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We construct canonical realizations of the bmss algebra as symmetry algebras of a free Klein-
Gordon (KG) field in 2 + 1 dimensions, for both the massive and massless case. We consider two
types of realizations, one on-shell, written in terms of the Fourier modes of the scalar field, and the
other one off-shell with non-local transformations written in terms of the KG field and its momenta.
These realizations contain both supertranslations and superrotations, for which we construct the

corresponding Noether charges.
PACS numbers: 11.30.-j 11.10.-z

I. INTRODUCTION

Recently there has been a renewed interest in the BMS
group [1]. The BMS invariance of the gravitational scat-
tering matrix has been proved in [2] and, as a conse-
quence of this result, Weinberg’s soft graviton theorems
[3] can be understood as the Ward identities of BMS
supertranslations [4][5][6][7]. The relation between su-
pertranslations, gravitational memory and soft gravitons
theorems has also been studied [8]. There is a proposal
that the information paradox [9] could be understood in
terms of black hole soft hair associated to supertransla-
tions and superrotations charges [10] [11]. On the other
hand, the BMS group could play a crucial role in under-
standing holography in asymptotically flat space times
[12] [13] [14] [15]. BMS symmetry is an infinite confor-
mal extension of the Carroll symmetry [16], which was
introduced in [17] as a limit of the Poincaré algebra when
the velocity of light is scaled down to zero. A pedagogical
overview of the role of BMS symmetries in most of these
topics is presented in [18].

In this paper we construct a canonical realization of
the bmsg algebra [19][20] with supertranslations and su-
perrotations [15] associated to a free Klein-Gordon (KG)
field in 2 + 1 dimensions, for both massive and massless
fields. Following the procedure in [21], we consider, in the
massive case, the mass-shell hyperboloid representation
of the hyperbolic plane Hs, and compute the associated
Laplace-Beltrami operator. It turns out that the three
dimensional momenta is an eigenfunction of the differen-
tial operator with eigenvalue %, where m is the mass of
the scalar field and the 2 comes from the dimension of
the hyperboloid. This property suggests to compute all

* carles.batlle@Qupc.edu

T viecmancr@gmail.com

¥ gomis@ecm.ub.edu; also at Theory Group, Department of
Physics, University of Texas Austin, TX, 78712

the eigenfunctions of this operator corresponding to that
eigenvalue with the same asymptotic properties that the
three momenta. This allows to generalize the momenta to
an infinite set of supermomenta. These momenta yield an
infinite dimensional representation of the (2+1) Lorentz
group, and leads to the definition of the generators of
the supertranslations in terms of the Fourier modes of
the KG field.

The mass-shell condition for a massless scalar field re-
sults in a cone, for which a Laplace-Beltrami operator
cannot be constructed. To get around this, we consider
the massless limit of the Laplace-Beltrami operator on
the hyperboloid [22]. Once we have the suitable differen-
tial operator, the construction goes in parallel with the
massive case.

We also construct a generalization of the Lorentz gen-
erators which corresponds to superrotations. In the
massless case, the algebra of supertranslations and su-
perrotations is the bmss algebra introduced in [23]. In
the massive case, the superrotation generators that we
introduce must be separated into two different sets which
both contain the Lorentz part, and each set corresponds
to a subalgebra of bmss . It should be noted that the
differential operators appearing in our construction are
one of the two Casimirs of the 241 Lorentz group.

At the quantum level, the Hilbert space of one-particle
states supports a unitary irreducible representation of the
Poincare group, and at the same time a unitary reducible
representation of the BMS3 group. In contrast with the
gravitational approach, our canonical realization of the
supertranslations symmetry is not spontaneously broken.
Unitary representations of BMS3 have been also consid-
ered in [24][25].

We study the off-shell (Noether) supertranslation and
superrotation symmetries of the massless Klein-Gordon
action, and compute the associated Noether charges.
These charges are expressed as non-local linear function-
als of fields and momenta. The same construction is car-
ried out for the supertranslations in the massive case.
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The organization of the paper is as follows. In Section
2 we construct the supertranslations and superrotations
in terms of the Fourier modes of the KG field. In Sec-
tion 3 we construct the transformations in terms of fields
and momenta. Section 4 is devoted to conclusions and
outlook. Appendix A presents explicit forms for some
of the functions that appear in the non-local transforma-
tions obtained in Section 3, and Appendix B discusses the
geometry of the mass-shell hyperboloid in (241) dimen-
sions. We use the Minkowski metric (— + +) throughout
the paper.

II. CANONICAL REALIZATION OF BMS3;

A. Canonical realization of Poincaré symmetry for
a scalar field

The lagrangian density for a real massive scalar field
is given by

L=-5 u¢8u¢ ¢ (1)

The solution of the Klein-Gordon equation, in terms of
Fourier modes a(k), is

b(t,F) = / dk (a(B)e* +aRe ), (@)

where the phase space Fourier modes have the Poisson
bracket

{a(k),a(q)} = —iQk)8* (k - q). 3)

The Lorentz invariant integration measure in the hyper-
bolic plane Hj is

dk = &2;;,), Q(k) = (2m)22k0 (k) = (2m)22\/ k2 4+ m2.

(4)
Noether’s theorem allows us to write down the expression
for the conserved charge under translations. By use of
the solution of the equations of motion (2) the charges
on-shell can be written as

PH = / dka(k)k"a(k), (5)
and their action on the Fourier modes is given by

{P“,Q(E)} = ikta(k). (6)

The analogous Lorentz charges on-shell are

9 .
o J _ J
M z/dka (k: ok aki)a(k) (1)

for rotations, and

MY —¢pi / k(i) a(F) (8)

for boosts. We define the truncated time-independent
Lorentz generators

M"Y =M, MY =M% — P (9)

that satisfy the Poincaré algebra as well, and have the
following Poisson brackets (we drop the prime and will
work with these generators henceforth unless otherwise
stated)

{Pl‘,PV} :O7 {MIU”PP} :PHTIVpi
{M" MPTY = MM 4 MYPyho —

Py, (10)
MMy — MY phe.
(11)
The action of Lorentz generators on the Fourier modes
is given by
{M“V7G(E)} = 77““ UVV/DM'V’CL(E% (12)

where D, is a realization of the Lorentz group in terms
of the differential operators

k2 +m2 0 =iK,, (13)

Dy, =
Doz = —\/ k2 +m2 92 = iKo, (14)
D12 = klakz — k:26k1 =1J. (15)

One can check that the generators J, K; and K5 obey
the SO(1,2) algebra

(K1, Ko) = —id, [K1,J] = —iKy, [Ka,J)=iKi.

(16)

B. Supertranslations

In order to construct a canonical realization of BMS3
we follow the procedure of [21] to construct supertrans-
lations. The idea is to generalize the ordinary three di-
mensional momenta k* to an infinite set of “supermo-
menta” and to generalize the realization of the charge of
the translations on-shell (5).

1. Massive case
Consider the kg > 0 sheet of the mass-shell hyperboloid
representation of the hyperbolic plane Ha,
—kg + ki + k3 = —m?, (17)
in a space with ambient Minkowski metric
ds* = —dk§ + dk? + dk;. (18)

The manifold Hs is invariant under the isometries of the
metric, that is 1SO(1,2). We can parametrize (17) for

ko > 0 as
ko = mz, (19)
ki=m — 1cos ¢, (20)
ky =my/ 22 — 1sin ¢, (21)



with z € [1,+00), ¢ € [0,27). Notice that k1 and ko van-
ish at z = 1. In these coordinates, the Lorentz generators

(13), (14), (15) are given by
K, = —i\/%smqﬁ 8¢ \/ﬁcowa%, (22)
ngi%cos¢%+i —1sin¢%, (23)
J= —za% (24)

The metric induced on Hy, which is an Euclidean AdS,
with AdS radius equal to m, is given, in this parametriza-
tion, by

ds? =m?

induced —

1
271(:122 —+ 'ITLQ(Z2 — 1)d¢2 (25)

The boundary is located at z — oo, and it is an sphere
S with radius mv/22 — 1 and metric

ds? |boundary lim 7(18 d¢2

20500 M2 (22 ) induced —

The Laplace-Beltrami operator (Appendix B) is given
by

vi= o <(z2 - 1)88722 —|—22% + 221_1;;> . (26)
and it is proportional to a Casimir the 2 + 1 Lorentz
group,

m?V? = —J* + K} + K2. (27)
It is immediate to check that the three dimensional mo-

menta are eigenfunctions of this operator,

2
ku, =012, (28)

2
Vk/i:ﬁ

The numerical constant 2 is the dimension of the hyper-
boloid. To generalize the momenta to infinite “supermo-
menta” we look for general eigenvectors of the Laplacian
with the eigenvalue 2/m?,

2
(—V2 + m2) ®(z,¢) = 0. (29)
We look for solutions of the form

®(2,0) = " f(2), (30)

where e*? are the eigenfunctions of S'. The differential
equation for f(z) is

£2
) =0 e

(1 —22)f" =22 + (2

with general solution

0
: i 1) 2,0, (:40) (;) (32)

1o = -0) (

The first solution does not behave well at z = 1 for £ > 0,
while the second one is not well behaved for ¢ < 0, and
one of the solutions becomes the other one by changing
¢ <+ —{. Since the two dimensional momenta are regular
for z = 1, we are interested in the general solution to
(29) that is regular at z = 1, given by

l
we(z, @) = ¢ (i:) 2 (z+4), £>0, (33
l

z4+1
z—1

We(z, 9) = ¢ ( )2 (z=10), £<0, (34)

which can also be written in a more compact form as
€]

1)2 G4 ld), Lez. (35

—_pie (2~
O

The functions wy(z, ¢) are the infinite set of “supermo-
menta” that we are looking for.
Notice that

we(z,9) = €z + O(1/2), (36)

and we can define wy|poundary (2, #) = € 2. This means

that the generalized momenta have, for all ¢, the same

asymptotic behavior as the ordinary momenta.
Alternatively, one can use the set of real functions

/
w(z,@—cosw(ij)?(zﬁ), (>0, (37)
¢
(zq&)—sm€¢( +1>2(z+€), ¢>0. (38)

Notice that the three dimensional momenta can be
written in terms of these functions as

ug(z,¢) = 2 = %ko, (39)
w(n6)= (- Dicoso=—h,  (40)
nd)= (2= Dismo= k. (4]

In terms of the 2-dimensional momenta, the functions
(35) can be written as

wl(kla k2) =

¢
kl . kz
+1 42
(wk%—mQ \/kg—m2> (42)

e — sz /.
(mm) G

ko +m

This can be further simplified to yield
- lel/2

\Vm?+ k2 —m
Vm? + k2 +m
(ViR i), (43)

weky, ko) = (k1 + iko)" || ~*



or

we(ky, ko) = (k1 + iko)" (\/mz + || + sgn(f) m)é
: (\/1+ k|2 /m? + |£|). (44)

One can check that the subspace of functions spanned
by ug, w1, v1, or, alternatively, by wg, w; and w_q, is
invariant under the action of the 2 + 1 Lorentz group. In
general the action of the Lorentz generators on the wy is
given by

Kiwy = (f — 1)’wg+1 + = (@ + 1)w4 1, (45)
1 1

KQ’UJ( = —§<£ — 1)’11)2_;,_1 — 5(6 + 1)’(1)@_1, (46)

J’wg = fu}g. (47)

Defining K+ = K7 £ iK>5 one has
Kiwe =i(1F Hwesr, (48)
and therefore Kwy are raising and lowering operators.
Since each function w, defines a (super)translation in

the phase space of a massless scalar particle, we define
the supertranslations generators as

- -

Py = | dk we(k) a(k) a(k). (49)
It is easy to check that these supertranslations commute
{Py, Pr} =0. (50)

Their action on the Fourier modes is given by
{P,,Q(E)} = iwga(k). (51)

Let us see how Lorentz generators act on them. A
Lorentz generator O is represented by

o= / dk a(k) Op a(k), (52)

with Oj; a first order differential operator in k. For in-
stance, for the rotation J one has

0 B
O = <k1 ok 8k51>

while for the boost generators K,

./ 0
OE:Z k%+k§+m2ak_i.

One can show that

(0,P) = —i / dka(Ra(F)0we(F)  (53)

and hence it suffices to know the action of the generators
on the funtions wy. In particular, one gets

{J, P} = prz, (54)
{Kl,Pg}— (1—£)Pg+1+ ;(1+£)P£—17 (55)

{2, P} = —5(1 —O)Pri1 + 2(1 + )Py, (56)
{Ki,Pg} = (1 $f)Pgi1. (57)

This is the analogous in 241 dimensions of the four di-
mensional BMS algebra [1] [21]. The generalization of
the algebra to include superrotations will be discussed
after we consider the massless case.

Relations (50) and (54)—(57) imply, at the quantum
level, that the Hilbert space of one-particle states sup-
ports a unitary irreducible representation of the Poincare
group, and at the same time a unitary reducible rep-
resentation of the BMSs group. In contrast with the
gravitational approach, our canonical realization of the
supertranslations is unbroken.

2. Massless case

Now we want to construct the canonical realization
of BMS associated to a three dimensional massless free
scalar field. In this case what previously was a hyper-
boloid is now a cone

—k2+ K2+ k=0, (58)
that can be parametrized as
ko =T, (59)
k1 = rcos ¢, (60)
ko = rsin ¢, (61)

with » > 0 for kg > 0 and ¢ € [0,27). This can be ob-
tained from (19)—(21) putting z = r/m and then letting
m — 0. [22] However, a non-degenerate induced met-
ric does not exist and the standard construction of the
Laplace operator fails. Instead, we scale the operator in
(29) by m? and replace z = r/m,

= -—m?A +2 (62)

_ Lz_ 242 #2
- ({(m) 1}m8r—|—27“3r+(r)2_18¢>+2

In the limit m — 0 one gets
—r202 — 210, + 2, (63)

Dmassless =

which turns out to be independent of ¢. As in the massive
case, we look for solutions of

Dmasslessq)(ra ¢) =0 (64)

of the form

®(r, ¢) = " f(r).



The function f(r) must obey
r?f=2rf +2f =0. (65)

This equation has independent solutions fi(r) = r and
f2(r) = 1/r%, and hence the regular solution at r = 0 is
f(r) = r. The supermomenta that we are looking for are

we(r,d) =7 et ez, (66)

up to a normalization constant. The expression in terms
of momenta is given by
1 . 2 K
(' +iq?)
WZ(‘D = 2 gy L (67>
((¢")? +(¢?)?) 2

Notice that in the massless case the dependence of r in
the boundary and in the bulk is the same, that is, there

are no corrections in 1/r like in the massive case.
The SO(1,2) generators on the cone are given by

.0
=iy (68)
. o .. 0
K, =ircos ¢5 - zs1n¢a—¢, (69)
Ky = ZTbln¢ 0 +zcos¢ 8¢ (70)

As in the massive case, it turns out that the purely dif-
ferential part of Dpassiess 18 proportional (actually equal
in this case) to one of the two Casimirs of SO(2,1),

P —r— =—J? + K? + K2. 71
or2 or 1 2 ( )

Notice that these generators, or more precisely J,
Ky = K; £ iKs, can be written as particular cases

(n = 0,=£1) of the more general expression
; 13} 0
L, =¢em? ( 7 +inr— ) (72)

The action of SO(1,2) generators on the eigenfunctions
wy is exactly the same found for the massive case

Jwg = ng, (73>

Kiwy = _,([ — 1)’w3+1 + = (f + 1)we 1, (74)

1 1
KQ’UJ[ = —§<£ — 1)we+1 — 5(6 + 1)’(,0(,1, (75)
which, in particular, shows that the subspace spanned by
wp, wy and w_1 is invariant under SO(1,2).

The supertranslations are still given by

Pi= [t wlfy a(h) ofh). (70

Together with the Lorentz generators, they constitute a
realization of the bmss algebra. The action of supertrans-
lations on the Fourier modes is analogous to the massive
case. Induced representations of BMS3 have been con-
structed in [24][25].

C. Superrotations

We will construct here infinite families of operators
generalizing the Lorentz algebra, for both the massless
and massive cases.

1. Massless case

In the massless case, one can generalize (72) for arbi-
trary n € Z and write down

L, =¢em? ( c%b + mra) , neZz. (77)

One can check that these L, obey also the Witt algebra
[Ln, L) = i(n — m) Ly, (78)

and that
Lywp = i(n — £)wy1e. (79)

In terms of k, the differential operators (77) can be
written as

—n/2

= (k‘% + k‘%) (k‘1 + ’ikg)n ({anl + kQ} e

+ {inke — k1} (;Z ) (80)

and analogously to the case of supertranslations, we de-
fine the on-shell generators of superrotations as

- / dk a(F) Lna(R), (81)
which, due to (78) and (79), realize the algebra

{R7mRn} = _Z/dka LmaL ] (E)

= (m —n)Rumtn, (82)
(R, P} = —i / dk a(R)a(R) Lywn (F)
= (m —n)Pyin, (83)

This is the bmss algebra introduced in [23].

2.  Massive case

In the massive case, we do not have an initial guess for
the form of the superrotations. One may notice, however,
that Lorentz generators, once written in the form £*9,,
a = z, ¢, satisfy the following equations

DE* =0, V& =0, (85)



where D = —m?A + 2. Thus one can try, in the massive

case, to generalize these operators by solving first D£* =

0 and then computing &% from V&% + V&2 = 0.
Clearly,

= | —— , e, 86
e=cm(37) a4 n (56)
since this is the solution of the PDE for massive super-
translations. From the divergence equation, and using
that V€% 4+ V€% = 0,67 + 0,69 (see Appendix B), one
can integrate the angular term to obtain

o e (2= 1\ (nl(nl +2) +22 - 1)
& = e z+4+1 in(z2 —1)

+ f(2),

(87)
with f(z) an arbitrary function that we set to zero.
Thus, one may try to define superrotation generators
as

7 gine (220" nlnl +2) +22 1 0
" 241 22 —1 D¢

0]
+ in(|n| + Z)(’“)z> , mEZ, (88)
where we have multiplied all terms by a factor in. How-
ever, these operators do not form an algebra (this can
be seen when computing the commutator of 7, with op-
posed sign indices, except in the case n = +1). Instead,
we can define two infinite-dimensional set of generators,
each containig the Lorentz part, according to

[/n :Tna
Qn :Tn7

Both sets of differential operators satisfy the algebra

n> -1, (89)
n<l. (90)

[Ln, L] =i(n—m)Lpim, n,m > —1, (91)
[an Qm] = Z(n - m)Qnera n,m < 1. (92)

One has, for the lowest values of n,

Q=L=—1], Li=Q1=K;, L1 =01=-K_.
(93)
Furthermore, the functions w,, associated to each set pro-
vide a realization of the corresponding algebras,

LWy = i(n — m)Wppm, n,m > —1, (94)

Qnwm =i(n — M)Wpim, n,m < 1. (95)

Defining now the generators of superrotations as in (81)
for each set one can construct realizations of two sub-
algebras of the bmss algebra. To sum up, it is possible
to extend the set of Lorentz generators to the right with
the £,, and to the left with the Q,,, but, in contrast with
what happens in the massless case, it is not possible to
merge both extensions into a single algebra.

The first equation in (85), which we obtained by gen-
eralizing the one satisfied by the Lorentz generators, is
clearly non-covariant, but we will show next that, due

to the geometry of the mass-shell manifold, it is, in fact,
one of the components of a geometrical equation.

The Lorentz generators are the only solutions of the
Killing equation

GV oE + g7V EH = 0. (96)

In order to generalize the generators of Lorentz trans-
formations one could consider an equation of the form

POVl + gV o = G (97)
with G symmetric and covariantly divergenceless,
V,.G" = 0. (98)

Condition (98) is instrumental for what we want to do.
Notice, however, that we are not assuming that G is pro-
portional to the metric, and hence (97) is different from
the conformal Killing equation.

We now take the covariant derivative V,, of (97). Using
that V,g*” = 0 and (98), imposing V" = 0, and using
[V, Vo] = R“Blmfﬁ, one arrives at

9" VuVal” + g"“R"

50’ = 0. (99)

Using the explicit form of the components of the Riemann
curvature tensor given in Appendix B, it turns out that

1

gyaRHBp,agﬁ = _Wfl/) (100)

and (99) boils down to [26]
Mocv v v o __ 1 v 101
g 1% oc£ - mg . ( )

Evaluating (101) for v = z, ¢ yields the pair of coupled
equations
2z 2
z z ) z __
As§ = (0.6 +0,6%) — €7 =0, (102)
Ase?+ 22 (a0 1 _g,e7) =0, (103)
m2 \ ° (22 —1)2 ¢ ’

where Ag is the scalar Beltrami-Laplace operator (26).
However, due to

0= V.E" + Vyut? = 0,67 + 048°, (104)
equation (102) can be simplified to
z 2 z
As§* = =& =0. (105)

Equations (105) and (104) were our starting point for
constructing the superrotation generators, and now have
received a sound geometrical foundation, i.e. (99). Fur-
thermore, and one can check that (103) is satisfied by the
0p parts of £, and Q,,.



Let us finally notice that the 1-forms [,, associated to

L, (and likewise for Q,,),
n/2
o ing (71 n(n+z2)
l, = m- e (z—l—l) (ZzQ 7 dz

—(n(n+2)+2*>—1)d¢), neZ. (106)

turn out to be eigenvectors of the Hodge-Laplace-de
Rham operator A,[27]

— . 107
= (107)

This adds to the geometrical meaning of our construc-
tion, and could be useful for further generalizations.

III. NON-LOCAL BMS SYMMETRIES OF THE
KLEIN-GORDON LAGRANGIAN

In this section we will prove that the KG action is in-
variant under supertranslations and superrotations, and
construct the corresponding Noether charges.[28] We will
present explicit expressions only for the massless case.

A. Noether Charges of Supertranslations

For the classical Klein-Gordon field, the Fourier modes
can be written in terms of the fields ¢ and 7 as

a(F) = / Pae i (10§(1,7) +in(t,7),  (108)

P = / o (0ot T) — in(t, 7). (109)

where k0 = |k|.

When doing a supertranslation transformation on the
fields using P, = [ dk a(k)a(k)w; as the generator, one
obtains

Ssr¢ = {¢, € Pr}
/dk( i)e w( (B)etks —a(/%)e—““), (110)

Ssrm = {m, ' P}
- /c[k (—1)k e wy (a(l%')e““ + a(/%)e*i“)],n)

which can be written in terms of the fields using (108)
and (109) as [29]

Sord = / @y [fo(T — ) + 9e(@ — Pn(t, 7).
(112)

Sspm = ' / @y [he(@ — D)ot 5) + fe(@ — Pn(t. 7).
(113)

where
fo(®) =2 / dk we(F)KC sin(k - Z), (114)
90(%) / dk we (k) cos(k - T), (115)
he(F) = —2 / dkwo(F)RO? cos(F - 7). (116)
Notice the symmetry properties f,(—%) = —fo(Z

gg(ff) = gg(f) and hp(*f) = hg( ) and that v2g5(f)
he(Z).

Another important aspect to notice here concerns the
values of fy, g, and h, depending on the parity of /.
One can check that for ¢ odd, g, = hy = 0, since their
integrands are odd functions, and for ¢ even, f, = 0,
due to the same reason. This observation implies that
a particular supertranslation will not use simultaneously
information from a field and its momentum, but from
only one of them. Thus, if ¢ is even, dsr¢ will depend
only on the field momentum, whereas if £ is odd, ds7¢
will need just the value of the field itself.

Now we would like to see if we can extended the on
shell symmetry to an off-shell Noether symmetry of the
massless KG lagrangian. We consider the off-shell real-
ization of (112)(113). The variation of the lagrangian (1)
with m = 0 under this transformation is

+ f(@ = iDm(t, D)ot T)

+ f(@ = Dot Dm(t, B) + g(& — Pa(t, §m(t, &

— W& = §)o(t, y)m(t, %) — f(& — §)n(t, §)7(t, T)
v t t

(117)

The second and third terms cancel each other due to
f(=Z) = —f(&), while the sixth and seventh terms (the
latter upon using V,f(Z — §) = —V, f(Z — §) and in-
tegration by parts with respect to y) cancel each one by
themselves. Finally, the eighth term can be made to can-
cel the fifth one by integrating by parts the ﬁqﬁ(t, Z) and
imposing

Vig=h, and g¢(¥)=g(-7), (118)
(which implies also that h(Z) = h(—Z)). One is left then
with
51— [ dadylb(@ - Dot . )
=F, (119)
with

/ d?zd?y[h

+9(@ = g)n(t, §)m ( ), (120)



and where g(—%) = ¢(Z) and h(—Z) = h(Z) have also
been used. The conserved charge is given by

Q= /dzx w(t, ©)0¢(t, T) — (121)
and one immediately gets
Q- / @ady (&~ Pt D)(t, )
2 9(% — ) (t, Z)m(t,7)
- *h( Do, §)o(t, T)), (122)

which has the form of the canonical generators P, (49)
(in terms of ¢ and ) for supertranslations.

B. Noether Charges of Superrotations

When acting over the Fourier modes, assuming they
vanish sufficiently fast for high momentum (that is,
boundary terms can be ignored), one obtains the sim-
ple transformation

{Rna a(j)} = iL,a(q)

{Rn,a(q)} = iLna(q)

Again, one can lift from on-shell to off-shell the variations
of the fields ¢ and 7 in the Hamiltonian formalism under
a superrotation

(123)

(124)

Osr¢ = / dk(8a(k)e’™ + sa(k)e ")
/d2y {(b( ) (f g’)+7r(t,§')Gn(f7g)}
(125)
S = [ (k) g — gty

At

where we have used the expressions of Fourier modes in
terms of the field and momentum (108) and (109) off-
shell, where

Fo(Z,9) =

—i / dk [e**(L

Gn(Z,7) = / dk [e**Le™ ™" — e7kr L, e™hv]  (128)

T,4) =

/dk kO zkx

/dk kO [ zkanefiky + 67ikILneiky]
(130)

11(@,5) + 7(t )17, 9) |
(126)

ne FVEDY 4 e_ikf”(Lneikka)} (127)

H
7ikyk0) _ €7ikx(Ln6ikyl€O)] (129)

I,(2,9) =

In contrast with the supertranslation case, the functions
involved in the non-local transformation do not depend
solely on the difference i/—Z but on different combinations
of these variables. More explicitly

Fo(#,§) = —i / dk 245, () [im cos(R( — )

— (ing -k + E)sin(/;’(g—f))} (131)

[( ing -k + 7 x k) cos(k(F — 9?))} (132)

i / dl 2k%w,, () [m sin(E(§ — ©))

&
—
\.al
S
Il

[(mg. K+ x k) sin(k(g — f))} (134)

where ¥ X k= y1ko — yok1. Here, there is an important
remark to make concerning the parity of |n|: if |n| is odd

F, =1, =0, and if |n| is even G,, = H,, = 0. For the
case of rotations, Lo = —iJ;
Fo(@, ) = 2i / ik [ % F] sin(R(7 - ) (135)
Go(Z,7) = 2i / dk [g x E} cos(k(§ — 7)) (136)

By symmetry properties Go(Z, §) = 0, and one can sub-
stitute Fy in (125) and show that the usual rotation is
recovered:

5SR0¢ =1 (xlamz¢(ta f) - anm ¢(t, f)) .

Recall that when we defined superrotations in section
IIC, we used the truncated (time-independent) form of
Lorentz generators constructed in (9). Thus, when try-
ing to recover ordinary boosts, which involve time, we
will need to redefine superrotations to take this under
consideration. The final form for superrotations will be

(137)

50rdjnary SRW¢ =—-nt 5STn¢ + 5SRn ¢v (138)
which now accounts for time translations. With this def-
inition, one can check that for n = 1, a combination of
ordinary boosts is recovered

5ordinary SR1¢ = 105, 9(t, T) + it02, (1, T)

—x17(t, T) — ixqm(t, Z). (139)

Hence, the true superrotations generators will be a com-
bination of the already constructed ones plus a propor-
tional term depending on supertranslations. This can be
written as follows

Gn = —ntP, + R, (140)



The generators R,, can be written off-shell as

Ry =2 / iy &2 [6(t, B)5(t, ) (Flo + i F7)
d)( af)ﬂ( 7:'7)( _if )

mr( D)t 7) (Hn +iF)
et B)(t, ) (G — L),

where F, and G,, as the functions F,, and G,, in (131)

and (132), respectively, but with an extra k° factor under

the integral sign, while H,, and I,, are defined as the cor-

responding functions but with an additional 1/k° factor.
The G,, given in (140) are constants of motion

G _ 0,6, + (G, HY

dt
= _nPn - nt{Pna H]} + {Rna PO}
=-nP,+nP, =0,

(141)

(142)

where we have used that H = Fy. This was expected,
since the Lagrangian is invariant under Lorentz transfor-
mations.

The new field variations, dg, ¢ = —ntdsr¢ + Isr, are
solutions on-shell of the massless Klein-Gordon equation:

Udg, ¢ = —ntldsT¢ + ndidsT + Hosrd
=n0ids7p +Losrd

ne /d2 (@ = Do(t, 7) +gn(x—y>w(t,§)}
L / Py [{VEF.(, ) — V2L (7,9)} 6(t,9)
+{ViG.(Z,7) - V3G (Z, )} n(t, §)] -

(143)

Using now the on-shell condition 7 = (;5 = V?¢, integrat-
ing by parts and using symmetry properties of g in the
first integral, and expanding the second one, and using
then h,, = V2g,, it is immediate to see that dg, ¢ = 0.
The algebra of charges is

{gru gm} = (n -

Thus we have found another realization of superrotations,
which now reduce to the true Lorentz generators as de-
fined in (8). Indeed,

Go=Ro = —i/d~k a(k)Ja(k) = M'?, (145)
Gi=—tP,+Ry = —t / dk a(k)(ky + iks)a(k)
+ / dka(k)Kya(k) = =M — iM®?, (146)

G1=tP +R = —t/Jk a(k) (k1 — iko)a(k)

- /Jk a(k)K_a(k) = =M% + M2, (147)

IV. CONCLUSIONS AND OUTLOOK

Using the canonical formalism for a real scalar field, a
realization of the BMS group in 3 dimensions has been
constructed in the space of Fourier modes, for both the
massive and the massless case. In the massless case, the
superrotation extension of this group can also be con-
structed by generalizing the Lorentz group in a similar
way as it is done for supertranslations.

In the massive case, we have constructed in an heuris-
tic way a set of generators which generalize those of the
Lorentz group and reproduce the corresponding part of
the bmsg algebra. We have shown how our starting equa-
tions arise in a geometrical setup, and have also obtained
an equation for the 1-forms associated to the generators.

However, unlike what happens in the massless case,
the superrotation generators must be split into two dif-
ferent extensions of the Lorentz algebra, each spanning a
subalgebra of bmsg .

At the quantum level, the Hilbert space of one-particle
states supports a unitary irreducible representation of the
Poincare group, and at the same time a unitary reducible
representation of the BMS3 group. Both are realized in
an unbroken way.

The BMS3 transformations are realized as symmetries
of the KG action in terms of linear non-local function-
als of the field and the canonical momentum. The cor-
responding conserved Noether charges have been com-
puted.

Besides obtaining a better understanding of the exten-
sion of superrotations in the massive case, some further
questions are still open for future work.

There was the belief, in the gravitational approach,
that BMS was not present in higher dimensions. From
the viewpoint considered in this paper, there is no reason
to think so, and the method presented here could help to
investigate it. In fact, it can be proved that the canonical
realization of BMS in higher dimensions does exist [33].

One could also try to add a fermionic field to the
present model in order to get a field supersymmet-
ric theory, and see whether there are still conserved
charges generated by the extended BMS transformations.
In the gravitational approach this has been studied in
[34][35][36][37].

Finally, there is the question of the physical interpre-
tation of the BMS symmetries and charges in the frame-
work that we have used. A possible way to throw light
into this issue is to try to construct particle models ex-
hibiting these symmetries, using the method of nonlin-
ear realizations.[38] We also conjecture that the non-
locality of the transformations is due to the fact that they
are computed for fields depending only on the standard
space-time coordinates, and that they would become lo-
cal for fields depending also on the supercoordinates as-
sociated to the supermomenta, i.e. the generators of su-
pertranslations.
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Appendix A: Behavior of fy, g, and hy

In this appendix we study in some detail the func-
tions which appear in the non-local transformations con-
structed in Section 3. We only consider the massless case,
although similar, but more complicated, expressions can
be obtained in the massive case using (43).

The functions f¢(Z) can be written as

Fol@) = (2;2 / A2k wo(F) sin(F - 7),

where (in the massless case)

we(k) = [R|e",

with
kq . ko
cos ¢ = =, singp = —.
|| |k

-

Notice that w_,(k) = w} (k).
The Fourier transform of f; is

Fild) = [ o i@e T = o @@ - wnl-D)
Since ¢_q, = ¢4 + 7 one has that

we(—q) = we(Qe™ = (1) we(q) (A1)
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and

0 if £ even,

A2
—iwe(q) if £ odd. (42)

f) - {

For a general value of £ one can write wy as a function
of ¢! and ¢* as

(A3)

Hence, for ¢ odd, fi(7) grows as |q], while
limg 0 fe(q) = 0. )

In particular, for £ = 1 one has that f1(q) = —i(q1 +
ig2). The physical components are

fl(‘j) Jrf—l(‘f)
2

A = f-1(@)
21

= *iQM

= *iQ27

which correspond to ordinary translations along the co-
ordinate axes. For £ = 2m+ 1, m > 1 one gets in the de-
nominator of wy positive integer powers of ¢7 + ¢3 = |12,
which implies that the transformation is non-local. For
instance, for ¢ = 3,

41+ 3igtes — 3a3q — ig

i+ 4

f5(@) =

Similarly, one can see that

1 .
. _ ﬁwg((j'), if £ even, Ad
9e(@) {0, if £ odd. (A4)
For ¢ even one has, explicitly,
R q +ig)"
9e() = (1 + ig2) (A5)

(¢3 +a3)?

In particular, for £ = 0 one gets go(¢) = 1, that is,
go(Z) = 0(&), which yields a local transformation, cor-
responding to translations in time, while for ¢ > 2 the
transformations are non-local. .

Finally, since h¢(Z) = VZ2g¢(¥), one has hy(7) =
—|q5e(q) and

- —|qlwe(q), if € even,
h = A6
@) {o, if ¢ odd. (A6)
For ¢ even this is
; (q1 + ig2)"
h =__r = A7
0 (¢7 +g3)"/271 (A7)

This yields local transformations for £ = 0,2 and non-
local for ¢ > 4.



Appendix B: Geometry of the mass-shell
hyperboloid in (2+41)dimensions

We list here some results about of the geometry of the
mass-shell hyperboloid of a massive particle in (2+1)di-
mensions that are useful for the construction of super-
translations and superrotations.

The metrics in (z, ) coordinates (25) and its inverse
are, in matrix form,

m? 221
g= < 21 0 > g = ) :
0 m2(z2-1) )" 0 Seer=ny

(B1)
The non-zero Christoffel symbols are
= _ 2 2 _ 2 ¢ _pb _ _*
Fzszzg_la qﬁqﬁ*fz(z 71)3 de;*rzfzg_
(B2)
Given a vector field £ on the manifold,
£ =670, + %0y, (B3)

we can construct an associated 1-form using g,

m2

22 -1

we = £2dz +m?(22 — 1)£%de. (B4)
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The divergence of a vector field is
Vol + Vb = 0.6 + T16% + 0,67 + T5,6°
_ z __ z z ¢ z z
0:¢ 2 1% + 0 t 276

so it coincides with the flat divergence. The Beltrami-
Laplace operator acting on a function f(z, ¢) is

1

maa ( Iglgaﬁaﬁf)

= 009*705f + 9*7 0,05 f

2z 22 -1 9 1 9
_W@f—k 3 8Zf—|—m2(22_1)8¢f. (B6)

Af =

If we denote this scalar laplacian by Ag, on vector fields
one has

gV Vo = Ag&” + g"V,(T45€%).  (BT)

The non-zero components of the Riemann curvature
tensor are

Ry, =—(2"—1), R, =2" -1,

1 ® 1
21 R =T 2_1 (B8)

] _
R ¢ zdz 2 _1

zz

and the Ricci scalar curvature is
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