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Abstract

This paper presents a comprehensive comparison study between the discrete singular convolution (DSC) and the

well-known global method of generalized differential quadrature (GDQ) for vibration analysis so as to enhance the

understanding of the DSC algorithm. The DSC method is implemented through Lagrange�s delta sequence kernel

(DSC-LK), which utilizes local Lagrange polynomials to calculate weighting coefficients, whereas, the GDQ requires

global ones. Moreover, it is shown that the treatments of boundary conditions and the use of grid systems are different

in the two methods. Comparison study is carried out on 21 rectangular plates of different combinations of simply

supported (S), clamped (C) and transversely supported with nonuniform elastic rotational restraint (E) edges, and five

rectangular plates of mixed supporting edges, some of which with a range of aspect ratios and rotational spring

coefficients. All the results of the DSC-LK agree very well with both those in the literature and newly computed GDQ

results. Furthermore, it is observed that the DSC-LK performs much better for plates vibrating at higher-order

eigenfrequencies. Unlike the GDQ, the DSC-LK is numerically stable for problems which require a large number of

grid points.

� 2004 Elsevier B.V. All rights reserved.

Keywords: Discrete singular convolution; Generalized differential quadrature; Vibration analysis; Rectangular plates; Non-uniform

boundary condition; Mixed boundary condition

1. Introduction

Plates are fundamental components in structural engineering. They are also proved to be useful models

for more complex structural behavior. Apart from a few analytically solvable cases [1–3], there is no general

solution for the vibration analysis of plates. Therefore, a large number of useful methods have been
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developed to obtain solutions for many practical problems [5–19], when analytical methods fail or become
too cumbersome. Typical successful numerical methods include the spline finite strip method by Fan and

Cheung [4], the Galerkin approach by Chia [5] and Leipholz [6], the least squares technique [7] and meshless

methods [8,9]. In particular, Rayleigh-Ritz methods [20–27], which have many successful applications in

plate vibration analysis, utilize a set of global basis functions to approximate vibration eigenmodes. Finite

element methods [28–31] often divide the domain of interest into a number of smaller sub-domains, and

approximate the solution by using local, piecewise continuous shape functions. Differential quadrature

(DQ) methods [32–36] have many successful applications in the vibration analysis. The DQ method was

proposed by Bellman and coworkers in 1972 [32] and then virtually ignored until Bert and coworkers
[33,34] brought in back to life in late 1980s. Since then, it has been recognized as a powerful approach in

many science and engineering fields. The method is based on the idea that the partial derivative of a

function with respect to a spatial variable at a given discrete point can be expressed as a weighted linear sum

of the function values at all the discrete points in the computational domain. Shu and Richards [37]

introduced the generalized differential quadrature (GDQ) [38–40] to simplify the calculation of the

weighting coefficients. Some of the successful applications of the GDQ include plates with free edge sup-

ports [39] and mixed boundary conditions [40].

Recently, the discrete singular convolution (DSC) algorithm has been proposed for the computer
realization of singular convolutions [41–43]. The underlying mathematical structure of the DSC algorithm

is the theory of distributions [44] and wavelet analysis. The DSC algorithm can be regarded as a local

spectral method. It exhibits global methods� accuracy and local methods� flexibility for handling complex

geometry and boundary conditions in many applications. These successful applications include fluid

dynamical simulation [45,46], nonlinear dynamics [47], pattern formation [48], shock capturing [49], and

image processing [50]. What is the most relevant to the present work is the use of the DSC for structural

analysis, including the vibration and buckling of beams [51], plate vibration under various edges and

internal supports [45,52–55]. In particular, the vibration analyses of plates with irregular internal supports
[55] and vibrating at higher-order modes [56,57] are very challenging tasks.

The objective of the present work is to explore the utility and to demonstrate the performance of the

DSC algorithm for vibration analysis of plates through comprehensive comparison studies between the

DSC and GDQ algorithms. The DSC algorithm is implemented by using the (unregularized) Lagrange�s
delta kernel (DSC-LK), which has not been accounted previously. Since both the DSC-LK and GDQ

utilize Lagrange�s kernels, it is expected that the present study provides an insight into both approaches.

For completeness, it is worth mentioning that the Lagrange delta kernel is just one of many kernels

available to the DSC algorithm [41–43]. This paper is organized as follows. Section 2 is devoted to the plate
vibration formulation, the GDQ method and the DSC-LK formalism. The numerical results of GDQ and

DSC-LK are presented and discussed in Section 3. Finally, a conclusion is given in Section 4.

2. Theory and algorithm

For integrity and completeness, this section accounts for the theory of plate analysis and methods of

solution. However, the readers are highly recommended to refer to original works [37–41] for details of
both methods. Particular emphasis is just given to a comparison study between the DSC-LK and GDQ

algorithms so as to shed light on both methods.

2.1. Plate vibration

For a rectangular Kirchhoff plate (see Fig. 1) of length a and width b, the governing equation of free

vibration is [3]
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o4w
oX 4

þ 2
o4w

oX 2oY 2
þ o4w
oY 4

¼ qhx2

D
w; ð1Þ

where w is the transverse displacement of the plate, X and Y are the Cartesian coordinates in the plane of

the middle surface of the plate, q is the mass density per unit volume of the plate, D is the flexural rigidity of
the plate (D ¼ Eh3=½12ð1� m2Þ�), E is Young�s modulus of elasticity, h is the thickness of the plate, m is

Poisson�s ratio, and x is the natural frequency of the plate. For generality, dimensionless governing

equation is used,

o4W
ox4

þ 2k2
o4W
ox2oy2

þ k4
o4W
oy4

¼ X2W ; ð2Þ

where W is the dimensionless displacement (W ¼ w=a), X is the dimensionless frequency parameter (X ¼
xa2ðqh=DÞ1=2), k is the aspect ratio of the plate (k ¼ a=b), x and y are the dimensionless coordinates along

the X - and Y -directions respectively (x ¼ X=a; y ¼ Y =b).
In this paper, three types of boundary conditions are considered in terms of the dimensionless para-

meters and coordinates, i.e.,

• Simply-supported edge (S)

W ¼ 0; �D
o2W
on2

�
þ m

o2W
os2

�
¼ 0: ð3Þ

• Clamped edge (C)

W ¼ 0;
oW
on

¼ 0: ð4Þ

• Transversely supported edge with non uniform elastic rotational restraint (E)

W ¼ 0; �D
o2W
on2

�
þ m

o2W
os2

�
¼ KðsÞ oW

on
: ð5Þ

Here n and s are the normal and tangential directions of the plate respectively, Kðs) is the varying edge

rotational spring coefficient. In this paper, the varying rotational spring coefficients on E edges are given

separately, i.e., on the x ¼ 0 and x ¼ 1 edges,

KðyÞ ¼ K 0yð1� yÞ; ð6Þ
and on the edges y ¼ 0 and y ¼ 1,

KðxÞ ¼ K 0xð1� xÞ=k; ð7Þ
where K 0 is the dimensionless spring coefficient.

b

a

Y

x

Simply Supported

Clamped

Elastic Support with
nonuniform rotational restraint 

Fig. 1. Geometry and coordinate system of rectangular plate.
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It is worth mentioning that free edge support is another important boundary condition. For the GDQ,
free edge support can be implemented by directly coupling the boundary conditions with the governing

equations, a technique referred to as CBCGE [39]. For the DSC, the present scheme proposed for handling

boundaries is not suitable for the free boundary condition. This is because it requires boundary conditions

with only partial derivatives normal to the edge. Free boundary condition involves mixed partial derivative

and its directly implementation will degrade the DSC to the second order in accuracy. Certainly, one can

adopt an algorithm similar to the CBCGE near the boundaries in the DSC. However, such a treatment will

diminish the difference between the GDQ and DSC. Hence, further effort is required to make the DSC

available for the free boundary condition.

2.2. Generalized differential quadrature

The general differential quadrature (GDQ) formulation can be found in some existing literature [37–40].

For integrity and convenience, this subsection reviews the main idea of the GDQ method rather than to

reproduce the existing formulation. To approximate the derivative of a function with respect to a space

variable at a given discrete point, the GDQ employs a weighted linear combination of the function values at

all the discrete points in the direction of the space variable within the computational domain. For example,
the mth derivative of a function uðx) at the ith point, xi, is approximated as

uðmÞðxiÞ ¼
XN
j¼1

cðmÞi;j uðxjÞ; i ¼ 1; 2; . . . ;N ; ð8Þ

where uðmÞx ðxiÞ is the mth order derivative of uðxÞ at xi, N is the total number of grid points in the com-

putational domain, cðmÞi;j , (j ¼ 1; . . . ;N ), are the weighting coefficients for the mth derivative approximation

of the ith point. These coefficients have to be pre-determined.

In the GDQ method, the global Lagrange interpolation polynomial is used:

gjðxÞ ¼
YN

k¼1;k 6¼j

x� xk
xj � xk

; j ¼ 1; 2; . . . ;N : ð9Þ

In the existing GDQ literature, Eq. (9) is usually written in the form

gjðxÞ ¼
MðxÞ

ðx� xjÞM ð1ÞðxjÞ
; j ¼ 1; 2; . . . ;N ; ð10Þ

where

MðxÞ ¼
YN
k¼1

ðx� xkÞ; ð11Þ

M ð1ÞðxjÞ ¼
YN

k¼1;k 6¼j

ðxj � xkÞ; ð12Þ

where M ð1ÞðxÞ is the first derivative of MðxÞ. Thus, the weighting coefficients cð1Þi;j (i; j ¼ 1; 2; . . . ;N ) can be

obtained analytically from the differentiation of Eq. (10), i.e.,

cð1Þi;j ¼ gð1Þj ðxiÞ for i; j ¼ 1; 2; . . . ;N ; j 6¼ i; ð13Þ

and as for i ¼ j,

cð1Þi;i ¼ �
XN

j¼1;j 6¼i

cð1Þi;j for i ¼ 1; 2; . . . ;N : ð14Þ
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The weighting coefficients for higher order derivatives can be obtained through the following recurrence
relationship [37]:

cðnÞi;j ¼ n cð1Þi;j c
ðn�1Þ
i;i

 
�

cðn�1Þ
i;j

xi � xj

!
ð15Þ

for i; j ¼ 1; 2; . . . ;N , j 6¼ i and n ¼ 2; 3; . . . ;N � 1, and

cðnÞi;i ¼ �
XN

j¼1;j 6¼i

cðnÞi;j ð16Þ

for i ¼ 1; 2; . . . ;N , n ¼ 2; 3; . . . ;N � 1.

Let N be the number of grid points in both the x and y-directions. The GDQ approximation can be

applied to Eq. (2) at each discrete point on the grid and the discretized governing equation at ðxi; yjÞ is given
by

XN
k¼1

cð4Þi;k Wk;j þ 2k2
XN
k1¼1

XN
k2¼1

cð2Þi;k1c
ð2Þ
j;k2Wk1;k2 þ k4

XN
k¼1

cð4Þj;k Wi;k ¼ X2Wi;j; i; j ¼ 1; 2; . . . ;N : ð17Þ

After the implementation the boundary conditions by substituting all the boundary conditions into the

discretized governing equations, a technique referred to as SBCGE [37–40], Eq. (17) can be expressed as an

eigenvalue and eigenvector problem

½A�½W � ¼ X2½W �; ð18Þ

where

½W � ¼ ½W3;3; . . . ;W3;N�2;W4;3; . . . ;WN�2;N�2�T; ð19Þ

and ½A� is a ðN � 4Þ2 � ðN � 4Þ2 matrix.

2.3. Discrete singular convolution

In this work, the DSC uses a formula similar to (8). To approximate the derivative of a function with

respect to a space variable at a given discrete point, the DSC usually uses a weighted linear combination of

the function values at 2M þ 1 points (M points to the left and M points to the right) in the direction of the

space variable, where M is known as the half bandwidth. The mth derivative of a function f ðxÞ at the ith
point, xi, is then approximated as

f ðmÞðxiÞ �
XM
j¼�M

cðmÞi;j f ðxiþjÞ; i ¼ 0; 1; . . . ;N � 1: ð20Þ

Note that in Eq. (20), the summation indices differ from those of Eq. (8). Here cðmÞi;j can be calculated

through DSC kernels. Many different kernels are used in our previous work [52]. In this paper, we utilize

the nonregularized Lagrange�s delta sequence kernel. Having a formula similar to (9), the DSC-LK con-

siders, for i ¼ 0; . . . ;N � 1 and j ¼ �M ; . . . ;M ,

gi;jðxÞ ¼
QiþM

k¼i�M ;k 6¼iþj

x� xk
xiþj � xk

; xi�M 6 x6 xiþM ;

0; otherwise:

(
ð21Þ
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Hence, the weighting coefficients for the first derivative can be obtained as follows:

cð1Þi;j ¼ gð1Þi;j ðxiÞ; ð22Þ

for i ¼ 0; 1; . . . ;N � 1, j ¼ �M ; . . . ;M , j 6¼ 0, and as for j ¼ 0,

cð1Þi;0 ¼ �
XM

j¼�M ;j 6¼0

cð1Þi;j for i ¼ 0; 1; . . . ;N � 1: ð23Þ

The weighting coefficients for higher order derivatives can be obtained using a recurrence formula similar to

(15):

cðnÞi;j ¼ n cð1Þi;j c
ðn�1Þ
i;i

 
�

cðn�1Þ
i;j

xi � xiþj

!
ð24Þ

for i ¼ 0; 1; . . . ;N � 1, j ¼ �M ; . . . ;M , j 6¼ 0 and n ¼ 2; 3; . . . ; 2M , and

cðnÞi;0 ¼ �
XM

j¼�M ;j 6¼0

cðnÞi;j ð25Þ

for i ¼ 0; 1; . . . ;N � 1; n ¼ 2; 3; . . . ; 2M .

For a uniform grid of N grid points for the computational domain, x0 < � � � < xN�1, with a total of 2M
fictitious grid points (ghost points), x�M < � � � < x�1 and xN < � � � < xN�1þM , i.e.,

xi ¼ x0 þ iDx; i ¼ �M ; . . . ;N � 1þM : ð26Þ
From (13), (15), (22) and (24), it is observed that the values of cð1Þi;j and cðnÞi;j only depend on the index j.

Hence cðnÞi;j can be converted into a single index as

CðnÞ
j ¼ cðnÞi;j ; j ¼ �M ; . . . ;M ; 8i 2 f0; 1; . . . ;N � 1g; ð27Þ

which gives a common set of 2M þ 1 coefficients fCðnÞ
�M ; . . . ;C

ðnÞ
M g for every point in the computational

domain, x0; . . . ; xN�1. Eq. (20) can be rewritten as

f ðmÞðxiÞ �
XM
k¼�M

CðmÞ
k f ðxiþkÞ for i ¼ 0; 1; . . . ;N � 1: ð28Þ

For simplicity, this paper only concerns the DSC-LK implemented on the uniform grid.

Numerically to solve the plate vibration governing equation, Eq. (2), it is necessary to give a matrix

representation to the differential operator so that the action of the operator can be realized. From Eq. (28),

we first define a differential matrix, DðmÞ
q , by

½DðmÞ
q �i;j ¼

CðmÞ
j�i ; if �M < j� i < M ;

0; otherwise;

�
ð29Þ

for i ¼ 0; . . . ;N � 1, j ¼ �M ; . . . ;N � 1þM . Here DðmÞ
q is an N � ð2M þ NÞ differential matrix, q is the

direction of differentiation ðq ¼ x; yÞ and m is the order of differentiation.

A complete numerical algorithm has to provide a scheme for handling boundaries. The Dirichlet

boundary condition ðW ¼ 0Þ can be easily specified at the boundary. The implementation of the second

boundary condition is illustrated by the one dimensional function, f ðxÞ. An assumption on the relation

between the ghost points and interior points on the left boundary (x0 is the left boundary point) is given by

f ðx�iÞ � f ðx0Þ ¼ ai½ðf ðxiÞ � f ðx0Þ�; for i ¼ 1; . . . ;M ; ð30Þ
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where parameters ai; ði ¼ 1; . . . ;MÞ, are to be determined. After rearrangement, Eq. (30) becomes

f ðx�iÞ ¼ aif ðxiÞ þ ð1� aiÞf ðx0Þ: ð31Þ

According to Eq. (28), the first and second derivative are approximated as

f 0ðx0Þ ¼
XM
i¼�M

C1
i f ðxiÞ ¼ C1

0

"
�
XM
i¼1

ð1� aiÞC1
i

#
f ðx0Þ þ

XM
i¼1

ð1� aiÞC1
i f ðxiÞ; ð32Þ

f 00ðx0Þ ¼
XM
i¼�M

C2
i f ðxiÞ ¼ C2

0

"
þ
XM
i¼1

ð1� aiÞC2
i

#
f ðx0Þ þ

XM
i¼1

ð1þ aiÞC2
i f ðxiÞ: ð33Þ

For simply supported edges, it is demonstrated that the boundary conditions are equivalent to

f ðx0Þ ¼ 0; f 00ðx0Þ ¼ 0: ð34Þ

These are satisfied by choosing ai ¼ �1, i ¼ 1; 2; . . . ;M . This is called anti-symmetric extension.

Similarly, for clamped edges, the boundary conditions

f ðx0Þ ¼ 0; f 0ðx0Þ ¼ 0 ð35Þ

are satisfied by choosing ai ¼ 1, i ¼ 1; 2; . . . ;M . This is called symmetric extension.
For transversely supported edges with non-uniform elastic rotational restraint, the boundary conditions

reduce to

f ðx0Þ ¼ 0; f 00ðx0Þ � Kf 0ðx0Þ ¼ 0: ð36Þ
Hence, the second boundary condition gives

XM
i¼1

ð1þ aiÞC2
i f ðxiÞ � K

XM
i¼1

ð1� aiÞC1
i f ðxiÞ ¼ 0: ð37Þ

Further simplification of the above equation gives

XM
i¼1

ð1
�

þ aiÞC2
i � Kð1� aiÞC1

i

�
f ðxiÞ ¼ 0: ð38Þ

One way to satisfy Eq. (38) is to choose

ai ¼
KC1

i � C2
i

KC1
i þ C2

i
; i ¼ 1; . . . ;M : ð39Þ

Expressions for the right boundary (at xN�1) can be derived in a similar manner. Based on a corresponding

assumption that

f ðxN�1þiÞ � f ðxN�1Þ ¼ ai½f ðxN�1�iÞ � f ðxN�1Þ�; for i ¼ 1; . . . ;M ; ð40Þ
we have

• Simply-supported edge

ai ¼ �1 for i ¼ 1; . . . ;M : ð41Þ
• Clamped edge

ai ¼ 1 for i ¼ 1; . . . ;M : ð42Þ
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• Transversely supported edges with non uniform elastic rotation restraint edge (E)

ai ¼
KC1

i � C2
i

KC1
i þ C2

i
for i ¼ 1; . . . ;M : ð43Þ

These are the same as those for the left boundary because the DSC weights depend only on the relative

positions among the 2M þ 1 grid points. With appropriate choice of ai (as computed above), weight

coefficient for every ghost point outside the computational domain in the differential matrix, DðmÞ
q , can be

expressed as a weight coefficient for an interior point with corresponding scale factors. Hence, a new

Table 2

Convergence study: an EEEE plate (K 0 ¼ 10, k ¼ 1)

Plate Method X N ¼ 16 N ¼ 18 N ¼ 20 N ¼ 22 N ¼ 24

DSC-LK with

M ¼ 14

1 23.188 23.175 23.165 23.158 23.152

2 53.066 53.034 53.011 52.994 52.981

3 53.066 53.034 53.011 52.994 52.981

4 82.367 82.322 82.290 82.266 82.249

5 102.410 102.349 102.307 102.276 102.253

DSC-LK with

M ¼ N � 1

1 23.188 23.175 23.165 23.158 23.152

2 53.066 53.034 53.011 52.994 52.892

3 53.066 53.034 53.011 52.994 52.982

4 82.367 82.322 82.290 82.266 82.249

5 102.410 102.349 102.307 102.276 102.253

GDQ 1 23.124 23.124 23.124 23.124 23.124

2 52.917 52.917 52.917 52.917 52.917

3 52.917 52.917 52.917 52.917 52.917

4 82.159 82.159 82.159 82.159 82.159

5 102.135 102.135 102.135 102.135 102.135

Table 1

Convergence study: an SSSS plate (k ¼ 1)

Plate Method X N ¼ 16 N ¼ 18 N ¼ 20 N ¼ 22 N ¼ 24

DSC-LK with

M ¼ 14

1 19.739 19.739 19.739 19.739 19.739

2 49.348 49.348 49.348 49.348 49.348

3 49.348 49.348 49.348 49.348 49.348

4 78.957 78.957 78.957 78.957 78.957

5 98.696 98.696 98.696 98.696 98.696

DSC-LK with

M ¼ N � 1

1 19.739 19.739 19.739 19.739 19.739

2 49.348 49.348 49.348 49.348 49.348

3 49.348 49.348 49.348 49.348 49.348

4 78.957 78.957 78.957 78.957 78.957

5 98.696 98.696 98.696 98.696 98.696

GDQ 1 19.739 19.739 19.739 19.739 19.739

2 49.348 49.348 49.348 49.348 49.348

3 49.348 49.348 49.348 49.348 49.348

4 78.957 78.957 78.957 78.957 78.957

5 98.695 98.696 98.696 98.696 98.696
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differential matrix (after boundary conditions being implemented), DRðmÞ
q , is obtained. Here, DRðmÞ

q is a
ðN � 2Þ � ðN � 2Þ differential matrix, q is the direction of differentiation ðq ¼ x; yÞ and m is the order of

differentiation. The superscript R is introduced to avoid confusion in notation with DðmÞ
q .

Consider a plate that is discretized into N � N grid points with M ghost points extended from each edge.

The matrix DRðmÞ
q represents the differential operator for a row or a column in the q direction ðq ¼ x; yÞ. For

elastic and mixed boundary conditions, different row or column has different ai and hence requires a dif-

ferent DRðmÞ
q . An array of matrices, DVRðmÞ

q , can be defined to take into account for this complication,

DVRðmÞ
q ¼ ½DRðmÞ

q;0 ; . . . ;DRðmÞ
q;k ; . . . ;DRðmÞ

q;N�1�: ð44Þ

Table 4

Convergence study: a CSCS plate (k ¼ 1)

Plate Method X N ¼ 16 N ¼ 18 N ¼ 20 N ¼ 22 N ¼ 24

DSC-LK with

M ¼ 14

1 28.956 28.955 28.953 28.953 28.952

2 54.754 54.751 54.748 54.747 54.746

3 69.358 69.349 69.342 69.338 69.336

4 94.636 94.620 94.610 94.604 94.600

5 102.235 102.229 102.225 102.223 102.221

DSC-LK with

M ¼ N � 1

1 28.956 28.954 28.953 28.953 28.953

2 54.754 54.749 54.747 54.747 54.747

3 69.359 69.344 69.344 69.340 69.337

4 94.638 94.613 94.606 94.606 94.601

5 102.235 102.226 102.223 102.224 102.222

GDQ 1 28.951 28.951 28.951 28.951 28.951

2 54.743 54.743 54.743 54.743 54.743

3 69.327 69.327 69.327 69.327 69.327

4 94.585 94.585 94.585 94.585 94.585

5 102.216 102.216 102.216 102.216 102.216

Table 3

Convergence study: an SESE plate (K 0 ¼ 10, k ¼ 1)

Plate Method X N ¼ 16 N ¼ 18 N ¼ 20 N ¼ 22 N ¼ 24

DSC-LK with

M ¼ 14

1 21.520 21.513 21.508 21.504 21.501

2 50.006 50.000 49.996 49.993 49.991

3 52.425 52.398 52.379 52.366 52.355

4 80.666 80.643 80.627 80.616 80.607

5 99.021 99.016 99.012 99.009 99.007

DSC-LK with

M ¼ N � 1

1 21.520 21.513 21.508 21.504 21.501

2 50.006 50.000 49.996 49.993 49.991

3 52.425 52.398 52.380 52.366 52.355

4 80.666 80.643 80.627 80.616 80.607

5 99.021 99.016 99.012 99.009 99.007

GDQ 1 21.487 21.487 21.487 21.487 21.487

2 49.980 49.980 49.980 49.980 49.980

3 52.302 52.302 52.302 52.302 52.302

4 80.562 80.562 80.562 80.562 80.562

5 98.996 98.997 98.997 98.997 98.997
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Denote ½DVRðmÞ
q �k ¼ DRðmÞ

q;k , which is the differential matrix for the kth row (or column), and thus, the matrix

element at the ith row and the jth column of ½DVRðmÞ
q �k is written as ½DVRðmÞ

q �k;ði;jÞ.
With Eq. (44), the governing Eq. (2) for plate vibration can be discretized as

DVRð4Þ
x

_� Iy
�

þ 2k2DVRð2Þ
x

_�DVRð2Þ
y þ k4Ix _�DVRð4Þ

y

�
W ¼ X2W ; ð45Þ

where Iq is a vector of identity matrices (with q ¼ x; y), _� is defined as contractive tensor product of two

vectors of matrices such that H ¼ A _�B is

Hði�1Þ�ðN�2Þþk;ðj�1Þ�ðN�2Þþl ¼ ðA _�BÞi;j;k;l ¼ Ak;ði;jÞBi;ðk;lÞ ð46Þ

Table 6

Convergence study: an SECE plate (K 0 ¼ 10, k ¼ 1)

Plate Method X N ¼ 16 N ¼ 18 N ¼ 20 N ¼ 22 N ¼ 24

DSC-LK with

M ¼ 14

1 25.172 25.165 25.160 25.156 25.153

2 54.662 54.634 54.615 54.601 54.590

3 59.240 59.231 59.225 59.221 59.218

4 87.791 87.762 87.743 87.729 87.718

5 104.016 103.952 103.908 103.876 103.852

DSC-LK with

M ¼ N � 1

1 25.172 25.165 25.160 25.156 25.154

2 54.662 54.635 54.615 54.601 54.590

3 59.241 59.232 59.226 59.222 59.218

4 87.792 87.763 87.744 87.729 87.719

5 104.016 103.953 103.909 103.876 103.852

GDQ 1 25.140 25.140 25.140 25.140 25.140

2 54.536 54.536 54.536 54.536 54.536

3 59.204 59.204 59.204 59.204 59.204

4 87.668 87.668 87.668 87.668 87.668

5 103.730 103.731 103.731 103.731 103.731

Table 5

Convergence study: a CEES plate (K 0 ¼ 10, k ¼ 1)

Plate Method X N ¼ 16 N ¼ 18 N ¼ 20 N ¼ 22 N ¼ 24

DSC-LK with

M ¼ 14

1 25.480 25.472 25.466 25.462 25.459

2 53.578 53.561 53.548 53.539 53.333

3 60.599 60.577 60.562 60.551 60.543

4 87.929 87.899 87.879 87.864 87.853

5 102.349 102.314 102.290 102.262 102.258

DSC-LK with

M ¼ N � 1

1 25.481 25.472 25.466 25.462 25.459

2 53.579 53.562 53.549 53.540 53.333

3 60.602 60.579 60.564 60.552 60.544

4 87.933 87.903 87.881 87.866 87.854

5 102.351 102.316 102.291 102.273 102.259

GDQ 1 25.443 25.443 25.443 25.443 25.443

2 53.499 53.499 53.499 53.499 53.499

3 60.502 60.502 60.502 60.502 60.502

4 87.799 87.799 87.799 87.799 87.799

5 102.191 102.191 102.191 102.191 102.191
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and W is a column vector such that

½W � ¼ ½W1;1; . . . ;W1;N�2;W2;1; . . . ;WN�2;N�2�T: ð47Þ
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Fig. 2. Comparison of errors by the DSC-LK and GDQ methods for an SSSS plate (N ¼ 32).

Table 7

Solutions and percent errors of an SSSS plate (N ¼ 32, M ¼ 31, k ¼ 1)

X Exact [1] DSC-LK GDQ % Error (DSC) % Error (GDQ)

1 19.7392088022 19.7392088078 19.7392088001 +2.87· 10�8 )1.08· 10�8

2 49.3480220054 49.3480220055 49.3480220048 +1.30· 10�10 )1.29· 10�9

3 49.3480220054 49.3480220055 49.3480220084 +1.30· 10�10 +5.98 · 10�9

4 78.9568352087 78.9568352082 78.9568352139 )6.16· 10�10 +6.55 · 10�9

5 98.6960440109 98.6960440042 98.6960440102 )6.76· 10�9 )6.81· 10�10

6 98.6960440109 98.6960440111 98.6960440127 +2.51· 10�10 +1.80 · 10�9

7 128.304857214 128.304857215 128.304857214 +2.93· 10�10 )4.54· 10�10

8 128.304857214 128.304857219 128.304857215 +3.59· 10�9 +7.42 · 10�10

9 167.783274819 167.783274818 167.783274817 )2.86· 10�10 )1.16· 10�9

10 167.783274819 167.783274819 167.783274819 +5.45· 10�10 +3.17 · 10�10

20 315.827340835 315.827340833 315.827340836 )4.78· 10�10 +5.10 · 10�10

30 444.132198049 444.132198050 444.132198049 +2.08· 10�10 +6.06 · 10�11

40 602.045868466 602.045868465 602.045868467 )1.68· 10�10 +1.07 · 10�11

50 720.481121280 720.481121280 720.481120058 +4.15· 10�11 )1.69· 10�7

60 838.916374093 838.916374093 838.916448905 +9.76· 10�12 +8.92 · 10�6

70 996.830044510 996.830044510 996.830888933 )6.28· 10�12 +8.47 · 10�5

80 1144.87411053 1144.87411053 1144.87484158 +6.93· 10�13 +6.39 · 10�5

90 1263.30936334 1263.30936334 1263.30936197 +2.05· 10�11 )1.08· 10�7

100 1431.09263816 1431.09263816 1430.97631413 +5.66· 10�13 )8.13· 10�3
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Table 8

Comparison study on homogeneous plates (N ¼ 24, M ¼ 23, k ¼ 1, K 0 ¼ 10)

Plate X Leissa [1,2] DSC-LK GDQ % Diff(L) % Diff(GDQ)

1 19.739 19.739 19.739 0.000 0.000

2 49.348 49.348 49.348 0.000 0.000

3 49.348 49.348 49.348 0.000 0.000

4 78.957 78.957 78.957 0.000 0.000

5 98.696 98.696 98.696 0.000 0.000

6 98.696 98.696 98.696 0.000 0.000

7 128.305 128.305 128.305 0.000 0.000

8 128.305 128.305 128.305 0.000 0.000

1 35.992 35.989 35.985 )0.008 0.009

2 73.413 73.407 73.394 )0.008 0.018

3 73.413 73.407 73.394 )0.008 0.018

4 108.27 108.249 108.210 )0.019 0.030

5 131.64 131.622 131.580 )0.014 0.031

6 132.24 132.244 132.200 0.003 0.029

7 – 165.074 165.000 – 0.045

8 – 165.074 165.000 – 0.045

1 – 23.152 23.124 – 0.121

2 – 52.892 52.917 – 0.123

3 – 52.892 52.917 – 0.123

4 – 82.249 82.159 – 0.109

5 – 102.253 102.136 – 0.115

6 – 102.971 102.828 – 0.138

7 – 131.677 131.535 – 0.108

8 – 131.677 131.535 – 0.108
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Fig. 3. Comparison of errors by the DSC-LK and GDQ methods for an SSSS plate (N ¼ 101).
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Eq. (45) can be expressed as a problem of eigenvalue and eigenvector

½A�½W � ¼ X2½W �: ð48Þ
The eigenvalue X2 can be obtained by solving Eq. (48) with a standard eigenvalue solver.

3. Results and discussions

The numerical results of the GDQ and DSC-LK are presented and discussed in this section. The DSC-

LK is implemented on uniform grids. However, to maintain the numerical stability, the GDQ has to be

implemented on shifted Chebyshev–Gauss–Lobatto grids [37–40]

xi ¼
1

2
1

�
� cos

i� 1

N � 1
p

� �	
for i ¼ 1; 2; . . . ;N ; ð49Þ

yj ¼
1

2
1

�
� cos

j� 1

N � 1
p

� �	
for j ¼ 1; 2; . . . ;N : ð50Þ

For the convenience of discussion and comparison, the following terminology is defined for the fre-

quency parameter X ¼ xa2ðqh=DÞ1=2

ErrorðDSCÞ ¼ DSC-LK’s result� Exact result

Exact result
� 100%; ð51Þ

Table 9

Comparison study on homogeneous plates (N ¼ 24, M ¼ 23, k ¼ 1, K 0 ¼ 10)

Plate X Leissa [1,2] DSC-LK GDQ % Diff(L) % Diff(GDQ)

1 23.646 23.647 23.646 0.003 0.002

2 51.674 51.675 51.674 0.001 0.002

3 58.646 58.650 58.646 0.006 0.006

4 86.135 86.141 86.134 0.008 0.007

5 100.270 100.272 100.270 0.002 0.002

6 113.228 113.241 113.228 0.011 0.011

7 133.791 133.801 133.791 0.007 0.008

8 140.846 140.864 140.846 0.013 0.013

1 – 20.597 20.591 – 0.032

2 – 49.664 49.658 – 0.011

3 – 50.850 50.824 – 0.051

4 – 79.777 79.755 – 0.027

5 – 98.850 98.845 – 0.005

6 – 100.500 100.842 – 0.058

7 – 128.807 128.786 – 0.016

8 – 129.487 129.438 – 0.038

1 31.829 31.828 31.826 )0.003 0.007

2 63.347 63.338 63.331 )0.014 0.011

3 71.084 71.087 71.076 0.004 0.006

4 100.83 100.815 100.792 )0.015 0.022

5 116.40 116.376 116.357 )0.021 0.016

6 130.37 130.388 130.351 0.014 0.028

7 – 151.938 151.893 – 0.030

8 – 159.534 159.476 – 0.036
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ErrorðGDQÞ ¼ GDQ’s result� Exact result

Exact result
� 100%; ð52Þ

DiffðLÞ ¼ DSC-LK’s result� Leissa’s result

Leissa’s result
� 100%; ð53Þ

DiffðGDQÞ ¼ DSC-LK’s result�GDQ’s result

GDQ’s result
� 100%: ð54Þ

3.1. Convergence study

This section presents the convergence study (see Tables 1–6) of six different plates. These six plates are
selected to cover the following six cases:

• Single uniform boundary condition (SSSS plate);

• Single non-uniform boundary condition (EEEE plate);

• Combination of two different boundary conditions (one of them is non-uniform) (SESE plate);

• Combination of two different boundary conditions (both are uniform) (SCSC plate);

• Combination of three different boundary conditions (SEEC plate);

• Combination of three different boundary conditions (with one pair of elastic support on opposing edges)
(SECE plate).

Table 10

Comparison study on homogeneous plates (N ¼ 24, M ¼ 23, k ¼ 1, K 0 ¼ 10)

Plate X Leissa [1,2] DSC-LK GDQ % Diff(L) % Diff(GDQ)

1 – 32.684 32.676 – 0.033

2 – 64.894 64.854 – 0.061

3 – 71.407 71.389 – 0.025

4 – 101.676 101.626 – 0.049

5 – 118.245 118.156 – 0.076

6 – 130.546 130.504 – 0.033

7 – 153.197 153.092 – 0.069

8 – 160.053 159.970 – 0.052

1 – 22.302 22.282 – 0.092

2 – 51.485 51.447 – 0.073

3 – 52.663 52.604 – 0.112

4 – 81.423 81.356 – 0.082

5 – 100.423 100.704 – 0.067

6 – 102.494 102.368 – 0.123

7 – 130.493 130.402 – 0.070

8 – 131.173 131.053 – 0.092

1 – 26.213 26.189 – 0.089

2 – 54.990 54.929 – 0.112

3 – 60.830 60.782 – 0.078

4 – 88.647 88.569 – 0.088

5 – 104.046 103.918 – 0.123

6 – 115.398 115.305 – 0.081

7 – 136.732 136.595 – 0.101

8 – 143.081 142.962 – 0.083
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For each of the above cases, the DSC-LK (for M ¼ 14 and M ¼ N � 1) and GDQ are implemented on a
grid size varying from N ¼ 16 to N ¼ 24. The DSC-LK exhibits excellent convergence for the SSSS plate.

The results of the DSC-LK converge to five significant figures for a small grid size of N ¼ 16. For the

remaining five plates, the DSC-LK demonstrates good convergence for the first five eigenfrequencies. On

the other hand, the GDQ shows excellent convergence for all the six plates. In all the six plates, the results

of the GDQ converge to five significant figures for a small grid size of N ¼ 18.

From the convergence study of the six plates, we can conclude that the DSC-LK shows very good

convergence for the first five eigenfrequencies, whereas the GDQ shows even better convergence than the

DSC-LK. This difference in speed of convergence is due to the fact that the GDQ utilizes a non-uniform
grid. It is found that the results of the GDQ obtained on a uniform grid are not as good as those of the

DSC-LK (results are not shown).

It is worth mentioning that for grid size N ¼ n, the DSC and GDQ will produce ðn� 2Þ2 by ðn� 2Þ2
matrix and ðn� 4Þ2 by ðn� 4Þ2 matrix respectively. Hence the GDQ produces slightly smaller matrix as

compared to the DSC. Furthermore, it is observed that the DSC generally produces upper bound,

monotonic convergence.

3.2. Comparison study on higher-order eigenfrequencies

High frequency vibration prediction is a challenging task in structural analysis and optimization. The

prediction is of particular importance for aerospace structures, such as aircrafts, jets, satellites and space

shuttles, which are subject to various high frequency excitations. This subsection studies the accuracy of the

DSC-LK and GDQ for higher-order eigenfrequencies of an SSSS plate. The numerical results for the first

Table 11

Comparison study on homogeneous plates (N ¼ 24, M ¼ 23, k ¼ 1, K 0 ¼ 10)

Plate X Leissa [1,2] DSC-LK GDQ % Diff(L) % Diff(GDQ)

1 27.056 27.055 27.054 )0.004 0.004

2 60.544 60.543 60.538 )0.002 0.008

3 60.791 60.791 60.786 0.000 0.008

4 92.865 92.849 92.836 )0.017 0.014

5 114.57 114.572 114.550 0.002 0.014

6 114.72 114.719 114.704 )0.001 0.013

7 – 145.811 145.781 – 0.021

8 – 146.109 146.080 – 0.020

1 – 21.426 21.413 – 0.061

2 – 51.139 51.108 – 0.060

3 – 51.184 51.152 – 0.063

4 – 80.595 80.551 – 0.054

5 – 100.47 100.413 – 0.057

6 – 100.838 100.768 – 0.070

7 – 129.978 129.909 – 0.053

8 – 129.999 129.928 – 0.055

1 28.951 28.953 28.951 0.007 0.006

2 54.743 54.747 54.743 0.007 0.006

3 69.327 69.337 69.327 0.014 0.014

4 94.585 94.601 94.585 0.017 0.017

5 102.21 102.222 102.216 0.012 0.006

6 129.09 129.130 129.096 0.031 0.026

7 140.20 140.230 140.205 0.021 0.018

8 154.77 154.823 154.776 0.034 0.030
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10 eigenfrequencies as well as the 20th, 30th, 40th, 50th, 60th, 70th, 80th, 90th, 100th eigenfrequencies are
tabulated in Table 7.

For the first 10 eigenfrequencies, the GDQ is more accurate than the DSC-LK for the 1st, 5th, 8th and

10th eigenfrequencies while the DSC-LK is more accurate for the 2nd, 3rd, 4th, 6th, 7th and 9th eigen-

frequencies. Generally, for the first 49 eigenfrequencies, both the GDQ and DSC-LK have similar level of

accuracy as one is more accurate for certain eigenfrequencies while the other is more accurate for the rest.

The results of the DSC-LK have 6.2 · 10�13% to 2.9 · 10�8% absolute relative error while the results of the

GDQ have 3.0 · 10�12% to 2.14 · 10�7% absolute relative error. The small absolute relative errors of the

DSC-LK for the first 49 eigenfrequencies correspond to at least 10 significant figure accuracy.
For the 50th to 150th eigenfrequencies, the results of the DSC-LK are significantly more accurate than

those of the GDQ (see Fig. 2). The results of the DSC-LK have 1.4 · 10�14% to 6.6 · 10�11% absolute

relative error while the results of the GDQ have 4.4 · 10�9% to 2.8 · 10�1% absolute relative error. The

small absolute relative errors of the DSC-LK for the 50th to the 150th eigenfrequencies correspond to at

least 12 significant figure accuracy.

It is observed (see Fig. 2) that the error of the GDQ increases rapidly from the 50th eigenfrequency

onward. The use of non-uniform grid may be the cause for such an increase. Non-uniform grid helps to

enhance the stability and accuracy [40] of the GDQ method but it has relatively fewer grid points at the
center of the computational domain. At higher eigenfrequencies, the high frequency component at the

center of the plate may not be accurately approximated by the relatively smaller number of grid points at

the center of the plate. This inaccuracy in approximation may in turn increases the error of the GDQ.

All the values in Table 8 and Fig. 2 are computed by using N ¼ 32 grid points. Therefore the Nyquist

frequency is 16 wavelengths. In Fig. 2, the ð15; 1Þ mode corresponds to 163th eigenfrequency while the

Table 12

Comparison study on homogeneous plates (N ¼ 24, M ¼ 23, k ¼ 1, K 0 ¼ 10)

Plate X Leissa [1,2] DSC-LK GDQ % Diff(L) % Diff(GDQ)

1 21.235 21.501 21.487 1.254 0.067

2 – 49.991 49.980 – 0.023

3 – 52.355 52.302 – 0.102

4 – 80.607 80.562 – 0.055

5 – 99.007 98.997 – 0.010

6 – 102.301 102.182 – 0.116

7 – 129.313 129.271 – 0.033

8 – 130.673 130.574 – 0.076

1 – 28.987 28.968 – 0.067

2 – 62.598 62.555 – 0.069

3 – 62.623 62.576 – 0.074

4 – 94.646 94.580 – 0.071

5 – 116.617 116.532 – 0.073

6 – 116.748 116.650 – 0.084

7 – 147.747 147.629 – 0.080

8 – 147.797 147.688 – 0.074

1 32.179 30.236 30.222 )6.038 0.046

2 – 57.575 57.519 – 0.098

3 – 69.839 69.819 – 0.029

4 – 96.099 96.039 – 0.063

5 – 105.807 105.680 – 0.120

6 – 129.395 129.351 – 0.034

7 – 142.562 142.433 – 0.090

8 – 155.720 155.632 – 0.057
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ð16; 1Þ mode corresponds to 184th eigenfrequency. Fig. 2 shows that the results of the DSC-LK have at
least 10 significant figures accuracy up to the 184th eigenfrequency. Here ðm; nÞ represents the mode having

m and n half waves in the x and y directions, respectively.

From the comparison study of the SSSS plate, we can conclude that the DSC-LK is significantly more

accurate than the GDQ for the analysis of higher-order eigenfrequencies. More comparison is available in

Fig. 3.

3.3. Comparison study on numerical stability

Numerical stability is a crucial issue for a computational method. Many p-version finite element methods

used for structural analyses are numerically unstable as the degree of polynomial increases. Numerical

instability is due to computer�s round-off errors in computing high order polynomial coefficients and matrix

elements. Such round-off errors lead to ill-conditioned mass and stiffness matrices. The GDQ method has a

similar problem in handling large scale computations as its degree of polynomial is tied up with its number

of grid points. The use of uniform grids adds to the instability. Numerical instability leads to complex

eigenvalues for the higher-order eigenfrequencies of the GDQ results. In this subsection, we investigate the

numerical stability of the GDQ and DSC-LK methods. All results are calculated in double precision.
Fig. 3 depicts the relative errors of both the GDQ and DSC-LK for the SSSS plate. The GDQ method

ðN ¼ 101Þ gives a correct prediction for the first 2700 eigenfrequencies and diverges beyond such a point. In

contrast, on the same grid with M ¼ 100, the DSC-LK gives a correct prediction with errors less than 5%

for modal number up to 9800. Because of the use of a large M these results are significantly better than

Table 13

Comparison study on homogeneous plates (N ¼ 24, M ¼ 23, k ¼ 1, K 0 ¼ 10)

Plate X Leissa [1,2] DSC-LK GDQ % Diff(L) % Diff(GDQ)

1 – 24.377 24.370 – 0.027

2 – 53.129 53.102 – 0.051

3 – 58.930 58.921 – 0.015

4 – 86.924 86.896 – 0.032

5 – 102.065 102.004 – 0.060

6 – 113.386 113.368 – 0.016

7 – 134.976 134.915 – 0.045

8 – 141.340 141.300 – 0.028

1 – 24.753 24.742 – 0.042

2 – 52.083 52.074 – 0.017

3 – 60.268 60.232 – 0.060

4 – 87.074 87.040 – 0.038

5 – 100.467 100.458 – 0.009

6 – 115.103 115.021 – 0.071

7 – 134.379 134.344 – 0.027

8 – 142.130 142.054 – 0.054

1 – 28.031 28.021 – 0.037

2 – 61.027 61.015 – 0.020

3 – 62.253 62.216 – 0.060

4 – 93.750 93.710 – 0.042

5 – 114.821 114.800 – 0.019

6 – 116.505 116.421 – 0.073

7 – 146.500 146.444 – 0.038

8 – 147.234 147.147 – 0.059
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those of a previous work [56] obtained by using the DSC-regularized Shannon kernel ðM ¼ 32Þ. The DSC-
LK results are some of the best results even available for this problem.

It is noted that in the DSC-LK algorithm, the total number of grid points used in each dimension ðNÞ is
disconnected from the number of weight coefficients ð2M þ 1Þ, or computational bandwidth. Therefore,

one can use arbitrary number of grid points ðNÞ with a relatively small M value in the numerical com-

putation. As such, one can further gain the access to large scale computations with the numerical stability

by using the DSC algorithm.

3.4. Comparison study on all combinations of 21 homogeneous plates

Both the DSC-LK and GDQ are implemented on transversely vibrating plates with simply supported

(S), clamped (C), and transversely supported with non-uniform elastic rotational restraint (E) edges. A total

of 21 cases (see Tables 8–14) with different boundary conditions are studied. For each case, the first 8

eigenfrequencies are calculated with N ¼ 24, M ¼ 23, k ¼ 1 and K 0 ¼ 10. These 21 cases represent all the

possible combinations for the above three types of support edges, including four plates that have exact

solutions, i.e. the SSSS, SSSC, SCSC and SESE plates (in Tables 8, 9, 11 and 12 respectively). These exact

results given by Leissa [1,2] are listed in italic in the tables.
For the SSSS, SSSC and SCSC plates, the results of the DSC-LK agree very well with the exact solutions

with less than 0.04% absolute relative error. On the other hand, the results of the GDQ agree extremely well

with the exact solutions [1]. The maximum relative difference between the DSC-LK and GDQ methods is

just 0.03%. For the SESE plate, both the results of the DSC-LK and GDQ agree with the exact solution [2]

Table 14

Comparison study on homogeneous plates (N ¼ 24, M ¼ 23, k ¼ 1, K 0 ¼ 10)

Plate X Leissa [1,2] DSC-LK GDQ % Diff(L) % Diff(GDQ)

1 – 29.571 29.564 – 0.024

2 – 56.156 56.127 – 0.052

3 – 69.583 69.568 – 0.021

4 – 95.345 95.307 – 0.040

5 – 104.016 103.951 – 0.063

6 – 129.261 129.222 – 0.030

7 – 141.393 141.317 – 0.054

8 – 155.269 155.201 – 0.043

1 – 25.459 25.443 – 0.064

2 – 53.533 53.499 – 0.064

3 – 60.544 60.502 – 0.069

4 – 87.854 87.799 – 0.063

5 – 102.259 102.191 – 0.066

6 – 115.248 115.161 – 0.076

7 – 135.553 135.467 – 0.063

8 – 142.603 142.506 – 0.068

1 – 25.154 25.140 – 0.055

2 – 54.590 54.536 – 0.099

3 – 59.218 59.204 – 0.024

4 – 87.719 87.668 – 0.058

5 – 103.852 103.731 – 0.117

6 – 113.535 113.511 – 0.021

7 – 136.156 136.045 – 0.082

8 – 141.818 141.757 – 0.043
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within less than 1.3% absolute relative error. The relative difference between the DSC-LK and GDQ
methods is 0.12%.

From the comparison study of the four plates, we see that the results of the DSC-LK agree well with the

exact solutions, whereas the GDQ is more accurate. The results of the GDQ are significantly more accurate

than those of the DSC-LK for the SSSS, SSSC and SCSC plates due to the use of non-uniform grids.

However, the GDQ is only slightly more accurate than the DSC-LK for the SESE plate. This might be due

to the fact that the non-uniform rotational spring coefficient KðsÞ attains its maximum at the middle of the

plate edge where the grid points are very sparse in the GDQ approach.

Table 16

Comparison study on CECE plate (N ¼ 24, M ¼ 23)

Plate k K 0 Leissa [2] DSC-LK GDQ % Diff(L) % Diff(GDQ)

0.5 0.1 23.844 23.819 23.818 )0.105 0.004

1 23.876 23.84 23.839 )0.151 0.004

10 24.136 24.002 23.996 )0.555 0.025

100 24.561 24.405 24.393 )0.635 0.049

1 0.1 28.969 28.968 28.966 )0.003 0.007

1 29.219 29.105 29.103 )0.390 0.007

10 32.179 30.236 30.222 )6.038 0.046

100 35.379 33.849 33.796 )4.325 0.157

Table 15

Comparison study on mixed plates (N ¼ 24, M ¼ 23)

Plate Method X1 X2 X3 X4 X5

Nowacki [10] 22.4 – – – –

Cheung [11] 22.5 – – – –

Keer and Stahl [12] 22.49 – – – –

Rao et al. [13] 22.96 – – – –

Narita [14] 22.63 50.04 55.95 82.34 99.71

Gorman [15] 22.48 – – – –

Fan and Cheung [4] 22.73 50.15 56.23 – –

Mizusawa and

Leonard [16]

22.71 50.10 56.13 82.37 99.73

Liew et al. [17] 22.40 – – – –

DSC-LK 22.39 49.86 55.47 82.26 99.66

GDQ 22.43 49.93 55.53 82.30 99.65

Piskunov [18] 26.3 – – – –

Cheung [11] 28.1 – – – –

Fan and Cheung [4] 28.65 61.06 62.48 – –

Mizusawa and

Leonard [16]

28.56 61.01 62.23 94.53 113.40

DSC-LK 27.73 60.27 61.00 94.55 111.72

GDQ 27.86 60.57 61.00 94.49 112.13

Ota and Hamada

[19]

25.5 – – – –

Cheung [11] 25.9 – – – –

Fan and Cheung [4] 26.37 52.23 61.8 – –

DSC-LK 25.51 52.09 59.63 88.15 100.53

GDQ 25.62 52.13 59.89 88.13 100.50
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Table 18

Comparison study on mixed and non-uniform plates (N ¼ 24, M ¼ 23)

Plate k K 0 X DSC-LK GDQ % Diff(GDQ)

1 0.1 1 22.406 22.444 )0.169
2 49.864 49.931 )0.134
3 55.490 55.544 )0.097
4 82.265 82.311 )0.056
5 99.660 99.649 0.011

1 1 22.517 22.556 )0.173
2 49.914 49.979 )0.130
3 55.636 55.688 )0.093
4 82.356 82.400 )0.053
5 99.678 99.666 0.012

10 1 23.406 23.439 )0.141
2 50.328 50.381 )0.105
3 56.901 56.937 )0.063
4 83.169 83.187 )0.022
5 99.839 99.822 0.017

100 1 25.885 25.906 )0.081
2 51.794 51.811 )0.033
3 61.697 61.673 0.039

4 86.825 86.737 0.101

5 100.629 100.585 0.044

Table 17

Comparison study on mixed and non-uniform plates (N ¼ 24, M ¼ 23)

Plate k K 0 X DSC-LK GDQ % Diff(GDQ)

0.5 0.1 1 14.964 14.989 )0.167
2 22.045 22.043 0.009

3 33.763 33.722 0.122

4 45.543 45.550 )0.015
5 50.503 50.475 0.055

1 1 15.116 15.140 )0.159
2 22.146 22.143 0.014

3 33.820 33.778 0.124

4 45.704 45.708 )0.009
5 50.546 50.519 0.053

10 1 16.257 16.278 )0.129
2 22.972 22.959 0.057

3 34.301 34.25 0.149

4 47.061 47.035 0.055

5 50.916 50.896 0.039

100 1 18.994 19.009 )0.079
2 25.562 25.516 0.180

3 36.032 35.950 0.228

4 51.293 51.130 0.319

5 52.962 52.995 )0.062
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It is observed that the results from Leissa, DSC-LK and GDQ have very good agreement for fully simply
supported plate. Difference in the results of the DSC-LK with those of Leissa and GDQ becomes larger for

elastic edges and clamped edges. The largest difference in Diff(L) occurs in the CECE plate with

Diff(L)¼)6.1% and Diff(GDQ)¼ 0.046%. The largest difference in Diff(GDQ) occurs in the fully elastic

plate with Diff(GDQ)¼ 0.14%. After all, these differences are still acceptable for structural analysis.

From the comparison study of the 21 homogeneous plates, we can conclude that the results of the DSC-

LK agree well with those of Leissa and GDQ. The performance of two methods on plates with mixed edge

supports is examined in Section 3.5.

3.5. Comparison study on three plates with mixed boundary condition

In this subsection, the DSC-LK and GDQ are implemented on three plates with mixed boundary

conditions (see Table 15). Both methods are compared with some previous approaches. The numerical

results for the DSC-LK and GDQ agree satisfactorily with the existing literature as shown in Table 15.

3.6. Comparison study on three plates with elastic supports

For a better understanding of the DSC-LK and GDQ with application to non-uniform elastic rotational

restraint (E) edges, another three plates (see Table 16–20) with elastic edges are considered. A range of

aspect ratios (k ¼ 0:5 and 1) and non-dimensional spring coefficients (K 0 ¼ 0:1, 1, 10 and 100) are tested.

The first plate is a CECE plate. The results of the DSC-LK agree satisfactorily with those of Leissa et al. [2]

and the results of the GDQ with less than 6.1% and 0.16% absolute relative difference respectively. For

CECE plates, it is observed that the absolute relative difference between the results of the DSC-LK and

those of the GDQ generally increases with k and K 0. The second and third plates have mixed non-uniform

Table 19

Comparison study on mixed and non-uniform plates (N ¼ 24, M ¼ 23)

Plate k K 0 X DSC-LK GDQ % Diff(GDQ)

0.5 0.1 1 16.391 16.366 0.153

2 25.500 25.493 0.027

3 40.115 40.095 0.050

4 46.687 46.63 0.122

5 57.449 57.438 0.019

1 1 16.543 16.516 0.163

2 25.589 25.582 0.027

3 40.166 40.146 0.05

4 46.856 46.797 0.126

5 57.597 57.583 0.024

10 1 17.683 17.648 0.198

2 26.323 26.31 0.049

3 40.601 40.573 0.069

4 48.296 48.215 0.168

5 58.867 58.825 0.071

100 1 20.400 20.345 0.270

2 28.600 28.568 0.112

3 42.146 42.094 0.124

4 53.346 53.193 0.288

5 61.026 60.958 0.112
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boundary conditions. The results of the DSC-LK agree satisfactorily with those of the GDQ with less than
0.32% absolute relative difference.

4. Conclusion

This paper uses Lagrange�s delta sequence kernel (LK) for the vibration analysis of plates in the

framework of the discrete singular convolution (DSC). A comprehensive comparison between the DSC-LK

and the (global) generalized differential quadrature (GDQ) is carried out to study the philosophy of both
approaches. The starting point of the DSC algorithm is to construct a sequence of approximations to the

delta distribution while the GDQ seeks a differential quadrature by using the global Lagrange interpolation

formula. Although both the DSC-LK and GDQ employ the Lagrange kernels, DSC-LK is a local method

with a variable computational bandwidth and the GDQ is a global one. The GDQ yields a full matrix for

an eigenvalue problem, whereas DSC-LK derives a relatively sparse matrix. Since the total number of grid

points does not need to be associated with the matrix band in the DSC-LK, the latter can be easily

implemented to a problem which requires a large grid (say hundreds or thousands of grid points in each

dimension), whereas the GDQ matrix becomes numerically unstable for such a problem. Unlike the GDQ,
which handles boundary conditions by a number of equations, the DSC algorithm employs a set of ficti-

tious points to satisfy various boundary conditions. In its evolution, the GDQ has adapted a non-uniform

grid to increase its stability and accuracy. A uniform grid DSC-LK is found to be good enough for all

problems presented in this work.

To qualitatively compare the performance of the DSC-LK and GDQ, both approaches are implemented

on a total of 21 homogeneous plates and 5 plates with mixed boundary condition over a range of aspect

ratios and non-dimensional spring coefficients. Numerical experiments show that for the first 8 eigen-

Table 20

Comparison study on mixed and non-uniform plates (N ¼ 24, M ¼ 23)

Plate k K 0 X DSC-LK GDQ % Diff(GDQ)

1 0.1 1 30.986 30.997 )0.035
2 59.840 59.873 )0.055
3 70.462 70.449 0.018

4 96.813 96.791 0.023

5 110.975 111.019 )0.04

1 1 31.072 31.082 )0.032
2 59.987 60.018 )0.052
3 70.495 70.482 0.018

4 96.900 96.875 0.026

5 111.147 111.185 )0.034

10 1 31.754 31.759 )0.016
2 61.245 61.25 )0.008
3 70.792 70.773 0.027

4 97.673 97.624 0.05

5 112.689 112.671 0.016

100 1 33.703 33.693 0.03

2 65.687 65.622 0.099

3 72.082 72.035 0.065

4 101.04 100.896 0.143

5 119.537 119.318 0.184
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frequencies, the results of the DSC-LK agree well with the existing literature, whereas the GDQ is generally
more accurate. For higher order eigenfrequencies, the DSC-LK produces significantly more accurate results

than GDQ. The results of the DSC-LK for an SSSS plate have at least 10 significant figure accuracy for the

first 49 eigenfrequencies and at least 12 significant figure accuracy for the 50th to 150th eigenfrequencies.

Furthermore, the DSC-LK provides correct predictions for the first 9800 eigenfrequencies with 101 grid

points in each dimension, whereas the GDQ method encounters numerical instability at mode 2900. Thus,

the DSC-LK has a great potential for use in large scale computations. All numerical results indicate that

both the GDQ and DSC-LK are very promising approaches for the vibration analysis of plates.
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