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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Riemann-Hilbert problem

Let ¥ C C be an oriented contour and % = ¥\ {points of self-intersection of ¥ }.
Suppose that there exists a matrix-valued smooth map G : ¥° — GL(m, C).

The Riemann-Hilbert problem (RHP) determined by a pair (X, G) consists of
finding an m x m matrix-valued function Y(z) s.t.
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Riemann-Hilbert problem

Let ¥ C C be an oriented contour and % = ¥\ {points of self-intersection of ¥ }.
Suppose that there exists a matrix-valued smooth map G : ¥° — GL(m, C).

The Riemann-Hilbert problem (RHP) determined by a pair (X, G) consists of
finding an m x m matrix-valued function Y(z) s.t.

Q Y(z)is analyticin C\ X

Q Y (2)=Y_(2)G(z) whenze X |
Yi(z)=lim, g4 Y(2)

QY2 = lphasz— +
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Let w : R — R be a L}(R) and Holder continuous function. The
Riemann-Hilbert problem determined by (R, w) consists of finding a
function f : C — C such that
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Let w : R — R be a L}(R) and Holder continuous function. The
Riemann-Hilbert problem determined by (R, w) consists of finding a
function f : C — C such that

© f(z) is analyticin C\ R

Q fi(x) =r1_(x)+w(x) when x € R
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Scalar and additive RHP (m = 1)

Let w: R — R be a L}(R) and Holder continuous function. The
Riemann-Hilbert problem determined by (R, w) consists of finding a

function f : C — C such that
© f(z) is analyticin C\ R
Q fi(x) =r1_(x)+w(x) when x € R
Q f(z)=0(1/z) as z -+ ¢
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Scalar and additive RHP (m = 1)

Let w: R — R be a L}(R) and Holder continuous function. The
Riemann-Hilbert problem determined by (R, w) consists of finding a
function f : C — C such that

© f(z) is analyticin C\ R
Q fi(x) =r1_(x)+w(x) when x € R
Q f(2)=0(1/z) as z = ¢

>=R

The unique solution of this RHP is the Stieltjes or Cauchy transform of w

f(z) = Cw)(z) = —— / lt) g

21 Jgpt— 2z
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@ Integrable models. Inverse scattering of some nonlinear differential and
difference equations like the nonlinear Schrodinger equation, the
Korteweg-de Vries equation or the Toda equations.
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@ Orthogonal polynomials and random matrices. The distribution of
eigenvalues of random matrices in several ensembles is reduced to
computations involving orthogonal polynomials.



What is a RH problem?
The RH problem for OP
The RH problem for MOP

Applications

@ Integrable models. Inverse scattering of some nonlinear differential and
difference equations like the nonlinear Schrodinger equation, the
Korteweg-de Vries equation or the Toda equations.

@ Orthogonal polynomials and random matrices. The distribution of
eigenvalues of random matrices in several ensembles is reduced to
computations involving orthogonal polynomials.

@ Combinatorial probability. On the distribution of the length of the longest
increasing subsequence of a random permutation.
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Applications

@ Integrable models. Inverse scattering of some nonlinear differential and
difference equations like the nonlinear Schrodinger equation, the
Korteweg-de Vries equation or the Toda equations.

@ Orthogonal polynomials and random matrices. The distribution of
eigenvalues of random matrices in several ensembles is reduced to
computations involving orthogonal polynomials.

@ Combinatorial probability. On the distribution of the length of the longest
increasing subsequence of a random permutation.

Advantages for orthogonal polynomials

© Algebraic properties: three term recurrence relation, ladder operators,
second order differential equation

© Uniform asymptotics: steepest descent analysis for RHP (Deift-Zhou,1993).
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Let du be a positive Borel measure supported on R.

We will assume dji(x) = w(x)dx, w > 0 and x'w, X’ € LL(R).
We can then construct a family of

(pn)n s.t.

(pn~ pm)g o / Pn(X)Pm(X)uJ(X)dX o (Sn./n‘ n,mz>> 0
J R

Pn(X) o /"/7(X” + 3/7,/771X”71 =2 0ac
The monic polynomials p,(x) satisfy a

) o /"n/}n(X)

X/3,7(X) o bn+1(x) + ”n/}n(X) + ))/7/5/771(X)
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Let du be a positive Borel measure supported on R.
We will assume dji(x) = w(x)dx, w > 0 and x'w, X’ € LL(R).

We can then construct a family of orthonormal polynomials (p,), s.t

(PP = [ Po(R0pr (X)) = b 120

pn(X) = K,n(x" + an,n—lxn_:l + - ) = ﬁnﬁn(x)
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Orthogonal polynomials

Let du be a positive Borel measure supported on R.
We will assume dji(x) = w(x)dx, w > 0 and x'w, X’ € LL(R).
We can then construct a family of orthonormal polynomials (p,), s.t.

(pmpm)w :/ pn(X)pm(X)W(X)dX = 5n,mu n,m > 0
R
pn(X) = /fn(Xn + an,n—lxn_:l + - ) = K‘n/ﬁn(x)
The monic polynomials p,(x) satisfy a three-term recurrence relation

Xﬁn(x) = ﬁn—i—l(x) + anﬁn(x) + /Bn/ﬁn—l(x)
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We try to find a 2 x 2 matrix-valued function Y” : C — C2*2 such that
© Y is analyticin C\ R
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We try to find a 2 x 2 matrix-valued function Y” : C — C2*2 such that
© Y is analyticin C\ R

Q Y (x)=Y"(x) ((1) “’(1’()) when x € R
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We try to find a 2 x 2 matrix-valued function Y” : C — C2*2 such that
© Y is analyticin C\ R

1 w(x)
0 1 )whenxeR

Q Y'(2) = (I + O(1/2)) (ZO 29") as 2 = 00

@ Y26 =¥ ()
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Solution of the RHP for orthogonal polynomials (m = 2)

We try to find a 2 x 2 matrix-valued function Y” : C — C2*2 such that
@ Y is analytic in C\ R

@ Y (x) =Y (x )(é w(x)> when x € R

1
Q Y'(z)=(l,+ 0O(1/2)) ( n)asz—)oo

For n > 1 the unique solution of the RHP above is given by

Y7(z) = ( Pnl2) C(Bn)(2) )

—27iYn-1Pp-1(2)  —27ivn-1C(Pn-1w)(2)

where C(f)(z) = 5= fR — zdt and v, = r2 (Fokas-Its-Kitaev, 1990).
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Solution of the RHP for orthogonal polynomials (m = 2)

We try to find a 2 x 2 matrix-valued function Y” : C — C2*2 such that
@ Y is analytic in C\ R

1 w(x)

@ Y1 (x) =Y (x )(O )wheanR

1
Q Y'(z) =(, + O(1/z)) ( ,,)asz—>oo

For n > 1 the unique solution of the RHP above is given by

iy Pl Cora)()
Y'(z) = (—27ri%—15n—1(2) —277"%—1(‘—(5"—1“)(2))

where C(f)(z) = 5= fR — zdt and v, = r2 (Fokas-Its-Kitaev, 1990).
The existence and unicity is a consequence of the Morera's theorem, Liouville's
theorem, the additive RHP and detY"(z) = 1.
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The solution of the RHP for orthogonal polynomials satisfy the

1 ,.-1
n zZ -« ooV n
YT(z) = < 2y O )Y ()

d

E.(z2)
—B,(z)
Zyn -
v - (

fiﬁ ~1of
2w
271 Ap—1(2)Yn—1

L T )ve
where

Fn(z)
" pa(t)w'(t)
A (z) = / Pritl 18 gy,

JR

t—z

" Pn(t)Pr—1(t)w’(t
t an(Z)Aml/ Pn(t)Pn—1(t)w’( )dt
JR t—2z
«4O0>r «Fr «=Z>r «E» a
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

The Lax pair

The solution of the RHP for orthogonal polynomials satisfy the Lax pair

_ L =1
Yn+1(z) _ (Z Op 27”'7,7 > Yn(z)

—2TivYn 0
En(2)
9 yn(z) = —B(2) _%751 An(2)\ yn
dZY (Z) B <27Tigln_1(z)')/n_l an(Z) Y (Z)
Fn(2)
where
52 / ~ N ,
an(z) = —fyn/ Mdt, %n(z) — _f}/n—l/ pn(t)pn—l(t)w (t) dr
R t—z R t—z
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Cross-differentiating the Lax pair yield

E/(2) + En(2)Fn(2) = Fri1(2)En(2)
conditions entry-wise are

also known as string equations. In our situation, the compatibility

1+ (z — an)(Bn+1(2) — Bn(2)) = Bnr1¥Unt1(2) — BnAn-1(2)
Bp+1(2) + Bn(z) = (z — an)An(2)




What is a RH problem?
The RH problem for OP
The RH problem for MOP

Compatibility conditions

Cross-differentiating the Lax pair yield

E\(2) + En(2)Fn(2) = Fpy1(2)En(2)
also known as string equations. In our situation, the compatibility
conditions entry-wise are

1+ (z = an)(Bnt1(z) — Bn(2)) = Bns1¥Unt1(2) — BnUAn-1(2)
B11(2) + Bn(2) = (2 — @n)An(2)

Problem. Typically, the coefficients 2(,(z) and ®B,(z) are difficult to
obtain. We can avoid that by transforming the RHP in another RHP with
constant jump.
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Consider the transformation

1/2 0
n _wh w
@)=y (Y5 5)
We observe that X" is invertible and that
n n "("l : 0
X100 = Y20 (

0 w2
1

)Y"(X) <1
— Y7 (%) <”‘07 |

S
BRI IC
el )

That means that X” has a

= E,(z) and F,(z) are completely determined by their behavior at z — oc.
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Consider the transformation

@ =¥ (4 %) J

We observe that X" is invertible and that

X" (x) = Y7 (x) (“’;/2 w_ol/z)zv"_(x) (é T) (wl/z ; )

0 w—1/2

—yr w'/? 0 w20 1w\ (w'/? 0

=Y"(x) 0 w12 0 Wl/2 0 1 0 w12
n 11

= X"(x) (O 1)
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Transformation of the RHP

Consider the transformation
wl/? 0
@)=y (Y 5
We observe that X" is invertible and that
n n wl/? 0 n 1 w wl/? 0
e =vie (g Se) =i (s 9) (% L%)
n wl/2 0 w172 0 1 w) [(w/? 0

=Y"(x) 0 w172 0 w172 0 1 0 w12
Con 11
= X2(x) (0 1)

That means that X" has a constant jump
= E,(z) and F,(z) are completely determined by their behavior at z — oo.
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Example: Hermite polynomials

The solution Y"(z) of the RHP
© Y"is analyticin C\ R

Q Yi(x)=Y"(x) ((1) e_lx ) when x € R

® ¥'(2) = 1+ 01/2)

is given by

oy @) C(Hne)(e)
D (_27T’.’Yn—1Hn—1(z) _27Ti7n—1C(Hn—1e_t2)(z)>

0
,-n)asz—=

where (It/,,),, is the family of monic Hermite polynomials.
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—2%/2
X"(z) =Y"(2) (e . ez(z)/z) satisfies the following Lax pair
_ 1 -1 d
x,,+1 _ z (.Jln 71 In n Y yn _ —Z ﬂ-,’Yn n
@=(Zain =00 )X X = (4 X"(z)




What is a RH problem?
The RH problem for OP
The RH problem for MOP

The Lax pair and compatibility conditions

—z%/2
X"(z) =Y"(2) <e 9 ) satisfies the following Lax pair
0 ez /2
_ 1 -1 d _ _1.-1
n+1 _ [ Z—=C 557n n 9 yn _ z =i 'n n
X" (2) = (—27ri’y,, 0 2l de (2) <47ri’yn1 z >X (Z)J

The difference equation gives (using 8, = ¥n/Yn+1) the TTRR
XI/:In(X) = "/:In+1(x) + O{,,I/:I,,(X) + 6n"/:ln—l(x)a
while the differential equation gives the ladder operators

H! (x) = 2BnHp-1(x),  H'(x) = 2zHp(x) = —2Hn11(x).
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

The Lax pair and compatibility conditions

—z%/2
X"(z) =Y"(2) <e . e29/2> satisfies the following Lax pair

_ 1 -1 d _ 1.1

n+1 _ [ Z—=C 557n n 9 yn _ z =i 'n n
X" (2) = (—27ri’y,, 0 2l de (2) <47ri’yn1 z >X (Z)J
The difference equation gives (using 8, = ¥n/Yn+1) the TTRR

XI/:In(X) = "/:In+1(x) + O{nl/:ln(x) + 6n"/:ln—l(x)a

while the differential equation gives the ladder operators

H! (x) = 2BnHp-1(x),  H'(x) = 2zHp(x) = —2Hn11(x).

The compatibility conditions are

1 n
a, =0, 5n+1—5n:§:>5n:§ J
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The theory of matrix orthogonal polynomials on the real line (MOP) was
introduced by Krein in 1949.
ANXxN on the real line is

P(x)=Ax"+ A, 1x" 4.+ Ay, xecR A;cCVN

Let W be a N x N a matrix of measures or !
We will assume dW(x) = W(x)dx and W smooth and positive definite on R.
We can construct a family of MOP with respect to the inner product

(P,Q)w = / P(x)W(x)Q*(x)dx € CN*N

such that

(Pn- Pm)W o / Pn(X)W(X)P'm(X)dX = (5”_,77|/\/. n,m~> 0

1

P/)(X) o /‘5/7(X” +ann lX” SFooc ) o I-E”ls”(X)



The theory of matrix orthogonal polynomials on the real line (MOP) was
introduced by Krein in 1949.
A N x N matrix polynomial on the real line is

P(x) =Apx"+A,_1x" T4+ Ay, xeR A;eCVV



What is a RH problem?
The RH problem for OP
The RH problem for MOP

Matrix orthogonal polynomials

The theory of matrix orthogonal polynomials on the real line (MOP) was
introduced by Krein in 1949.

A N x N matrix polynomial on the real line is

P(x) =Ax"+A,_1x" P4+ Ay, xeR A;eCVVN
Let W be a N x N a matrix of measures or weight matrix.
We will assume dW(x) = W(x)dx and W smooth and positive definite on R.
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Matrix orthogonal polynomials

The theory of matrix orthogonal polynomials on the real line (MOP) was
introduced by Krein in 1949.

A N x N matrix polynomial on the real line is

P(x) =Ax"+A,_1x" 1+ + Ay, xeR A;eCVV

Let W be a N x N a matrix of measures or weight matrix.
We will assume dW(x) = W(x)dx and W smooth and positive definite on R.
We can construct a family of MOP with respect to the inner product

(P,Q)w = / P(x)W(x)Q*(x)dx € CN*N
R
such that

(Pp, Po)w :/ P ()W(X)PE (x)dx = dpmly, 7y m > 0
R
Po(x) = Kn(X"+apn1x" 1+ ) = K’nﬁn(x)

Manuel Dominguez de la Iglesia RH characterization for MOP



C — €22 such that

© Y"is analyticin C\ R

Hx) = Y2(x) (N W(x)

O Y& = (law+ 002D (

«4O0>r «Fr «=Z>r «E» o

-

When x € R

0
z "y



What is a RH problem?
The RH problem for OP
The RH problem for MOP

Solution of the RHP for MOP (m = 2N)

Y":C — C2Nx2N gich that
© Y"is analyticin C\ R

Q Yi(x)=Y2(x) (I(I)V V\:I(VX)> when x € R

n
Q Y'(z) = (lay + O(1/2)) "Iy _2 as z — 00
0 z IN
For n > 1 the unique solution of the RH problem above is given by

Yo(z) = ( Po(2) C(PW)(2) )

—27Ti’y,,_1/|5,,_1(z) —27ivp—1C(Ppr_1W)(2)

where C(F)(z) = = [g %dt and v, = K}Kn.
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

The Lax pair

The solution of the RHP for orthogonal polynomials satisfy the Lax pair

1 —1
n+1 _ Z — O ﬁ,‘/n n
YT = (—2mn 0 )Y ().
E,(2)
d n _ —B,(z) —%7;121,,(2) n
& = <27Ti2[,,1(2)’)/n1 Bz )Y (@
Fn(z) )
where
P, (t)W'(£)P(t P, ()W ()P (t
%,(2) = _%/ (OWOPAO) oy (/ (W' (£)P, s )dt> .
R t—z R t—z
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Cross-differentiating the Lax pair yield

E(2) + En(2)Fn(2) = Fr11(2)En(2)

also known as string equations. In our situation, the compatibility
conditions entry-wise are

Iv+Bni1(2)(2ln — an) = (2Iv = @n)Bn(2) = A;11(2)Bnr1 — Bl 1(2)

Bni1(2) + 77 Bi(2) 70 = (2l — ) Ap(2)

«0O)>» «F»r « o>
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Compatibility conditions

Cross-differentiating the Lax pair yield
E.(2) + En(2)Fn(2) = Fry1(2)En(2)

also known as string equations. In our situation, the compatibility
conditions entry-wise are

In+Bni1(2)(zly — o) — (2In — an)Bn(2) = A} 11(2)Brt1 — BaA;_1(2)
’Bn+1(z) + "yn_l’B:(z)'yn = (ZIN - an)mZ(z)

Problem. Again, the coefficients 2,(z) and B,(z) are difficult to obtain.
We need to tranform the RHP in another RHP with constant jump.
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Goal: obtain an invertible transformation Y” — X" such that X" has a
constant jump across R. Consider X"(z) = Y"(z)V(z) where

_(T(z) O
v@) = ("6 %)
where T is an invertible N x N smooth matrix function.

it
v
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Transformation of the RHP

Goal: obtain an invertible transformation Y"” — X" such that X" has a
constant jump across R. Consider X"(z) = Y"(z)V(z) where

v (¢ +2)

where T is an invertible N x N smooth matrix function.
This motivates to consider a factorization of the weight in the form

W(x) =T(x)T*(x), xe€R.
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Transformation of the RHP

Goal: obtain an invertible transformation Y"” — X" such that X" has a
constant jump across R. Consider X"(z) = Y"(z)V(z) where

v (¢ +2)

where T is an invertible N x N smooth matrix function.
This motivates to consider a factorization of the weight in the form

W(x) =T(x)T*(x), xe€R.
This factorization is not unique since
T(x) = 'T'(X)S(x), x € R,

where 'T'(x) is an upper triangular matrix and S(x) is an arbitrary smooth
and unitary matrix.
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We additionally assume

T'(2) = G(2)T(2),

where G is a matrix polynomial of degree m (most of our examples)

it
v

«0)>» «Fr «=Z»r « A



What is a RH problem?
The RH problem for OP
The RH problem for MOP

Transformation of the RHP 1l

We additionally assume
T'(z) = G(2)T(2),

where G is a matrix polynomial of degree m (most of our examples)
Then

%X"(Z) = Fn(z; G)X"(z2),
L —Bn(z; G) —% ~1A,(z;G)
Fn(2:G) = (277/'A,,_1(z; G)Yn-1 gf,(z;G) >

where A, and B, are matrix polynomials of degree m — 1 and m
respectively.

Manuel Dominguez de la Iglesia RH characterization for MOP



What is a RH problem?
The RH problem for OP
The RH problem for MOP

Transformation of the RHP Il

If there exists a non-trivial matrix-valued function S, non-singular on C, smooth
and unitary on R, s.t.

W(x) =T(x)T (x), xE€eR, T (z) =G(2)T(z), ze€C,
with G(z) = G(z) + H(z) and the matrix X" satisfies

ix"(z) = (Fa(2;G) + Fo(z; H)) X"(2) — X"(2) (X

o\
~—
|
X*O
—
N
~—
N—

dz

with x(z) = S'(2)S*(2).

Manuel Dominguez de la Iglesia RH characterization for MOP




What is a RH problem?
The RH problem for OP
The RH problem for MOP

Transformation of the RHP Il

If there exists a non-trivial matrix-valued function S, non-singular on C, smooth
and unitary on R, s.t.

W(x) =T(x)T (x), xE€eR, T (z) =G(2)T(z), ze€C,
with G(z) = G(z) + H(z) and the matrix X" satisfies

%Xn(z)—(Fn(Z;G)+Fn(Z;H))X"(Z)—X”(z)(XE)Z) 0 )

with x(z) = S'(2)S*(2).

Consequences: We have a class of ladder operators.
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Let us consider T(x) = e

—x2/2eAx and
W(X) _ e—xzeAxeA*x’ Ac (CNXN7 x € R.
n+1 - /ZI/\/ o “N %’7/7 : n
X" (2) <72m"7,7 0 X"(2)
d, —zIy + A =<7 i -
dz (2) = < Amiv,_1  zly — A )X (2)
Op = (A - Yn 'A 7/1) 2

, 2(Bnt1— Bn) = A, — a,A+ 1y
«O0>» «Fr» «E» <« > Q>
~ Manuel Dominguez de la Iglesia  RH characterization for MOP



Let us consider T(x) = e

—x*/2gAx 3nd
2 *
W(x) = e el

X"(z) = (

—27ivYp
dyn v _ [—zln+A
dzx (2) = ( 4iyp—_1

Ac CNXN

ZIN — Oy %7,;_1 n
i) X7(z)

1.-1
_;7n n
zly — A*) X'(2)

x € R.
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Let us consider T(x) = e~*"/2eA* and

W(X) _ e—x2 eAxeA* ’

AcCVN  xeR.
n+1 zZly —a, =T
X (Z) =

1

27ri7n n
—27ivn 0 )X(Z)
dn o —zly+ A
Zilei= (

_L,Y—l
i 'n n
47!'/"7,,_1 ZlN = A*) X (z)

an=(A+7,"AYn)/2, 2(Bni1—Bn) =Acts — anA + Iy
«0)>» «Fr «=Z»r « A
—




P (x) + Pp(x)A — AP,(x) = 28,Pn_1(x),

P (x) + 2xP(x) + AP (x) — Po(x)A — 20,Pp(x) = 2P 1 ()




What is a RH problem?
The RH problem for OP
The RH problem for MOP

Ladder operators
P (x) + Pp(x)A — AP, (x) = 28,P,_1(x),
—P,(x) + 2xP(x) + AP(x) — Pp(x)A — 20,P(x) = 2P py1(x).
Combining them we get a second order differential equation

Second order differential equation
P (x) + 2P (x)(A — xly) + Pn(x)(A2 — 2xA)
= (—2xA + A2 — 43,)Pn(x) + 2(A — ) (P, (x) + Pn(x)A — AP,(x)).
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In order to use the freedom in the matrix case by a unitary matrix function
S we have to impose additional constraints on the weight W.
The matrix H can be written as
2
H(x) = e xe ™ = x + ada(x)x + adi(x)% + -
where x(x) = §'(x)S*(x) is skew-Hermitian on R

This matrix equation was considered already by Durdn-Griinbaum (2004),
when x is a constant matrix.

it
v
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

In order to use the freedom in the matrix case by a unitary matrix function
S we have to impose additional constraints on the weight W.
The matrix H can be written as
Ax_ _—A 2 x>
H(x) = e™xe™ = x +ada(x)x +ada(x) 5 + -+,

where x(x) = S'(x)S*(x) is skew-Hermitian on R.
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

In order to use the freedom in the matrix case by a unitary matrix function
S we have to impose additional constraints on the weight W.
The matrix H can be written as

2

—RAx X
H(x) = eMxe™ = x +ada(x)x + ad%(x)? +en

where x(x) = S'(x)S*(x) is skew-Hermitian on R.
This matrix equation was considered already by Durdn-Griinbaum (2004),
when x is a constant matrix.
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

In order to use the freedom in the matrix case by a unitary matrix function
S we have to impose additional constraints on the weight W.
The matrix H can be written as

2
X
H(x) = e xe ™ = x +ada(x)x +adq(x) 7 +
where x(x) = S'(x)S*(x) is skew-Hermitian on R.
This matrix equation was considered already by Durdn-Griinbaum (2004),
when x is a constant matrix.

@ If deg H = 0 then x = ialy,a € R = No new ladder operators.
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

In order to use the freedom in the matrix case by a unitary matrix function
S we have to impose additional constraints on the weight W.
The matrix H can be written as

2
X
H(x) = e xe ™ = x +ada(x)x +adq(x) 7 +
where x(x) = S'(x)S*(x) is skew-Hermitian on R.
This matrix equation was considered already by Durdn-Griinbaum (2004),
when x is a constant matrix.
@ If deg H = 0 then x = ialy,a € R = No new ladder operators.

o If deg H =1 then
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

In order to use the freedom in the matrix case by a unitary matrix function
S we have to impose additional constraints on the weight W.
The matrix H can be written as

2
X
H(x) = e xe ™ = x +ada(x)x +adq(x) 7 +
where x(x) = S'(x)S*(x) is skew-Hermitian on R.
This matrix equation was considered already by Durdn-Griinbaum (2004),
when x is a constant matrix.
@ If deg H = 0 then x = ialy,a € R = No new ladder operators.

o If deg H =1 then
N N

QA=L=) vE,andx=id=iY (N-iE

i—1 i-1
= ada(x) = —A and S(x) = e™*
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

In order to use the freedom in the matrix case by a unitary matrix function
S we have to impose additional constraints on the weight W.
The matrix H can be written as

2
X
H(x) = e xe ™ = x +ada(x)x +adq(x) 7 +

where x(x) = S'(x)S*(x) is skew-Hermitian on R.
This matrix equation was considered already by Durdn-Griinbaum (2004),
when x is a constant matrix.

@ If deg H = 0 then x = ialy,a € R = No new ladder operators.

o If deg H =1 then

N N

QA=L=) vE,andx=id=iY (N-iE
i=1 i=1
= ada(x) = —A and S(x) = e™*
Q@ A=L(Iy+L)% and x =iJ _
= ada(x) = —A + A% and S(x) = e"*
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Jap—apd+a, =L+ %(Lza,, —a,l?), J—~, 0y,

Lan + anL _ 2a$'

«O0>» «Fr «E» < o

mt
v



Jap, —ad+a, =L+ %(Lzan —a,l?), J—~, 0y,

Lan +* anL _ 2a,27

Pa()J = JPo(x) = x(Pal)L = L (x)) + 28:Pn(x) = nPs(x) = 2(L — an)B,Pr1(¥)

ﬁn(X)(J - XL) - 717_1(-’ —XL*)’Ynﬁn(X) = 2ﬂn+1ﬁn(x) - (n+ 1)ﬁn(x) = 2(Ofn - L)ﬁn+1(x)

«O>» «Fr «E>» < o

it
v



Ja, —ad+a, =L+ %(Lza,, —a,l?), J—v, v, = La, + a,L — 247

Po(x)d = IP,(x) — x(Pa(x)L — LP,(x)) + 28,Pn(x) — nP,(x) = 2(L — cn)BPs_1(x)

Po(x)(d = xL) =7, 1(J = XL*)¥aPn(x) + 28n+1Pn(x) — (4 1)Pa(x) = 2(cn — L)P 11 (x)

(L—an)ﬁ;(x)-I-(L—an-l-xlN)(ﬁ,,(x)L—Lﬁ,,(x))—2ﬁ,ﬁ,,(x) = Po(x)J—JP,(x)—nP,(x)

u]
8]
!
it
!

V)

o
i)



What is a RH problem?
The RH problem for OP
The RH problem for MOP

Sturm-Liouville type differential equation

Finally, something remarkable happens. Combining the second and the
first order differential equation will give surprisingly

Sturm-Liouville type differential equation
P (x) 4 2P, (x)(L — xIy) + Po(x)(L> — 2J) = (=2nly + L2 — 2J)P ,(x) J

This is a second-order differential equation of Sturm-Liouville type satisfied
by the MOP, already given by Durdn-Griinbaum (2004)
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Sturm-Liouville type differential equation

Finally, something remarkable happens. Combining the second and the
first order differential equation will give surprisingly

Sturm-Liouville type differential equation

P/ (x) + 2P, (x)(L — xIy) + Po(x)(L2 — 20) = (=2nly + L2 — 20)P ,(x)
This is a second-order differential equation of Sturm-Liouville type satisfied
by the MOP, already given by Durdn-Griinbaum (2004)
Conclusions

© The ladder operators method gives more insight about the differential
properties of MOP and new phenomena
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Sturm-Liouville type differential equation

Finally, something remarkable happens. Combining the second and the
first order differential equation will give surprisingly

Sturm-Liouville type differential equation

P (x) + 2P, (x)(L — xIy) + Pp(x)(L2 — 2) = (—2nly + L2 — 2J)P ,(x)
This is a second-order differential equation of Sturm-Liouville type satisfied
by the MOP, already given by Durdn-Griinbaum (2004)
Conclusions

© The ladder operators method gives more insight about the differential
properties of MOP and new phenomena

© This method works for every weight matrix W. The corresponding
MOP satisfy differential equations, but not necessarily of
Sturm-Liouville type
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Open problems |

RHP for Laguerre and Jacobi type matrix orthogonal polynomials
Find Y : C — C2N*2N with (Y1), (Y2), (Y3) and

(Y4) As z — ¢, c € {a, b}, c # £0o0, we have

v (0) Oh(2))
””‘(om O(h(z»>’

where
|lz—c|?, if —1<~.<0,
h(z) = §log|z —¢|, if =0,
1, if 7o > 0.

Calculate ladder operators and differential equations for examples of
Laguerre and Jacobi type.
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Open problems |l

Ladder operators for multiple orthogonal polynomials of mixed type
Find Y" : C — C(P+a)x(p+a)  The main difference is the jump condition

n _wn I, wiw,
Y10 =¥ (o (T
where Wl = (W1’17 ey W17p) and V_|72 = (W2’1, ey W2’q).

If we perform the transformation X"(z) = Y"(z)V(z) where

W11

then X" has a constant jump, and we could get explicit formulas for ladder
operators of multiple orthogonal polynomials of mixed type.
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What is a RH problem?
The RH problem for OP
The RH problem for MOP

Open problems Il

Modification of the weight matrix W(x) by a parameter t

The corresponding MOP will depend of an extra parameter P,(x, t).

In the scalar case, it is known that for some special modifications of the
weight, the coefficients of the new three-term recurrence relation are
related to Painlevé equations. One way of proving this is by using ladder
operators.

Something similar can be done in the matrix case for some families where
we can compute explicitly the coefficients of the three-term recurrence
relation. It would lead to non-commutative Painlevé equations. RH
methods could help since it is a straightforward way of getting ladder
operators for MOP.
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