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Abstract. A postprocessing technique for mixed finite-element methods for the incompressible
Navier—Stokes equations is analyzed. The postprocess, which amounts to solving a (linear) Stokes
problem, is shown to increase the order of convergence of the method to which it is applied by one unit
(times the logarithm of the mesh diameter). In proving the error bounds, some superconvergence
results are also obtained. Contrary to previous analysis of the postprocessing technique, in the
present paper we take into account the loss of regularity suffered by the solutions of the Navier—
Stokes equations at the initial time in the absence of nonlocal compatibility conditions of the data.
As in [H. G. Heywood and R. Rannacher, SIAM J. Numer. Anal., 25 (1988), pp. 489-512], where
the same hypothesis is assumed, no better than fifth-order convergence is achieved.
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1. Introduction. It is well known that, no matter how regular the data are,
solutions of the Navier—Stokes equations cannot be assumed to have more than second-
order spatial derivatives bounded in L? up to initial time ¢ = 0, since this requires the
data to satisfy nonlocal compatibility conditions unlikely to be fulfilled in practical
situations [36], [37]. Therefore, error analysis of numerical methods for the Navier—
Stokes equations is more meaningful if this fact is taken into account. This is the case
of the present paper, where we analyze a postprocessing technique that improves the
errors of mixed finite-element (MFE) methods for the Navier—Stokes equations from
O(h") to O(h™*! [log(h)|), where h is the mesh size.

This postprocessing technique was first developed for spectral methods in [26],
[27], in connection with approximate inertial manifolds [14], [15]. Later it was ex-
tended to methods based on Chebyshev and Legendre polynomials [16], spectral-
element methods [18], and finite-element methods [28], [19], together with being ap-
plied in the study of nonlinear shell vibrations [43]. Also, it has been effectively
applied to reduce the order of practical engineering problems modeled by nonlinear
differential systems [46], [45].

More recently, the postprocessing technique has also been developed for MFE
methods for the Navier-Stokes equations in [4], [6], but for solutions more regular
up to t = 0 than what can be realistically assumed in practice, and this allows the
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above-mentioned improvement of the error for » > 2. In the present paper, however,
due to the loss of regularity at ¢ = 0, no better than O(h® [log(h)|) error bounds
are proved, a limitation similar to that already found in [37] for MFE methods. On
the other hand, as in [6], although for simplicity we concentrate on Hood—Taylor [39]
elements, the postprocessing technique can be easily adapted to other kinds of mixed
LBB-stable elements.

We analyze the postprocessing technique for the incompressible Navier—Stokes
equations

(1.1) u—Au+ (u-V)u+Vp=f,
div(u) =0,

in a bounded domain Q C R¢ (d = 2,3) with a smooth boundary subject to homoge-
neous Dirichlet boundary conditions v = 0 on 9. In (1.1), u is the velocity field, p
the pressure, and f a given force field. We assume that the fluid density and viscosity
have been normalized by an adequate change of scale in space and time.

The postprocessing technique to approximate up to time 7" > 0 the solution u
and p corresponding to a given initial condition

(1.2) u(+,0) = uog

is as follows. Compute first standard MFE approximations uj and pj to the velocity
and pressure, respectively, by integrating in time the corresponding discretization
of (1.1)—(1.2). Then compute MFE approximations 4y and pj to the solution @ and p
of the following Stokes problem:

—Aﬂ+Vﬁ:f—%uh—(uh~V)uh .
o in €,
(1.3) div(a) =0
u =0, on 0f).

The MFE on this postprocessing step can be either the same-order Hood-Taylor
element over a finer grid or a higher-order Hood-Taylor element over the same grid.
Observe that, since the MFE approximations u;, and pp do not depend on % and p or
their approximations 4y and pj, these may be computed only when needed. If this
happens only at the final time ¢t = T', then an O(h"*! |log(h)|) error is obtained at the
cost of an O(h") one, since only a single Stokes problem such as (1.3) is solved with
the enhanced MFE method, and this is done when the time integration is completed.

The method studied in the present paper can be seen as a two-level method, where
the postprocessed (or fine-mesh) approximations @, and pj, are an improvement of
the previously computed (coarse-mesh) approximations uy, and pp. Recent research
on two-level finite-element methods for the transient Navier—Stokes equations can be
found in [30], [31], [32], [44] (see also [34], [33], [40], [42] for spectral discretizations),
where the full nonlinear problem is dealt with on the coarse mesh, and a linear problem
is solved on the fine mesh. Let us mention that, whereas in the present paper we are
concerned with higher-order methods, in [30], [31], [32], [44] only low-order methods
are dealt with. Also, in the present paper, computations on the finer grid are done
only at the final time ¢ = T (or at those time levels where more accuracy is wanted),
whereas in the previous works computations on the finer grids are carried out from
t =0 to ¢t =T. It must be mentioned though, as opposed to [2], that the coarse-grid
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component computation in [30], [31], [32], [44] is fully decoupled from that on the fine
grid.

Although in the present paper we concentrate on the spatial discretization, prac-
tical computations are affected by the errors induced by the time discretization. Nu-
merical experiments in [6], [16], [19], [17], [26], [28] have repeatedly shown, for the
different discretizations considered, that the increase in accuracy and convergence rate
predicted by the theory is also seen in practice (provided errors arising from the time
discretization are kept sufficiently small). Nevertheless, in the present paper we give
an explanation of this fact; that is, the gain in (spatial) accuracy in the postprocess-
ing step takes place independently of errors arising from the temporal discretization
being present or not. Similar results are obtained in [47] for finite-element methods
of degree 3 or larger for reaction-diffusion problems when integrated by the implicit
Euler method.

To prove our error estimates, we need to prove first some superconvergence results.
These are not with respect to the Stokes projection (as in [17], [6], [4]) but with respect
to the solution of a certain linear evolution problem. In this process, we also obtain
error bounds for the pressure that improve those originally proved in [37, Theorem 3.1]
by a factor of t1/2.

Finally, we remark that in recent works [20], [21], [22] the postprocessing technique
has shown itself useful in obtaining efficient a posteriori error estimators for partial
differential equations of evolution, a field which is remarkably less developed than that
of steady problems. The application of the postprocessing technique to a posteriori
error estimates for the Navier-Stokes equations using the results obtained in the
present paper will be the subject of future research.

The rest of the paper is as follows. In section 2 we introduce the notation and
some standard material. In section 3 we comment on how to approximate the Stokes
problem of the postprocessing step. Section 4 is devoted to the superconvergence
analysis of the MFE approximation. In section 5 error bounds of the postprocessed
approximation are obtained. Finally, we make some remarks on postprocessing when
time discretization is taken into account.

2. Preliminaries and notations. We will assume that Q is a bounded domain
in R, d = 2,3, not necessarily convex, of class C™, for m > 3, and we consider the
Hilbert spaces

H={ue (L*(Q))" | div(v) =0, u-n,, =0},
V = {u e (Hy(Q)? | div(u) = 0},

endowed with the inner product of L2(Q)¢ and H}(Q)?, respectively. For [ > 0 integer
and 1 < g < oo, we consider the standard Sobolev spaces W%4(Q)? of functions with
derivatives up to order [ in L(Q), and H'(Q)? = W2(Q)9. We will denote by || - ||;
the norm in H!(Q)¢, and || - ||_; will represent the norm of its dual space. We consider
also the quotient spaces H'(Q)/R with norm [Pl g = inf{[lp+cll, | c € R}

Let us recall the following Sobolev’s imbeddings [1]: For ¢ € [1,00), there exists
a constant C' = C(€2, q) such that

E

S > >0, g<oo, veEW(Q)
q

=
Ul ®»

(2.1) ||U||Lq’(Q)d < C||U||Ws=q(9)d7

For ¢’ = 00, (2.1) holds with % <3
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Let IT : L?(2)? — H be the L?(Q)¢ projection onto H. We denote by A the
Stokes operator on (:

A:DA) CH—H, A=-TIA, D(A) =H*Q)nV.
Applying Leray’s projector to (1.1), the equations can be written in the form
ug + Au+ B(u,u) =I1f in Q,

where B(u,v) = (u - V)v for u, v in H}(Q)4.
We shall use the trilinear form b(-, -, -) defined by

b(u, v, w) = (F(u,v),w) Yu,v,w e H}(Q)?,
where
F(u,v) = (u-V)v+ %(V cu)v Yu,v € HY Q)L
It is straightforward to verify that b enjoys the skew-symmetry property
(2.2) b(u, v, w) = —b(u,w,v) Yu,v,w € H}(Q)%

Let us observe that B(u,v) = IIF(u,v) for u € V, v € H}(Q)4.
We shall assume that

[u(®ll, < My, u(@)ly <Mz, 0<t<T,
and, for k > 2 integer,

L(k—2)/2]

|k/2] .
OE?ETHat fHk_l_Q\.k/QJ T jgo 0;u£T||angk_2j_2 < +o00,

so that, according to Theorems 2.4 and 2.5 in [36], there exist positive constants My,
and K, such that for k > 2

(2.3) (@)l + @)l g + PO xr jm < MeT ()2
and for k>3

t
(2.4) / o-s(5) (1u(s)]2 + s ()2 + 190201 s + 195 () 2es ) ds < K,

where 7(t) = min(t,1) and o,, = e=*¢=%)77(s) for some a > 0. Observe that, for
t <T < o0, we can take 7(t) = t and o, (s) = s™. For simplicity, we will take these
values of 7 and o,,. We note that no further than k < 6 will be needed in the present
paper.

Let 7, = (7', ¢")ic1,, b > 0, be a family of partitions of suitable domains Q,
where h is the maximum diameter of the elements 7/ € 7}, and ¢! are the mappings of
the reference simplex 7y onto 7*. We restrict ourselves to quasi-uniform and regular
meshes 7;,.

Let r > 3, and we consider the finite-element spaces

Shr = {xn € C(W) | Xnl,n 0 0} € P* (1)} € H' (),

52’7, = {Xh S C(ﬁh) |Xh|7ih o (ZS? S PT_I(T()), Xh(l‘) =0Vz e 8Qh} C H&(Qh),

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/18/17 to 150.214.182.208. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

THE POSTPROCESSED MIXED FINITE-ELEMENT METHOD 205

where P"~!(79) denotes the space of polynomials of degree at most » — 1 on 7. Since
we are assuming that the meshes are quasi-uniform, the following inverse inequality
holds for each vy, € (Sg,.)d (see, e.g., [9, Theorem 3.2.6])

l-m—d(L -1
(2.5) o llwmagrya < CR™ = ol (e,

where 0 <1 <m<1,1<¢q <qg<oo,and 7 is an element in the partition 7j.
We shall denote by (X}, Qn,r—1) the so-called Hood-Taylor element, where

Xhﬂ" = (Sg,r)dv Qh,rfl = Sh,rfl N LQ(Qh)/Ra r>3.

For this mixed element a uniform inf-sup condition is satisfied (see [8]); that is, there
exists a constant 3 > 0 independent of the mesh grid size h such that

,V
(2.6) inf sup g Voon) >
@ €Qnr—1vpeXy . [[Vnll1llgnllL2/r

The approximate velocity belongs to the discretely divergence-free space

Vir = Xpr N {Xh € Hy(Q) | (qn, V-xn) =0 Vg € Qh,r—1}~

We observe that, for the Hood-Taylor element, V}, , is not a subspace of V.
Let IIj, : L2(2)% — V}, - be the discrete Leray’s projection defined by

(Mpu, xn) = (u, xn) VX0 € Vi
We will use the following well known bounds
(2.7) I(I =Tp)ull; < CH 7 full,,  1<I<r j=0,1,
and, also, since we are assuming that Q is at least C2.
(2.8) |[|AT™PI(I = Mp)ul|, < CRIF™RMT=2 Yy, 1<1<r, m=1,2,

We will denote by Ay, : V3, — Vj,» the discrete Stokes operator defined by

(Von, Von) = (Apon, 1) = (A}l/Q'Uha 1/2¢h) Yo, on € Vi,r.

Let A denote either A = A or A = Aj. Notice that both are positive self-adjoint
operators with compact resolvent in H and Vj, respectively. Let us consider then for
a € R and ¢ > 0 the operators A® and e~ *A, which are easily defined by means of the
spectral properties of A (see, e.g., [10, p. 33|, [24]). An easy calculation shows that

(2.9) A% o < (™)™t @20, ¢>0,

where, here and in what follows, ||-||, when applied to an operator denotes the asso-
ciated operator norm. Also, using the change of variables 7 = s/t, it is easy to show
that

t
- /2 —(t—s 11
(2.10) /O 512|424 | ds < \FB< )

where B is the Beta function (see, e.g., [12]).
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Let (u,p) € (H2(Q)4NV) x (H*(Q)/R) be the solution of a Stokes problem with
right-hand side g, and we will denote by Si(u) € V3 the so-called Stokes projection
defined by (see [37])

(vsh(u)7 vxh) = (vu7 VXh) - (p> V- Xh) = (97 Xh) VXh S Vh,r~

We will also consider the above definition of Sj(u) written in mixed form: Find
(Shyqn) € (Xn,Qr) such that

(2.11) (Vsn, Von) + (Van, on) = (9, ¢n)  Vén € X,
(2.12) (V-sn,¥n) =0 Viu € Q.
Obviously, s, = Si(u). The following bound holds for 2 <1 < r:
(2.13) lu— snllo + Allu = sully < ChY (Julle + lIpll -1 k)

The proof of (2.13) for 2 = Qy, can be found in [37]. For the general case superpara-
metric approximation at the boundary is assumed [5]. Under the same conditions,
the bound for the pressure is [29]

(2.14) lp — anllz2/m < Cah'™" (lull + Il -1 /2)

where the constant Cg depends on the constant § in the inf-sup condition (2.6).
We will assume that the domain € is of class C”, so that standard bounds for the
Stokes problem [5], [25] imply that

(2.15) AT g, . < lgll;, -l1<j<r-2
Then, using standard duality arguments and (2.13), it is easy to show that
(2.16) ot = shllm < CHF™R =2 (]l 4 lplsecsm), m = 1,2.
In what follows we will apply the above estimates to the particular case in which
(u, p) is the solution of the Navier—Stokes problem (1.1)—(1.2). In that case sy is the
discrete velocity in problem (2.11)—(2.12) with ¢ = f — u; — (v - Vu). Note that the
temporal variable ¢ appears here merely as a parameter, and then, taking the time
derivative, the error bounds (2.13), (2.16) can also be applied to the time derivative
of s, changing u, p by ug, p;.

Since we are assuming that € is of class C" and r > 3, from (2.13) and standard
bounds for the Stokes problem [5], [25], we deduce that
(217) AL — A ) fl, < ORI fle WS € LR j=0.1,
(218) (AT =AMl < CR2| fll VS e HY(Q)"

In our analysis we shall frequently use the following relations for f € L?(Q)%:

(2.19) 14,0 fllo < CR¥[Ifllo + | A=*/2T1f[lo, s =12,

(2.20) IA=/211f |l < CR*|| fllo + |45 "I fllo, s = 1,2,
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which are a consequence of (2.17) and the fact that for v € V and v, € Vj,
we have ||[Vol|, = [|AY2v]jp and [|[Vu,|, = ||A,1L/21)h||0. Notice also that, since
(A;1/2th, v) = (f, A;l/%h), for all v), € Vj, ., it follows that

(2.21) 145, s fllo < €1 f]| -1

Finally, we will use the following inequality whose proof can be obtained by
applying [36, Lemma 4.4]:

(222) ”Uh”oo <C ||Ah’()h||0 Yoy, € Vh,r~

Remark 2.1. We remark that our analysis applies also to any pair of LBB-stable
mixed finite elements satisfying (2.7), (2.13), and especially (2.16). This is the case,
for example, of the Crouzeix—Raviart element when r > 3 [11], [29]. In the case of
low-order LBB-stable elements, the analysis is much simpler; see Remark 4.2 below.
However, since to simplify the analysis we make use of several results from [6] which
are stated and proved for Hood—Taylor elements, we will restrict ourselves to these
elements in the present paper.

3. The postprocessed method. The postprocessing technique can be seen as
a two-level method. In the first level, the mixed finite-element approximation to (1.1)—
(1.2) for a given partition 75 of Qy, is computed. That is, given uy(0) = I (ugp), we
compute up(t) € X, and pi(t) € Qpr—1, t € (0,77, satisfying

(3.1) (dn,dn) + (Vun, Vén) + b(un, un, én) + (Von, én) = (f,én) Voén € Xnp,
(3.2) (V-up,n) =0 Vi € Qnr—1-

In the second level, the discrete velocity and pressure (up(t), pr(t)) are postpro-
cessed by solving the following discrete Stokes problem: Find (@ (t), pr(t)) € (X, Q)
satisfying

(33) (Vﬁh(t)7 Vé) + (Vﬁh(t)7 (5) = (fa Q;) - b(uh(t)7 uh(t)7 Q;) - (uh(t)v gg) V(;5 € X,
(3-4) (V- an(t),9) =0 Vi eQ,

where (X, Q), is either
(a) the same-order Hood—Taylor element over a finer grid (that is, for b’ < h, we
choose (X, Q) = (X, Qnr r—1)), OF
(b) a higher-order Hood-Taylor element over the same grid. In this case we
choose (X, Q) = (Xh7,«+1~,Qh7,«).
In both cases, we will denote by V the corresponding discretely divergence-free space
that can be either V =V}, or V = V}, 41 depending on the selection of the post-
processing space. The discrete orthogonal projection into V will be denoted byNﬁh,
and we will represent by Aj, the discrete Stokes operator acting on functions in V.
We remark that in (3.3)—(3.4) the time variable appears merely as a parameter.
Thus, in practice, (g, pp) may be computed only for those ¢t € (0, 7] where improved
accuracy is desired, which are usually a small set of selected times. Nevertheless, here
we obtain error estimates for ¢ € (0,7 since this adds no further difficulty.
Section 5 is devoted to the analysis of convergence of the postprocessed MFE
method. In Theorems 5.2 and 5.3 the rate of convergence of the postprocessed method
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is obtained. We notice that the order of approximation is optimal with respect to the
pair (X, @) in which the standard MFE approximation is postprocessed. Comparing
with the (optimal) rate of convergence of the MFE method (see Corollaries 4.8, 4.16,
and 4.19), we deduce that in case b an increase in the rate of convergence of one unit
is achieved. Similar conclusions can be reached in case a by taking k' small enough.

The analysis of the postprocessed method will be done in two steps. We will first
obtain superconvergence bounds for the MFE approximation in Theorems 4.7, 4.15,
and 4.18 with respect to an auxiliary approximation to be introduced in section 4.1.
In Theorems 4.7 and 4.15 we deal with the velocity, for the quadratic and cubic
approximations, respectively, and with the pressure in Theorem 4.18. In the second
step, the errors bounds of the postprocessed approximation are given in Theorem 5.2
for the velocity and in Theorem 5.3 for the pressure.

4. Analysis of the MFE approximation.

4.1. An auxiliary approximation. For a u and p solution of (1.1)—(1.2) let
us consider the approximations vy, : [0,T] — X, and g5, : [0,T] — Qpr—1,
respectively, solutions of

(41) (’[)ha ¢h) + (V’Uha V¢h) + (Vgha ¢h) - (fa ¢h) - b(uvua (rbh) vd)h € Xh,m
(4.2) (V- op,9p) =0 Vn € Qnr—1,

with initial condition v, (0) = ITxuo.
Let us observe that the MFE approximation u, and the recently defined vy, satisfy

(4.3) Up + Apup, + Bp(up,up) = i f, up (0) = pug,
(4.4) Op + Apvp, + Br(u,u) = I, f, v (0) = ju,
respectively, where By (u,v) = IIp F(u,v). Then e, = vy — uy, satisfies
(4.5) én + Apen = Bp(un, un) — Bp(u,u), en(0).
We will also use the following notation:

zp = pu — vy, 0, = pu — sp,.
It is easy to show then that
(4.6) Zn+ Apzn = Apbn,  2z,(0) = 0.

Some technical lemmas are stated in this section. For the convenience of the
reader, we will reproduce here the following two lemmas from [6].

LEMMA 4.1. Let v € (H?(2))2N V. Then there exists a constant K = K(||v]|2)
such that for all w € HE(Q)? we have that

(4.7) HA_1H[F(U, v) — F(w,w)]HO < K(HU —w|-1 4+ ||Jv —wlh|v— w||0).

LEMMA 4.2. For any f € C([0,T); L?(Q)9), the following estimate holds for all
tel0,T]:

t
_(t_ )AL
[ e 15 s < gm0
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LEMMA 4.3 (estimates for z,). Let (u,p) be the solution of (1.1)—(1.2). Then
there exists a positive constant C' such that the error zp, = Illpu — vy, of the discrete
velocity vy, defined by (4.4) satisfies the following bounds:

(4.8) |47 2|0 < CREH, j=0,1,2, r>3,
e C .
(49) ||A§L 1+j)/22h“0 S ml’flij, j = _1707 1a T Z 47
e C 4
(410) ||A§L 1+j)/2ZhHO S thl_]; j = 0; 1727 T 2 37
e C . .
(4.11) L j=0.12, >4,
t .
(4.12) / Iz ()| ds < ChE=2, j=0,1, r>3.
0

Proof. From (4.6) it follows that
t

(4.13) 2 (t) = / e An(t=3) 4,0, (s) ds.
0

If we multiply both sides of this equation by A, ', then using (2.10), (2.8), and (2.16)
we have

_ 11 ~1/2
145l < OB (5 ) g #2147 606} < O o 52 u(s)l,

which, applying estimates (2.3), proves (4.8) for the case j = 2. Since ||A}:1/22h||0 <
ChY| A, znllo and [|zn]l0 < Ch™2|| A, 24|0, the cases j = 1 and j = 0 are readily
deduced, and then (4.8) is concluded.
We will now prove (4.9). Multiplying (4.6) by t1/2A;1/2, it is easy to see that
Yn = tl/QA,:l/?zh satisfies
i + Anyn = 2 4,7%0), + (26)72 4,12,

so that we have

i 1 [ -
(4.14)  yu(t) :/ e_A"(f’_S)sl/QA,lZmHh(s) ds + 5/ e_A"(t_S)s_l/zAh Y2, ds.
0 0

Then, using (2.10), (2.8), and (2.16), it follows that

11 _ s
1/2) 41 < L2 1/2 3/2
t /A, 2o < CB (2, 2) (OrgggtsHAh Onllo + ax, 1A, " “znllo

<0 <M4h5 + max ||A;3/22h||o) |
0<s<t

In order to estimate the last term on the right-hand side above, we multiple both
sides of (4.13) by A, */?, so that using (2.10), (2.8), and (2.16) we obtain

s/ 11 - .
147220 < CB (2, 2) max 521464l < O° M,
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and then (4.9) is proved in the case j = —1, from which, using the same arguments
as with (4.8), the cases j = 0,1 are inferred.
We will now prove (4.10) and (4.11) for the case j = 0. As before, the cases j =1

/2,

and j = 2 follow immediately. For yp(t) =tA, ' “z,(t), it is easy to see that

t t
yp(t) = / e_A"(t_s)sA,ll/zﬁh(s) ds +/ e_A’L(t_s)Aglmzh(s) ds,
0 0

so that, integrating by parts, we have

t
(4.15) yn(t) = tA; 26, (t) — / e A=) A2 (G, (5) + 564 (s)) ds
0

t
—|—/ e_Ah'(t_s)A,Zl/zzh(s) ds.
0

We deal first with (4.10). For the last term on the right-hand side above, by writing
e‘A’L(t_S)A,:l/th(s) = A,ll/Qe_Ah(t_s)A,:lzh(s), then, thanks to (2.9) and (4.8), it
follows that

¢
(4.16) ‘ / e*Ah(t*S)Agl/th(s) ds
0

< CtY2 max || A 2n(s)]lo < Ct/2R%.
0 0<s<t

For the second term on the right-hand side of (4.15), we start by writing e~ An(t=s) =

e~ An(t=5)5=1/251/2 "and then, since, trivially, ||s~1/2e=4n(t=9)||g < s71/2 we have

(4.17) ‘ /t e_Ah(t_S)Aglm(eh(S) + 89h(5)) ds

0

0

1/2 1/2 —1/2 )
<2012 max s (1A, =(0n(s) + s0n(s))lo)

< Ctt/?pt Omai(tsl/Q(Hu(s)Hg + s |Jus(s)|l5) < CHY2RY (M + Ms),
<s<
where in the last inequality we have applied (2.8) and (2.16). The same argu-
ment shows that the first term on the right-hand side of (4.15) can be bounded by
Ct'/2h* M3, which together with (4.16) and (4.17) finishes the proof of (4.10).

In order to prove (4.11), we go back to (4.15). Using (2.10) to estimate both
integrals on the right-hand side of (4.15), we may write

lyn(®)lly < t|4;,20n )],

11
*CB(Q 2) (o 72|45 00(5) + s () + max 5721143 2 (5)]o).

so that, thanks to (2.8), (2.16), and (4.9), it follows that (4.11) holds for j = 0.
It only remains to prove (4.12) in the case j = 0 (the case j = 1 is deduced by
applying inverse inequality (2.5)). From (4.6) we get

(A 2n,20) + (20, 20) = (O, 21).
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Then
d —1/2 2 2 2
214 el + llzalls < 110sllo.

Finally, by integrating with respect to ¢ and applying (2.7) and (2.13) we obtain

t t t
[ o) ds < [ 10n(s)13 ds <1 [ (o) ds < K30,
0 0 0

which finishes the proof. 0

4.2. Superconvergence for the velocity: »r = 3. We need several auxiliary
lemmas before proving Theorem 4.7. We start with the continuity of the nonlinear
term in several different norms.

LEMMA 4.4. For each o > 0 there exists a constant K > 0 depending on a and
My such that, for every w}(-),w?(-) € Vi, satisfying the threshold condition

(4.18)  ||u(t O, < a7, lu(®) —wi®)|, < ah®7, j=0,1, t€[0,T],
the following bounds hold:

(4.19) [F (wh, wy) = F(wi, wi) ||y < K [Jwh, —wil],

(4.20) [F (wh, wy) = F(wi, wi)) ||y < K [lwy, —wil],

(4.21) || Br(wp, wy) = Br(wi, wh)|[g < K [lwy, —wil],

(4.22) |4, 2 (Bu(wh, wh) — Bu(w}, wi))|, < K |Jw) —

(423) (|47 Bulwh,wih) = Bulwh, wi))lg < K|4; 1 (wh = )|

Proof. The bounds (4.19) and (4.20) are obtained by arguing exactly as in the
proof of [6, Lemma 3.1]. Using the stability of IT, and (2.21), the proofs of (4.21) and
(4.22) are easily deduced from (4.19) and (4.20).

Finally, let us prove (4.23). Let us write w, = w} —w37. Taking into account that

(4.24) h2[lwnlly < CllA;, wnllo
and using (2.19) and (4.21), it follows that

|45 (Bn(wh, wi) = Bu(wi, wi)) [ <[| AT T(E (wy, wh) = F(wi, i)

lo ly

(4.25)
4l
We now estimate the first term on the right-hand side above by duality, since
F 1,71/1 —FwQ, 2’A71
max }( (wh h) ( h wh) ¢)|

Mo = $€H,$70 lollo

HA 1H (wh7wh) F(w%uwh
For this purpose, using the skew-symmetry property of b, we write
(F(wp, wy) = F(wy, wh), A7 ¢) = blwn, wi, A ¢) + b(wy, wn, A ¢)
= b(wp, u(t), A7 ¢) — b(u(t), A~ o, wy)
(4'26) + b(wh7 A_1¢7 u(t) - wi) + b(u(t) - wllw A_1¢7 wh)'
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We now notice that |b(wy, A=, u(t) — wi)| < C |lwally |9l lu(t) — wi|lo, so that,
thanks to (4.24) and (4.18), we have

[b(wn, A7 ¢, u(t) = wi)| < C llwally B |61, < C[| AL 2wn ]y llllo -

Similarly, [b(u(t) — w,ll,Aflqﬁ, wy)| < Cllwplly |9l |u(t) — w}lLH1 Since hl|wpllo <
C’||A;1/2wh||07 it follows that

|b(u(t) —wh, A ¢,wp)| < Ch Jwnlly 6lly < C|| A" *wn, 18llo -
so that from (4.26) we get
|(F(wh, wh) — F(w},wi), A 6)| <|bwn, u(t), A7 )| + |b(u(t), A ¢, wp))|
(4.27) i
+ |4 w1, -

Finally, since by applying the divergence theorem we have

b(wn, u(t), A7 ¢) = (wn, Vu(t) - A7'¢) — %(wm V(u(t) - A7¢)),

it follows that
(4.28)  [b(wn, u(t), A1) < C'[lwall_y (||Vu(®) - A7 0|, + [|V(A 8- u(@®)],),
(4.29)  [b(u(t), A ¢, wn)| < C'llwally ([[(u(t) - V)AT ||, +[[(V - w(®)) A 6]|,).
Since
[Vu- A7, < C(lully A 0[] e + Nl A 6l
< Clully [[A16], < Clull2llg]o,

arguing similarly with the rest of the terms on the right-hand side of (4.28)—(4.29),
from (4.25) and (4.27) the proof is easily finished. 0

Remark 4.1. In what follows we will apply Lemma 4.4 to functions wi = vy,
satisfying (4.4), and w? = uy, satisfying (4.3). Let us now check that the threshold
condition (4.18) is satisfied. We first observe that ||vp, —ullo < ||znllo + || — pullo so
that by applying (4.8) and (2.7) we get ||vn, —ullo < Ch?, and then vy, satisfies (4.18).
For the bound |lu — uy||o < Ch?, we refer the reader to [36, Theorem 3.1].

LEMMA 4.5. Let (u,p) be the solution of (1.1)—(1.2). Then there exists a positive
constant C' such that the discrete velocity vy, defined by (4.4) satisfies

145 (B on 0), v0(6)) — B ult) w())lo < - Gh™, +€ O], r=3.4

Proof. Let us write p, = By (vp,v) — Br(u,u). By applying (2.19) we have
1A% pllo < CR2| F(vn, vn) — F(u,u) o + | AT TL(F (vn, o) — F(u, w))llo-
Using then (4.19) from Lemmas 4.4 and 4.1 we get

14, pullo < Ch?|lon — ully + C([lon — ull1llvn — ullo + Cllon — ul|—1).
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Applying now the standard bounds for IT}, (see (2.7), (2.8)) together with the estimates
(4.8), (4.10) for zp, in Lemma 4.3 when r = 3 and (4.11), (4.8) when r = 4, the
conclusion is reached. O

LEMMA 4.6. Let (u,p) be the solution of (1.1)—(1.2). Then there exists a positive
constant C' such that the discrete velocity vy, defined by (4.4) and the Hood—Taylor
element approximation to u, up, satisfy the following bound:

1A 2 (on () — un(t)]lo < ChY, #>3, te(0,T]

Proof. Let us consider yp,(t) = A;l/zeh(t) and pp, = By, (vp,vp) — Bp(u,u). From
(4.5) it follows that

¢ ¢
yn(t) = /0 ef(tfs)“‘h/l;l/2 (B (un, un) — Bp(vp,vp)) ds+/0 e*(t*S)AhA,jlmph(s) ds.

Applying (2.9) and (4.23) we have that

)

0

e t _
Ol < [ —=C (ol ds+ | [ e 94 472,51
o0l < [ = ol st | [ e a7 2

so that a generalized Gronwall lemma [35, pp. 188-189] allows us to write

t
/ eI A 2 (s) ds
0

max [|yn(6)]l, < C max

0<t<T 0<t<T o0
Using (2.10) we obtain
11 1/2|| g1 _
e, om0l < O (3.5 ) g 172457 (B (on(9).00(6) = B (), o)
where, by applying Lemma 4.5 with r = 3, the proof is finished. ]

THEOREM 4.7 (superconvergence for the velocity). Let (u,p) be the solution of
(1.1)—(1.2). There exists a positive constant C such that the discrete velocity vy, defined
by (4.4) and the Hood-Taylor element approximation to w, uy, satisfy the following
bound:

C s .
(4.30) [on(t) —un@)]l; < tmllog(h)lh‘l 7, te(0,T], j=0,1, r=3.
Proof. We prove the error bound for the L? norm, from which the bound in the

H'! norm is readily obtained by applying the inverse inequality (2.5). Let us consider
yn(t) = t'/2e;(t). An easy calculation shows that

Gn + Anyn + % (Bn(vn, vn) — Br(un, un)) = t*%pp + 2172

where p, = By (vn,vn) — Br(u, u), and, thus,

t
yn(t) = / e_A"(t_S)sl/Q(Bh(umuh) — Bp(vp,vp)) ds
0

t
+/ o~ An(t—s) <S1/2pth
0

1
951/ eh) ds.
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For the first term on the right-hand side above, using (2.9) and (4.22) we have

C/u%m
Vit—s

so that by applying a generalized Gronwall lemma [35, pp. 188-189], it follows that

t
/e—Ah(t—s)sl/2(Bh(uh,uh)—Bh(vmvh dS
0

gzax [lyn(®)llo

+ max
0<t<T

§C<max

t
e—Ah(t—S)sl/Qph ds
o<t<T|| Jo

Applying now Lemma 4.2 and (2.10) we have

t
—Ap(t—s) ©h
femenina)
0 0

0

qzax [lyn()llo

_ 1
< Clog(n)] s 247 (9, + O (3.5 ) a4, en )

0<s<T

0’

where Lemmas 4.5 and 4.6 finish the proof. O

COROLLARY 4.8. Let (u,p) be the solution of (1.1)—(1.2). Then, for r > 3, there
exists a positive constant C' such that the Hood—Taylor element approximation to u,
uyp, satisfies the following bound for j =0,1:

Jun(®) ~u(t)l; < gh* 7, te (O.T)

Proof. By rewriting u — up, = (u — Hpu) + (Tpu — vp) + (v, — up), rewriting
u—up = (v —Ipu) + (Tpu — vp) + (vp — up), and applying (2.7), Lemma 4.3, and
Theorem 4.7, the corollary is proved. 1]

Remark 4.2. Notice that by applying Lemma 4.2 to (4.13), for the z; solution
of (4.6), we obtain

(4.31) ln(®)lly < CMah? [log(h)

With this estimate and a much simpler analysis than the previous one, it is possible
to prove superconvergence results in the H' norm for low-order LBB-stable pairs of
mixed finite-element methods, such as the so-called mini element [3]. More precisely,
for the ey solution of (4.5), the following bound holds:

232
onax flen(t)ll; < € flog(h)|” A7,

with C' depending only on M.

4.3. Superconvergence for the velocity: r = 4. As before, several auxiliary
lemmas are needed before Theorem 4.15. We start with a generalized Gronwall lemma.
LEMMA 4.9. If u is a nonnegative function, continuous in [0,T] and satisfying

1
<uo+ﬁ/ ( 1/2+81/2)u(s)ds, 0<t<T,
for some ug > 0 and B > 0, then

u(t) < By p(28(nt)*ug,  0<t<T,
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where E,(z) denotes the Mittag—Leffler function (see 4.36 below).
Proof. Let us consider the operator

Bu(t) :,@/Ot (@_18)1/24—511/2) w(s)ds, 0<t<T.
We notice that
(4.32) u(t) < uog+Eu(t) < ug+Bug+E*u(t) < (1+E4-- -+ E")ug+E" " u(t).
We have that
Bug = 48t"?ug = (2+ B(1/2,1))(8t"/?)uo,

where B(z,y) denotes the Beta function (see, e.g., [12]). We also notice that
Erug — 48 [ (— L) 524
ug = 40%ug ; (t—s)1/2+ﬁ s s

) t g1/2
=1 t ——ds |.
Pt [ )

Now taking into account that, by means of the change of variables, s = tx we have

t g1/2 12
and, thus,
2
E?ug = 4(1 + B(1/2,3/2))(8t"/2)*ue = (1:[ G 4B (; l+21)>> (B12) .

=1

Assume that for j =2,...,n

(4.33) By — (E (j B (; ”;))) (672),

Let us compute E™"ug. Since E"Tlug = EE™ug, we have

m (2 11+1 ¢ 1 1
n+l, _ an+l 4 . n/2
E" ug = 6" ug <l|_|1(l+3<2, > )))/0 <(t—s)1/2+81/2>s ds.

But

t n/2 92 t n/2
S (n=1)/2) g5 — H(n+1)/2 / S d
[ (@ Tarn T ™

and, using again the change of variables s = tx,

tgn/2 Lo gn/2 1n
s :t(n+1)/2/ _ T e mrveg (L
/o t—sy7® o =272 22 )

and since 5 + 1 = %, it follows that (4.33) also holds for j = n + 1.
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r(2)Les
S \2) T2+’
where I'(z) denotes the Gamma function, and on the other hand (see, e.g., [12, 6.1.47])

1= lim 21/2&
2—00 F(Z+1/2)’

Since, on the one hand

(4.34) B <1 nt 1)

27 2

we have that
E"tly(t) < BT lull o 0,7y — O as n — 00.

Thus, from (4.32) and (4.33) it follows that

(4.35) <u0§: (6t/%)" 0<t<T,
where
2 1 1
o =1,  _Zyp(2"EN) -1
Cn—1 n 2 2

Furthermore, on the one hand, for n = 1 we have 2/n = B(%,281) = 2, and, on the

other hand, since for z € (0,1) we have 1/4/x(1 — x) > 2, it follows that, for n > 2,

(n—1) /2 1 n/2 1
B(l n—|—1> a d:c>2/ "2 dx = 4 >g
\/1 -z z(1—x) n+2 " n’
so that by ¢, /cn—1 < 2B(3,241) for n = 1,2,.... Thus, if we set kg = 2I'(1/2) =
2/7, then in view of (4.34) we have ¢, < koI'(% + 3)T'(% + 1) *c,—1, that is,
r(z 41 I‘ n 1 (2 (2
cn < ko (i 2)Cn 1< kg (3 +5) n(Q)l Cn—2 = kg n(2) Cn—2,
I'(3+1) L5 +1) (5 +3) L' +1)
so that by iterating this process we have
kn
n < = 1a27
cn < 0+ 1) n
Then from (4.35) it follows that
o~ (Bhot'/2)" !
u(t) <u - =F kot'/?)u ,
(t) < 0_ T(Z+1) 1/2(Bkot ™ *)uo
n=0
where F,(z) is the Mittag—Leffler function
o0 Z,n
4.36 B =S — %
(4.36) (2) T;O I'(na+1)
LEMMA 4.10. Let v,w € H}(Q) N H3(Q), and let g € HL (), satisfying

(4.37) (V- g.xn) =0, VXh € Qur—1, T =4
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Then there exists a positive constant C' such that the following bounds hold:
(4.38)  |b(v,w,g)| < C([|A g][, + A2 [lglly) (I(v - V)wlly + [(V - v)w],),

(4.39)  [b(g,w,v)| < C([|[A7Hg|[ + 12 llgllo) IVw - vl + CR? llglly Vo - w]l,.

o

Proof. We will first prove the following result whose proof is similar to that of
Lemma 3.11 in [6]. Let v € H}(Q)4, satisfying (V - v,xp) = 0 for all x5, € Qpnr—1-
Then for f € H(Q)? N H*(9)? the following bound holds:

(4.40) (v, /) < ([[A=7TIo||, + Ch* lvlly) 1 £, s=1,2.
To prove (4.40) we decompose
f=Tf+ I -1If =11f + Vq

for some g € H*T1. Since Leray’s projector II is continuous from Hg () N H*(2) onto
H?, we have

(4.41) ITLfll, <Clfllss Mallgos e < CHUFIS

for some positive constant C. Thus,
(4.42) (v, f) = (v.11f) + (v, Vig) = (A~*/*Tv, A*211f) + (v, V).

Since, for any x5 € Qnr—1, |(v, Va)| = |(v, V(¢ — xn))|, by taking x;, as the inter-
polant of ¢ in Qp r—1, from (4.41) and (4.42) it follows that

(v, )] < Ch® [[oll | /1], + [(A~*/*Tlo, A°/211f)].

Finally, since || A*/2T1f|jo < C||[TLf||, < C"||f]l,, (4.40) follows.

Notice now that (4.38) is a direct consequence of (4.40). For the second bound,
the same argument shows that ((g - V)w,v)) = (g, Vw - v) can be bounded by the
first term on the right-hand side of (4.39). Now by using the divergence theorem
and (4.37) we have

(V- g)w,v) =—(9,V(w-v)) = (g V(w-v=xn))  Yxn € Qnr-1.

Taking x;, as the interpolant of (w-v) in @ »—1 and taking into account that V(w-v) =
Vw - v+ Vv - w, the proof is easily concluded. 0

LEMMA 4.11. There exists a positive constant C' such that for any ¢n € Vy, » the
following bound holds for ¥y, (t) = e tAr A, dp, and W(t) = e A A gy :

C

h2
(4.43) () = n®ll < Sz lIgnllo, ¢ > 0.

Proof. Let us first observe that, since ¥y = — AW, then, thanks to (2.9) and (2.15),
for t > 0 we have

(4.44) 1(@)llpy; < CNT@; < O lgnlly,  5=0,1,

(4.45) 1% ()l < Ct™ gl -
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We set op(t) = e 411, A TIg,. We decompose ¢, — ¥ = (Y5 — @p) + (on — ¥),
and we will bound the two terms on the right-hand side separately. For the first one,
taking into account that ¢y, (t) — n(t) = e #Ar T, (A, T, — A~ )¢y, and using (2.9)
and (2.17), we have

C _ _ Ch?
ln(t) — o)l < a7 (A, T, — A7 D], < WH%HO-

In order to bound ¢p, — U, we write ¢, — ¥ = @, — I, ¥ 4 (I — 1)V, so that, in view
of (2.7) and (4.44) we only have to estimate ¢;, — IIp¥. For this purpose, on the one
hand, we have ¢ + Appp = 0. On other hand, since ¥, = — AW, we have

I, 0, + ApIL, U = 10,0, — AL, AN, = A (A, '), — I, A™1) T,
so that for e;, = pp — ¥ and pp = (A,;lﬂh — I, A~1) ¥, we have
€n + Apen = Anpn,
an equation which is similar to (4.6). Thus, arguing as in the proof of (4.8) we have

(4.46) len(t)ly < € max /2| A} pi(s)||, < Ch [l »

0<s<t

where, in the last inequality, we have applied (2.7), (2.18), and the case j = 1 in (4.44).
Furthermore, since for y,(t) = A}L/2t1/2eh (t) it is easy to see that

t 1 t
yn(t) = / e M2y (s) ds + 5 / e~ A=) 12 A1 2 (5) ds,
0 0

so that by integrating by parts in the first integral above and using (2.10) we have

+ max |eh(s)0> .
o O

1 )
§Ph(8) + 5pn(s) max,

11
< 41/2 -z
lonoll < 072 w0l + 05 (5.5 ) g,

The first and the last terms on the right-hand side above are already bounded in (4.46),
whereas the second term, applying (2.7), (2.17), and (4.44)—(4.45), can also be bounded
by Ch?||¢n||y, which completes the proof. d

LEMMA 4.12. Let (u,p) be the solution of (1.1)—(1.2). There exists a constant
C > 0 such that for any g € HE(Q)? and ¢, € Vi, the following bounds hold for
Yn(t) = e M A gy, U(t) = e A A Mgy, and 0 < s <t < T:

M,

(44T)  [b(g,u(s), (e = )] < ol (). Wt = )] + CZ=h? gl .
(445)  [b{u(s).0nt = 9).)] < B(u(s). W0 = ).)] + OZ=h gl nl -

Proof. We will prove only (4.47) since (4.48) can be proved by reasoning similarly.
Also, we will drop the dependence on s and ¢t — s. We first observe that

b(g,u,¥n) = b(g,u, ¥) + b(g, u,Yp — ¥).

On the one hand, we have

(g - V)u,on = W) < Cliglly [Vull paay 19n = ¥l pagq) -
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so that by using (2.1) and (4.43) it follows that

(4.49) (g V)u,vbn = W)| < CMz |lgllo [[9n — P[], < C\/—hz g1l 1@nllo -

On the other hand, since ((V - g)u, 9, — V) = —(g, V(u - (¢, — ¥))), we have

IV - g, (on = )l < Cligllo (IVullpa llon = Tl s + ull oo 1V (@0 = D)lo)-

Applying again (2.1) and (4.43) we get

(V- g)u, (¥n = ¥))|lg < CMz |[gll [[on — ¥, < C R llgllo lgnllo

M,
Vt—s
which together with (4.49) allow us to conclude (4.47). |

LEMMA 4.13. Let (u,p) be the solution of (1.1)—(1.2). There exists a positive
constant C' such that, for r > 4 and 0 < s <t < T, the discrete velocity vy, defined
by (4.4) and the Hood-Taylor element approximation to wu, uy, satisfy the following
bound:

He—Ah(t—S)A}:l(Bh(uh(s),uh(s)) — Bp(vn(s),vn(s )Ho

(4.50) ( ) A, (un(s) —op(s
) 1 ) o)

Proof. We erte ph = Bp(un(s),un(s)) — Br(vn(s),vn(s)). We will bound the
norm of e~ 4r(=%) A1 p, by duality. As usual, we will omit the dependence on s
whenever this does not cause confusion. For ¢, € V,, we set ¢, = e —An(t— S)A n On,
so that

—Ap(t—s) g1 _ |(ons ¥n)|
e Al = max o,
H h Pt ||O &1 EVh,rdn#0 ||¢h||0
We have

(4.51) (PnsUn) = —b(en, Yn, un) — b(vp, Yn, en),

where we recall that e, = vy, —up. For the second term on the right-hand side of (4.51)
we have

|b(vn, Yy en)| < [b(w, Yn, en)| + [b(vn — u, Yn, en)]
and
b(vn — u, Yy en)| < llon — ullg VYR o llenllo + IV - (0on = w)llg 10l o llenllo -

Applying (2.5) and (2.22) we have ||[Vip|l < Ch71||[¢nll, < ChY | dnll,. Also,
since (vp, — u) = 2z, + (IIpu — u), by taking into account (2.7) and Lemma 4.3 we get

CM,
(4.52) [bCun, ¥ons en)| < [bCu; on, en)l + 75 02 lenllo ol -
Similarly,

1b(en, Yn,un)| < |b(en, Yn,u)| + |b(en, Yn, un —u)l,
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and

[b(en, ¥nun = w)| < (llenllo lun = ully + llenlly llun = ullo) [1¥nll

Since by virtue of (2.5) we have |les |, < Ch™!|len||,, by applying Corollary 4.8 we
get

C

(4.53) [ben, Yn, un)| < [blen, Yn, w)l + — 7502 llenlly 19nllo -
sl/

Thus, from (4.51), (4.52), and (4.53) and, since

(4.54) h?|lenllo < Cll A5 enllo,

it follows that
C _
(4.55) [(on, ¥n)| < [b(en, ¥n, w)| + [b(u, Pn, en)| + 7 |45 Yenl|y lnllo -

Next, we apply Lemma 4.12 to get
[(prs ¥n)| < [b(en, W (t = s),u)| + [b(u, U(t = s), €n)]
(4.56) C
145 "enllo 1ll, -
=t

Now we apply Lemma 4.10 to the first two terms on the right-hand side of (4.56),

with g replaced by e and v by u. Let us first observe that, using (2.20) and (4.54),

we have |A™ e |lo + h? [lenl, < C||A4}, "enllo, so that in order to finish the proof we

only have to bound ||(u- V)¥||,, |[V¥ - ul,, and ||[Vu - ¥||, (recall that (V- u) = 0).
Since

[(w- V) Wly < flully [Vl + el [[9lwza 4l 1]

taking into account that || ¥|l3 < Ct~'/?|/¢ullo and applying standard Sobolev in-
equalities (2.1) we obtain

CM.
(4.57) [(u(s) - V)¥(t - )Hzf\/ténébh“o
Arguing similarly we get

CM.
(4.58) IVt =s) - u(@)lly < 7= llénlo-

Finally, since
V- Y|y < [Vull pa []lyoa + [Vl ¥y + [Vully ¥l

taking into account that || ¥||2 < C||¢n|lo and using (2.1) again, we deduce

[Vu(s) - Ut = s)ll; < C( + ||U(3)|3) l[énllo

M,
Vit—s

<o 2=+ 22 ) 1oy

(4.59)
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Thus, inequalities (4.57), (4.58), and (4.59), together with (4.56) and Lemma 4.10,
allow us to conclude the proof. 0

LEMMA 4.14. Let (u,p) be the solution of (1.1)—(1.2). There exists a positive
constant C' such that the discrete velocity vy, defined by (4.4) and the Hood—-Taylor
element approzimation to w, up, satisfy the following bound for r > 4:

145 o (t) — wn(@)llo < CH°, t € (0,71,

Proof. Let us consider yy(t) = A;leh(t) and pp, = Bp(vp,vn) — Br(u,u). From
(4.5) we get

¢ ¢
yn(t) = /0 e*(t*S)AhAgl(Bh(uh, up) — Bp(vp,vp)) ds Jr/o ef(tfs)AhAglph(s) ds.

Thanks to Lemma 4.13 we obtain

(@l < [ (<= + =) ol +|

so that by applying Lemma 4.9, we only have to show that

)

t
/ e~ (=9 An AL, () ds
0

0

< Ch>.
0

(4.60) max

0<t<T

¢
/ e~ A=) ALy, () ds
0

For this purpose, we will first estimate e‘Ah(t—s)A;lph(s) by duality. Let us take
on € Vpr and set ¢y, = e_A”'(t_s)A,:lcﬁh and z = u — vy, so that we have

(461) (th wh) = b(Za u, wh) + b(ua Z, wh) - b(Z, Z, wh)

For the third term on the right-hand side above, by applying (2.22), we have

[b(z, 2, 9)| < Cllzllg 12l [¥nll e < Clizllg NIzl llgnllo-
For the other two terms on the right-hand side of (4.61), Lemma 4.12 shows that
|b(2, u,1bn) + b(u, 2, 9n)| < [b(2, U(t — s),u)| + [b(u, U(t — ), 2)]

CM,
Vit—s

where, as in Lemma 4.12, U(t) = e~ At A=I¢y,. Furthermore, by applying Lemma 4.10
to the first two terms on the right-hand side above, we have

+

12 [lzllg ll¢llo

bz, W (t — s),w)| + [b(u, U(t — s, 2)| < Ch?[|z]]y [|Vu - ¥,
+O ([ ALy + 12 (1210 (I (- V)], + [T - ull,).

Recalling the bounds of |[(u-V)¥||,, [[V¥ - ul, and ||Vu- ¥, in (4.57)-(4.59) we
reach

CM,
Vi—s

(462) [|e™ = pu(s)| < C(Ually + 2 Nuly) llly + == (2 12l + ] A7 1L2]l ).
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By applying Holder’s inequality, writing z = (u — IIu) + 25, and using (2.7) and
(4.12) we get

(4.63) / (12() 1+ 12 u(s)l) I12(s)lly ds < Ch>.

Using again (2.7) together with (4.9) we obtain s/2||z(s)||o < Ch?, and then

t M2
0 Vit—s

Finally, as a consequence of (2.8) and (2.20) we have

(4.64)

11
h?|z(s)|lods < CB (27 2) 53

A= 1], <A T AT = T <1472 + OB el + ).

so that using (4.9) again we get s*/2||A~'TIz(s)|o < Ch®, and then

(4.65) M A~ Iz(s)|jo ds < CB L1y
. . Vi z(s)|lods < 573 .
Now (4.60) follows from (4.62), (4.63), (4.64), and (4.65). d

THEOREM 4.15. Let (u,p) be the solution of (1.1)—(1.2). There exists a positive
constant C' such that the discrete velocity vy, defined by (4.4) and the Hood—Taylor
element approximation to w, up, satisfy the following bound:

C 5
(4.66) lon(8) = un(®)ll; < Nog(M)|>~?, ¢ € (0,T], j=0,1, r=>4.

Proof. We prove the error bound for the L? norm from which the H' norm
bound is obtained by applying inverse inequality (2.5). We consider y,(t) = ten(t).
By arguing similarly as in Theorem 4.7 we have

max [ (0, < C (OgsangusA;lpms)HO log(h)|+ masx [[4; e ()] 1og<h>|) .

To conclude the estimate we apply Lemmas 4.5 and 4.14 to the first and second terms
on the right-hand side above, respectively. 0

COROLLARY 4.16. Let (u,p) be the solution of (1.1)—(1.2), and let uy be the
Hood—-Taylor element approxzimation to u. Then, for r > 4, there exists a positive
constant C' such that the following bound holds for j = 0,1:

c o, .
lun(®) = u@®)ll; < -7, t€(0,T).

Proof. The proof is obtained by reasoning as in Corollary 4.8 using Theorem 4.15
instead of Theorem 4.7. |

4.4. Superconvergence for the pressure. We begin with some error esti-
mates for the time derivative of v, — uy,.

LEMMA 4.17. Let (u,p) be the solution of (1.1)—(1.2). Then there exists a positive
constant C' such that the discrete velocity vy, defined by (4.4) and the Hood—Taylor
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element approzimation to w, up, satisfy the following bounds:

(4.67) () = in(®)llo < 7o log) B+, 1€ (0,71,
(1.68) Jin(6) = (0l < o5l log(W>*, ¢ € (0,7)
(@69) AT — i)l < 7o log I, 1€ 0.7

where s =1 in the case r = 3 and s = 2 in the case r = 4.
Proof. Let us first observe that

én = —Apen + Bp(un, un) — Bp(u,u),
where we recall that e, = vy, — up, Then by using (4.21) we get
lenllo < Ch™ lenlly + llun — ull-
Applying now Theorems 4.7 and 4.15 and Corollaries 4.8 and 4.16 to bound the first

and second terms on the right-hand side above, we conclude (4.67).

In order to bound ||éx|-1 < CHA,:l/QéhHO we observe that

14, %enllo < 143 %enllo + 11452 (Bu(uny un) — Br(u,u))o,
so that by applying (4.22) from Lemma 4.4 we get
14, énllo < Cllenlls + Cllu — unllo,

and (4.68) is reached by applying again Theorems 4.7 and 4.15 and Corollaries 4.8
and (4.16).
We now prove (4.69). By using (2.20) and Lemma 4.1 we obtain

| A" Tenlo < | A TAyenlo + | A~ TL(By (un, un) — Ba(u,u))lo
< O(h?)| Anenllo + 145 Anenllo) + K (lu — unl| -1+ llur, — wllollur, — ully)
< Cllenllo + K (llenll—1 + lfvn — ull—1 + lun — ullollun — uly).

To finish the proof we notice that ||ep||—1 < Cllen|lo, and then we apply Theorems 4.7
and 4.15 and Corollaries 4.8 and 4.16 together with Lemma 4.3. 0

THEOREM 4.18 (superconvergence for the pressure). Let (u,p) be the solution
of (1.1)—~(1.2). Then, for r = 3,4, there exists a positive constant C such that the
discrete pressure gp, defined by (4.1) and the Hood—Taylor element approximation to
D, Pn, satisfy the following bound:

C T
lon(t) — gn()|2/m < Wh llog(h)], t€(0,7].
Proof. By subtracting (3.1) from (4.1), we obtain for the difference gp — pp

(9n = pn, V - ¢n) = (Ven, Vo) + (F(u,u) — F(up, un), ¢n) + (én, én)
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for all ¢p, € X}, . Using the inf-sup condition (2.6),

Bllgn = pullrz/r < llenlly + 1F(u, w) = F(un, un)l| -1 + [[én] -1

By applying Theorems 4.7 and 4.15, (4.20), and (4.68) we obtain

¢ ..
Bllgn — pallz/r < Wh |log(h)[ + C|lu — unllo.

Finally, by using Corollaries 4.8 and 4.16, the conclusion is reached. O

COROLLARY 4.19. Let (u,p) be the solution of (1.1)—(1.2). Then, for r = 3,4,
there exists a positive constant C' such that the Hood—Taylor element approximation
to p, pn, satisfies the following bound:

c r—1
(4.70) llpn (1) _p(t)HLZ/R < Wh ) t € (0,7].
Proof. Let gp, be the discrete pressure defined by (4.1). We decompose

lpn = pllz2/r < llpn — gnllz2/r + llgn — pllz2/r

and apply Theorem 4.18 to bound the first term on the right-hand side above. To
bound the second one we decompose [|gn — pllr2/r < llgn — qnllz2/r + llgn — pllL2 /R,
where ¢y, is that in (2.11). Using (2.14) it only remains to bound the first term above.
By taking into account that

(ut, dn) + (Vsn, Vo) + b(u, u, ¢n) + (Van, én) = (f, dn)  Yén € Xnr,
(On, ¢n) + (Von, Vén) + b(u, u, ¢n) + (Vgn, én) = (f, én) Yén € Xnr,

and arguing as in the proof of Theorem 4.18, we deduce that
lgn — anllz2/r < Cllvn — sally + |08 — wel| -1

To bound the first term we decompose ||vn, — snll1 < [lznll1 + [|[Tpw — wlly + ||sp — w1
and then apply Lemma 4.3, (2.7), and (2.13). To bound the second one, by using
(2.8) we get

lon = well—1 < ll2nll-1 + [Mpue = well -1 < (28]l -1 + CR™ Jug ]l
Finally, since ||24||-1 < C||A}_Ll/22h||0, by using (4.6) we get
1Znll-1 < Cllznlly + 10a]l1,

and we conclude by applying Lemma 4.3, (2.7), and (2.13). a

Remark 4.3. We want to point out that the error bounds for the Galerkin approx-
imation to the velocity in Corollaries 4.8 and 4.16 are analogous to those obtained in
[37, Theorem 3.1]. If we compare the error bound for the pressure in Corollary 4.19
with that of [37, Theorem 3.1], we can observe that the singular behavior of pressure
estimate (4.70) as ¢ tends to zero behaves like ¢~ ("=2)/2 improving the estimate in [37,
Theorem 3.1] that behaves like t~("=1)/2 Recently, in [7] improved convergence of
order O(t(=1/4=%) for any 6 > 0 is shown for the approximation to the velocity using
quadratic elements. Error estimates for the pressure are not considered in [7].
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5. Analysis of the postprocessed method. We require some error estimates
for the time derivative that we now prove.

LEMMA 5.1. Let (u,p) be the solution of (1.1)-(1.2). There exists a positive
constant C such that the Hood—Taylor element approximation to u, uy, satisfies the
following bounds:

(5.1) Jue — wn(t)]o < h'* log(h)|, te€ (0,77,

t(+1)/2

(5-2) Jur = dn ()] -1 < h** log(h)], t € (0,7,

t(+1)/2

(5-3) | AT I (ug — an(t))]o < R log(h)], t € (0,7,

t+1)/2

where | =1 in the case r = 3 and | = 2 in the case r = 4.
Proof. By writing

up — up = (up — Mpug) + (TMpue — 0p) + (0 — @) = (ue — Mpue) + 2, + én

and applying (2.7) and (2.8) to bound the first term and Lemma 4.17 for the third one,
we only need to bound the different norms of Z,. Since the norms ||A;1/ *4nllo and
l|Zn]| -1 are equivalent and since in view of (2.20) [|A~11z;]|o can be bounded in terms
of ||24]lo and || A}, ' 24 lo, we only have to bound HA,:k/Q,éhHO for k = 0,1,2. For this
purpose, we will argue as in the proof of (4.10). We notice that Z, + Ay 2y = Ahéh, and
if we let j be j = (141)/2 for y, = t7 A} ' 4, we have g, + Apyp, = 16, + LA 2,
so that

t t
A (t) = / e~ Ant=9)530, (s)ds +j/ e~ A=) 4160713, (5) ds.
0 0

By applying (2.10) to both integrals we obtain
|14 20|, < cB (1,2
h 0= 272

(max sj+1/2HA;1/26.‘h(S)HO +J max Sj_l/QHAhS/zéh(s)Ho) :

0<s<t 0<s<t

Now, on the one hand, we have that (2.16) and (2.8) are valid if u, sp, and p are
3/2 .
Zh =

replaced by their time derivatives. On the other hand, we have that A,
A;1/29h - A;l/zzh7 so that in view of (2.16), (2.8), (4.10), and (4.11) the proof
AP, < ChF for k = 1,2,

of (5.3) is easily finished. Taking into account that |
then (5.1) and (5.2) follow. 0

THEOREM 5.2. Let (u,p) be the solution of (1.1)—(1.2). There ezists a positive
constant C' such that the postprocessed MFE approzimation to w, @y, satisfies the
following bounds for j =0,1: o

(1) If the postprocessing element is (X, Q) = (Xps r, Qnr r—1), then

_ c i C oy
(64)  u(t) —an(®)]]; < ﬁl7(h')3 T+ 7h4 "[log (R)], t€(0,T], r=3,

_ C i C
(5.5)  lu(t) —an(®)]l; < 7(’1’)4 T+ tmhs Nog (h)],  t€(0,T], r=4;
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(ii) if the postprocessing element is ()?, @) = (Xnrt1,Qn,r), then

(56) Ju(t) — an(®); < SH I log (W], € (0,7], v 23,

_ C 5
(5.7) Ju(t) = an(@)]l; < mff "Nog ()], t€(0,T], r=4.

Proof. The proof follows the same steps as [6, Theorem 3.14]. Let Sy (u(t)) € V
be the Stokes projection of the solution of (1.1)—(1.2) at time ¢. We decompose
lu(t) — an (®): < [fult) — Sn(u(e))lls + 15 (u(t) — an(6) 1, L = 0.1. We apply (2.13)
to bound the first term, so that we will concentrate now on the second. It is easy to
obtain

lan () = Su(u(t) 1 < CIF(ult), u(t)) = F(un(t), un()l -1+ Cllue(t) — in(t)]|-1.
For the first term above we apply (4.20) and Corollaries 4.8 and 4.16 to obtain

[ (u(t), u(t)) = F(un(t), un(®))l| -1 < Cllu(t) —un(t)llo < W_%M

The second term is already bounded in (5.2). Then the proof for the H! norm is
complete. We next deal with the estimate in the L? norm. We first observe that

Ap(iin(t) = Sn(u(t))) = T (F(u(t), u(t) = F(up(t), un (1)) + Tn(ug (£) = in (1))
Then, by applying g,:l to both sides of the above equation, we obtain

i —Sn(w)llo < |4, T (F (u(t), w(t)) = F (un(8), un () o+ |47, Ta (e () = tn () [o-

As regards the nonlinear term, by taking into account (2.19) and applying Lemma 4.1
and (4.19) we get

1A, T (F (u, w) — F(un, un))||,
< CR2||u— unlly + C(|lu — unll—1 + lu — unllollu — unl1).-

The estimates for the L? and H' norms of the errors of the Galerkin approximation
to the velocity are granted by Corollaries 4.8 and 4.16. As regards the estimate in the
H~! norm, we use the decomposition ||u—up||—1 < ||[u—Tlul|—1+|zn|| -1+ |vn —unlo
and apply (2.8) together with Lemma 4.3 and Theorems 4.7 and 4.15. Finally, to
bound Hg,:lﬁh(ut(t) — 4p(t))|lo we apply (2.19) again and then use estimates (5.1)
and (5.3) from Lemma 5.1. d

THEOREM 5.3. Let (u,p) be the solution of (1.1)—(1.2). There exists a positive
constant C such that the postprocessed MFE approximation to p, pp, satisfies the
following bounds: o

(i) If the postprocessing element is (X, Q) = (Xp/ r, Qn r—1), then

i c . c
I9() = Bn (Ol < gy () + sy llog ()], £ € (0,7,

(ii) if the postprocessing element is ()Z', @) = (Xnr+1,Qnr), then

. c -
(5.8) llp(t) _ph(t)HLQ/]R < Wh |log (R)|, te(0,T].
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Proof. The proof is reached by reasoning as in [6, Theorfm 3.15]. Let us deinoﬁe
by ¢n(t) the approximation to the pressure p(t) such that (Sy(u(t)),qn(t)) € (X, Q)
solves (2.11)—(2.12) with g = f —u; — w- Vu. Then we use the decomposition

Ip(t) = r(®)ll L2 /e < IP(@) = Gn(®)ll 2/ + G0 (8) = Br(t)l| L2 /2

The first term is estimated by applying (2.14). Let us now bound the second term.
Using the inf-sup condition (2.6) it is easy to deduce that

BlIn = @nll 2w < lan — Su(w)lls + | F(un,un) = Fu, )| -1+ fun — ul|-1.

By applying Theorem 5.2 to bound the first term, (4.20) together with Corollaries 4.8
and 4.16 for the second, and (5.2) for the third, the conclusion is reached. d

6. Remarks on fully discrete postprocessing. In practice, the finite-element
approximations uj and pp, being solutions of system (3.1)—(3.2), can rarely be com-
puted analytically, and one has to compute approximations ué") ~ up(t,) and pﬁl") ~
pr(t,) on some time levels 0 = tg < t1... < ty = T by means of a time integrator.
Consequently, instead of the postprocessed approximations ap(t,) and pp(t,), one

obtains ﬂEL") and ;52") as solutions of

6.1) (V@ V) + (ViM,8) = (f,8) — b(u( ul”, &) — (dwu{”,d) Ve X,
(6.2) (V- 9) =0 vieq,

where (X, Q) is as in (3.3)-(3.4), and dtul(ln) is an approximation to uy(¢,) computed
in terms of as many values uglnﬂ), 7=0,1,..., N —n, as needed. Recent research in
[22] suggests

(6.3) du™ =11, f — Ahugln) — Bh(ugn), ugn))

as a convenient and adequate approximation.

Notice then that the error u(t,) — ﬁ;ln) can be expressed as u(t,) — ﬂ;n) =

(u(ty) —an(tn)) + (an(tn) — ﬁ%n)) The first term on the right-hand side is the spatial
discretization error which we have analyzed in the previous sections. The second one
is the error arising from temporal discretization that will be analyzed now.

Let us denote by eg") = up(tn) — ugln) and é;bn) = ap(tn) — ﬁgn) the errors induced
by the temporal discretization in the Galerkin and postprocessed approximations, re-

spectively. We estimate here é;tn) in terms of eﬁln), which depends on the particular

time integrator used to approximate the solution of (3.1)-(3.2). Estimates of egn)
(when t, =nk,n=0,1,...,N =T/k) for the Crank—Nicolson method can be found
in [38], with O(t;'k?) and O(t;, k) estimates in the L? and H' norms, respectively,
(see also [31]). For the second-order backward differentiation formula (BDF), similar
estimates are obtained in [13] (for the limit case h — 0), with a k'/? improvement in
the H! estimate with respect to that in [38]. Also, from results in [41], it is straightfor-
ward to obtain O(k) estimates in both the L? and the H' norms for the implicit Euler
method. Notice that all of these estimates together with the boundedness of ||up(¢)]|;,
0 <t < T, and h sufficiently small [37] imply that ||u§]”)||1 is bounded for 0 <n < N
and h sufficiently small. Further estimates for other integrators are outside the scope
of the present paper.
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From (6.3) it follows that
(6.4)  in(tn) — deu” = —Apel” + T (F(u uf”) = Fun(ta), un(tn))),
so that by subtracting (6.1) from (3.3) we get
Apey” = (10, — Hh)(F(uEL”), ug) - F(un(tn), un(tn))) — I, Apey”.

On the one hand, we may write g,jlﬁhAhegn) = egn) + (g,jlﬁh — A;l)A;LeEln), SO
that by using (2.17) we get

1A I Anel [l < et 1 + Ch2 9| Apel[lo. 5 =0, 1.

On the other hand, a simple duality argument and (2.17) show that ||g;1(ﬁh —
) fll; < Ch®>79||f||, for f € L3(2)%, j = 0,1, so that first applying this inequality to
f= F(ugln)7 ugln)) — F(up(tn), un(t,)) and then well-known inequalities (e.g., equation
[38, (3.7)]), we conclude that

(65) ekl < lesl; + on> =7 (el |l + [l 4ne ).

where the constant C' depends on ||u$1")||1 (which, as mentioned before, is bounded
for h sufficiently small) and on ||Apup(t,)]|,, which can be easily seen to be bounded

for 0 <t < T and h sufficiently small. Taking into account that h2_-7||Ahe§L")HO <
C||e§ln) ||;, we conclude that the temporal error é;l") of the fully discrete postprocessed

method is proportional to temporal error ezn) of the mixed finite-element approxi-
mation. Furthermore, for the second-order BDF formula, besides the estimates in
[13], in [23] we obtain O(t,*/*k2) and O(t;;2k?) estimates for [le™ ||y and || Axe!™ |
)

respectively, so that, in view of (6.5), the two errors é;bn) and eﬁln

equivalent as h — 0.
Finally, for the pressure, arguing as in the proof of Theorem 5.3 and using the

same arguments we have used for égln), one can easily show that also

are asymptotically

Hﬁh(tn) _ﬁ;,n)HLz/R S CHeﬁln)Hl

REFERENCES

. ApAMS, Sobolev Spaces, Academic Press, New York, 1975.
. AT Ou AMmMI AND M. MARION, Nonlinear Galerkin methods and mized finite elements:
Two-grid algorithms for the Navier—Stokes equations, Numer. Math., 68 (1994), pp. 189—
213.
[3] D. N. ArNOLD, F. BRrEzZI, AND M. FORTIN, A stable finite element for the Stokes equations,
Calcolo, 23 (1984), pp. 374-344.
. Avuso, J. pE FruToS, AND J. Novo, Improving the accuracy of the mini-element approxi-
mation to Navier—Stokes equations, IMA J. Numer. Anal., 27 (2007), pp. 198-218.
[5] B. Ayuso AND B. GARCIA-ARCHILLA, Regularity constants of the Stokes problem. Application
to finite-element methods on curved domains, Math. Models Methods Appl. Sci., 15 (2005),
pp. 437-470.

[6] B. AYuso, B. GARCIA-ARCHILLA, AND J. Novo, The postprocessed mized finite-element method
for the Navier—Stokes equations, SIAM J. Numer. Anal., 43 (2005), pp. 1091-1111.

[7] M. BAUSE, On optimal convergence rates for higher-order Navier—Stokes approzimations. 1. Er-

ror estimates for the spatial discretization, IMA J. Numer. Anal., 25 (2005), pp. 812-841.

S
> =

=
tw

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/18/17 to 150.214.182.208. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

<

< < = W

THE POSTPROCESSED MIXED FINITE-ELEMENT METHOD 229

. BrEzzI AND R. S. FALK, Stability of higher-order Hood—Taylor methods, SIAM J. Numer.

Anal., 28 (1991), pp. 581-590.

. G. CIARLET, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam,

1978.

. CONSTANTIN AND C. Fo1As, Navier—Stokes Equations, Chicago Lectures in Math., The

University of Chicago, Chicago, 1988.

. CROUZEIX AND P.-A. RAVIART, Conforming and nonconforming finite element methods for

solving the stationary Stokes equations, RAIRO, 7 (1973), pp. 33-75.

. J. Davis, Gamma function and related functions, in Handbook of Mathematical Functions

with Formulas, Graphs, and Mathematical Tables, M. Abramowitz and 1. A. Stegun, eds.,
Dover, New York, 1992 (reprint of the 1972 edition).

. EMMRICH, Error of the two-step BDF for the incompressible Navier—Stokes problem, M2AN

Math. Model. Numer. Anal., 38 (2004), pp. 757-764.

. Foias, O. MANLEY, AND R. TEMAM, Modelling of the interaction of small and large eddies

in two dimensional turbulent flows, RAIRO Modél. Math. Anal. Numér., 22 (1988), pp. 93—
118.

. Foias, G. R. SELL, AND E. S. TiTI, Ezponential tracking and approrimation of inertial

manifolds for dissipative nonlinear equations, J. Dynam. Differential Equations, 1 (1989),
pp. 199-243.

. DE FrRUTOS, B. GARCiA-ARCHILLA, AND J. NOvO, A postprocessed Galerkin method with

Chebyshev or Legendre polynomials, Numer. Math., 86 (2000), pp. 419-442.

. DE FrRUTOS AND J. NovoO, A spectral element method for the Navier—Stokes equations with

improved accuracy, STAM J. Numer. Anal., 38 (2000), pp. 799-819.

. DE FRUTOS AND J. Novo, A postprocess based improvement of the spectral element method,

Appl. Numer. Math., 33 (2000), pp. 217-223.

. DE FRUTOS AND J. NOvO, Postprocessing the linear finite element method, SIAM J. Numer.

Anal., 40 (2002), pp. 805-819.

. DE FruTOS AND J. NOvO, A posteriori error estimation with the p-version of the finite

element method for nonlinear parabolic differential equations, Comput. Methods Appl.
Mech. Engrg., 191 (2002), pp. 4893-4904.

. DE FRUTOS AND J. NovO, Element-wise a posteriori estimates based on hierarchical bases for

non-linear parabolic problems, Internat. J. Numer. Methods Engrg., 63 (2005), pp. 1146—
1173.

. DE FrRUTOS, B. GARCIiA-ARCHILLA, AND J. NOvO, A posteriori error estimates for fully

discrete nonlinear parabolic problems, Comput. Methods Appl. Mech. Engrg., 196 (2007),
pp. 3462-3474.

. DE FrRUTOS, B. GARCIA-ARCHILLA, AND J. NovO, Postprocessing Finite-Element Methods

for the Navier—Stokes Equations: The Fully Discrete Case, manuscript.

Fusita AND T. KATO, On the Navier—Stokes initial value problem. I, Arch. Ration. Mech.
Anal., 16 (1964), pp. 269-315.

P. GALDI, An Introduction to the Mathematical Theory of the Navier—Stokes Equations.
Vol. 1. Linearized Steady Problems, Springer-Verlag, New York, 1994.

. GARCiA-ARCHILLA, J. Novo, AND E. S. TITI, Postprocessing the Galerkin method: A novel

approach to approzimate inertial manifolds, SIAM J. Numer. Anal., 35 (1998), pp. 941-972.

. GARCIA-ARCHILLA, J. Novo, AND E. S. TITI, An approzimate inertial manifold approach to

postprocessing Galerkin methods for the Navier—Stokes equations, Math. Comp., 68 (1999),
pp. 893-911.

GARCiA-ARCHILLA AND E. S. TrITI, Postprocessing the Galerkin method: The finite-element
case, SIAM J. Numer. Anal., 37 (1999), pp. 470-499.

GIRAULT AND P. A. RAVIART, Finite Element Methods for Navier—Stokes Equations,
Springer-Verlag, Berlin, 1986.

GIRAULT AND J. L. LIONS, Two-grid finite-element schemes for the transient Navier—Stokes
problem, M2AN Math. Model. Numer. Anal., 35 (2001), pp. 945-980.

HE, Two-level method based on finite element and Crank—Nicolson extrapolation for the
time-dependent Navier—Stokes equations, STAM J. Numer. Anal., 41 (2003), pp. 1263—
1285.

He anD K. M. Liu, A multilevel finite element method for the Navier—Stokes problem,
Numer. Methods Partial Differential Equations, 21 (2005), pp. 1052-1078.

He aAnD K. M. Liu, A multilevel spectral Galerkin method for the Navier—Stokes equations,
II: Time discretization, Adv. Comput. Math., 25 (2006), pp. 403-433.

. HE, K. M. Liu, AND W. SuUN, Multi-level spectral Galerkin method for the Navier—Stokes

problem 1. Spatial discretization, Numer. Math., 101 (2005), pp. 501-522.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/18/17 to 150.214.182.208. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

230

37]

(38]

(39]
[40]

[41]

[42]

[43]
[44]

[45]

[46]

(47]

J. DE FRUTOS, B. GARCIA-ARCHILLA, AND J. NOVO

D. HENRY, Geometric Theory of Semilinear Parabolic Equations, Springer-Verlag, Berlin, 1991.

J. G. HEYWOOD AND R. RANNACHER, Finite element approximation of the nonstationary
Navier—Stokes problem. 1. Regularity of solutions and second-order error estimates for
spatial discretization, STAM J. Numer. Anal., 19 (1982), pp. 275-311.

J. G. HEYywooD AND R. RANNACHER, Finite element approzimation of the nonstationary
Navier—Stokes problem. 111: Smoothing property and higher order error estimates for spa-
tial discretization, STAM J. Numer. Anal., 25 (1988), pp. 489-512.

J. G. HEYwooD AND R. RANNACHER, Finite-element approzimation of the nonstationary
Navier—Stokes problem. IV: Error analysis for second-order time discretization, SIAM J.
Numer. Anal., 27 (1990), pp. 353-384.

P. HooDp AND C. TAYLOR, A numerical solution of the Navier—Stokes equations using the finite
element technique, Comput. & Fluids, 1 (1973), pp. 73-100.

Y. Hou aAnD K. Lip, A small eddy correction method for nonlinear dissipative evolutionary
equations, STAM J. Numer. Anal., 41 (2003), pp. 1101-1130.

C. LuBIiCH AND A. OSTERMANN, Runge-Kutta time discretization of reaction-diffusion and
Navier—Stokes equations: Nonsmooth-data error estimates and applications to long-time
behaviour, Appl. Numer. Math., 22 (1996), pp. 279-292.

L. G. MARGOLIN, E. S. TiT1i, AND S. WYNNE, The postprocessing Galerkin and nonlinear
Galerkin methods—A truncation analysis point of view, SIAM J. Numer. Anal., 41 (2003),
pp. 695-714.

C. R. LAaING, A. McROBIE, AND J. M. T. THOMPSON, The post-processed Galerkin method
applied to non-linear shell vibrations, Dynam. Stability Systems, 14 (1999), pp. 163-181.

M. A. OLSHANSKII, Two-level method and some a priori estimates in unsteady Navier—Stokes
calculations, J. Comput. Appl. Math., 104 (1999), pp. 173-191.

C. SANSOUR, P. WRIGGERS, AND J, SANSOUR, A finite element post-processed Galerkin method
for dimensional reduction in the mon-linear dynamics of solids. Applications to shells,
Comput. Mech., 32 (2003), pp. 104-114.

S. C. SINHA, S. REDKAR, V. DESHMUKH, AND E. A. BUTCHER, Order reduction of parametrically
excited nonlinear systems: Techniques and applications, Nonlinear Dynam., 41 (2005),
pp. 237-273.

Y. YAN, Postprocessing the finite element method for semilinear parabolic problems, SIAM J.
Numer. Anal., 44 (2006), pp. 1681-1702.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.





