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Random walks

Transition probability matrix

bo ao
a b a
= % b2 an ! anO,an,c,,>0' an+bn+cn:1
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Properties

n-step transition probability matrix:

Prob{E; — Ej in n steps} = Pj; = Z Pit Proky - P
KiK. kn_1

n—lj
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Properties

n-step transition probability matrix:

Prob{E; — EJ in n steps} = P,-S-’ = Z 'Dik1 Pk1k2 ce 'Dkn_1j
ke koo ikn_1
Recurrence
@ Transient

@ Recurrent

» Positive or ergodic
> Null
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Properties

n-step transition probability matrix:

Prob{E; — EJ in n steps} = P,-S-’ = Z 'Dik1 Pk1k2 ce 'Dkn_1j
ki k2, kn—1
Recurrence
@ Transient

@ Recurrent

» Positive or ergodic
> Null

Invariant distribution or measure

A non-null vector 7@ = (g, 711, 75, . .. ) with non-negative components

nP=m7
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Introducing the polynomials (g,), by the conditions q_1(t) =0, go(t) =1
and the recursion relation

by a
qo(t) N~ qo(t)
B =] ™ * qu(t)
t ql_ - o b a _

tqn(t) = anqn+1(t) + bnqn(t) + qun—l(t)- n=0,1,...

there exists a unique measure dw/(t) supported in [—1, 1] such that

1 1
L q,-(r)qj(r)dw(r)/J gi()°dal(t) = 5;

—1
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Karlin and McGregor (1959): integral representation of P"

Karlin-McGregor formula

1 1
P,-?:J 1tnqi(t)qj(t)dw(t)/J qj(t)*dw(t)
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Karlin and McGregor (1959): integral representation of P"

Karlin-McGregor formula

1 1
Py = J_l tnqi(t)qj(t)dw(t)/J qj(t)*dw(t)

Invariant measure or distribution
7= (119, 701, 702, ... ) with TP =7t
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Karlin and McGregor (1959): integral representation of P"

Karlin-McGregor formula

1 1
Py = J_l tnqi(t)qj(t)dw(t)/J qj(t)*dw(t)

Invariant measure or distribution
7= (119, 701, 702, ... ) with TP =7t
_ 4041 di—1

= T =
C1C -G
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Karlin and McGregor (1959): integral representation of P"

Karlin-McGregor formula

1 1
Py = J_l tnqi(t)qj(t)dw(t)/J qj(t)*dw(t)

Invariant measure or distribution
7= (119, 701, 702, ... ) with TP =7t

apa1 ' aj—1 1 1
= T = 0 ! =

C1c - G fl_l g?(t)dw(t)  aill?
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Orthogonal matrix polynomials

Krein (1949): orthogonal matrix polynomials (OMP)
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Orthogonal matrix polynomials

Krein (1949): orthogonal matrix polynomials (OMP)
Orthogonality: weight matrix W. Matrix valued inner product:

<'D1 Q>W:JRP(t)dW(t)Q*(t)E(CNXN, P,QGCNXN[t]
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Orthogonal matrix polynomials

Krein (1949): orthogonal matrix polynomials (OMP)
Orthogonality: weight matrix W. Matrix valued inner product:

<PvQ>W:JRP(t)dW(t)Q*(t)e(CNXN, P,QGCNXN[t]

Using Gram-Schmidt we get a family of OMP (Q,),.
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Orthogonal matrix polynomials

Krein (1949): orthogonal matrix polynomials (OMP)
Orthogonality: weight matrix W. Matrix valued inner product:

<PvQ>W:JRP(t)dW(t)Q*(t)e(CNXN, P,QGCNXN[t]

Using Gram-Schmidt we get a family of OMP (Q,),.
One gets a three term recurrence relation

th(t) - AnQnJrl(t) + BnQn(t) + Cnanl(t)i n 2 0, det(An) 7é 0.
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Orthogonal matrix polynomials

Krein (1949): orthogonal matrix polynomials (OMP)
Orthogonality: weight matrix W. Matrix valued inner product:

<PvQ>W:JRP(t)dW(t)Q*(t)e(CNXN, P,QGCNXN[t]

Using Gram-Schmidt we get a family of OMP (Q,),.
One gets a three term recurrence relation

th(t) = AnQnJrl(t) + BnQn(t) + Cnanl(t): n 2 Ov det(An) 7é 0

Jacobi operator (block tridiagonal)

Qo(t) Bo Ao Qo(t)
Qu(t) G B A Q1 (t)

tlQ(t) | = G B A Q(t)
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Quasi-birth-and-death processes

Transition probability matrix

By, A
¢ B A (An)i (Ba)i (Ca > 0, det(Ay), det(C,) #0
P = G B A C Y (At (B + (Gl =1, i=1,... N

i
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Quasi-birth-and-death processes

Transition probability matrix

By, A
¢ B A (An)i (Ba)i (Ca > 0, det(Ay), det(C,) #0
P = G B A C Y (At (B + (Gl =1, i=1,... N

J

Particular case: pentadiagonal matrix

bo do do 0 0
ca b a; dp
€ C b2 ar d2 0 0
P = 0 €3 C3 b3 as d3
0 e G by a4 do 0
0 65 s bs as ds
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Network

by by
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OMP: Griinbaum (2007) and Dette-Reuther-Studden-Zygmunt (2007):

Introducing the matrix polynomials (Q,), by the conditions Q_1(t) =0,
Qo(t) = I and the recursion relation
Bo Ao
Qol(t) G B, A Qol(t)

t Qll(t) = G B A Ql-(t)

th(t) = AnQn+1(t) + BnQn(t) + Cnanl(t)v n=0,1,...

and under certain technical conditions over A, B,, C,, there exists an
unique weight matrix dW(t) supported in [—1, 1] such that

1 1 -1
(Jl Q;(t)dW(t)Qf(t)> (J le(t)dW(t)Qf(t)> 5y
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Karlin-McGregor formula
n __
P =

1

(El eonaw(n (o) ( |

1
o )dW(t)o;(t))

m]

=

DA™
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Karlin-McGregor formula

1 1 -1
P; = (Jl t"Q,-(t)dW(t)Qf(t)> <J ) Qj(t)dW(t)Qj“(t)>

Invariant measure or distribution

Non-null vector with non-negative components

n=(nnt.. )= (), n, ... m;ml g,
such that
mP=m
=l =7

1

1.
T )
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The family of processes (N = 2)

Conjugation

where

1 1
T = 0 x+PB—k+2
P—k+1

Griinbaum-MdI (2008)

T aq ap( kt+HB—k+1 (1—t)([5—k+1)>
Wit) =151 -1) <(1—rms—k+1) (1= t)2(B — k+1)

te(0,1), x,p>—-1,0<k<pP+1
Pacharoni-Tirao (2006)
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We consider the family of OMP (Q,(t)), such that
@ Three term recurrence relation

th(t) = AnQn—O—l(ﬂ + BnQn(t) + Cnanl(t)v

where the Jacobi matrix is stochastic
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We consider the family of OMP (Q,(t)), such that
@ Three term recurrence relation
tQn(t) = AnQn+1(t) + ByQn(t) + Ch@n—1(t), n=0,1,...
where the Jacobi matrix is stochastic
@ Choosing Qq(t) = I the leading coefficient of @, is

k (x+B+2n+2)
F(B+2)F(O(+B+2n+2) ( _}(_n (_(o(_'_gn_'_z_._gg((o‘igé{_'_zz)))
n+o+p—k+2)(x+[+2n+
Mo+ B+n+2)P(B+n+2) 0 (et BInt2) (ot B_Kk12)
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We consider the family of OMP (Q,(t)), such that
@ Three term recurrence relation
th(t) = AnQn+1(t) + BnQn(t) + Cnanl(t)v n= 0, 1v ces

where the Jacobi matrix is stochastic
@ Choosing Qq(t) = I the leading coefficient of @, is

k (x+pB+2n+2)
MR +2)l(x+p+2n+2) (tn _(oc+ﬁn+(:1‘+2](o:0—[3k+2)>

(n+otB—k+2) (ot p+2n+2)
Mo+ B+n+2)P(B+n+2) 0 (et BInt2) (ot B_Kk12)

@ Moreover, the corresponding norms are diagonal matrices:

(n+ o+ 1)r(n+1)r((5+2)2(n+cx+(5—/<+2)><
FMn+oax+pR+2)F(n+p+2)

n+k 0
k(2ntot+p+2)
0 (n+a+1)(n+k+1)
(B—k+1)(2n+a+p+3) (n+a+p+2)

I
1Qnlliy =
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@ The choice of the leading coefficient is motivated by the fact that

where ey = (1,1,

m]

=

DA™
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@ The choice of the leading coefficient is motivated by the fact that

Qn(l)ey =epn

where ey = (1,1, - -- ,l)T.

@ Consequently, the Jacobi matrix is stochastic:

1. Qn(l)eN = AnQnJrl(l)eN + BnQn(l)eN + CnQn—l(l)eN
I I
ey = (An + Bn + Cn)eN
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Particular case x =3 =0, k =1/2

(2n+1)(n+2)?

A — | 2(2n+3)2(n+1) 0
n- 2(n+2) n+3
(2n+5)(2n+3)2 2(2n+5)
1 4n*+8n-1 n+?2
g — |2 2@n+1)2(2n+3)2 (2n+3)}(n+1)
n 2(n+1) 11
(2n+1)(2n +3)2 2 (2n+3)2
n?(2n + 3) n
C.— | 2@2n+1)2(n+1) (n+1)(2n+1)?
n n
0 202n+1)
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Particular case x =3 =0, k =1/2

Pentadiagonal Jacobi matrix:

5 2 2
9 9 9
2 7 4 3
9 18 45 10
501 107 3 2
36 18 225 50 100
14 23 6 2
p_ 6 75 50 175 7
L 2 51 4 40
75 75 1225 147 147
1 6 4 8 5
5 245 98 441 18
B 3 195 5
392 196 3969 324

Manuel Dominguez de la Iglesia
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Associated network
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n-step transition probability matrix

Let
By Ao
G B A
P = G By A

the transition probability matrix. Then

Karlin-McGregor formula

1 1 e
P} = (L t"Q,-(t)dW(t)Qf(t)) (J 1 Qj(t)dW(t)Qj"(t))
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Recurrence

Theorem (Griinbaum-Mdl, 2008)
Let

By Ao
G B
P = G

be the transition probability matrix.

Karlin-McGregor formula
Recurrence
The invariant measure

A
B, A

If > O then the process is transient.
If =1 < 3 < 0 then the process is null recurrent.
Hence, the Markov process is never positive recurrent.

Manuel Dominguez de la Iglesia

A family of QBD processes




[nvariant measure

The row vector

= (n’mnt: )
1 1 1
T(n( ) ,...'7>, n)O
(1@nllw) 11" (1@nlly ), (1@nlliw) w.n
is an invariant measure of P
Particular case N =2, «x =3 =0, k =1/2:
o 2(n+1)3 ,(m+nm+2), n>0
(2n+3)(2n+1) 2n+3

a (2 2 16 6 54 12 128 20 250 30 432 42 686 56 )
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The invariant measure

Invariant measure
The row vector

1 1 1
n_ ' e —— ), nxo0
" <(||Qn||\2/v)1,1 (1Qnllfy )22 (||Q"||\2/V)N,N> ’

is an invariant measure of P
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The invariant measure

Invariant measure
The row vector

1 1 1
n __ , SRR — 20
" <(uonu2w>1,1 (1Qn12,), (nonH%V)N,N) !

is an invariant measure of P
Particular case N =2, x =3 =0, k =1/2:

n"<( 2(n+1)3 (n+1)(n+2)>

>0
2n+3)(2n+1) 2n+3 "

22 16 6 54 12 128 20 250 30 432 42 686 56

= (3’3' 15'5'35' 7' 63’ 9' 99 '11'143'13' 195 15’
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The shape of the invariant measure (N = 2)

The invariant measure 7t such that P = 7t is given by

where 7t", n > 0, is a 2-dimensional vector.
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The shape of the invariant measure (N = 2)

The invariant measure 7t such that P = 7t is given by

where 7t", n > 0, is a 2-dimensional vector.
We have

(00, 00), if B >—%,
nimwn” — %(2/(, 1—2k), ?f B = —%, 1
(0,0), if —1<p<-—1
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For f > —1/2

11

Tt
0.9 2

0.7
0.6
05

Figure: « =—0.8,3 =—-04,k=0.3
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For p =—1/2
09
08
08 n
1 075
07
07 b0
06 n 0.65 - s s
(¥ n
06 1
05
0.55
04 05
03
0 1 2 3 4 5 6 7 0 1 2 3 4 5
Figure: Figure:
a=-092,p=-05k=0.3 x=-009,p3=-05k=0.25
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For -1 < p < —1/2

0.7
0.65
0.6
0.55
05
045
04

0.35

Figure: « =—0.9,3 =—-0.6,k=0.2
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@ A stochastic block tridiagonal matrix P gives rise to a quasi-birth-and-death
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Summary

@ A stochastic block tridiagonal matrix P gives rise to a quasi-birth-and-death
process.

@ The probabilistic aspects of these processes can be greatly simplified if we
have the explicit expression of the weight matrix W(t).
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Summary

@ A stochastic block tridiagonal matrix P gives rise to a quasi-birth-and-death
process.

@ The probabilistic aspects of these processes can be greatly simplified if we
have the explicit expression of the weight matrix W(t).

@ We start from a rich group theoretical situation that yields W(t) as well as
an stochastic Jacobi matrix P.
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Summary

@ A stochastic block tridiagonal matrix P gives rise to a quasi-birth-and-death
process.

@ The probabilistic aspects of these processes can be greatly simplified if we
have the explicit expression of the weight matrix W(t).

@ We start from a rich group theoretical situation that yields W(t) as well as
an stochastic Jacobi matrix P.

@ Therefore, we have a nonhomogeneous quasi-birth-and-death process
depending on 4 parameters, «, 3, k, N, where we can study recurrence.
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have the explicit expression of the weight matrix W(t).

@ We start from a rich group theoretical situation that yields W(t) as well as
an stochastic Jacobi matrix P.

@ Therefore, we have a nonhomogeneous quasi-birth-and-death process
depending on 4 parameters, «, 3, k, N, where we can study recurrence.

@ Also we have an explicit expression of the invariant measure 7t.
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Summary

@ A stochastic block tridiagonal matrix P gives rise to a quasi-birth-and-death
process.

@ The probabilistic aspects of these processes can be greatly simplified if we
have the explicit expression of the weight matrix W(t).

@ We start from a rich group theoretical situation that yields W(t) as well as
an stochastic Jacobi matrix P.

@ Therefore, we have a nonhomogeneous quasi-birth-and-death process
depending on 4 parameters, «, 3, k, N, where we can study recurrence.

@ Also we have an explicit expression of the invariant measure 7t.

F. A. Griinbaum and M. D. de la Iglesia, Matrix valued orthogonal polynomials
arising from group representation theory and a family of quasi-birth-and-death
processes, SIMAX 30 (2008), 741-761.
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