [16]. A possible design of the
PT dipole that could be implemented and measured in
microphotonic devices was proposed in the context of 2D
‘PT -symmetric complex structure [20]. The configuration
shown in Fig. 4(a) in Ref. [20] consists of a dielectric slab
with holes filled by p/n and n/p semiconductor junctions which
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FIG. 1. Single P7 dipole.

provide gain or loss depending on the orientation of each
component.

Our paper is organized as follows. In Sec. II we develop
a scattering theory of a P7 dipole within the first Born ap-
proximation and define the difference in intensity of scattered
field between the configurations with P7 dipoles parallel ()
and antiparallel (— p) to the direction of the incident wave. We
consider two specific configurations of the P7 dipole aligned
parallel and perpendicular with respect to the incident wave.
In Sec. III we numerically investigate the scattering properties
of the P7 dipole represented by the system consisting of
infinitely long, parallel cylinders with the opposite sign of
the imaginary component of the refractive index. In Sec. IV
we present the numerical results for both configurations of the
‘PT dipole considered. The discussion of the validity of the
theoretical model based on the first Born approximation and
deviations identified by numerical approach are discussed in
Sec. V.

II. THEORETICAL MODEL
A. Model

The P7 dipole consists of two point scatterers centered at
the positions 7| and 7, in the xy plane with different complex
scattering coefficients s; and s,—see Fig. 1. The distance
between two scatterers, a = |r| — 7|, defines the length scale
of the model. Scattering coefficients which represent effective
polarizabilities can be in general complex,

51,2 = SRe £ i Sim- (D

The real component corresponds to elastic scattering and
the imaginary one accounts for the emission and absorption,
respectively. The incident field is the plane wave propagating
in the xy plane with unit amplitude and normalized frequency

f=a/xr

B. Electromagnetic response of the P77 dipole

The total electric field E at a point 7 is assumed to be
parallel to the z axis and can be written as a superposition of
incident plane wave with unit amplitude and field E g scattered
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by two scatterers:
EG) = ™ + E5(7). 2)

Here, kg = 27t /X is the wave vector of the incident wave.

In the limit of weak scattering one can use the first Born
approximation which allows one to calculate the field far away
from the scattering center. To describe the behavior of a single
dipole consisting of two point scatterers we focus on the
scattered field that can be written as

2
Es() =)

j=1

isjeilio?, ol kollF=7] )
|7 —F;|1/2
In order to obtain analytical insight we first simplify the general
expression for the scattered field into asymptotic form in the
far-field limit assuming |7| > |7 2|

2
S sef@an pogrh | @
j=1

i eilfollF]

Es(r) = ————

s(r) EIE

where unit vectors ¢; = ko/|ko| and €, = 7/|F| indicate direc-

tions of the incident wave and of the observer at the point 7,
respectively.

To understand how the P7 symmetry influences the
electromagnetic response of the dipole, we first consider
the limit of “small” dipole kpa < 1; the latter equation can
be simplified into the form

ekl o -
Eg(r) = I?I—l/z(s t+ilex —e)p+O0(r7). (5
The first term in the bracket in the latter equation represents the
total scattering defined as a sum of the scattering coefficients
associated with each of the scatterers s = 3, s;. This term is
parity-invariant and thus provides symmetric scattering, while
the second term in which

p=1kl> s; -7 6)
J

defines the P7 dipole and gives rise to asymmetry of scattering
which depends on both its strength and orientation.

The parity asymmetry of the scattering can be determined
by calculating the scattered field for the dipoles with opposite
orientations p and — p. Specifically, in the forward direction
€ = e, when orientation of the dipole coincides with the
direction of the incident wave, the second term in the brackets
of Eq. (5) vanishes and the scattered field does not depend
on the P7 dipole p. In the case of backward scattering when
é; = —e, the scattered field given by Eq. (5) is proportional to
s + 2ieg p. This means that for real-valued scalar scattering
s=y ;8; and for real-valued PT dipole p the parity
symmetry is maintained, i.e., |s + 2ie;p| = |s — 2iexp|. On
the other hand, when the scattering is described in terms of
the complex coefficients s;, the parity symmetry is broken.
Thus asymmetric scattering requires the dipole characterized
by nonzero elastic scattering and a nonzero gain and/or loss
balance.

The preceding discussion is valid also without assumption
of “small” dipoles. In what follows the condition kpa < 1 is
lifted. By using the notation 71, = A7 /2, Eq. (4) can be
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FIG. 2. Angular diagrams of P7 asymmetry A Ps(7) in the case
of parallel orientation of the P7 dipole for the normalized frequencies
f =a/, =koa/(2m) in the range 0.03 < f < 1.6. Incident wave
propagates along the y axis. Orientation of axes is shown in the left
upper panel. Since all panels have the same scale, diagrams give also
an estimation how the total scattered energy depends on the frequency
of incident wave.

rewritten into the form

L 2icikliF |kol(ék — &) - AF
Es(r,p) = m—l/z Sge COS +

kol(3 — &,) - AF
48, sin (%)] 7

according to which the Es(7, p) depends on the orientation of
the dipole. To characterize the asymmetry of scattered field
associated with the opposite orientations of the P7 dipole,
we calculate the difference in the intensity of scattered field
between the configurations with P7 dipoles aligned parallel
and antiparallel to the direction of the incident wave:

APs(F) = ||Es(F, p)I* — |Es(F, — P)I|. ®)

We apply expressions (7) and (8) to the following two specific
orientations of the dipole.

When the P7 dipole is oriented along the direction of the
incident wave, ¢; || AF, the scattering field can be expressed
as a function of the observation angle 6,

. 2i eilkollF] koa(l — cosB)
Es(r) = ———|[ Sgecos | ———=

7172 2
koa(1 — cos 6
S sin (M—Cos)ﬂ ©)
2
where cos8 = g, - 7/|F|, and
o 4SReSIm .
APs(F) = ‘|i|1 sin [koa(1 — cos 0)]. (10)
r

The behavior of the angular dependence of A Pg(¥), given by
Eq. (10), is demonstrated in Fig. 2. The forward scattering does
not depend on the orientation of the dipole [APs(0 = 0) =
0], while significant asymmetry is observed in the backward
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FIG. 3. Same as in Fig. 2 but for perpendicular orientation of the
‘PT dipole.

scattering (0 = ). Interestingly, the backward scattering is
symmetric in special cases when 2aky = w N, where N is an
integer, i.e., an “accidental” symmetric backscattering occurs
at the wavelengths Ay = 4a/N.

In the case when the P7 dipole is oriented perpendicular
to the direction of the incident wave, ¢, L AF, the scattering
field can be expressed as a function of the observation

angle 9,
o 2ieflkllFl koa sin@
Es(r) = WT SRe COS T

. ([ koa sin®
— St sin — )| (11

and the asymmetry in the scattered field between the opposite
orientation of the P7 dipole reads

4SRe SIm

APs(F) = 7 sin (koa sin 6). (12)

One can see in this case that no asymmetry between forward
(6 = 0) and backward (9 = ) scattering occurs. In addition,
Eq. (12) allows one to determine the critical observation
angle 0 at which the asymmetry A Ps(¥) vanishes for a given
frequency f: 0 = arcsin(N/(2 f)) and yields a number of the
critical observation angles Ny which appear in one quadrant
for the frequencies f > Ny/2. These features arising from
Eq. (12) can be observed in the angular dependence of A Pg(F)
shown in Fig. 3.

Equations (7) and (8) allow us to evaluate both frequency
and angular dependence of the asymmetry scattering of the
PT dipole and could be generalized for arbitrary orientation
of the dipole. As expected, the scattered field decreases as 7!
at large distances. The only parameter which determines the
angular dependence of the scattered field is kpa = 2wa/A.

III. NUMERICAL METHOD

In numerical calculation, the P7 dipole is represented
by two infinitely long cylinders, parallel to the z axis. The
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distance between centers of the cylinders is a. The radius of
cylinders is Ry and refractive indicesn; = ng £in;, j = 1,2.
The incident electromagnetic plane wave with normalized
frequency f = a/A propagating in the xy plane

E(x,ylw)inc = expli(kyx + kyy) — iwt] (13)

is polarized parallel to the axes of cylinders.
The total electric field can be expressed as the sum of the
incident field E(x,y|w)ic and a scattered field Es(x,y|w)

E(x,y|lw) = E(x,y|@)inc + Es(x,y|w). (14)

To study scattering properties of EM waves for a single P7
dipole we evaluate the radial component of the Poynting vector

Ps(R.¢) = Es(R.@)[H (R.$)I" 15)

along the circumference of the circle with radius R centered
at the focus of the system. In Eq. (15),

s = (16)

@ or | _g
is the tangential component of magnetic field.

In analogy to Eq. (8) we characterize the asymmetry of
scattered field associated with the opposite orientation of the

‘PT dipole in terms of the difference A Ps(R,¢) defined as

APs(R,¢) = |Ps(R,¢,p) — Ps(R,¢, — p)I. (17

To compute the APs(R,¢) we apply a numerical algorithm
based on the expansion of electromagnetic field into cylinder
functions [23]. The scattered electric field can be expressed in
cylindrical coordinates r and ¢ as

2
E{R) =Y BiHulkolF —F;De™ . (18)

j=1 m

where H,, are the Hankel functions of the first kind and
rj, ¢; are cylinder coordinates centered at the center of the
jth cylinder. The coefficients §,, can be calculated from
the continuity condition of the tangential components of the
electric and magnetic field at the boundary of cylinders. Our
approach is described in detail in Refs. [24,25].

IV. RESULTS
A. PT -dipole-parallel configuration

We first consider the case when the P7 dipole is parallel to
the propagation direction of the incident wave. The system
which represents a P7 dipole consists of two cylinders
of radius Ry = 0.1a characterized by the refractive index
n; =ngxin;, i = 1,2, where the real part ng = 3.5 is
kept constant while an imaginary part is varied in the range
0.005 < n; < 0.5. We have chosen the radius of the cylinder
to be sufficiently small Ry = 0.1a to allow comparison with
analytic results based on the point scatterer approximation.
In Fig. 4, we display the scattering diagrams obtained for the
frequency f = 0.16 for two of the parallel orientations of
the dipole #p in the near-field (R = 2a) and far-field limit
(R = 20a). The gray shaded area in Fig. 4 which shows the
absolute value of the difference between the scattered power
A Ps(R,¢) for both orientations p and — p represents the key
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FIG. 4. Intensity of scattered field for two opposite orientations
of the dipole parallel to the propagation of the incident wave (dashed
black and solid red lines) and their difference A Ps(R,¢) (shaded area)
for the P7T dipole with gain and/or loss characterized by n, = +0.5i.
(a) In the near field (R = 2a) and (b) in the far field (R = 20a). The
frequency of an incident wave f = 0.16.

feature associated with scattering properties of the P7 dipole.
Primarily, in the case of parallel orientation of the P7 dipole
the scattering diagrams reveal a strong asymmetry along the
direction of propagation of the incident wave. Such a behavior
is consistent with analytical results given by Eq. (10) and it is
displayed in Fig. 2. In addition, one can observe that in the far
field the power scattered along the y axis for two antiparallel
orientations of the dipole shown in Fig. 4(b) coincide and yield
a vanishing difference A Ps(R,¢ = 0). Simultaneously, this
behavior confirms the theoretical prediction given by Eq. (5).
By inspecting the scattering of the P7 dipole in the near-field
limit we found the asymmetry of the transmitted power along
y axis as it is demonstrated in Fig. 4(a). We explored the
existence of this phenomenon also at larger frequencies where
the system reveals according to the theoretical model richer
scattering patterns (Fig. 2). As an example, we display in
Fig. 5 the scattering diagram for the frequency f = 1.

To quantify the transition between the near- and far-field
limit we depict in Fig. 6 the dependence of the field scattered
along the y axis on the normalized radius R/a for both
orientations of the dipole. One can see that the asymmetry in
the forward scattering vanishes at R >~ 12.5a which suggests
that the nonvanishing difference in the forward scattering
appears solely in the near-field regime. Since scattered fields
decrease as ~1/R in the far field, the normalized product

02f
04F

-0.6-

P R R P I
04 -02 0 02 04

A Y Y N B
-0.06-0.04-0.02 0 0.02 0.04 0.06

FIG. 5. Left: the difference in the intensity scattering for two
antiparallel orientations of P7 dipole APs(R,¢) characterized by
n; = £0.5i in the near field (R = 2a). Right panel shows the detail
of the scattered field. The frequency of an incident wave f = 1.0.
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FIG. 6. Intensity of the scattered field Ps(R,¢) along the y axis
as a function of the normalized radius R/a. Solid lines represent
backward scattering for two orientations of the dipole. Similarly,
black dashed and red dotted lines show the forward scattering for
two antiparallel orientations of the dipole. Inset shows the product
Ps(R/a) to prove that the intensity of scattered field decreases ~1/R
in the far field.

RP/a remains constant for the backward scattering as it is
shown in the inset of Fig. 6.

Besides the effect associated with near-field asymmetry
described above, we found yet another interesting difference
between the theoretical prediction and numerical results.
Namely, we observed that the scattering pattern associated
with a P7T dipole in the far-field limit obtained numerically
reveals strong dependence on the strength of the imaginary
part n;. It is demonstrated in Fig. 7, where dependencies of
the scattering diagrams for three values of the gain and/or
loss parameters are depicted. We note that, according to the
theoretical model of the difference between the intensities for
antiparallel orientations of the P7 dipole given by Eq. (10), the
size of the imaginary component 7; does not affect the shape

n = 0.005 n = 0.05 n = 0.5
y y Yy

X X X

0 0.0008 0 0.008 0 0.08

FIG. 7. Difference in the intensity scattering for antiparallel
orientations of P7 dipole A Ps(R,¢) in the far field (R = 20) vs gain
and/or loss parameter n; = £0.005; (left), n; = +0.05{ (middle),
and n; = £0.5i (right), when f = 1.0. Red line in the middle (right)
panel represents A Pg from the left (middle) panels, respectively,
multiplied by a factor of 10, to display a linear dependence of scattered
intensity on the gain and/or loss parameter n; for small values n; and
its breaking when n; increases.
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FIG. 8. Difference in the intensity scattering for antiparallel
orientations of the P7 dipole A Ps(R,¢) in the far field (R = 20) vs
radius of the cylinder for n; = £0.05i, Ry = 0.01a (left), Ry = 0.1a
(middle), and Ry = 0.4a (right). The frequency f = 1.0. Note that
Born approximation predicts the symmetrical backscattering for this
frequency. Numerically, this is observed only for very tiny cylinders
(the left panel). For stronger scatterers, Born approximation is not
valid.

of APs(R,p). The theoretical approach in principle cannot
account for the features described above.

To quantify the range of the gain and/or loss parameter
beyond which the numerical results indicate limits of the
validity of the Born approximation we compare in the middle
panel of Fig. 7 the scattering intensities for two values of n;:
0.005 (red line, multiplied by 10) and n; = 0.05. Clearly, the
scattering increase linearly with n; for small values of n;. The
same procedure applied to the results for n; = 0.05 and 0.5
(right panel of Fig. 7) unveils the breaking of linear behavior
for higher gain and/or loss parameter.

For completeness, we also studied how the scattering
pattern is affected when the radius of the cylinder is varied
in the range 0.0la < Ry < 0.4a—see Fig. 8. One can observe
that in comparison with the results shown in Fig. 7 which
display the dependence of the APs(R,¢) on the n;, the
variation of the radius gives rise to a significantly wider
range of the APg(R,¢) and to a strong dependence of the
shape of the scattering pattern. We do not expect any simple Ry
dependence of the scattering pattern since the latter is strongly
affected by Fano resonances [25,26].

The result shown in the left panel of Fig. 8 confirms the
accidental symmetry in the backscattering in the far-field
limit along the y axis which occurs for small P7 dipoles.
The effect observed in numerical calculations occurs at the
integer-valued frequencies at which the difference A Ps(R,¢)
vanishes and is in accord with the theoretical model in the
far-field limit given by Eq. (10). This result also indicates that
Born approximation is not sufficient for thicker cylinders as
shown in the middle and the right panels of Fig. 8, where the
backscattering is not symmetric.

B. P7T -dipole-perpendicular configuration

In Fig. 9 we show the scattering patterns in the near-
field limit (R = 2a) for the perpendicular orientation of the
PT dipole for two different frequencies. The intensity of
the scattered power A Pg(R,¢) for parallel and antiparallel
orientations # p indicated by dashed black and solid red lines
possess the features which significantly deviate from those
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FIG. 9. Difference in the intensity scattering for two antiparallel
orientations of P7 dipole lying perpendicular to incident wave (black
dashed and red solid line). Dashed area is the difference A Pg. Gain
and/or loss parameter n; = £0.5. Left: f = 0.16; right: f = 1.0.

associated with parallel orientation of the P7 dipole, while
the asymmetric scattering indicated by the shaded areas is
maintained. It is interesting to note that for small frequencies
the APs(R,¢) is symmetric along both x and y axis while
with an increasing frequency becomes strongly asymmetric
along the y axis. One can also observe that in contrast to the
parallel orientation of the P7 dipole asymmetric scattering
does not occur along the y axis in accord with the theoretical
model—see Eq. (12).

In Fig. 10 we demonstrate the dependence of the scattering
diagrams in the far field for three values of the gain
and/or loss parameter n;. The scattering patterns display
qualitatively similar behavior as those associated with parallel
orientation shown in Fig. 8; in particular they confirm a linear
dependence on the gain and/or loss parameter n; in the range
0.005 < n; < 0.05 within the range of the validity of the first
Born approximation.

V. DISCUSSION AND CONCLUSIONS

The numerical results presented in the previous section con-
firm the asymmetric scattering of the P7 dipole for both par-
allel and perpendicular dipole orientations and simultaneously
offer the possibility to examine the limits of the theoretical
model associated with the approximations implemented.

First of all, we numerically explored differences in
the scattering patterns arising in the near field which are

n, = 0.005 n, = 0.05 n,=0.5
y y y
X
X X
0 0.0012 0 0.012 0 0.03

FIG. 10. Dependence of the difference in the intensity scattering
for antiparallel orientations of the P7 dipole given by APs(R,¢)
in the far field (R = 20) on the gain and/or loss parameter for n; =
£0.005i (left), n; = £0.05i (middle), and n; = £0.5i (right), when
f=10.
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parallel perpendicular

FIG. 11. Angular diagrams of P7 asymmetry for both parallel
and perpendicular orientation of the P7 dipole given by APs(R,¢)
at frequency f = 0.8. Analytical prediction, given by Eq. (10) (black
line) is compared with numerical data for Ry = 0.01a, n; = 0.005,
and R = 20a (red line, rescaled in absolute value).

demonstrated in Figs. 5 and 6, in particular that in the near field
the scattering in the forward direction ceases to be symmetric.
This feature clearly arises due to the modified properties of
the scattering pattern when the transition between the near-
and far-field limit takes place as shown in Fig. 6 and yields
the threshold between both regimes.

To check the validity of the Born approximation we
compare the results obtained analytically and numerically
for the case of small P7 dipole with the radius R = 0.01a
and gain and/or loss parameter n; = 0.005—see Fig. 11. The
analytical and numerical results coincide for both orientations
of the P7 dipole.

In addition, the limit of the validity of the first Born
approximation has been determined by exploring the depen-
dence of the scattering of the P7 dipole on the size of the
gain and/or loss parameter n;. We have shown that when
the size of the imaginary component n; is small (<0.05)
it does not qualitatively affect the shape of A Ps(R,¢) and
follows the linear dependence on n; in accord with the first
Born approximation. When the size of the n; is increased,
the linear scaling of the scattering with the n; does not apply
and the system cannot be described in terms of the first Born
approximation. Finally, we note that the results shown in
Fig. 9 which demonstrate the dependence of the A Ps(R,¢)
display the strong dependence on the radius of the cylinder
Ro; however, one cannot anticipate any trivial scaling since its
behavior may be strongly affected for the frequencies in the
vicinity of the Fano resonances.

In conclusion, we analyzed, both analytically and numeri-
cally, the electromagnetic response of the P7 dipole and found
that the Born approximation is valid in the limit of far field
and tiny scattering parameters of the dipole. For a general
case, rich variety of the scattering pattern is observed both
for the parallel and perpendicular orientation of the dipole.
Our results indicate that structures composed from a large
number of P7 dipoles might possess interesting transmission
properties, worth analyzing in the future.
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