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Abstract

In this paper we consider a logistic equation with nonlinear diffusion arising in population
dynamics. In this model, there exists a refuge where the species grows following a Malthu-
sian law and, in addition, there exists also a non-linear diffusion representing a repulsive
dispersion of the species. We prove existence and uniqueness of positive solution and study
the behavior of this solution with respect to the parameter A\, the growth rate of the species.
Mainly, we use bifurcation techniques, the sub-supersolution method and a construction of
appropriate large solutions.
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1. Introduction

Reaction-diffusion models have been used to study the behavior of a population living
in a habitat. Denoting by @ C R, N > 1, a bounded and regular domain, the habitat
and by u(z) the density of the individuals of the species at the location x € €, the classical
model can be written as follows

—A(p(r,u)) = f(r,u) inQ,
{2 on 50, )

where ¢ and f are regular functions in  x R. The term on the left side of (1) represents
the diffusion of the species, that is, its spatial movement. In the model described by (1),
the diffusion depends on the position z € ) and the population density u. The nonlinear
diffusion function ¢ can have several different shapes, depending on the nature of behavioral
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interactions between organisms (see [1] and [2]). For instance, according to [2], if individuals
move completely independently of each other, ¢ is characterized by a linear function of
density u, that is, it increases with u at a constant rate. This case is called simple or linear
diffusion. If interactions between moving individuals are repulsive, then the movement rate
will increase with the population density, since at high densities organisms continuously
come into contact and induce each other to disperse. In this case the diffusion rate ¢,
will increase with the density. Similarly, if the movement is aggregative, the diffusivity will
initially decline as u increases.

On the other hand, f(z,u) is the reaction term and it represents the local rate of repro-
duction per individual, in other words, per capita population growth rate.

Specifically, in this paper we analyze the following elliptic equation

—A(u+ a(x)u”) = Au — b(x)u? in Q,
{ u=>0 on 02, (2)

where p,r > 1, b € C(Q,R,) and a € C*(Q,R,) are regular functions that can vanish on
some subsets of 2. In this specific case, f(z,u) = A\u — b(z)uP, it is the well-known logistic
reaction term and, in the context of population dynamics, A is the intrinsic rate of natural
increase of the species and

denotes the maximum density supported locally by available resources, that is, the carrying
capacity. Thus, the region where b(x) = 0 can be understood as a refuge area for the species,
i.e., the carrying capacity is infinite. For more details about problems with refuge areas see
the pioneering papers [3] and [4], where the problem of the refuge was addressed by the first
time, see also [1], [5], [6] and the recent book |7].

In the nonlinear diffusion term ¢(x,u) = u + a(z)u”, the function a denotes the type
of diffusion movement of the species: linear when a = 0 and repulsive when a > 0. Thus,
the set {z € Q;a(z) > 0} is a region where the species must avoid agglomeration. In our
discussion, we will consider different configurations for the refuge area and the zone with
repulsive movement to analyze how these sets affect the persistence of the species.

Let us recall the main known results about (2). For this, given a regular subdomain
D C Q, we denote by A\[—A; D] the principal eigenvalue of the Laplacian in D under
homogeneous Dirichlet boundary conditions, A\;[—A; D] = co when D = () and, by simplicity,

When a = 0 in €, denoting Q, := {z € Q; b(x) > 0} and Qo := 2\ U, (2) becomes
the classical logistic equation with linear diffusion and refuge. For instance, suppose that
Qo is connected and regular, it is well-known that there exists a unique positive solution uy
if, and only if, A € (A1, Ai[—A;Qy0]). Moreover, there exists a detailed study of the profile
of this solution when A — A\j[—A; Qy], see [8] , [9] and [7]. In short, we have

lim

{ = +oo if z € Oy,
ux(z
ATAL[=As82%0]

< +00 if « Qﬁbo.
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Figure 1: An admissible configuration for Q.9 and 249 with m = 4 and m, = 1. The dark region represents
the set Qg0.

Actually, in our knowledge, [10] is the most pioneering paper analyzing the logistic equation
with component refuge areas, as well as the construction of large solution in this case. We
also refer to 7] which presents a most complete collection of the available results of (2) with
a = 0, including a detailed analysis of the global dynamics of the parabolic counterpart of
the model.

When a # 0 only some partial results are available. The case a = constant > 0, b = 0 (or
b=1)and p = r = 2 was studied in [11] and if a(x),b(x) > 0 in Q with p > r is included in
the hypothesis of Theorem 2.1 of [12]. Both papers show that there exists a unique positive
solution of (2) if, and only if, A > A;. In [13], the authors analyze an equation related to
(2), including a combination of linear and non-linear diffusion.

Now, we state the main assumptions on the functions a and b:

(H) The open sets B
Qb+ = {.CC € Q, b(ﬂf) > O}, QbO =0 \ QbJr

are of class C? and )y consists of finitely many connected components B;, 1 <i < m
such that

B,CcQ, 1<i<m, B;NB, =0 ifj#i.
Similarly, we write
Quy = {z € Qalz) >0}, and Quo:=Q\ Quy.

For each i =1, ...,m, if

Qo :=QoNB; #0,
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we denote by Ag; the principal eigenvalue of the following problem

—Au = A\Xq,,u in B;,
u=20 on 0B;.

We also adopt A\g; = oo if Q0 N B; = 0.
Without loss of generality, we will assume that the labeling of these components has
been already carried out so that either

)\01 = ... = /\077711 < /\0,m1+1 S S /\O,m (3)

for some my € {1,...,m — 1} or
)\071 = .= )\O,m-

See Figure 1 for a possible disposition of these sets.
In the same way, we denote by A,y the principal eigenvalue of the following problem

—Au = AXq,,u in Q,
u=0 on 0f).

Our first result deals with the case b =0 in €.

Theorem 1.1. Suppose b =0 in Q). Then, (2) possesses a positive solution if, and only if,
A € (A1, Aao). Moreover, it is unique if it exists, and it will be denoted by uy. In addition,
the map

A€ (A1, o) > uy € C2(Q)

is increasing and of class C'. Furthermore,
li =0 4
Alf/\fi [[uallo (4)

and
lim uy(x) = o0 for each x € . (5)
A Aao
In the context of population dynamics, this result shows that the presence of such non-
linear diffusion produces the following effect: when €,y # 0 then the species persists if the
growth of the species increases, A, satisfies A > A;. On the other hand, when there exists an
area whose movement is linear (i.e., Q49 # () the species persists only for rates A € (A1, Ayo).
Moreover, in this model, the solution blows-up in the whole 2 when A — Ay.
Now, we consider the general case. We have

Theorem 1.2. Suppose b % 0 in 2.
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Figure 2: Possible bifurcation diagrams. On the left hand side, we represent the cases b= 0 and 2,0 = () or
b# 0 and Qg N Qo = @. On the right hand side, we draw the cases b = 0 and €40 # () where A = Ay, or
b ié 0 and an N Qbo ?é @ where \ = )\0,1.

a) If Qo N Qo = 0 then (2) possesses a positive solution if, and only if, X > \;. Moreover,
for p >, it is unique if it exists, and it will be denoted by uy. In addition, the map

A€ (A, 00) = uy € C2(Q)
is increasing and of class C'. Furthermore
lim [juy[lo = 0 (6)
and

}\le uy = 0o uniformly in Q. (7)

b) If Qo := Quo N Qo # O and p > r, then (2) possesses a positive solution if, and only if,
A € (A1, Xo1). Moreover, it is unique if it exists, and it will be denoted by uy. In addition,
the map

A E ()\1, )\071) = Uy € Cg(ﬁ)

is increasing and of class Ct. Furthermore,
lim fJuxllo =0, (8)

and

= 00 z'foCjBi,

lim uy(x) = (9)
AMAo.1 _ _
<oo ifreQ\ U B;.
i=1

b}



The bifurcation diagrams associated to these cases are represented in Figure 1.

In order to clarify the biological interpretation of the main result of the paper, let us
consider the case where the refuge (2 consists of two components By and By (i.e., Qo =
B; U By). Then:

a) If the zone where the species avoids agglomeration (£2,) contains the refuge (£24), that
is Qo C 44, then the species remains controlled for all A > A;.
b) Assuming that a portion of the refuge, say €y, the species diffuses linearly, that is,
Qoo N Qa0 # 0, then the species blows up for values of A > min{Ag 1, \g2}. Moreover,
(1) If Ao1 < o2 (resp. A1 > Ag2), then the species blows-up not only in 5N By (resp.
Qo N By), but in all B; (resp. B,) and remains bounded in Q \ By (resp. Q\ By),
including the other part of the refuge B; (resp. Bs).
(i) If Ao.1 = A2, then species blows up in the whole refuge 29, not only in €.

It is worth mentioning that in both cases A; is the critical size of the rate of natural
increase such that the habitat {2 can maintain the species with this dispersion movement.
Thus, in all the cases above, u is driven to extinction if A < )\

The outline of this paper is as follows: first, in Section 2 we introduce an appropriate
change of variables and we collect some results which will be useful throughout the paper.
In Section 3 we prove Theorems 1.1 and 1.2 a) and b) partially. Section 4 is devoted to
obtain some results about large solutions and in the last section we apply these results to
complete the proof of Theorem 1.2, showing (9) when z € Q\ U™, B;.

2. Preliminary Results

In this section we present some preliminary results that will be used throughout the rest
of the paper.

A function u € C?(2) N C(Q) is said to be a (classical) solution of (2) if it satisfies (2)
point-wise in Q.

To study (2), we will introduce the following change of variable:

w=I(x,u) =u+a(x)u” & q(z,w) = u. (10)
Then, (2) is equivalent to

(g oy i, g

Hence, u € C*(Q2) N C(Q) is a solution of (2) if, and only if, w is a solution of (11).
Since we are interested in positive solutions of (2), we can define

q(z,s) =0, Ve s<O0.

As a consequence, any solution of (11) is non-negative. In fact, by the Strong Maximum
Principle any non-trivial solution w of (11) is strictly positive, that is, w(z) > 0 for all
x € Q. Also note that, by the Strong Maximum Principle, A > 0 is a necessary condition
for the existence of positive solutions.

The first result of this section shows some useful properties of ¢(x, w).
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Lemma 2.1. a) For each x € Q, the map

s
is mon-increasing and satisfies
lim a(r, s) =1 uniformly in <, (12)
s—=0 S

. qlx,s) [0 ifa(z) >0,
Jim == = Aoy (2) = { 1 ifa(z) =0, (13)
and
KXoy (2)s < q(z,s) <s VYreQ, s>0. (14)
b) For each x € ), the map
p
R (G
s
satisfies
P
lim 228 _ (15)
s—0 S
» oo ifr<pora(z)=0,
lim q(x, s) _ a(l—x) if r =p and a(x) > 0, (16)
e 8 0 ifr>panda(x)>0

and it 18 an increasing map if p > 1.

PROOF. a) Since ¢(z,-) is the inverse function of I(z,-), we get that it is increasing and it

verifies
s=q(x,s) +a(r)q(xz,s)" Ve Q. (17)
Thus,
a(r, s) = ! <1 Vzxel.
s 1+ a(x)q(z,s)r!

Therefore, s — q(z,s)/s is decreasing if a(z) > 0 and ¢(z,s)/s = 1 if a(z) = 0. Further-
more, since ¢(z,0) = 0 and lims_, g(x, s) = 00, it follows that

. qlzs) 1 B
im ———~<% = 1m — 17

B T TG

. q(z,s) . 1
sggo s sggo 1+ a(x)q(z,s)rt Q0 (T)
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b) Using (12), we have that

P
lim 4, )" = lim a(x, S)q x
s—0 S s—0 S

In view of (13) and (17), we obtain

v oo, ifr<pora(zx)=0,
lim ax, s)" = lim ! = ﬁ, if r =p and a(z) > 0,

$—00 500 - . )
. 3 —oo q(w,8)'7P + a(x)q(z, s) P 0, if » > p and a(z) > 0,

and ¢(x, s)P/s is increasing if p > 7.

Throughout this paper, for any V' € L>(Q) called potential, we shall denote by Aj[—A +
V; Q] the principal eigenvalue of —A + V' in  under homogeneous Dirichlet boundary
conditions. By simplicity, we also use the convention \; := A\ [—A; Q).

Given D an open set and O a regular domain such that D C O C (1, the following
function will play a crucial role in our exposition

,u()\) = ,LLD7(9()\) = )\1[—A — )\XD; O], A€ R. (18)

Its useful properties for this work are summarized in the following result, whose proof is
by-product of the general theory of Chapter 9 in [14].

Lemma 2.2. The function p defined in (18) possesses a unique zero, say Ap o. Moreover,
(X)) > 0 if, and only if, N < Ap,o. Furthermore, it satisfies

/\1 < )\1[—A, O] < /\D,(97 (19)

and Ap.o s the principal eigenvalue of the following problem

(20)

—Au = Xpu in O,
u=~0 on 00.

Specifically, we are interested in two particular eigenvalues: when D = Q.0 and O = (),
in this case we denote by Ay := Aq,,.0; and when D = Q,0 N B; and O = B;, where we
denote by Ao := Aqg .5, for each 7 € {1,...,m}. We emphasize that

AM < Ao and M\ < )\0,1‘, 1=1,...,m. (21)
With these considerations, we can show the following non-existence result of (11).

Lemma 2.3. a) Suppose b = 0 in Q. If there exists a positive solution of (11), then A €
()\1a )\aO)-
b) Suppose b # 0. If there exists a positive solution of (11), then X € (A1, Ao1)-

PrROOF. We will prove b), the proof of a) is analogous.
8
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b) Suppose that w > 0 is a positive solution of (11). By the properties of the map
s+ q(x,s) (see Lemma 2.1), we deduce that
P

w w

Thus, by the monotonicity of the principal eigenvalue with respect to the potential,
we have

p
ozh{—A—A“Zf)+Mm“ﬁf>54>Aﬂﬂﬁ—x9pzk—x.

On the other hand, using the monotonicity of the principal eigenvalue with respect to
the domain, we get

w w

p
0=A{—A—Aﬂﬁw>+M@“Lw)A4 < M[—A—A“%w%Bl
w
< Al[_A - )‘XQO,U Bl] = Mo 1,B; ()‘)7

where (14) was used to obtain the last inequality. By the properties of the map pq, 5,
we know that

0< HQo.1,B1 (>‘)
if, and only if,
A< Ao
This completes the proof.

Now, we will show that A; is the only bifurcation point of positive solutions of (11) from
the trivial solution. For this, let e; denote the unique (positive) solution of

—Ae; =1 1in €,
e =0 on 0f),

and let F be the Banach space consisting of all u € C'(Q2) for which there exists v = y(u) > 0
such that
—ver < u < yep

endowed with the norm
|lullg :==inf{y > 0; —~ye; <u <yer}

and the natural point-wise order. Then E is an ordered Banach space whose positive cone,

say P, is normal and has nonempty interior. Thus, consider the map § : R x K — F
defined by

S\ w) =w — (=A) " (Ag(z, w) — bz)g(z, w)"),

where (—A)™! is the inverse of Laplacian operator under homogeneous Dirichlet boundary
conditions. The operator § is of class C! and (11) can be written in the form

S\, w) =0. (22)
Moreover, by the Strong Maximum Principle any positive solution of (22) is strongly positive.

9



Proposition 2.1. \; is a bifurcation point of (11) from the trivial solution to a continuum
of positive solutions of (11). Moreover, it is the unique bifurcation point to positive solutions
from (X, 0). Let X9 C S denote the component of positive solutions of (11) emanating from
(A, 0). Then, g is unbounded in R x E.

PROOF. Observe that (22) can be written as
LO)w+ N\ w)=0
where L(A\) = Ig — AM(—A)™! and N\, w) = —(—A) (A (g(z,w) — w) — b(z)q(x,w)P).
Moreover, thanks to (12) and (15), we have
Ag(z, s) — s) — b(z)q(, )"

hm - Oa
s—0 S

and then N(\, w) = o(||w||g) as ||w|r — 0.
Therefore, we can apply the unilateral bifurcation theorem for positive operators of [15]
(see Theorem 6.5.5) to conclude the result.

The next result will be used extensively throughout this work.

Lemma 2.4. Consider the problem

{ —Au= f(\z,u) inQ, (23)

U = uyg on 02,
where ug > 0 is a function in C(0Q). Assume that f: R x Q x [0,00) — R is a C* function

such that
f(A7 x’ S)
s

is non-increasing for all x € Q0 and there exists x1 € ) such that f(\, z1,5)/s is decreasing.
Then:

a) There exists at most a positive solution of (23).
b) Let u,u € C*(2) NCH(Q) with u > 0 and w > 0 a sub and supersolution of (23), respec-
tively. If there exists € > 0 such that cu < u, then

S

u <.

PROOF. a) Since f(\, z,s)/s is non-increasing in s for all z € €, then if w # v are two
positive solutions of (23), then w = cv for a some positive constant ¢ (see Remark 1 in
[16]). Hence, in z; we have

(f(A,xl,v) B f()\,xl,cv)> _—

(24)

(Y Ccv

Since s — f(A,x1,s)/s is decreasing, if ¢ > 1 we would have

(f()\thU) . f()\,.Tl,CU)) v <0

v Ccv

a contradiction with (24). Analogously, ¢ < 1 cannot occur and, hence, ¢ = 1 and w = v.
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b) Let
A={te€|0,1]; tu <u}.

By hypothesis, ¢ € A. We will prove that 1 € A. Indeed, otherwise we would have
0<ty:=supA<1.

Choosing K > 0 large enough such that f(\, z,s) + Ks is increasing on [0, maxu|, we
obtain for u # 0

—A(T — tou) + K (7 — tow) fvz,a) —tof (A 2, u) + K(u — tou)
fOz,m) + Ku—tof(\, z,u) — Ktou
fO @, tou) + Ktou — to f(A, z,u) — Ktou
o {f()\,a:,tog) Az

touw U

AVARAVARAYS

v

> 0,

where in the last inequality we have used that s — f(\,x,s)/s is non-increasing and
to < 1. In the same way, if u = 0 we have —A(u — tou) + K(u — tou) > 0. Thus,
w = U — tou verifies

—Aw+ Kw >0 1in €,
w >0 on 0f2.

Therefore, by the Strong Maximum Principle, we obtain for § > 0 sufficiently small that
to + 6 € A, which is a contradiction.

As a consequence, we obtain the following result.

Proposition 2.2. If either b= 10, or b # 0 and p > r, then (11) admits at most a positive
solution.

PROOF. If b =0 in Q, then s — Aq(z, s)/s is non-increasing and decreasing for = € Q.. If
b# 0 and p > r, then s — (Aq(x,s) — b(z)q(z, s)?)/s is non-increasing and decreasing for
x € Q\ Qp,. In both cases, by Lemma 2.4 a), we obtain the result.

3. Existence of Positive Solutions

The goal of this section is to prove Theorem 1.1 and paragraphs a) and b) of Theorem
1.2. Some arguments used in these proofs are inspired in Theorem 4.1 of [8], see also [9] and
[7].

PROOF OF THEOREM 1.1. By Proposition 2.1, \; is a bifurcation point of (11) from the
trivial solution and it is the only one for positive solutions. Moreover, there exists an
unbounded continuum ¥, of positive solutions emanating from (A, 0). In order to prove the

11
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existence of a positive solution for every A € (A1, A\y0), we consider two cases: 2,0 = () and
QaO 7é @

a) Case Q=10

It suffices to show that, for every A, > A;, there exists a constant C' = C'(A,) > 0 such
that

|lwllo < C V(A w) € Xy, A< A, (25)

Indeed, by the global nature of 3, this estimate implies that Projg3y = (A1, 00), where

ProjgY is the projection of ¥y into R. To prove (25), we will build a family W (\) of

supersolutions of (11) and apply Theorem 2.2 of [17]|. Thus, we consider the continuous map

W A, A — C2(Q) defined by W()\) = K(\)e, where K()\) is a positive constant to be
chosen later and e is the unique (positive) solution of

{ —Ae=1 in Q, (26)

e=0 on(?ﬁ,

for some regular domain € CC . Then, W(A) = K(\)e is a supersolution of (11) if

K
1> )\%e in Q.

Since Q40 =0, a(x) > 0 a.e. in Q, (13) gives
)

§—00 S

=0 a.e. in .

Consequently, for K = K(\) > 0 sufficiently large, W (\)
not a solution) of (11), for every A € [A1, A] and W (\)
Theorem 2.2 of [17], it follows (25).

The convergence (4) is an immediate consequence of Proposition 2.1.

To prove the monotonicity of map A — u), we argue as follows. Given A, p > A; with
A < p, we have

K(M)e is a supersolution (but
K(M)e > 0 in Q. Thus, by

_Awu = MQ(L wu) > )‘Q(wiu)a

implying
wy < w, & uy <y, in .
Finally, in order to prove (5) let us show that ()¢ is a subsolution of (11), for e(A) > 0

to be determined and ¢ is the positive eigenfunction associated to A; such that [|¢q||o = 1.
Indeed, it suffices to verify that

1+ a(z)g(x,e(N)p) ! = OS] < T %€ Q. (27)

P (EEEIE h
A= A maxg a(x) ’
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it is easy to see that (27) is satisfied, once that ¢(z, s) < s, for all x € 2. Moreover,
e(A) > 00 as A — oo. (28)

On the other hand, we have already shown that K(\)e is a supersolution of (11), where e
stands for the unique (positive) solution of (26) and K(\) > 0 is a constant large. Hence,
for K(A) > 0 such that

e(A)p1 < K(Ne,

by the sub-supersolution method and the uniqueness of positive solution of (11), we infer
€ (/\)901 S W)y
Using (28), we conclude that

/l\le wy(z) =00 for each z € Q.

Therefore, once that wy = uy + a(z)u}, we obtain (5).
b) Case Q0 # (). Observe that in this case (22) can be written as L(\)w + N (X, w) =0
where

LOw =w = M=A)" (X, (x)w) and N\ w) = —(=A)" (Mg(z, w) — Xo,,(z)w)).
In view of (13), we can prove that

lim Q(‘rv 3) - Xan(x)S

§—00 S

=0,

and then, N(\,w) = o(||w||g) as ||w||g — .

By the classical change of variable, see page 465 in [18], we can apply again Theorem
6.5.5 of [15] to conclude that A, is a bifurcation point from infinity of positive solutions,
and it is the unique for positive solutions. Moreover, there exists an unbounded continuum
Yo of positive solutions emanating from infinity at A\,9. Since these bifurcation points are
unique, we get

Yo = 2.

As a consequence, by the global nature of these continuum, we obtain that there exists a
positive solution for all A € (Ay, Ay).

In order to prove (5) we follow the arguments of [8]. Note that the map A € (A1, Ay) —
wy, where wy, is the unique solution of (2), is differentiable. Indeed, define H : R x C3(Q) —
Co(Q) given by

HAN w) = —Aw — \g(z,w).

For each (A, w) € ¥y we have H (A, w) = 0, and
13
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Since s +— ¢(x, s)/s is non-increasing and decreasing in a subdomain, we deduce that

gz, w) > qu(z,w) in Q.

Thus, combining the above inequality, that (A, w) is a solution of (11) and the monotonicity
of principal eigenvalue with respect to the potential, we infer that

O:)\l —A—)\

Q(xuzw) QL < M[—A = Agu(z,w); Q). (29)

Subsequently, H,, (A, w) is no singular for all (A, w) € ¥,. Hence, by the Implicit Function
Theorem, we conclude the differentiability of the map A — w,.
Therefore, we can differentiate (11) with respect to A and get

(—A = Agy(z, w))w) = q(z,w) >0 inQ, (30)

where w) = dw,/d\. In view of (29), the operator —A — Ag,(z,w) satisfies the Strong
Maximum Principle and we deduce from (30) that w) > 0 in €.
On the other hand, since g, (z,w) = (1 + a(z)rq(z,w) ")~ > X, in Q, (30) gives

(—A — A\ Xq,,)wy > ¢(z,w) in Q. (31)

Now, we fix A € (A1, \y0) and let ¢; be the positive eigenfunction associated to Ay with
ll1]lo = 1. For sufficiently small ¢ > 0 we have

q(z,wy) > cXg, o1 in Q.
Since \ — w, is increasing, we get that
q(z,w5) > cXo,yp1 in Q, YA E A M)

Let vy be the unique solution of the linear problem

(—A — Mg, )u = cXqg,, 01 in £,
u=20 on 0,

which exists because A < \y. In view of (31), the Maximum Principle implies that
wh > vy in Q.
However

CY1
Aao — N

and then

li ! li =
Jin, w3() > Jig on(e) = o0

for each x € ). Consequently

)\lTlglo wy(z) =00 Vre.
14



PROOF OF THEOREM 1.2. By Proposition 2.1, A; is a bifurcation point of (11) from the
trivial solution and it is the only one for positive solutions. Moreover, there exists an
unbounded continuum ¥, of positive solutions emanating from (A;,0). Again we will dis-
tinguish two cases:

a) Case Qu0 N Qo = .
To prove the existence of a positive solution for all A > A\; we have to show (25). In order
to prove this, let us consider the family W : [A;, \,] — C2(Q) defined by W()\) = K(\)e,
where K = K()) is a positive constant to be chosen and e is the unique positive solution
of (26). Then K()\)e is a supersolution of (11) provided that

K
1 > A%e—b(m)

Since Q40 N Qo = 0, by (13)—(16), we have

Ke)P
%6 in 2.

Aﬂ2$6_mwdi$p

e<1l Vs> sg,xel)

for a sufficiently large constant sy > 0. Hence, there exists K > 0 such that W (\) = Ke is
a supersolution (but not a solution) of (11), for every A € [A1, A, and W (\;) = K(\)e >
0 in €. Thus, the result follows.

Now, in order to prove (7), let pP" > 0 be the eigenfunction associated to A\[—A, Bj
such that [¢||o = 1 and consider

U, — Sple in Bi7
L0 inQ\ B

It is clear that ¥; € H} (). We will show that for A > A\ [—A; B;], €(A\)¥; is a subsolution
of (11) (in the sense of [19]) for a constant £(A) > 0 to be chosen. Indeed, since b =0 in
Bi,ie{l,...,m} and ¥; =0 in Q\ B;, it suffices to verify that

eNert A

1+ CL(JI)Q((II,&‘(/\)QOlBi)T_I = q(x,e()\)go?l) = /\1[—A; Bz]

z € B;. (32)

Choosing
e = (Al[—A; Bjlmaxg, a

it is easy to see that (32) is satisfied, once that ¢(z, s) < s, for all z € 2. Moreover,

1/(r-1)
@J

e(A\) > 00 as A — oo. (33)

On the other hand, we have already shown that K (\)e is a supersolution of (11), where
e is the unique positive solution of (26) and K(A) > 0 is a sufficiently large constant.
Hence, there exists K(\) > 0 such that

e(AN)VU; < K(MNe in €,
15



by the sub-supersolution method and the uniqueness of positive solution of (11), we infer
e(\)er" <w, in B;.
Using (33), we conclude that

/l\lTrglo wy(z) = oo uniformly in B;.
Therefore, once that wy = uy) + a(x)u}, we obtain (7).
Case Qg0 N Qo # 0.
Thanks to Lemma 2.3, (11) does not possess positive solutions for A € (A1, Ao 1) and, as
a consequence, by the global nature of ¥y, there exists a sequence of positive solutions of
(11), (A, wy), such that ||w,|lo = 0o and A\, = A* < Ag1. We will prove that \* = Ao ;.
To this aim, we follow the arguments of Lemma 2.4 of [20]. First note that |w,|s — oo,
where |- |5 stands for the L*(Q2) norm. Otherwise, multiplying (11) by w,,, integrating by
parts and using (14) we have

||wn||?{3 - )‘n/QQ(I7wn)wn - /Qb(x)CI(%wn)p S AO,I’wn|§

and, hence, |[wy| gz is bounded. By elliptic regularity, |[wy[[w2m is also bounded for all
m > 1. Thus, the Morrey’s embedding gives

lwallo < Cllwallwam < C

which is a contradiction.
Define z, = w,|w,|;*, n > 1. Multiplying (11) by z,|w,|,", using integration by parts
and (14), we infer

p
B L Lo S WEH EpYet

|wn|2 |wn|2
This shows that z, is bounded in Hj(2). Thus, up to subsequence if necessary, z, — 2
in L?(Q) with |z]; =1 and 2z > 0.
Let us prove that z = 0 in Q\ Q. Indeed, if z(x) > 0 in a subset of Q\ Qy with Lebesgue
measure non-zero, we take D an arbitrary regular domain such that D C Q\ Q4 and
z(x) > 0 a.e. in D. Then, for any ¢ € C5°(D), multiplying (11) by @|w,|;', integrating
in D and applying the formula of integration by parts, it yields

E AR K
o [ ),y [y
D

C za|wala Zn W2

Since z(z) > 0 a.e. © € D, then w,(x) = 2,(z)|w,|z — 0o a.e. x € D. Once that p > r
and b > 0 in D, passing to the limit as n — oo in (34) we obtain

—/ qub—/\*/ X, 20 = —00
D D
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which is a contradiction. This shows that z = 0 a.e. in Q\ Q4, hence, z € H} (D).
Thus, for any ¢ € C5°(Q), since that b = 0 in Qy, multiplying (11) by ¢|w,|5",
integrating in )y and applying the formula of integration by parts, it follows that

_/ 2 AQO — /\ / q(xawn)¢: )\ / q<xazn|wn|2)z ¢
Qo Qo |wn|2 Qo Zn‘wn|2

Letting n — oo in above equality yields

—/ 2Ap = \* KXoz Vo € Cy° (o).
Qo Qo

Since z € H} (o), 2 > 0 in Qo with |z]a = 1 and A* < Aoy, it follows that A* = Ag ;.
The uniqueness is given by Proposition 2.2.

In both cases, (6) — (8) and the monotonicity of the map A +— wu, is a consequence of
Proposition 2.1 and Lemma 2.4 b), respectively.

To prove (9), we need show that the map A € (A1, Ao1) = wy is of class C'. Indeed,
consider H : R x C2(2) — Co(Q2) given by

H(\,w) = —Aw — Ag(z, w) + b(z)q(z, w)".
For each (A, w) pair of solutions of (11) we have H (A, w) = 0 and
Hu (N w)€ = —A& = Ay (z, w)E + b(2)pg(a, w)P~ g (z, w)E. (35)
Since s — ¢(z, s)/s is non-increasing and s — ¢(x, s)?/s is non-decreasing, we deduce that

q(x, w) < gul,w) < q(z, w)

pw w

implying that

1

< —Agu (@, w) + b(2)pg (2, w)"~

VAT YT o).

w

Since (A, w) is a positive solution of (11), the above inequality gives

p
0= |—a 2@ o a@ el g
w

<M [=A = Au(z, w) + b(z)pg(z, w)’ qu(z,w); Q. (36)

Therefore, (35) and (36) imply that #, (A, w) is no singular for all (A, w) pair of solutions
of (11). Hence, by the Implicit Function Theorem, A\ — wy is of class C! and we can
differentiate (11) with respect to A and get

(=A = Agu (@, wx) + b(@)pg(@, wa)"~ g (2, w))wh = q(z,wy) >0 in Q (37)
17



where w) = dw,/dA. In view of (36), the operator

—-A — AQw(aj’) wz\) + b(l’)pQ(fE, w>\>p_1qw(x7 'I,U)\)

satisfies the Strong Maximum Principle and we deduce from (37) that w) > 0 in Q.
On the other hand, in B;, 1 <i < m; we have b(z) = 0 and (37) gives us

—Aw), = q(z,w) + A\ (z,w)wy in B;.
Since gy, (z, w) > X, ,np; in B;, the above equality implies
(—A — A\Xq, 0B, )Wy > q(z,w) in B;. (38)

Now, we fix A € (A1, A\g1) and let ¢} be the positive eigenfunction associated to \g; with
|©4llo = 1. For a constant ¢ > 0 sufficiently small, we have

q(z, wy) > cXo,, ¢, in B,
Once that A +— w, is increasing,
q(z,wx) > cXoy, ] in Bi, VA€ [X, Aoq).

Let v§ be the unique solution of the linear problem

(A = A, Ju = cXo,, ¢} in B,

u=0 on 0B;,
which exists because A < X\g;. In view of (38), the Maximum Principle implies that

wh > i in B,
However )
cpi

Ao — A

and once that A\o; = Ao for each i € {1,...,my}, we deduce

vy =

lim w)(z) > lim v (z) = 0o
Aim () im ()

for each x € B;. Consequently

lim wy(z) =00 Vr e B;, 1<i<my,
ATAo,1

which ends the proof of the theorem.

18



4. Large Solutions

To complete the proof of Theorem 1.2, we only have to prove that limy;y,, ux(z) < oo for
x € Q\ (U™ B;). Following the general framework of [10] (see also [7]), the idea is to show
that there exists a function U defined in Q\ (U™, B;) such that uy < U, for all A € (Ay, A1)
Thus, the main purpose of this section is to build such a function. For this, we recall that
a solution of the problem

{ —Au = f(z,u) in Q,

U= 00 on 0,
is usually known as a large solution of
— Au = f(z,u) in (2, (39)
that means a classical solution u € C*(2) of (39) such that

lim  wu(x) = oo.
dist(z,00)10
There are many results about large solutions, see for example [10], [21], [7], [22] and their
references. The following lemma is a consequence of these works.

Lemma 4.1. Consider the problem

{ —Aw = Aw — b(x)gq(w)? in Q,

w = 00 on 052,

(40)

where d > 0, A > 0 and qq is the inverse function of s — s+ ds". Assume b(z) > by > 0 in
Q and p > r. Then (40) possesses a non-negative solution.

PROOF. We are going to apply Theorem 1.1 of [21]|. Therefore, it is sufficient to verify the
following hypotheses:

(A1) ¢4 € CH([0,4+00)) with ¢4 > 0 and # is increasing in (0, +00),

and theooKelldetr—Osserman condition .

— P

(AQ)/l 0 < 0o, where F(t) /0 qa(s)Pds.

Firstly, we note that if d = 0 we have g4(s) = s and it is easy to see that (A;)—(Ay) are
satisfied.

Suppose d > 0. Since s = q4(s) + dgs(s)", we can write

qa(s)P _ 1
s qa(s)' 7P + dgq(s)—»"

Once that p > r, s — qd(Ts)p is increasing in (0, +o00) and (A;) follows.
To verify (As), first we will show that, for p > r, there exists a constant C' > 0 such that
Cs* < qa(s)P Vs>1, ke (1,p/r).
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Indeed, define

Sk P p1k
h(s) = = laas) F +dgals) F] s =1
(S> qd(s)p Qd(s) + Qd(S) S =
Since k € (1,p/r), h is decreasing and therefore
k
< L = l s>1

Thus, defining

B Csk 1<s,
95)=90 o0<s<1,

we have that g(s) < ¢5(s) in (0,00). Then

() s *% 0 s *% (3] 1

which ends the proof.

Now, we will analyze another problem of large solutions, which is the principal result of
this section. Specifically, denoting by

we will establish the existence of positive solution for the singular value problem

—Aw = >‘Q<x7 U)) - b(l‘)q(l‘, w)p in Oy,
w=0 on 0§} N 01, (41)
W = 00 on 08 \ 092.

To prove it, we will follow Section 3 of [23]. Thus, we consider the inhomogeneous
problem associated to (41)

—Aw = Ag(z, w) — bw)g(z, w0,
w =0 on 02 N 0L, (42)
w=M on 09 \ 09,

for each M > 0. Denoting Ay ,,+1 = 00, the next result characterizes the existence of positive
solutions of (42).

Lemma 4.2. If p > r, then (42) possesses a positive solution if, and only if, X < Ao my+1-
Moreover, it is unique if exists, and we denote it by wx . Furthermore, the maps A —
win ) and M — w a are non-decreasing.
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PROOF. If w > 0 is a solution of (42), then it is a strict supersolution of the associated
homogeneous problem. Therefore, in the case Ag,,+1 < 0o we have

p
0< Ay |—A— AIEW) |y d@w) o

w w
/\1[_A - /\XQO,mlJrl; Bm1+1] = HQ0,mq+1,Bmq+1 <>‘)

By Lemma 2.2, the above inequality implies that A < Ag,,,+1 is a necessary condition
for the existence of positive solutions of (42).

Assuming A\ < Ao, +1 and since w = 0 is a subsolution (but not a solution) of (42), to
prove the existence of positive solution it suffices to construct a positive supersolution of
(42). To this aim we argue as follows.

The construction in the cases m; < m and m; = m are similar, then we will deal
only with the case m; < m. Fix A < Ao, 1. Note that 00 \ 02 consists of the (finite)
components of 0B;, i € {1,...,my}. Thus, for § > 0 small, let

Ul = {z € Q;dist(z,0B;) < §}

be a regular subdomain and ¢¢ > 0 the principal eigenfunction of —A in ¢ under homo-
geneous Dirichlet boundary conditions with [|¢%|lo = 1. Denoting by A2 = \;[—A;U?] the
corresponding principal eigenvalue and once that

U] —0 asd — 0,

where | - | denotes the Lebesgue measure, the monotonicity of the principal eigenvalue with
respect the domain implies that we can choose § sufficiently small such that

A, (43)

for all (finite) components of 0B;, i = 1,...,m.
On the other hand, consider

B = {x € Q;dist(x, B;) < 6} CC Qy, (44)

for each i € {my +1,...,m}, i.e., the B;’s which are contained in ;. The Figure 3 sketches
the construction of U and B? for a particular case. Denote by )\871- the principal eigenvalue

of

{ —Aw = AXq, npsw in B, (45)

w=0 on OBY.
Observe that Aj; is the zero of the map A — p(X,§) where
PN, 8) = M[=A = AXg s B
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Figure 3: A typical configuration of the sets U and BY where Q; = Q\ B;. The dashed lines around of
0B; delimit the two components of set Z/If and the dashed line around of By delimits the set Bg.

On the one hand, following the proof of Theorem 9.1 of [14], it can be derived that the map
A = p(A,0) is analytic and its zero is simple. On the other hand, from Section 8.5 of [14],
it follows that the map § — p(A,d) varies continuously. Hence, we can deduce that

/\g,i — >\0,i as 0 — 0.
Thus, since Ag; > Ao1 > A, i € {my + 1,..m}, for § sufficiently small, we have
Abi> A (46)
and, hence, Theorem 1.1 provides us with a (unique) positive solution, say w?, of

{ —Aw = Mgz, w) in BY,

w=70 on 0B, (47)

for some \; € (A, A;). Therefore, for § > 0 satisfying (43) and (46), consider a positive

function
¢;Ql\< U@ na) u[ U B ) —R
i=1 i=mi+1
such that

wi(z) ifzeBY? i={m +1,..,m}

D) =9 ¢  ifzelPnQy, i={1,...,m}, (48)
¢(x) otherwise,

is a C%(Q;) function. We claim that K® is a supersolution of (42) for a sufficiently large
positive constant K. Indeed, it is easy to see that K® = K¢ > 0 in 0£; N 02 and for K
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large, K& = K gp‘-s/ > M in each component of 9€; \ 9. Then, K& is a supersolution of

1

(42) provided that

—A(K®) > M\(z, K®) — b(x)q(x, K®)P in Q. (49)

In O\ ([Ug’; U’ n ﬁl)] U [UZ’; i BY 2] ) (49) is equivalent to

q(z, K¢) q(z, Ko)
—A¢p > /\K—gb A Sk el A0

6= bl 5

o.

Since b(z) > by > 0 in O \ ([Ugg(ug Nyl U {Um E‘S]) and in view of (13) — (16)

t=mi+1 "1

lim [AM - b@)M} — o0,

s—00 S S

we have

uniformly in € \ <[U2111(Z/{f/2 ﬂﬁl)] U [U;’imﬁl E;W]). Thus, for sufficiently large K

enough, (49) is satisfied.
Now, in each L{f/z NQy, i €{1,....,mi}, (49) is equivalent to

q(z, Kl)P
K¢

(z, K¢?)

A > 22 ~b(z
K¢! (=)

By the properties of ¢(w, ) and in view of (43), the above inequality follows for any K > 0.
Finally, in E?ﬂ, i€ {my+1,..,m}, since \; > X, (49) holds if

Q(xaw?) q(a:,wa) 1 Q(xaKw?)p
_ S > — —_—
A ( w! Kuw? w2 —blw) K (50)

7

Once that the map s — ¢(x, s)/s is non-increasing, (50) is satisfied for K > 1 and, hence,
K ® is a supersolution of (11). This proves the existence of a positive solution of (11).

The uniqueness follows by a similar argument of Proposition 2.2. The monotonicity of
maps A — wpy ) and M — wpy p is a consequence of that wyy ay is a subsolution of (42)

With/):Z)\and]\/ZZM.

Note that in the previous proof the domain {2; does not play a crucial rule. It is only
important that B; CC Qy, i € {m; + 1,...,m}. Then, as a consequence of this proof, we
obtain

Corollary 4.1. Consider § > 0 small such that, denoting by
Ds = {x € Qy; dist(x, 00, \ 0Q) <6} and Q =Q;\ Ds,

we have



Then, for p >r and M > 0, the problem

—Aw = \g(z,w) — b(z)q(z,w)? in Q,
w =10 on 093 N 09,
w=M on 93 \ 09,

has a positive solution if, and only if, X < Xom,+1. Moreover, it is unique if ewists.

PROOF. Just note that the same arguments of the previous Lemma can be applied, including
the construction of the supersolution.

A crucial step in order to prove existence of large solution is to obtain suitable a priori
estimates. The following result establishes this bound.

Lemma 4.3. For each compact subset K C {x € Q; b(x) > 0}, there exists a constant
C:=C(K) > 0 such that

lwpanllo < C YA < Agmys1, M > 0.
PROOF. Let K C {x € Qy; b(x) > 0} be compact and § > 0 sufficiently small such that
Ks = {x € Q; dist(z, K) < 6} C {z € Qy; b(x) > 0}.

Thus, we have b(z) > ming, b(x) > 0 and, by Lemma 4.1, there exists a large solution, say
Wd, of
—Aw = dw — b(x)ga(w)? in Ks,

where d = maxg, a(x) > 0. For all M > 0, Wy is a supersolution of

{ —Aw = AQ(ZEa w) - b<x)Q<m7w)p n K5/27

o1
W = W,M)| on aK(;/Q. ( )

Indeed, on one hand
As = Aglzs) and q(z,s) > qals) Vs >0,
which implies
—AWq = AWy = b(x)qa(Wa)? > Ag(x, Wq) — b(x)q(x, Wa)?  in K.

Moreover, Wy > wiyaq on 0Ks/9 because Wy = oo in 0K;. Therefore, w[,\7M]|K6/2 is a
solution of (42). Since
fOrs) _ales) ey
S s s
is decreasing in {x € Q; b(xz) > 0}, by Lemma 2.4 b) we obtain

WX, M] <W,; in K(;/, VM > 0.

Consequently,

lwpaller) < max Wy,
5/2

which ends the proof.
24



The main result of this section can be stated as follows.

Proposition 4.1. If X\ < Ao, 11, then (41) possesses a positive solution. Moreover, in such
case, the point-wise limit
Wireo 1= lim wps ),

provides us with the minimal positive large solution of (41), that is, any positive large solution

O of (41) satisfies
Wine < ©.

PROOF. We fix A < Ay, +1. By Lemma 4.2, the map M > wyy a7 is non-decreasing, hence
the point-wise limit is well defined. To show that it solves (41), we proceed as follows. First
we prove that it is finite. In the set {x € Qy;b(z) > 0} is finite by Lemma 4.3. If m; =m
then Q; = {& € Qy;b(z) > 0} and the result is complete.

On the other hand, if m; < m, for each B; C €, i € {m; + 1,...,m}, we can choose
0 > 0 small such that

Ds = {x € Qy; dist(2, 00\ 0Q) <5} c )\ |J B, and Qi =0\ Ds.  (52)
i=mi+1
For each of these d’s, there exists an open set Oy satisfying
90} C Os cC U\ UL, 1B
Fix one of those d’s. Then, thanks to Lemma 4.3, there exists a constant C' > 0 such that
H"U[A,M]HC(an) < Hw[A,M]HC(@,;) <C VM=>0. (53)

Hence, wyy, M]|Q§ is a subsolution of

—Aw = Ag(z, w) — b@)g(z, w0,
w=0 on 993 N 99, (54)
w="C on 999 \ 99,

and, as a consequence
WM < W,C,6] in Qg YM >0, (55)

where wpy ¢ 5 stands for the unique solution of (54), whose existence is guaranteed by Corol-
lary 4.1. This shows that the point-wise limit Wy o is finite in €2;.
Now, we take two open sets O, O; and a sufficiently small § such that

OcCcO, cclcc.

By the elliptic LP-estimates and Morrey’s Theorem, there exists a constant C' > 0 such that,
for each M > 0,
lwp e,y < C.
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Therefore, by the compact embedding C*(0;) into C%*(O;) and the uniqueness of the point-
wise limit, W)y o is Holder continuous. Consequently, by elliptic regularity, we obtain that
it solves (41).

It remains to prove that W[, o is a minimal positive solution of (41). Indeed, let © be
any positive solution of (41) and C' > 0 be the constant that satisfies (53). Since © = 0o on
08\ 012, we have for § > 0 small that

C<O ond\oQ.
Therefore, ©|gs is supersolution of (54) and consequently
wpes <O in Q. (56)
Combining (55) and (56), we obtain

Thus, letting M 1 oo yields
which establishes the minimality of Wy o).

5. Profile of Positive Solution

If Qq0 N Qo # 0, we already know that
mi
lim wy, = oo uniformly in B;.
Mhog Y H
To complete the study of the behavior of the solution wy as A T A1, it remains to show
what happens with the points x € Oy := Q \ U™, B;.

COMPLETING THE PROOF OF THEOREM 1.2 b). Let W := W)y, o] be a positive solution
of (41), given by Proposition 4.1. Considering Q9 as in (52) with § > 0 sufficiently small, it
satisfies

—AW = Xoaq(z, W) = b(z)q(x, W) > Ag(z, W) — b(x)q(z, W)P in QI
for all A € (A1, Ao1). Thus, W is a supersolution of
—Aw = \q(z,w) — b(z)q(z,w)? in QI
{ W = wy|yns on 099,

whose (unique) solution is w,|gs. By Lemma 2.4 b), we obtain

wy <W in Q3
since ¢ is arbitrarily small,

wy <W in Q.
Thus, letting A T Ao,; yields

lim wy(z) < oo Vx e
Mo )x( ) 1

which completes the proof of theorem.
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