Downloaded 04/17/17 to 150.214.182.208. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

SIAM J. NUMER. ANAL. (© 2008 Society for Industrial and Applied Mathematics
Vol. 47, No. 1, pp. 596-621

POSTPROCESSING FINITE-ELEMENT METHODS FOR THE
NAVIER-STOKES EQUATIONS: THE FULLY DISCRETE CASE*

JAVIER DE FRUTOS', BOSCO GARCIA-ARCHILLA¥, AND JULIA NOVO$
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1. Introduction. The purpose of the present paper is to study a postprocessing

technique for fully discrete mixed finite-element (MFE) methods for the incompress-
ible Navier—Stokes equations

u —Au+ (u-V)u+Vp=f,
div(u) =0,

A,_\
_ =
N =
— ~—

in a bounded domain Q C R? (d = 2,3) with smooth boundary subject to homoge-
neous Dirichlet boundary conditions v = 0 on 9. In (1.1), w is the velocity field, p
the pressure, and f a given force field. We assume that the fluid density and viscosity
have been normalized by an adequate change of scale in space and time.

For semidiscrete MFE methods the postprocessing technique has been studied
in [2, 3, 18] and is as follows. In order to approximate the solution u and p corre-
sponding to a given initial condition

(13) U(,O) = Uy,

at a time ¢t € (0,7T], T > 0, consider first standard MFE approximations u;, and pj, to
the velocity and pressure, respectively, solutions at time ¢ € (0, T'] of the corresponding
discretization of (1.1)—(1.3). Then compute MFE approximations @, and pp to the
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solution @ and p of the following Stokes problem,

d
(1.4) -Au+Vp=f— T (up - V)up, in Q,
(1.5) div (@)=0 in Q,
(1.6) =0 on 0.

The MFE on this postprocessing step can be either the same MFE over a finer grid
or a higher-order MFE over the same grid. In [2, 18] it is shown that if the er-
rors in the velocity (in the H! norm) and the pressure of the standard MFE ap-
proximations uy and pj, are O(t~("=2/2p7=1) 1 = 2.3 4, for t € (0,T], then those
of the postprocessed approximations @, and pj are O( (r=1/2p" [log(h)]|), that is,
an O(h |log(h)|) improvement with respect the standard MFE error bound) (see pre-
cise statement on Theorem 2.2 below), and if » > 3 (finite elements of degree at least
two), the O(h |log(h)|) improvement is also obtained in the L? norm of the velocity.

In practice, however, the finite-element approximations up and pp, can rarely
be computed exactly, and one has to compute approxnnatlons U ~ up(tn) and
P(n) ~ pp(tn) at some time levels 0 = tg < t1--- < ty = T, by means of a time
integrator. Consequently, 1nstead of the postprocessed approximations y(t,) and
Dh(tn), one obtains U ) and P as solutions of a systern similar to (1.4)—(1.6)
but with up on the rlght hand 51de of (1.4) replaced by U ) and uyp, replaced by an
appropriate approximation dy U ()

In the present paper we analyze the errors u(t,) — Uhn and p(t,) — ]5,5"). We
show that, if any convergent time stepping procedure is used to integrate the standard
MFE approximation, then the error of the fully discrete postprocessed approximation,
u(ty,) — U,(l"), is that of the semidiscrete postprocessed approximation u(t,) —
plus a term €, whose norm is proportional to that of the time-discretization error
en = up(tn) — U,En) of the MFE method, and, furthermore, we show é, = e, plus
higher-order terms for two particular time integration methods, the backward Euler
method and the two-step backward differentiation formula (BDF) [9] (see also [25,
section IIL.1]). We remark that the fact that €, is asymptotically equivalent to e,
has proved its relevance when developing a posteriori error estimators for dissipative
problems [17] (see also [15, 16]). To prove é, ~ e, we perform first a careful error
analysis of the backward Euler method and the two-step BDF. This allows us to
obtain error estimates for the pressure that improve by a factor of the time step k
those in the literature [10, 34].

It must be noticed that the backward Euler method and the two-step BDF are
the only G-stable methods (see, e.g., [26, section V.6]) in the BDF family of methods.
G-stability makes it easier the use of energy methods in the analysis, and this has
proved crucial in obtaining our error bounds. At present we ignore if error bounds
similar to that obtained in the present paper can be obtained without resource to
energy methods, so that error bounds for higher-order methods in the BDF family of
methods can be proved.

The analysis of fully discrete postprocessed methods may be less trivial than it
may seem at first sight, since although many results for postprocessed semidiscrete
methods can be found in the literature (see next paragraph) as well as numerical
experiments (carried out with fully discrete methods) showing an increase in accuracy
similar to that theoretically predicted in semidiscrete methods [3, 11, 14, 12, 20, 22],
the only analysis of postprocessed fully discrete methods is that by Yan [44]. There,
for a semilinear parabolic equation of the type u; —Au = F(u), A being the Laplacian
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operator and F' a smooth and bounded function, the postprocess of a finite-element
(FE) approximation when integrated in time with the backward Euler method with
fixed stepsize k is analyzed (higher-order time-stepping methods are also considered,
but only for linear homogeneous parabolic equations). Error estimates are obtained
where an O(k(1 + h?)) term is added to the bounds previously obtained for the
postprocessed semidiscrete approximation. It must be remarked, though, that in [44]
no attempt is made to analyze methods for equations with convective terms. In fact,
in [44], it is stated that “It is not quite clear how it is possible to generalize our
method to deal with a nonlinear convection term”. This is precisely what we do in
the present paper.

The postprocess technique considered here was first developed for spectral meth-
ods in [20, 21]. Later it was extended to methods based on Chebyshev and Leg-
endre polynomials [11], spectral element methods [12, 13], and finite element meth-
ods [22, 14]. In these works, numerical experiments show that, if the postprocessed
approximation is computed at the final time 7', the postprocessed method is com-
putationally more efficient than the method to which it is applied. Similar results
are obtained in the numerical experiments in [2, 3] for MFE methods. Due to this
better practical performance, the postprocessing technique has been applied to the
study of nonlinear shell vibrations [37], as well as to stochastic differential parabolic
equations [38]. Also, it has been effectively applied to reduce the order of practical
engineering problems modeled by nonlinear differential systems [42, 43].

The postprocess technique can be seen as a two-level method, where the postpro-
cessed (or fine-mesh) approximations %, and pj, are an improvement of the previously
computed (coarse mesh) approximations uj, and pn. Recent research on two-level
finite-element methods for the transient Navier—Stokes equations can be found in
[23, 27, 28, 40] (see also [30, 29, 36, 39] for spectral discretizations), where the fully
nonlinear problem is dealt with on the coarse mesh, and a linear problem is solved on
the fine mesh.

The rest of the paper is as follows. In section 2 we introduce some standard
material and the methods to be studied. In section 3 we analyze the fully discrete
postprocessed method. In section 4 we prove some technical results and, finally, sec-
tion 5 is devoted to analyze the time discretization errors of the MFE approximation
when integrated with the backward Euler method or the two-step BDF.

2. Preliminaries and notations.
2.1. The continuous solution. We will assume that € is a bounded domain
in R%, d = 2,3, of class C™, for m > 2, and we consider the Hilbert spaces
H={ue L2 ()¢ | div(u) =0, u - nj,, =0},
V = {u e Hy(Q)* | div(u) = 0},
endowed with the inner product of L2(Q)¢ and H{ ()%, respectively. For [ > 0 integer
and 1 < g < oo, we consider the standard Sobolev spaces, W4(2)¢, of functions with
derivatives up to order [ in L(Q), and H'(Q)? = Wh2(Q)9. We will denote by || - ||;
the norm in H'(Q)?, and || - | _; will represent the norm of its dual space. We consider
also the quotient spaces H'(Q)/R with norm ||p||z: /g = inf{||p+ | | ¢ € R}.

Let IT : L?(2)? — H be the L?(Q)? projection onto H. We denote by A the
Stokes operator on 2:

A:D(A)CH—H, A=-TA, D(A)=H*(Q)NV.
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Applying Leray’s projector to (1.1), the equations can be written in the form
ug + Au+ B(u,u) =IIf  in Q,

where B(u,v) = (u - V)v for u, v in H}(Q)4.
We shall use the trilinear form b(-, -, -) defined by
b(u,v,w) = (F(u,v),w) Yu,v,w € H}(Q)?,
where

1
F(u,v) = (u-V)v+ §(V cu)v Vu,v € HY(Q)4.
It is straightforward to verify that b enjoys the skew-symmetry property
(2.1) b(u, v, w) = —b(u,w,v) Yu,v,w € H(Q)%

Let us observe that B(u,v) = IIF(u,v) for u € V, v € H}(Q)%.
We shall assume that u is a strong solution up to time t = T', so that

(2.2) lu@lr < My, u(®)]|2 < M, 0<t<T,

for some constants M; and Ms. We shall also assume that there exists another
constant M such that

(2.3) [Fll+ el + I feells < Moy, 0<t<T.

Let us observe, however, that if for k > 2

Lk/2] [(k—2)/2] _
5 < J
O;IETH@ fH’f*P?Lk/?J + ; o;ugTHat fHk72j72 < 400,

and if Q is of class C*, then, according to Theorems 2.4 and 2.5 in [32], there exist
positive constants My, and Ky such that the following bounds hold:

(2.4) ()l + e lle—2 + 1O -1 jm < Mir ()72,

t
(2-5)/0 r=3(8) (Ilu(s) Ik + llus() ks + lp()Fpx—1 jm + IPs() 1 Fpams ) ds < K,

where 7(t) = min(t,1) and o, = e~ *=9)7"(s) for some a > 0. Observe that for
t <T < oo, we can take 7(t) = t and o,(s) = s™. For simplicity, we will take these
values of 7 and oy,

We note that although the results in the present paper require only (2.2) and (2.3)
to hold, those in [18] that we summarize in section 2.3 require that for r = 3,4, (2.4)-
(2.5) hold for k =r + 2.

2.2. The spatial discretization. Let 7}, = (7, ¢")ics,, h > 0 be a family of
partitions of suitable domains €2;,, where h is the maximum diameter of the elements
" € T, and ¢! are the mappings of the reference simplex 75 onto 7/*. We restrict
ourselves to quasi-uniform and regular meshes 7},.

Let 7 > 3, we consider the finite-element spaces

Sh,r = {Xh €C () | xnlnodl € Pr_l(TO)} CH' ), Sk, =ShrNHy(Qn),
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where P"~!(79) denotes the space of polynomials of degree at most  — 1 on 7. Since
we are assuming that the meshes are quasi-uniform, the following inverse inequality
holds for each vy, € (5’27T)d (see, e.g., [7, Theorem 3.2.6])

—m—d( L -1
(26) lonllwmagrys < OB 7 funlynr oy

where 0 <1 <m<1,1<q <qg<oo,and 7 is an element in the partition 7j.
We shall denote by (X4, -, Qp,r—1) the so-called Hood-Taylor element [5, 35], when
r > 3, where

d
Xnr=(S0,)" Qnr—1=>5hnr—1NL*()/R, r>3,

and the so-called mini-element [6] when r = 2, where Q1 = Sh2 N L?(2})/R, and
Xpo = (82’2)‘1 ® Bj,. Here, By is spanned by the bubble functions b,, 7 € T,

defined by b,(z) = (d + D)9\ (z) - Agy1(), if 2 € 7 and 0 elsewhere, where
A1(x), ..., Aa+1(z) denote the barycentric coordinates of x. For these elements a
uniform inf-sup condition is satisfied (see [5]), that is, there exists a constant 5 > 0
independent of the mesh grid size h such that

V-
(2.7) inf  sup IV )
0 €Qnr—1 v,eX,,, [[Vnll1llanllz2/m

The approximate velocity belongs to the discretely divergence-free space
Vi = Xnr 0 {xn € Hy ()" | (gn, V- xn) =0 Van € Qnp-1},

which is not a subspace of V. We shall frequently write V}, instead of V}, , whenever
the value of r plays no particular role.
Let IIj, : L2(2)? — V}, - be the discrete Leray’s projection defined by

(T, xn) = (U, xn)  YXh € Vir.
We will use the following well-known bounds
(2.8) (I —Tp)ull; < CR I |ull;, 1<1<2, j=0,1.

We will denote by Ay, : Vi, — V}, the discrete Stokes operator defined by
(Vun,Von) = (Apvn, én) = (A;l/2vh,z4;1/2¢h) Yoy, on € V.

Let (u,p) € (H2(Q)4NV) x (H*(Q)/R) be the solution of a Stokes problem with
right-hand side g, we will denote by s;, = Sp(u) € V}, the so-called Stokes projection
(see [33]) defined as the velocity component of solution of the following Stokes problem:
find (sp,qn) € (Xn,r, Qn,r—1) such that

(2.9) (Vsn, Von) + (Van, dn) = (g, dn) Von € Xn,r,
(2.10) (V-sp,9n) =0 Vi € Qur—1-

Obviously, sp, = Sp,(u). The following bound holds for 2 <1 < r:

(2.11) lu = sllo + hllu = sulls < O (llully + 1Pl -1 2).
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The proof of (2.11) for Q = Qj, can be found in [33]. For the general case, §2;, must
be such that the value of §(h) = maxgecaq, dist(x, 0N) satisfies

(2.12) s(h)y=0 (h2(r’1)) .

This can be achieved if, for example, 99 is piecewise of class C2("~1 and superpara-
metric approximation at the boundary is used [1]. Under the same conditions, the
bound for the pressure is [24]

(2.13) lp = anllz2/m < Coh' = (llulle + Ipll -1 /).

where the constant Cg depends on the constant § in the inf-sup condition (2.7).

In the sequel we will apply the above estimates to the particular case in which
(u,p) is the solution of the Navier—Stokes problem (1.1)-(1.3). In that case s is
the discrete velocity in problem (2.9)—(2.10) with ¢ = f — u; — (u - Vu). Note that
the temporal variable ¢ appears here merely as a parameter and then, taking the
time derivative, the error bounds (2.11) and (2.13) can also be applied to the time
derivative of s;, changing u, p by w¢, p¢, respectively.

Since we are assuming that €2 is of class C™ and m > 2, from (2.11) and standard
bounds for the Stokes problem [1, 19], we deduce that

(2.14) (AT — A ') ij < Ch%||fllo VfeL*(Q)4, j=0,1.

In our analysis we shall frequently use the following relation, which is a conse-
quence of (2.14) and the fact that any fj, € V}, vanishes on 02. For some ¢ > 1,

1 s s
(2.15) - HA,/thHO < falls < cHAh/thHO Vi € Vi, s=1,—1.

Finally, we will use the following inequalities whose proof can be obtained applying
[32, Lemma 4.4]

(2.16) ||UhHoo < C”Ah'Uh”O Yop € Vi,

(2.17) IVunllzs < ClIVunlle? | Anvn s Yup, € Vi

We consider the finite-element approximation (up,pp) to (u,p), solution of (1.1)-
(1.3). That is, given up(0) = IIpug, we compute up(t) € Xp, and pp(t) € Qnr-1,
t € (0,7, satisfying

(2.18) (@n,én) + (Vun, Von) + b(un, un, &n) + (Von, on) = (fién) Yén € Xnr,
(2.19) (V-un,¥n) =0 Vn € Qnyr—1.

For convenience, we rewrite this problem in the following way,
(2.20) up + Apun + Br(un, up) =Hpf,  un(0) = Hauo,
where By, (u,v) = I, F(u,v).

For r = 2,3,4,5, provided that (2.11)—(2.13) hold for I < r, and (2.4)—(2.5) hold
for k = r, then we have

(2.21) [u(t) —un(®)llo + bllu@®) —un(t)lL < Creg, 0<t<T,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/17/17 to 150.214.182.208. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

602 J. DE FRUTOS, B. GARCIA-ARCHILLA, AND J. NOVO

(see, e.g., [18, 32, 33]), and also,

r—1

h
(2.22) [p(t) — pr ()| L2/m < CW’ 0<t<T,

where 7' = r if r <4 and ' = r + 1 if r = 5. Results in [18] hold for h sufficiently
small. In the rest of the paper we assume h to be small enough for (2.21)-(2.22) to
hold.

Observe that from (2.21) and (2.2) it follows that ||up(t)|1 is bounded for 0 <
t < T. However, further bounds for up(t) will be needed in the present paper, so we
recall the following result, which, since we are considering finite times 0 < T < 400,
it is a rewriting of [34, Proposition 3.2].

PROPOSITION 2.1. Let the forcing term f in (1.1) satisfy (2.3). Then, there ezists
a constant Mz > 0, depending only on My, || Apun(0)|lo and supg<,<rp ||un(t)|1, such
that the following bounds hold for 0 <t < T': S

(2.23) Foo(t) = [|[Apun(t)||2 < M3,
(2.24) Fuo(t) = | A Pan ()2 < MZ, r=0,1,2,
(2.25) Fo(t) = "2 A 2, (0|2 < MZ, r=—1,0,1,
t
(2.26) Il,r(t)z/ T A 2y (s)||2ds < M2, r=1,2,
0
t
(2.27) Ig,r(t)z/ ST AT i (s) |2 ds < M2, r=—1,0,1.
0

2.3. The postprocessed method. This method obtains for any ¢t € (0,7
an improved approximation by solving the following discrete Stokes problem: find

(i (t), pr(t)) € (X, Q) satisfying

228)  (Van().V6) + (Vhn(t).6) = (£.9) — b (un(t), un(t). )

(2.29) (v : ah(t),zz) —0 Vged,

where (X, Q) is either:
(a) The same-order MFE over a finer grid. That is, for A’ < h, we choose
(XaQ) = (Xh',Tth/,r—l)' o
(b) A higher-order MFE over the same grid. In this case we choose (X, Q) =
(Xh7r+1th7r)' _
In both cases, we will denote by V' the corresponding discretely divergence-free space
that can be either V' = Vj/ . or V =V}, .11 depending on the selection of the postpro-
cessing space. The discrete orthogonal projection into V will be denoted by I, and
we will represent by A}, the discrete Stokes operator acting on functions in V. Notice
then that from (2.28) it follows that 4y, (t) € V and it satisfies

(2.30) Aniin() = T (f = Fun(t), un(t)) — in(t)).

In [18] the following result is proved.
THEOREM 2.2. Let (u,p) be the solution of (1.

1)-(1.3) and for r = 3,4, let (2.4)—
(2.5) hold with k = r + 2 and let (2.11) hold for 2 <1 <

r. Then, there exists a
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positive constant C' such that the postprocessed MFE approximation to u, up satisfies
the following bounds for r = 3,4 and t € (O T]
(i) if the postprocessing element is (X, Q) = (Xps r, Qurr—1), then

) C i O |
(231) )~ (0l < g ) g log (W], G =0,1,

N c _
(232) Io(6) ~ pn(O)lzse < g (O + g

et Tog (b,

(ii) if the postprocessing element is (X, Q) = (Xpn r+1, Qn.r), then

_ c ., .
(2.33) lu(t) —an@®)ll; < so=pzh 1 log (h)], j=0,1,
(2.34) () = Pr()llz2/m < Srmpy75 " og (R)]-

Since the constant C' depends on the type of element used, the result is stated
for a particular kind of MFE methods, but it applies to any kind of MFE method
satisfying the LBB condition (2.7), the approximation properties (2.11)—(2.13), as
well as negative norm estimates, that is,

[ = 8| —m < CAF™R =2 () 4 ||| -1 /g)

form =1,2 and 1 <[ < r. For these negative norm estimates to hold, it is necessary
on the one hand that (2 is of class C>**™ and, on the other hand, that X, , C Hg Q)4
so that X, , consists of continuous functions vanishing on 99 (i.e., discontinuous
elements are excluded).

As pointed out in [18, Remark 4.2], with a much simpler analysis than that needed
to prove Theorem 2.2, together with results in [2], the previous result applies to the
so-called mini element (r = 2) but excluding the case j = 0 (L? errors) in (2.31)
and (2.33).

3. Analysis of fully discrete postprocessed methods.

3.1. The general case. As mentioned in the Introduction, in practice, it is
hardly ever possible to compute the MFE approximation exactly, and, instead, some
time-stepping procedure must be used to approximate the solution of (2.18)—(2.19).
Hence, for some time levels 0 = tg < t; < --- < ty = T, approximations Uh" &
up(tn) and P, (")~ pu(t,) are obtained. Then, given an approximation dIU,(L”) to
1 (tn), the fully discrete postprocessed approximation (U, ,(L”), ]5,5")) is obtained as the
solution of the following Stokes problem:

(3.1)
(0017, 53) - (FF7.5) = (14) -0 (0080.3) - (dei.5) vie
(3.2) (v-U,E”’,&) 0 VieQ,

where (X, Q) is as in (2.28)~(2.29). Notice then that U™ € V and it satisfies

(3.3) a0 =1, (£ - F (U, 0") - d;u”) .

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/17/17 to 150.214.182.208. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

604 J. DE FRUTOS, B. GARCIA-ARCHILLA, AND J. NOVO

For reasons already analyzed in [17] and confirmed in the arguments that follow, we
propose

(3.4) U =1 f = 408" = By, (0f7, Ui

as an adequate approximation to the time derivative 4y, (¢, ), which is very convenient
from the practical point of view.

We decompose the errors u(t) — U ,(l") and p(t) — 15,5") as follows,

(3.5) u(t) = O = (u(t) — an(tn)) + ens
(3.6) p(tn) = B = (p(tn) — pn(tn)) + o,

where é,, = Up(t,) — U,(l") and 7, = pp(tn) — P, are the temporal errors of the fully
discrete postprocessed approximation (U ,Sn), 15,5")) The first terms on the right-hand
sides of (3.5)—(3.6) are the errors of the (semidiscrete) postprocessed approximation
whose size is estimated in Theorem 2.2. In the present section we analyze the time
discretization errors €, and 7.

To estimate the size of €, and 7,, we bound them in terms of

€n = uh(tn) - U}(ln)a

the temporal error of the MFE approximation. We do this for any time-stepping
procedure satisfying the following assumption

(3.7) im max |le,llo=0, and llr]?jgpoglzmng llen]lr = O(1),

1
k—00<n<N

where k = max{t, —t,—1 | 1 <n < N}. Bounds for |le,||o and ||e,||1 of size O(k?/t,,)
and O(k/ ty/ %), respectively, have been proven for the Crank-Nicolson method in [34]
(see also [41]). The arguments in [10] can be adapted to show that, for the two-step
BDF, |e,|l; < Ck*>79/2/t,, for 2 < n < N, j = 0,1 (although in section 5 we shall
obtain sharper bounds of ||e,||1). For problems in two spatial dimensions, bounds for
a variety of methods can be found in the literature (see a summary in [31]).

In the arguments in the present section we use the following inequalities [34, (3.7)]
which hold for all vy, wy, € Vj, and ¢ € H (Q)%:

(3.8) 1b(on, v, 9)| < cllonll? 2 Anvnlle”* 1 6llo,
(3.9) 1b(0n, why &)] + [b(wh, vh, &) < cllon 1]l Anwnllo]|¢llo,
(3.10) (0, wh, @)] + |b(wn, vn, &)] < l[on 1wl ISl

PROPOSITION 3.1. Let (2.11) hold forl = 2. Then, there exists a positive constant
C = C(maxo<i<7 ||Anun(t)|lo) such that

(3:11)  lén —enlly < CR*7 ([lenlls + llenll§ + [|Anenllo), 7=0,1, 1<n <N,
(3-12) | Fall2@/r < C(l1Enll + llenlls + llenll?), 1<n<N.

Proof. From (3.4) and (2.20) it follows that

(3.13)  an(tn) — ;U™ = —Ape, + 11, (F (U,E’”, U,E’”) — Flup(ty), uh(tn))) ,
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so that subtracting (3.3) from (2.30) and multiplying by K;l we get
(3.14) En = — AL (1 — Ty )g + A; T Apen,
where g = F(up(tn), un(tn)) — F(U,(Ln), U,(Ln)). By writing
A M Anen = e+ (ATl — A31) Aven,

and applying (2.14) we get
(3.15) 16n — enll; < Hﬁglﬁh(f - Hh)gHj R || Anenllo, j =0, 1.
Similarly, for g we write
(816) Ay Ta(I—T)g = (A, Ty — A7) (1 = T)g + AT — TTy)g.
In order to bound the first term on the right-hand side above we first apply (2.14),
and then we observe that [|[(I — IIj)g|lo < ||g|]lo- For the second term on the right-
hand side of (3.16), we may use a simple duality argument and (2.8), so that we have
|4, L (I — Iy)gll; < CR*7llgllo. Now, by writing g as
(3.17) g = F(en,up(tn)) + Flup(tn),en) — Flen,en),
a duality argument and (3.8)—(3.9) show that

| A7z~ g < cn®= (lAwuntta)llollealls + llea Y2l Anen 7°)
Applying Hélder’s inequality to the last term on the right-hand side above, the bound

(3.11) follows from (3.14) and (3.15).
For the pressure, subtracting (3.1) from (2.28) and recalling (3.13) we have

(frn,V . qﬁ) - (Vén,vé) n (g,&) n (uh _ d;*Uh"),J)) ,

for all ¢ € X, where g is as in (3.17). Then, thanks to the inf-sup condition (2.7), we

have

Taking into account the expression of g in (3.17) and applying (3.10) it follows that

+ |anta) - d;Ui

m e. 7&
17|22y < C <|en||1 + sup (g, )l
sex lolh

1l z2@y/m < C (Ienll + leall (luntta)ll + lleallt) + lin = diU™-1) |

so that (3.12) follows by applying Lemma 3.2 below, (2.15), and using the fact that
[un(tn)lls < CllAnun(tn)llo. O

LEMMA 3.2. Under the hypotheses of Proposition 3.1, there exists a constant C' =
C(maxo<i<7 ||un(t)|l1) > 0 such that the following bound holds for 1 <n < N:

(3.18) Huh —daU™

< CHA}L/Qen
1

(14 %eulo)
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Proof. Since i, — d;*U,(L”) € Vi, we have

)

Huh — U™ )

SO (i =)

due to (2.15). Thus, in view of (3.13), the lemma is proved if for
g = F(un(tn),un(ta)) = F (U, U

we show that ||A,:1/2th||o can be bounded by the right-hand side of (3.18). If we
write g as in (3.17), a simple duality argument, (3.10), and the equivalence (2.15)
show that, indeed,

|4 11ag | < Cllenll (lun(ta) s + llenlr)-

Since according to (2.15), |lenllr and ||A,11/2en||0 are equivalent, then the result

follows. d

Since we are assuming that the meshes are quasiuniform and, hence, both (2.6)
and (2.15) hold, we have Ch?*77||Apenllo < Cllen|l; and Chllen|l1 < Cllenllo. Thus,
from (3.11)—(3.12) and (3.7) the following result follows.

THEOREM 3.3. Let (2.11) hold for | = 2 and let (2.3) hold. Then there ezists a
positive constant C depending on max{Fso(t) | 0 < ¢t < T}, such that if the errors
en = up(tn) — U,S"), 1 < n < N of any approzimation U,S") ~ up(ty) for 0 =
ty < -+ < ty satisfy (3.7), then the (fully discrete) postprocessed approzimations
(U,S"),P,En)) solution of (3.1)—(3.2) satisfy

(3.19) Hﬂh(tn) — g™

<Clut)-U|| . 1<n<N, j=0,
J

j
(3.20) Hﬁh(tn) — p™

< CHuh(tn) ™

, 1<n<N,

L2(Q)/R 1

for k sufficiently small, where (an(tn), pn(tn)) is the (semidiscrete) postprocessed ap-
prozimation defined in (2.28)—(2.29).

3.2. The case of the BDF. Better estimates than (3.19) can be obtained when
[|Anenl|, can be shown to decay with k at the same rate as ||e,, ||, As mentioned in the
introduction this will be shown to be the case of two (fixed time-step) time integration
procedures in section 5: the backward Euler method and the two-step BDF [9] (see
also [25, section III.1]). We describe them now.

For N > 2 integer, we fix k = At = T/N, and we denote ¢t,, =nk,n=0,1,...,N.
For a sequence (y,,)Y_, we denote

Dy, =yn —Yn-1, n=12...,N.

Given U,(lo) = up(0), a sequence (U,Sn),P}E")) of approximations to (up(tn), pr(tn)),
n=1,...N, is obtained by means of the following recurrence relation:

(321) (aU”,0n) + (VU Vo)
+6 (U0 n) = (B V- n) = (£.00) ¥on € X,

(3:22) (VU 0n) =0, Vin € Quro,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/17/17 to 150.214.182.208. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

POSTPROCESSING FINITE-ELEMENT METHODS 607

where d; = k~'D in the case of the backward Euler method and d; = k=!(D + 1 D?)
for the two-step BDF. In this last case, a second starting value U, }(11) is needed. In
the present paper, we will always assume that U,(ll) is obtained by one step of the
backward Euler method. Also, for both the backward Euler and the two-step BDF,
we assume that U, ,50) = up(0), which is usually the case in practical situations.

In order to cope for the minor differences between the two methods, we set

(3.23) lo = {1, for the backward Euler method,

2, for the two-step BDF.

Under these conditions, we show in Lemma 5.2 and Theorems 5.4 and 5.7 in

section 5 that the errors e, of these two time integration procedures satisfy that

klo
(3.24) leallo +tullAnenllo < Co =g, L<n <N,

n
for a certain constants C; and Cs. These are, respectively, the terms between paren-
theses in (5.23) and (5.33) below, which as Proposition 2.1 above and Lemma 4.3
below show, can be bounded for T > 0 fixed. Thus, from Proposition 3.1 and (3.24)
the following result follows readily.

THEOREM 3.4. Under the hypotheses of Proposition 3.1, let the approximations
Uhn), n=1,...,N be obtained by either the backward Fuler method or the two-step
BDF under the conditions stated above. Then, there exist positive constants C| =
C(Cy), forl = 1,2, and k', such that for k < k' the temporal errors &, of the fully
discrete postprocessed approzimation satisfy that €, = ey + ry, and

Lo
[rall; < Ci 7 ==, j=0,1, 1<n<N.
tn

We remark that a consequence of the above result is that for these two methods
the temporal errors of the postprocessed and MFE approximations are asymptotically
the same as h — 0. This allows to use the difference 4\ = U™ — U™ as an a
posteriori error estimator of the spatial error of the MFE approximation, since, as
shown in [15, 16, 17], its size is that of u(t) —up(t) so long as the spatial and temporal
errors are not too unbalanced.

We also remark that at a price of lengthening the already long and elaborate
analysis in the present paper, variable stepsizes could have been considered following
ideas in [4], but, for the sake of simplicity we consider only fixed stepsize in the analysis
that follows.

4. Technical results.

4.1. Inequalities for the nonlinear term. We now obtain several estimates
for the quadratic form Bp(v,w) = I, F(u,v) that will be frequently used in our
analysis. We start by proving an auxiliary result.

LEMMA 4.1. Let (2.11) hold for I = 2, Then, the following bound holds for any
Jrsgn, and by, in Vi:

41)  [B(fns g )| + 1B(gns frron)| < Cll AR Fulloll A, 2 anlloll Antdonlo-

Proof. To prove this bound we will use the following identity,

I=A""IA, + (A" — A7) A,
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It will be applied to either f; or ¥, whenever any of their derivatives appears in the
expressions of b(fr, gn, ¥r) and b(gn, fr,¥n). We deal first with the second term on
the left-hand side of (4.1). Integrating by parts we may write

b(gn, frsn) = %((gh V) fryon) — %((gh -V )Un, fn)

= 3 lon - )AL ) = 5 (g0 - V)AL, f)
1

+5(gn- V) (At — A7) Ap fa, ¥n)
3 (o) (43— A7) A, )

Using (2.14) with 7 = 1 and (2.16), the last two terms on the right-hand side above
can be bounded by

Ch([|Anfulloll¥nllse + [ Antnlloll frllso) lgnllo < ChllAn falloll Antonllollgnllo-

By writing [lgnllo < |43/ *loll 4, *gnllo < Ch=1]| A4, *gallo, we thus have

N =

1
08 (gns fro o)l < < [((gn - VYA TLAL fr,0bn) | + 3 |((gn - V)AT ARy, fr)|
+ CllAnfulloll Antnllo [ 45 ga | -

Now, applying Holder’s inequality it easily follows that

|((gn - V)AT ILfr, 4n) | <
Clignll—1 (|A™ AR fa |, [¥nlloo + [|[VATTLAR fa || o V¥Rl L3) ,

so that, applying (2.16)—(2.17) and regularity estimates for the Stokes problem, and
standard Sobolev’s inequalities we have

(4.3) [((gn - VYA T fn,v0n) | < Cllgnll=1 ]| An falloll Antonlo-

Also, arguing similarly, |((gn - V)A™ ' TAzn, fr)| < Cllgnl-1l[AnfallollAntnllo, so
that from (4.2) and (4.3) it follows that

6(gns fus )] < C (lgnll-1 + 452 gn ] ) IAnsulloll Antonllo.

Now, recalling the equivalence (2.15) we have

(4.4) 6(gis Farn)| < C [ 45 2gn]| 1 Ansullol Anténllo.
For the second term on the left-hand side of (4.1), thanks to (2.1) we may write

6(fns gns o)l < [((fn - V)AT TLARYR, gn) | + [ ((V - A7 TLAR fn) ©n, gn) |
+|((fn- V) (A" = A7) Aptn, gn) |
+ (V- (4, = A7) Apfa) dns gn)|
so that

16(Fns g )| < (||(fn - VAT TARY|, + || (V- A7 AR ) n|,) g1
+ Chl|An falloll Antbnllollgnllo-
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1/2

Then, recalling that ||gxllo < Ch™!|A;, " “gnllo and (2.15), arguments like those used

from (4.2) to (4.4) also show that

b iy 9> )| < CILA 2 gnllol| An fallol Antonllo,

so that, in view of (4.4), the proof of (4.1) is finished. O
LEMMA 4.2. Under the conditions of Lemma 4.1, there exists a constant C > 0
such that the following bounds hold for v, wn € Vj,

(4.5) HAiﬂBh(’Uh,’wh)Ho + HA{LmBh(’wh,’Uh)HO <C HAgljJrl)/%]hHO ||Ahwh||0,
for j=-2,-1,0,1, and

(4.6) I1Br(onson)llo < Cllonll3" || Anonll’?,
(4.7) A7, B (va, vi)llo < Cllvnllollonllr-

Proof. The cases j = —1,0 in (4.5) as well as (4.6) are easily deduced from the
fact that for every vy, € Vj, ||A,11/2vh||0 = ||Vorllo, (2.16), and from standard bounds
(e.g., (3.8), [34, (3.7)]) .

If we denote fr, = wy, gn = vp, and, for ¢p € Vi ¢ = A,:lth, case j = —2
in (4.5) is a direct consequence of standard duality arguments and (4.1). Also, arguing
by duality the bound (4.7) is a straightforward consequence of well-known bounds for
the trilinear form b (e.g., [34, (3.7)]).

Finally, for the case j = 1 in (4.5), we argue by duality. For ¢, € V},, thanks
to (2.1), we have

b (Uh, Wh, A;11/2¢h) +b (wh, Uh, A;11/2¢h) =-b (Uh,A;lL/ch)h,wh) —b (wh, A;ll/2¢h, Uh) ;
so that, by denoting g, = A,ll/2¢h, the case 7 = 1 in (4.5) is a direct consequence of

(41). O

4.2. Further a priori estimates for the finite-element solution. We main-
tain the notation tacitly introduced in Proposition 2.1,

2 t
r+20—3
, and Il,T:/ s
0 0

LEMMA 4.3.  Under the conditions of Proposition 2.1, there exists a positive
constant My such that for 0 <t < T the following bounds hold:

2

ds.
0

2 d 2 d
’Ahm@“h(t) AP un(®)

_ 4r+2(l-1
E,T’ - tT’ ( ) h dSl uh

(4.8) Py, o(t) = || Ay in(t)]|, < Ma,
t 2
(4.9) Balt) = [ [4:%i0n(0)] as <
0
t
(4.10) Iy o(t) :/ s || Apiin(s)||2 ds < My,
t 0 2
(4.11) ba(t) = [ A7) ds < i,
0

t 2 B
(4.12) kﬂwumw=As%MPM@mm+#Mmm%3M4
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Proof. Taking derivatives with respect to ¢ in (2.20) and multiplying by A, ' we
have

Ay Ny, = A e — n — Ay (B (s, un) + By (un, ).
Applying Lemma 4.2 we have
|45 (B (itn, un) + Bu(un, in))||, < CllAnunllo HA,;l/ZuhHO < C|| Anunollinllo,

so that (4.8) follows from (2.3), (2.23), and (2.24) with r = 0.
We now prove (4.9). Taking derivatives twice with respect to ¢ in (2.20) and

multiplying by A,:?’/ ? we have
—3/2... —3/2 ~1/2.. _gj2 d?
(4.13) Ah Up = Ah thtt — Ah Up — Ah -

dt2 Bh(uh, uh).

Taking into account that for vy, € V},, we have ||A,:3/2vh||0 < C||A; 'vnllo, and that

2

4.14 —

By, (un,up) = Bp(iin, up) + 2Bp(tn, un) + Br(up, i),

then, applying the bound (4.5) for j = —2 with vy = iy, and wy, = up, on the one
hand, and, on the other, (4.7) with v, = @, it follows

_g/0 d?
HAh / ﬁBh(uh,uh)

—-1/2.. . .
< CllAunllo [ 45, in| -+ lanlollinll,
0

so that the bound (4.9) follows from (4.13), (2.3), and the fact that A,:B/Q is bounded
independently of h, together with (2.23), (2.24) with r = 0, (2.26) with r = 1,
and (2.27) with r = —1.

We now prove (4.10). Taking derivatives twice with respect to t in (2.18) and
then setting ¢ = t3Ayiis, we have

2

15d 2. 1%, .3 IR, J
St [ A Zin |+ Anin I3 = # ( fu — 2

Bh(uh,uh),Ahfbh) :

i _ 42 i 2 a2 2,1 .2 -
Since |( fit — G5z B (un, un), Antin)| < || fetllg + 1 g5z Bu(un, un) || + 5| Aniin ||, it follows
that

2 2

d " " d
2 (P14 i) + 1 Aniinl13 < 260 £ 3 || 55 B (un, un)

(4.15) d

0

2
+ 362 |43 % -

Now recall (4.14) and apply (4.5) with v}, = @, and wy, = uy, on the one hand, and,
on the other, (4.6) with v, = uy, to get

2 3/2
| mntuns| < (it |y, + a2 paani).
0

so that, in view of (2.23)—(2.25) it follows that

e 2
— By (up, up)

4.1 3
(4.16) 7

<C (1 + t1/2) M
0
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Integrating with respect to ¢ in (4.15) and taking into account (2.3), (2.25) with r = 1,
and (4.16), the bound (4.10) follows.

To prove (4.12), we take derivatives twice with respect to ¢ in (2.18) and then we
set ¢ = t* AU}, so that

d2

d .
— || Apiip || = t* <ftt - ?Bh(uhauh)aAhuh> ,

2 1
|, + 5t
no Uh 0+2 dt

d
. 1/2
and, since || A, "Iy fitllo < Ol feell1,
(4.17)
all 4172 17 @ 4 .12 3 .12
t HAh uhHoJrE (" Aniinll5) <4t Anin g

2

d
+ 2t4 <02||ftt||? + HA”Q

h dtQBh(uhauh)

)

Applying (4.5) to bound the third term on the right-hand side above we have

2

< Ct* (|| Anun gl Aniinllg + | Aniinll)
0

< CtR (14 M3 ()| Aniin I3 + ¢l Aniin 3)

d2
A1/2 —Bh (uh, uh)

4
t h dt2

(4.18)

the last inequality being a consequence of (2.23) and (2.24) with r = 2. Thus, inte-
grating with respect to t in (4.17) and applying (2.3), (2.26) with r = 2, (4.18), and
(4.10), the bound (4.12) follows.

Finally, since standard spectral theory of positive self-adjoint operators shows
that ||A;, /2,2 < [|A, %% |lo|| A} 5 nllo, by applying Hélder’s inequality the
bound (4.11) follows from (4.9) and (4.12). a

5. Error estimates. In this section we obtain error estimates for the temporal
errors e, of the two BDF described in section 3.2, the backward Euler method and
the two-step formula (3.21)—(3.22), for which, an equivalent formulation is

(5.1)  dU" = =AU = B (U, U) + T f(t), o <n < N.

We remark that although higher regularity was required in section 2.3, in what
follows it is only required that Q is of class C? and that (2.11)—(2.13) hold for | = 2.
A simple calculation shows that for a sequence (y,)_, in V4,

n

1 1 1
(5.2) Z(yj,Dyj) = 5”%”% - §||yl71H(2J t3 Z IDy;ll5, 1<1<n<N,
=l =l

and, for 2 <1 <n <N, (see, e.g., [10, (2.4b)])

= 1 1 1 1 ¢
5 (v (D4 50°) 05 ) =3Il + o+ Dol + 1 3 10%12
(5.3) i =1

1 1
- ZHyl_ng - ZHyl—l + Dy |5
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As mentioned in section 3.2, we shall assume that ey = 0 although in some of the
previous lemmas this condition will not be required. It must be noticed that eg = 0
is not a serious restriction, since, on the one hand, it is usually satisfied in practice,
and, on the other hand, were it not satisfied, there are standard ways to show that
the effect of ey # 0 decays exponentially with time.

The finite-element approximation uy to the velocity satisfies

(5.4) dyun(tn) + Apun(tn) + Bu(un(tn), un(tn)) — I f(tn) = T,
where
(5.5) Tn = deup(tn) — Un(tn k/ tn_1)tp(t)dt, n=1,2,...,N,

for the backward Euler method, and, for the two-step BDF,

1 [t 1
(5.6) S / (Z(t ), — tn_g)) i (£) dit,
koo, 2
where for z € R, ;1 = max(z,0), and, also,
1 [l s 1 5\ d®
. n = — 2(t — t,— — —(t =ty —_— t) dt.
61 mmg [ (et = G tn)) Srm

Subtracting (5.1) from (5.4), we obtain that the temporal error e, satisfies
(5.8) dien, + Apen + Bp(en, up(t ))—I—B(U(n en) = Tp, n=23,...,N.

We shall now prove a result valid for both the backward Euler method and the
two-step BDF.

LemMMA 5.1. Fix T > 0 and M > 0. Then, there exist positive constants kg
and C, such that for any for k < ko with Nk =T, and any four sequences (Y,,)N_,
(Va)N_o, (W)N_,, and (gn)2_, in Vi satisfying

(59) ma'X(HAhVnH’”AhWn”)§M7 TLZO,l,,N,
and
(5.10) diY; + ApYi + Br(Y;, Vi) + Bo(Wi, V) = gi,  i=lo,..., N,

where ly is the value defined in (3.23), the following bound holds for n = lg,..., N,
and j =—-2,-1,0,1,2.

(5.11)

. 2 n . 2
J/2 (j+1)/2
il e S

sor(lenf sl

o)

When j = 0, condition (5.9) can be relazed to ||ApV,|| < M, forn=0,1...,N.
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Proof. Take inner product with A’Y; in (5.10) so that we have
(5.12)

) g < ) )|
where

Applying Holder’s inequality to the last term on the right-hand side of (5.12) and
rearranging terms we have

1 , 2 2
- A§LJ+1)/2}/’L_

A(J 1)/ ;
2 H 0 g

(5.14)  (diA]/*v, 43%Y;) +

<[z )

2H 0’

For j > —2, we write (Z;, A%YZ) = (A;lj_l)/zZi, Agjﬂ)/zYi), so that applying Holder’s
inequality and Lemma 4.2 with V; and W; taking the role of v, and wy, in (4.5), and
recalling (5.9) we have

(7))

HAJ 1)/2

’Agﬂ /2y,

4 ‘ 0

(5.15)
< C2 M2 HAJ/2

’Agﬂ /2y,

+3l
Notice that when j = 0, due to the skew-symmetry property (2.1) of the trilinear
form b we have [(Z;,Y;)| = [b(Y:, Vi, Y;)], so that only ||AnVi|lo < M is necessary for
(5.15) to hold; that is, no condition on A,W; is required. For j = 2, on the other
hand, we write (Z;, A%Y) (A]/QZZ, Aj/2 Y;), so that arguing similarly we have

0

(20 4;7Y)| < 43 Zi) || 43 < O || 4,2,

Ay,
(5.16) s 1 e 2
<cnr |yl av]

In all cases, then, from (5.14) it follows that for an appropriate constant Cy > 0

) . 1 . 2 2
(Vi f7%0) + g [ a2

3

, 2 1 o
<]+ 3ol

so that multiplying this inequality by k¥ and summing from [y to n, and recalling (5.2—
5.3), after some rearrangements we can write

(5.17)
‘AJ/2

Z HA<J+1>/2

< g (v to-w i om, 1H)

- 210
Z HA(J 1)/2

+ COM%Z HAW

|

A simple calculation shows that

. 2 . 2 . 2 . 2
|42 w|| + | a20n + o) < 7|4 4343
0 0 0
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so that multiplying by 2ly in (5.17) and taking into account that 2lp/4 < 1, for an
appropriate constant C’ we may write

2 n . 2
k HA(jJrl)/2Yi
1=l

/2
HA{/ Y,

2 n .
LS 2C3M*k Y (e )
i=lg

. 2 . 2 n . 2
+c (HA{/QYOHO + (o= |4 +8 Y |47 O) .
i=lo
Now, for k sufficiently small so that 21,CZM?k < 1/2, applying a standard discrete
Gronwall lemma (e.g., [34, Lemma 5.1]) we have that (5.11) holds, with C? being
C' exp(4loC3 M>T). a
LEMMA 5.2. Let (2.11) hold for | = 2. Then, there exist positive constants kg
and ¢y such that the errors e, satisfy the following bound for 1 <n < N, k < kq:

(5.18)  En= llealld + kD |4} %

i=lo

2

) S &t (leoll + (o = Dllealls + *¥*Io,—1(tn)) -
Proof. We apply Lemma 5.1 to (5.8) in the case where j = 0 and Y; = e,

Vi = up(t;), and W; = U,Sl). Observe that since we are in the case j = 0, only one of

the two sequences (Apup(t:))N,, (AhU,Si))ﬁ\LO has to be bounded, and, in the present
case, the first one is bounded according to (2.23). Thus, we have

n Lo 9 n _1/9 2
(5.19) fleall3 +1 Y 4% < 2 <||e0|3+ (o~ Dllesl+ £ 3 4 TjHO) .
=1

i=lo

Now, applying Hoélder’s inequality to the right-hand side of (5.5) we have

2
A,jl/zu'h(t)H dt

_ 2 1 [t tj
kHAh 1/2’7']‘H S (t—tj,1)2dt/
0 0

k tj71 tj71
k2 [t —1/2 2
r A2t H at.
3 " h Uh( ) 0

-1
Similarly, for the two-step BDF, applying Holder’s inequality to the right-hand side
of (5.6) we have

2

L )y — (-t ))2dt/tn |4 )| ar
0= 4k - n—1)+ n—2 - h h 0

§/€2 /tn
3 tn72

Thus, the statement of the lemma follows from (5.19). O

The previous result allows us to deduce a bound for ||Axepn||, in the following
lemma. The values of I5 _1, I are those of Proposition 2.1.

LEMMA 5.3. Under the conditions of Lemma 5.2, there exist positive constants ko

k HA,;l/QTn

IN

2
A;l/Quh(t)HO dt.

and ¢o such that if eg = 0 and, in the case of the two-step BDF, also U,gl) is given by
the backward Euler method, the following bound holds for k < ky andn =1,2,...,N:

(5.20) | Anenllo < oJn,
where Jn, = (In,_1(tn) + I20(ts)) /2.
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Proof. If ey = 0, from (5.18) for the Euler method (for which Iy = 1) it follows
that

(5.21) lenllo < CE(Io, 1 (tn)? <k, n=1,2...,N

for ¢ = c¢;. In the case of the two-step BDF, if U,(Ll) is obtained by the backward
Euler method, if we allow for a larger value of ¢, it is clear that (5.21) also holds.

Furthermore, it is immediate to check that ||dien|lo < 2lok™! maxo<;<i, ||€nl|o, SO
that, in view of (5.21), from (5.8) it follows that

lAnenllo < " + || Bulens un(ta)) + B (UF,e0)

[+ I7allo
0

for some constant ¢’ > 0. For the Euler method, recalling the expression of 7, in (5.5)

we can write
2
1™ (t—tn_1)? tn 2
< — ——dt t||u dt.
e A ek

0 tn—1

1 [t
E/ (t — b1 )it di

tnfl

I7alld =

A simple calculation shows that the first factor on the right-hand side above can be
bounded by k/t, <1 forn=1,2,...,N. Furthermore, a similar bound can be also
obtained in the case of the two-step BDF. Thus, we have

‘0 ’

| Anenllo < "o+ || Bulen, un(ta)) + B (U™ en)

for an appropriate constant ¢/ > 0. Finally,

HBh(en,uh(tn)) +B (Uign)’ e")

| = 1Bu(ens un(tn) + Blun(tn),en) = Balensen)llo.

Applying (4.5) and (4.6) we get

|Anenllo < " J, +C HA}/Zen

3/2
Anunllo+ € 43 en| " I Anenlls”,

and, thus,

1 1 3
Slnenllo < €0+ C |43 e | IAnunllo + 5€2 || 43 e

|
Since || Apunllo is bounded (recall Proposition 2.1) and, arguing as in (5.21), we have
HA}lL/2€nH0 < ci(kla,_1(tn))"/?, the bound (5.20) follows for k sufficiently small. O

Remark 5.1. Observe that from the previous lemma and Proposition 2.1 it follows
that HAhU,(l")HO < ¢Ms where ¢ = 14 &\/2. Thus, as long as eg = 0 and, in case of
the two-step BDF, also U, ,51) is given by the Euler method, we may apply Lemma 5.1
for j # 0, with V,, and W,, replaced by wu(t,,) and U ,(ln), respectively.

We now study the errors Apt,e,. We deal first with the backward Euler method.
Observe that D(t,e,) = t,De, + ke, —1, so that multiplying by ¢,, in (5.8), after some
rearrangements we get

(522) dt(tnen) + Ah(tnen) + Bh(tnena uh) + By, (U}En)a tnen) =en_1+tnTn.

We have the following result.
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THEOREM 5.4. Let (2.11) hold for | = 2. Then, there exist positive constants ko
and co such that for k < ko, if eg = 0 the errors €, = tpe, satisfy

n 1/2
2
(5.23) <||Ahen||§ +hY |47 % 0) < eohl(l, 1 (t) + I, (8))"/?, 1 <n < N.
i=1
Proof. Applying Lemma 5.1 with j = 2 to (5.22) we have

n—1
"< <k S aveed? ) |

i=1

The first term on the right-hand side above is bounded Lemma 5.2 by c¢?k?I5 _1 ().
For the second one we notice that

hTZ

||Ahen||o+k2 |43

2
1/2
r Ti

3

0

:k
0

ti Y t—tiia 1y
— —tA t)dt
k »/ti_1 t " uh( )

so that, for ¢ > 2 since t;/t < t;/t;—1 < 2,if t € (t;—1,t;), we may bound k||t; Al/2

by

755

ti t; 2 2
%/ (t—ti,l)Zdt/ 2 HA”Q t)H dt < % t2HA,1/2uh )HO dt,
i—1

and, for ¢ =1, since t;/k = 1, and (¢t — tg)/t = 1, we may bound k||tiA,ll/QTi||(2) by

i 2
/ dt/ #2 HA}/Quh t H dt < k2/ #2 HA”2 W(t )HO dt.
tz 1 tz 1

Thus, (5.23) follows. O
LEMMA 5.5. Under the conditions of Lemma 5.2, there exist positive constants
kl and ¢ such that for k < k{, if eo = 0, in the backward Euler method e satisfies

-1 2 —-1/2 2 /14
(5.24) AR erlly + k|| An e ||| < ARG,
where G1 = maxo<s<k Fo —2(s).
Proof. We take inner product with 2kA; %e; in (5.8) for n = 1, and recalling (5.2)
and taking into account that eqg = 0, after some rearrangements we have

2
(5:25) |47 erlly + 2k |4, e | <2k (20, A7%e0) | + 2k [ (4707, A7 )

where Z; is as in (5.13) but with Y7, V4, and W; replaced by eq, up(t1), and U,Sl),
respectively. Thus, arguing as in (5.16)

- 3 B 2
(1— 202083 ) |47 erlo + S| 47 2e]| < 2] (47 7, A7 e)
0
so that taking into account that

2% | (A er, A m) | < 43 eag /24 R 45 il
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from (5.25) it follows that
(5.26) (% - 2k02M32) i erl” + 2 47 e | < k21472

Recalling the expression of 7,, in (5.5) we can write

2
14 2 < max ||4; i ()] ( 2 Srar) =P e |45 i (1) ||2
h 0 = g<i<ty 7R O\ k Jo 4 o<t<t, 1h 0’
we then have that (5.24) follows from (5.26) provided that k is sufficiently small. O

LEMMA 5.6. Under the conditions of Lemma 5.2, let eg = 0 and let U,(Ll) be given
by the backward Euler method. Then, there exist positive constants kg and c1 such
that the errors e, of the two-step BDF satisfy

n 2
(5.27) El, = |4 el + kY HA,;l/erHO < ek (Gr+Is 3(tn)), 2<n<N,
j=2

where G1 is given after (5.24).
Proof. In view of the comments in Remark 5.1, we can apply Lemma 5.1 with
j = —2to (5.8), so that, recalling that ey = 0, we have

(5:28) |47 el + B |4, e

=2

2 n 2
<e \|A,;1e1||§+kZHA,;3/2TjHO .
=2

Notice that, as we showed in Lemma, 5.5, the first term on the right-hand side above
is bounded by ¢} k*G. For the second term on the right-hand side of (5.28), in view
of (5.7) a simple calculation shows that

—3/2 d3uh(s) 2

A, 75 ds.

2 tn
k|42 gc;#/
0

tn72

0

Thus, (5.27) follows. O
For any two sequences (yn)o>, and (z,,)0%, it is easy to check that D(y,z,) =
YnDzp + 2n—1Dyn, for n =1,2,. .., and, also,

DQ(ynzn) = y,D?2, + 2Dy, Dzy_1 + 2p_2D%y,.

Thus, for the two-step BDF, multiplying (5.8) by t,, and t2 and rearranging terms,
for 7 =2,3,..., N, we have

dt (tnen) + Ahtnen + Bh (uh (tn)a tnen)

(5.29) -
- tnB (Uh 7tnen) = tnTn + (en—l + Den—l)a

and
(5.30)  di (2en) + Ant2en + By (Ben, un(ty)) — B (U,S”’, tien) =27, + on1,
where

(531) Opn—1 = (tn + tnfl)(enfl + Denfl) + kep—o.
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THEOREM 5.7. Under the conditions of Theorem 5.4, there exist positive con-
stants k1 and co such that for k < ki if g = 0 and U,Sl) be given by the backward
Euler method, the errors €, = tpe, and €, = t2e, of the two-step BDF satisfy the
following bounds for 2 <n < N:

) < ok? (Hy + I(ta))7,

1

(5.32) En = <||en||0+kZHA}11/2€l 5

(5.33) & = QA,LE;J(%MZHA?%;
1=2

where Jy is given after (5.20), Hy = Iz _1(t1) + G1, where Gy is given after (5.24),
and 1(t) = I3),1(t) + I3)73(t).

Proof. To prove (5.32) we apply Lemma 5.1 with j = 0 to (5.29), so that taking
into account that ey = 0 we have

(5.34)

n n—1
HenH?ﬁ—kZ HA,ll/zeJH <c Qeﬂg +k Z HA,:1/2(61' + De;)
=2 i1

0) < ook® (Hy + I(tn) + Ji + I3 (tn)) 1/27

~1/2_ 2
we Tl

Notice that since e; + De; = 261 e;—1, the second term on the right-hand side above

can be bounded by 7k Y ;" HA 1 261”(» a quantity that has already been bounded
in Lemma 5.6. Also, by ertmg

tio [t 1 d3
T = 2(t — ti— — —(t—1ti— t—up(t) dt,
g 7 (2 - et ) )

and noticing that t;/t;—2 < 3 for ¢ > 3, and t2/k < 2, a straightforward calculation
shows that

i 2
(5.35) kHA 1/27:TJH <Cl~c4/ t2HA‘1/2 h(t)HOdt, j=2,...,N.

Finally, noticing that ||e1]|3 = k?|e1||2 and recalling Lemma 5.2, we have that (5.32)

follows from (5.34) and (5.35).
To prove (5.33) we apply Lemma 5.1 with j = 2 to (5.30) to get
(5.36)
n—1
A+ k41 0 .
O_c<|| vl +k ) 4o
For the first term on the right-hand side above, in view of Lemma 5.3 we can write

A+ 8D 4326

Jj=2

75214,11/27Z

(5.37) | Anerllo = k*[|Aner|| < k2Eo 1.

For the second term on the right-hand side of (5.36), we first recall the expression of
o; in (5.31) and then we notice that for ¢ > 1 we have that k < ¢;, t;42/t; < 3 and
tiv1/t; < 2, so that, recalling that eq = 0, for an appropriate constant C' > 0 we may
write

(5.38)

n—1
kz HA}L/2O'1
=1

<C <k HA}/%H + kf |43/
1=2

)z (e faal ver)
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&, being the quantity in (5.32). Also, by writing

tlZ t; 1 3

1 d
t2r; = o = (Z(t —ti1) - 5(t - ti_z)Q) tzﬁuh(t) dt,
ti—2

and noticing that t7/t? , <9 for i > 3, and t2/k < 4k, we get

(5.39) & HA}/ 22,

2 4 t 4 1/2... 2
g(Jk/ tHAh uh(t)H dt, j=2,...,N.
0 ti_o 0

Thus, (5.33) follows from (5.36), (5.37), (5.38), (5.32), (5.18), and (5.39). O
Although not strictly necessary for the analysis of the postprocessed approxima-

tion, for the sake of completeness we include an error bound for the pressure. We

first notice that as a consequence of the LBB condition (2.7) we have that the error

Tn = Ph(tn) — P,E") satisfies

1 |(7TTL7V ! (bh)'
lmnllz2cyr < = sup —————
OF =5, lonlh

Furthermore subtracting (3.21) from (2.18), we have
(70, V- 6n) = (it = U™, 00) + (Ven, Von) + blen, un, on) + b (UF”, e, 61

for all ¢5, € X, . Using standard bounds for the trilinear form b (e.g., [34, (3.7)]) we
can write

Recalling the expression of d;‘U,(Ln) in (3.4), we see that up — dtU,(Ln) = up — d;‘U,(Ln),
so that applying Lemma 3.2 and taking into account the equivalence (2.15) be-
tween [|en|[1 and |4} e, [0, we have |7, L2y e < CJl A} enllo. Since using stan-
dard spectral theory of positive self-adjoint operators it is straightforward to show
that HA,ll/QenHo < CHenH(lJ/QHAhenH(lJ/Q, applying Lemma 5.2 and Theorem 5.4 in the
case of the backward Euler method, and Theorem 5.7 in the case of the two-step BDF,
we conclude the following result.

THEOREM 5.8. Under the conditions of Theorem 5.4, there exist positive con-
stants ks and c4 such that if e = 0 and U,(ll) is obtained by the backward Euler
method, the following bound holds for k < ks and forn =ly, ..., N: For the backward
Euler method,

(5.40) Imall 2 @ym < C (||en||1 + | - awf™

12 k

(n)
th(tn) - P, ey = 4O RV

where Cy = (Iz,—1(I2,—1 + I21))Y2, and, for the two-step BDF,

< e, O K

(n)
th(t")_Ph 10 B TEN

where Co is the product of the quantities between parentheses on the right-hand sides
of (5.32) and (5.33).
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