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We characterize the family of nonexpansive mappings which are invariant under renormings and we also compare the families of

nonexpansive mappings under two equivalent norms.

1. Introduction

A Banach space (X, || - ||) satisfies the fixed point property
(FPP) if every nonexpansive mapping T : C — C has a
fixed point, where C is a closed convex bounded subset of
X. For a long time, it was an open problem if the fixed point
property could be equivalent to the reflexivity. It was until
2008, when Lin [1] proved that there exists a nonreflexive
Banach space with the FPP. Actually, Lin used a renorming
| - Il of the space ¢, such that (€, ] - ||;) has the FPP. One
year later, Dominguez-Benavides proved that every reflexive
Banach space can be renormed to have the FPP [2]. After
these two articles, the Fixed Point Property and Renorming
Theory were clearly connected. However, not all nonreflexive
Banach spaces can be renormed to have the FPP as it was
proved in [3]; in this work it is proved that £, and ¢, (T') where
I' is an uncountable set cannot be renormed to have the FPP.
Recently, many works have appeared to be looking for new
examples of nonreflexive Banach spaces enjoying the FPP or
trying to find some structure on families of equivalent norms
with the FPP. In the first sense the works should be mentioned
[4-7]. In the second way the works are remarkable [8, 9].
After Lin’s result, the question remains open: does reflexivity
implies FPP? In this setting the relevant paper is [10]. The FPP
under a renorming also has been studied for other kinds of
mappings; for example, see [11, 12].

From the papers cited in the previous paragraph the
FPP is not an isomorphic property. Moreover, the family of
nonexpansive mappings could be changed after a renorming.
For this reason, the aim of this paper is to say something about
the following question.

What happened with the family of nonexpansive map-
pings with another equivalent norm?

In order to do that, we make the following assumptions.
Let (X, | - II) be a normed space and C a nonempty subset of
X; then for each | - ||-Lipschitz function T : C — C we denote
by K(T, || - ||) its Lipschitz constant with respect to | - || and by
N(X) the collection of equivalent norms on X. For each || - ||,
norm on X we define

NE (G |lo) ={S:C—CIK(S 1) <1}. D

2. The Family of Nonexpansive Mappings over
Every Renorming

In this section we will study some families of nonexpansive
mappings over every renorming and we will characterize
them. The first approximation is to characterize the set
S'(C) = Nijenco NEC, || - 1), when C is a convex, closed,
and bounded set in X. It is worthwhile to mention that we
prove that at least there are many elements in NE(C, || - )
as elements in NE([0, 1], ] - |). Moreover, we show that their
structure is similar.
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For each x € Cwe call f, : C — C the constant function
x and we denote by I : C — C the identity map. We define

S (C) =conv({f, | x e Clu{l}). (2)

Remark 1. 1t is clear that, for each norm | - | on X, T €
NE(C, || - |I) for all T € &(C). It is easy to prove that each
element T € $(C) is of the form T' = y + «I, for some y € X
and0 <a < 1.

In the rest of this paper we will denote by F the scalar
field R or C, associated with the normed space. In order to
characterize the set 8’ (C) we will give the following theorem.

Theorem 2. Let C be a nonempty subset of a normed space X
and T : C — C; then the next statements are equivalent.

(1) For each norm || - || on X one has that T € NE(C, || - ||).
(2) For each || - || € M(X) one has that T € NE(C, | - ).

(3) I lly € M(X) exists such that T € NE(C, | - ||,) and for
each x,y € C, Tx — Ty € span{x — y} holds.

(4) For each x,y € Ca € F exists with |«| < 1 such that
alx —y)=Tx-Ty.

Proof. It is straightforward that (1) implies (2).

We are going to prove that (2) implies (3); in order to
do this we proceed by contraposition. We may suppose that
-1, € N(X) exist such that T € NE(C, | - [l,) and x,y € C
such that Tx — Ty ¢ span{x — y}.

Since Tx—Ty ¢ span{x—y}thenY = span{x—y, Tx-Ty}
has dimension 2 and then a projection P from X to Y exists
thatis |-[|,-bounded. Since Y is finite and dimensional and the
set {x—y, Tx—Ty} islinear and independent, we can construct
anorm || - [l; in Y such that |lx — y|l; < |Tx — Tyll;; note that
ITx-Tyll,~llx—yll, could be aslarge as we desire. We consider
the function | - ||, defined in X by ||x[l, = [[Pxll, + (I — P)xl|y;
itis easy to check that | - ||, is a norm on X. Now we will prove
that [-|, is equivalent to |- ||,. Since |||, and |||, are equivalent
inY then 0 < I < u the optimal constants exist such that

Hally < llall; < ullall, for each a €Y. (3)
Since P is || - ||,-bounded, we have for each z € X

lzll, = 1Pzl + (I = P) zlly < ul|Pzlly + (I - P) zlly @

< (Pl + 11 =Pl lIzlly -

On the other hand we have

Izll, = 1Pzl + (I = P) zlly = Ll|Pzlly + I(I = P) zll,.  (5)
There are two possibilities, I > 1 or [ < 1. If ] > 1 then

Izll; > IPzlly + (I = P) zllg > llzllo - (6)

If] < 1 then

Izll, = LlIPzll + LI(I = P) zll,

7)
=1(IPzlly + (I = P zllo) > llzlly s

thus | - [I, is equivalent to | - [|,-
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Now we have

[ =yl = [P Gx= ), + 1T = P (x =)o
= =yl <17 =Ty,

(8)
= ||P(Tx _T)/)”1 + “(I_P) (Tx— Ty)"o

= |Tx = Ty, s

thatis, T' ¢ NE(C, | - [I,).

Now we prove that (3) implies (4). Letx, y € G;ifTx =Ty
the proof is over because « = 0 is the required constant; then
without loss of generality we may assume that Tx # T'y; hence
x # y and since Tx — Ty € span{x — y} then « € [ exist such
that a(x — y) = Tx — Ty; thus

e =y = [T = Tyllg = ladt = ¥y - ©)

Therefore || < 1.

Now we show that (4) implies (1). Let || - | be a norm on
X and x,y € C; then a € [ exists with |a| < 1 such that
a(x — y) = Tx — Ty; therefore

e =yl = led |l =y = [T = Ty - (10)

Thus T € NE(C, | - D). O

Remark 3. Note that K(T, || ||,) could be arbitrary large, since
in the proof of (2) implying (3) in the previous theorem we
can take |[Tx — Ty, — llx — yl, as large as we want.

Lemma 4. Let C be a nonempty subset of a normed space, T :
C — C, and x, y,z € C are distinct such that, for each & € F,
andz # ax + (1 - a)y, a, o, «p, € Fexist with

Ay (x—y)=Tx~Ty,
o, (x-2)=Tx-Tz, 11)

a,,(y-2)=Ty-Tz

thena,, =o,, =a,,.

Proof. From (11) it follows that
Xy z (y—Z) = Oy (x—2) Oy (x_y)' (12)

Let spanp{x — y,x — 2z} = {r|(x — y) + r,(x = 2) | r, 1, € R}
Since the set {x— y, x—z} is linearly independent, then we can
define the operator R : span{x—y, x—z} — spang{x—y, x—z}
by R(a(x — y) + S(x — z)) = Re(a)(x — ¥) + Re(S)(x — z) for
each a, § € F. It is clear that R is a real linear projection,

R (ocw) = Re () R (w),
(13)
for each a € F, w € spang {x — y,x — z},
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and y - z € spang{x - y, X — z}. For this and (12) we have
Re (@) (¥ —2) =Re(a,. ) R(y~2)
=R(a,. (y-2))
=R(a,, (x-2)—a, (x-y)) (14
= Re(a,,) (x - 2)
~Re (o) (x ).

We define the linear operator ¢ : spang {x — y,x — z} — R?
by ¢(x — y) = (1,0) = e; and ¢(x — z) = (0, 1) = e,; then

Re (ocx)y) e, =¢ (Re ((xx)y) (x- y)) ,

Re ((Xx,z) € = ¢ (Re ((xx,z) (x - Z)) ;

(15)

thus
Re (a,.)e; ~ Re(ay,) e,

= ¢ (Re(a,,) (x—2) —Re(a,, ) (x - ¥))

= ¢ (Re(a,,) (y-2)) (16)

= ¢ (Re (x,,.) [ = 2) = (x = y)])

%2) (e2 = e).

We consider the triangles in R*:

:Re(

AOe,e,,

17)
ocx,y) e Re(a, ) e,.

AORe (
Since
Re ((xx,y) e, € spang {e,},
Re (a, ) e, € spang {e,}, (18)
Re(a, ) e, — Re (ocx,y) e, € spanie, — e},

then the triangles are similar; thus

Re (ocx,y) =Re(a,,) =Re (ocy)z) : (19)

In a similar way we prove that Im(a, ) = Im(a,,) =
Im(ocy)z), by considering the operator R(a(x—y)+ S(x—z)) =
Im(x)(x — ) + Im(B)(x — 2).

Thena, , =a,, =«a,,. O
Theorem 5. Under assumptions of Theorem 2 and if C has at
most two elements or for each distinct x,y € C z € C exists
such that, foreach o« € F, z + ax+(1-«)y, then the statement,

(A) T = y+al forsomex € Fwith|a| < 1and y € X,

is equivalent to each statement in that theorem.

Proof. The statement (A) implies that (1) in Theorem 2 is
obvious.

Now we show that (4) of Theorem 2 implies (A). IfC = {x}
then Tx = 0+ 11x; if C = {x, y} with x # y and « is such that
a(x—y) =Tx—Tythen Tz = w + alz with w = Ty — ay for
each z € C. We suppose that for each distinct x, y € Cz € C
exists such that, for each &« € F, z # ax + (1 — «)y. For each
x,y € Clet Oy € F such that

Ay (x—y)=Tx~Ty. (20)

Itis clear that «, . Letx, y € Cwithx # y.Itis enough
to prove that, for each dlstmct 21,2, € Gy, = . Let
z,,2, € C; we may suppose without loss of generahty that the
following cases are exhaustive.

(i) a;, «, € [F exist such that

Zr=ax+(l-ay)y,

(21)
z=ax+(l-ay)y.
(ii) o, € [ exists such that
zZr=ax+(l-0a)y, (22)
and foreach o, € F
z #opx+(1-ay)y. (23)
(iii) For each o, 0, € F
zr#+ax+(1-ap)y,
(24)

z, Fox+ (1 —0ay)y.

We assume (i) and z; # x; then by hypothesis z € C exist
such that for each a € F

z#ax+(l-a)y,

z#ax+(l-a)z, (25)

z#az; + (1 -a)z,;

then by Lemma 4
(Xx,y = (xx,z = az,y’
Xz, = Bz = Oz (26)
Kz, = Az z = Oz,
Thusoc =0, =0, =0

We suppose (ii), z; # x, and z; # y; then for each o € F

z, Fax+ (1 —-a)zg; (27)
thus by Lemma 4
Ky Y = OC’GZz “Zz y?
(28)
Xy z = (Xx,zz (xzz Z;
Then o =«

21,25 X, )



We suppose (iii) and we may assume that for each « € F

x#oaz;+(1-a)zy; (29)
then by Lemma 4
Uy = Oxzy = %z 0
(30)
(XZI,ZZ = (le,JC = “x,Zz'
Thena, , =a,, =a, hencea, , = a, , foreach distinct
z,,2, € C. O

Remark 6. If C is a nonempty subset of a normed space (X,
[- 1), in such a way that it lies inside a one-dimensional affine
subspace of X, then D ¢ [ and a surjective isometry ¢ : (C,
I-1) — (D,|-]) exist. If,additionally, C is convex, then ¢ can
be affine. To prove this, we may suppose that C has at least
two points. Let x, y € C with x # y and s = [x — y[; then
we define ¢ : (C,||- ) — (F,|-1) by ¢(z) = a,s where a,
is the unique element in F such that z = a,x + (1 — a,) y; it
is not hard to check that ¢ is a surjective isometry from C to
D = ¢(C), and if C is convex, then ¢ is affine.

It is not hard to prove that the set D and the isometry ¢
can be constructed independent of the norm in C; for this it is
sufficient to consider the renorming r|-| on F with r = |l x—y|l,
¢ : C — [ defined by ¢(2z) = «,, and D = ¢(C).

Theorem 7. Under assumptions of Theorem 2 and if x,y € C
exist such that for each z € C o € F exists withz = ax + (1 —
«)y, then (1) to (4) in Theorem 2 are equivalent to each of the
following statements.

(B) For each norm || - || on X, D  F, f € NE(F,| - ), and
a surjective isometry ¢ : (C, || - I) — (D, |- ) exist with

T=¢" flp¢.

(C) D c F, a surjective function ¢ : C — D, and f €
NE(F, |- |) exist with T = ¢_1f|D¢, and for each norm
|-l on X, r|-| € N(F) exist such that pisa |l - | to
r| - |-isometry.

Proof. First we prove that (B) implies (1) of Theorem 2. Let ||-||
beanormon X;then D C F, f € NE(F,|:|), and a surjective
isometry ¢ : (C,|| - ) — (D,|-|) exist with T = ¢~ f|p¢b
and f|, = ¢T¢71; it is not hard to prove that T is a | - |-
Lipschitz function with K(T, || - |) < K(f,| - |) < 1; therefore
T € NE(C, |- 1D

Now we prove that (1) of Theorem 2 implies (B). Let | - ||
be a norm on X and x, y € C such that for each z € Ca, € F
exist with z = a,x + (1 — «,)y; by Remark 6 D ¢ F and a
surjective isometry ¢ : (C,| - ) — (D,] - |) exist; we define
g= ¢T¢_1; thus K(g, ||) = K(T, ||-I) < 1 and by Kirszbraun’s
Theorem [13,14], an extension f : (F,|-|) — (F,|-]) of g exists
such that K(f,]-|) = K(g,|-1) < L.

We prove that (B) implies (C). By Remark 6 D ¢ [F and
a surjective ¢ : C — D exist such that, for each norm | - |
on X, r|-| € N(F) exists so that ¢ : (C,|| - [) = (D,r|-])
is an isometry. We define g = ¢T¢™'; by (A) we have that
T € NE(C,| - II); thus g € NE(D,r| - |). Since the Lipschitz
constant of a function defined from a subset of [ to itself is
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independent of the norm on [, then g € NE(D, | - |). Hence
again by Kirszbraun’s Theorem, an extension f : (F,|-[) —
(F, |- ) exists with K(f,|-]) = K(g,|-|) < 1.

Now we prove that (C) implies (B). Let || - || be a norm
on X; then r| - | € MN(F) exist such that pisa | - | tor|- |-
isometry. We define D' = rD, y = r¢, and g = yTy'; it
is clear that v : (C,| - [I) — (D', -|) is an isometry; thus
K(g,I:]) = K(T, |II) < 1; then again by Kirszbrauns Theorem
the conclusion follows. O

Corollary 8. Let (X,| - ||) be a normed space and C a
nonempty, convex, closed, and bounded subset of X; then

(1) if x, y € C exist such that for each z € Ca € [ exists
withz = ax + (1 — «)y, then D C F and a surjective
isometry ¢ : (C,|| - ) — (D,|-|) exist in such a way
that for each T € oS"(C)f € NE(D,| - |) exist with
K(f,1-) = KT |- 1) and T = ¢ f¢5

(2) if for each x, y € Cz € C exists such that, for each
o€ [F,z#ocx+(1—ocy),thenc§'(C)= {T:C—-C|
T =y + ol for some y € X and |a| < 1}.

In general S'(C) is not equal to 8(C); for instance we
take C = [-1,1] with the absolute value norm and T :
[-1,1] — [-1,1] the operator defined by Tx = —x; then by
Remark 1 T ¢ §(C) and by Corollary 8 T' € S'(O).

Remark 9. It is important to note that if C is convex, closed,
and bounded, then each element in §'(C) has a fixed point;
to check this we consider the following two cases.

(1) If C lies inside a one-dimensional affine subspace of
X, then by Schauder’s Theorem the conclusion is clear.

(2) We suppose that for each x, y € Cz € C exists such
that, foreacha e F,z # ax+(1-a)y. Let T € S$'(C);
then by Theorem 5 Tx = y + ax for some « € [ with
||l < 1and y € X; then z € C exists such that {z, y}
is linearly independent; let Y = span{z, y} and C, =
Y N G; it is not hard to prove that T(C,) ¢ C;; thus
again by Schauder’s Theorem, T'| has a fixed point.

Corollary 10. Let (X, | - ||) be a normed space and C a
nonempty, convex, closed, and bounded subset of X such that
foreach x,y € Cz € C exist withz + ax + (1 — a)y; then
for each T € NE(C, |- )\ S'(C), | - |, € N(X) exists with
T ¢ NEG, |- l,).

In particular if T is a nonlinear operator or an operator
without fixed points, then a renorming || - |l; of X exists in
such a way that T is not a || - ||,-nonexpansive operator and
by Remark 3, K(T, || - ||,) is large as one desires.

Theorem 11. Under assumptions of Theorem 2, the following
statements are equivalent to each statement in that theorem.

(D) For each of the norms || - || and || - ||, on X, K(T, || - ||) =
K(T, | -1,) <1

(E) Foreach |||, II-Il, € N(X), K(T, [I-) = K(T, I-1l,) < 1.

Proof. 1t is clear that (D) implies (E); now we prove that
(E) implies (3) of Theorem 2. For this we proceed by
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contraposition; hence we may suppose that || - | € J(X)
exist with K(T,|| - |) < 1 and x, y € C such that Tx — Ty ¢
span{x — y}; there exists | - [|;, € (X) with K(T, [ - II;) > 1,
by using Remark 3 and similar arguments of the proof of (2)
implying (3) in Theorem 2.

We prove that (3) of Theorem 2 implies (D). We have the
following two cases.

(i) Foreach x, y € Cz € Cexist such that, foreach o € F,
z+ax+(1-a)y.

(ii) x, y € C exist such that for each z € Ca € [ exist with
z=ax+(l-a)y.

We suppose (i); then by Theorem 5, T = y+«I forsome y € X
and |«| < 1; thus for each norm the Lipschitz constant of T' is
l].

Now we assume (ii); then by (C) in Theorem 7 and the fact
that the Lipschitz constant of functions defined from subsets
of F to itself is independent of the norm on F, we have K(T,
[-1I) = K(T,| - ;) < 1 for each of the norms || - | and || - || on
X. O

3. Comparing Families of
Nonexpansive Mappings

Now, we will compare the families of nonexpansive mappings
by given conditions in which the families are different. Before
that, to prove the two theorems in this section we need to
prove two technical lemmas.

Definition 12. Let X be vectorial space endowed with two
norms || - ||, and || - ||, and C a subset of X. One will say that
[ - Il is collinear to | - |I, in C, if there exists A > 0 such that
llxll; = Allx|l, for all x € C. We can omit the subset C if the
context is clear.

Remark 13. Tt is clear that the collinearity between norms is
an equivalent relation. Let T : C — C; note that K(T, | - [l;) =
K(T,| - Il,) if | - |l is collinear to || - ||, in C — C.

Lemma 14. Let X be a normed space. If C is a nontrivial
convex subset of X with0 € Cand ||- ||, and |- ||, are two norms
over X such that they are not collinear in C, then x, y € C\ {0}
exist such that || x|l, = | yll, and [ yll, > lxll,.

Proof. Since ||-||, and ||-||, are not collinear in C, then it is false
that A > 0 exists such that for all z € C we have | z||; = Alzl|,;
that is, the function f(z) = ||z|l,/lz|l, defined on C\{0} is not
constant; thus x',y' € C\ {0} exist such that ||x'||1/||x'||2 >
Iy I /151,

If ||, = | y' |, then we concluded the proof. Else, we call
x the element in {x', y'} such that [x||, = min{|x"[l, [ly'll,};
if x = x' then we take y = (lx[l,/1¥'1,)y", so llyll, = lxly;
since C is convex and 0 € C we have that y € C. Therefore
Il = Iyl and Iyl /Ayl = 1yl /1y s thus lixll, < .

If x = y' the proof is similar. O

Lemma 15. Let X be a normed space, C a nonempty subset of
X, |- l; and || - |, norms over X; then the following statements
are equivalent.

@) II-Nly and || - ||, are collinear in C — C.

(2) For each y € C the norms || - ||, and || - ||, are collinear
inC - y.

Proof. Tt is clear that (1) implies (2); thus we are going to
show that (2) implies (1). We may suppose without loss of
generality that C have at least two elements. For each y € C
we define A, > 0 as the scalar such that

"x_y”l = )‘y "x_yllz Vx e C. (31)

Let y, € C; then for all x € C we have that [|x — y,|, =
Ay llx = yoll, and llx = yoll; = A llx = yglly; since C has more
than one element we have 1, = A, forall x € C; that is
lx—yll, = /\yo||x—y||2 forallx, y € Candthen |||, and |-,
which conclude the proof. O

Definition 16. Given normed spaces X;, X,,Y;, and Y, and
fori = 1,2, C; ¢ X;, and D; C Y, being convex, one calls
that T : C; — C, and S : D; — D, are isometrically affine
equivalent, in symbols T' = S, if affine surjective isometries
¢; : C;, — D, fori = 1,2 exist, such that T = ¢,"S¢, and

S=¢,T¢".

The intuition is that two operators are isometrically affine
equivalent if they have essentially the same transformation.

T
G G

¢ $, (32)

D, S D,

—_—

The following lemma summarizes some properties of the
isometrically affine relation.

Lemma 17. Let T = S; then one has the following.

(1) T is continuous if and only if S is continuous; moreover
T and S have the same modulus of continuity w(t);
hence the affine isometry relation preserves uniform
continuity and the Lipschitzian property with the same
Lipschitz constant.

(2) T is affine if and only if S is affine.

The previous lemma allows us to translate properties of
real functions to functions defined between arbitrary Banach
spaces; this provides us with elements to ensure the existence
of operators with desired properties.

Theorem 18. Let (X, ||-||) be a normed space, C be a nontrivial
convex subset of X, and f be a function; then we have the
following.

WIff = gwithg : ([0,1L]-1) — ([0,1]] -] is
Lipschitzian and x, y € Cand x # y, then T : C — C
exists as Lipschitzian such that K(T, || - ) = K(f,| - 1)
and Tl[x’y] = f



Q) If f =gwithg: ([0,1],]-]) = (R,|-]) is Lipschitzian,
then x,y € C,x # y,and T : C — C exist as
Lipschitzian such that K(T,| - I) = K(f,| - |) and

Tl[x,y] = f.

Proof. We suppose the hypothesis of (1). Since C is convex,
then [x, y] ¢ C, and since all norms in R are collinear, then
the Lipschitz constant k of g is independent of the norm in
R.

We consider the operator ¢ : [0,1] — [x, y] defined by
¢r = rx + (1 —r)y for each r € [0,1] and we provide the
metric space [0, 1] with the norm |r|, = ||x — yl||r| for each
r € [0, 1]. It is concluded from definition that ([0, 1], |-|,) is ¢-
isometric to the space ([x, y1, [|-[). It is known that ([0, 1], |-],)
is a metric space with the binary intersection property and
metrically convex; then ([x, y], ||-||) have the same properties.

We call h : [x,y] — [x, y] the operator defined by h =
¢g¢d s hence h = gand g = f; thus by Lemma 17 we have
K, |l - ) = k; then by Definition 1.3 and Proposition 1.4
of [15], an extension T : C — [x,y] C C of h exists with
K(T,| - ) = K(h,| - ||); then T,y = f and for Lemma 17 T
and f have the same Lipschitz constant.

Now we are going to prove (2). Let f be a function such
that g exists as above; then optimal r,s € R exist such that
g([0,1]) c [r,s] ¢ R. There are two possibilities:

s—r<1
(33)
ors—r>1.

If s —r < 1 then we can choose #' < r < s < s’ such that
s' =+ = 1;thus [r,s] c [r,s']; we define the operator ¢ :
(10,11,1-1) = (r",s'L1-D by ¢t = tr' +(1=1)s'; it is clear that
¢ is an isometry; then the operator h = ¢ 'g = ¢ gldy ) is
Lipschitzian and satisfies h = g = f which is the hypothesis
of (1); thus without loss of generality, we may suppose that
s—r>1

We fix distinct x, y € C, for each t € [0,1]; we call g, =
tr + (1 — t)s and define a norm on [r, s] by |a, — ap|0 =|lx -
yllt — pl for each t, p € [0,1]; we chose a,b € [r,s] such
thata < band b — a = 1, and we define a norm on [0, 1] by
[tl; = |a — bl,lt| for each ¢ € [0, 1]; we consider the operators
¢, : ([r,s], 1+ 1g) = ([, ¥1, I - ) defined by ¢, (tr + (1 - t)s) =
tx+(1-Dyand ¢, : (0,111 1)) — ([$,(@)d,®) I - )
defined by ¢, (t) = t¢,(a) + (1 — t)¢,(b) for each t € [0,1]
which are surjective affine isometries.

Thus the operator h = ¢,g¢;" satisfies h [¢,(a),
¢,(b)] = [x,yland h = g = f; then by Lemma 17 h and f
have the same Lipschitz constant k and again by Definition 1.3
and Proposition 1.4 of [15], an extension T': C — [x, y] ¢ C
of h exists with the same Lipschitz constant. O

Corollary 19. Let (X, | - II) be a normed space and C c X be
a nontrivial convex; then a nonaffine operator always exists in
NE(G, |- ).

Proof. Let f € Lip([0,1]) be a nonaffine function such that
K(f,|-1) < 1 and distinct x, y € C; then by Theorem 18, an
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operator T': C — C exists with K(T, || |) = K(f,|-|) < 1 and
Tliy, = f; thus by Lemma 17 T is a nonaffine operator. [

From Remark 13 given a nonempty subset C of a normed
space X and two collinear norms || - ||; and || - ||, in C — C,
we have that NE(C, | - [I;) = NE(C, | - I|,). Now, we prove the
reciprocal of the previous statement.

Remark 20. 1t is important to note that the collinearity of two
norms | - [ and || - [I; on C does not necessarily imply that, for
eachT:C — C,K(T, |- I) = K(T, |l - lI)-

Let| - [, and || - ||, be, respectively, the euclidean and the
one norm on R?%; then we define

(34)

I )l = {"(x’ Pl i sign () =1
T e, i sign () =1

for each (x, y) € R2,C = {(x, ) | lI(x, ), < 1}, and S the
rotation on R* determined by the matrix (ii’;g;ﬁ; 122?51722)) )
It is clear that S(C) ¢ C, K(S, [ - Il,) = 1, and K(S, || - [I) > 1;
since || - ||, and || - || are collinear in the first quadrant, then
they are collinear on C + (1,1). Let T = S+ (1,1); then T :
C+(1,1) - C+(1,1) with ||-]l, and ||-|| collinear on C+(1, 1),
but K(T, [| - ) = K(S, [ - ll) # K(S |- 1) = K(T, [ - .

Theorem 21. Let X be a normed space and C a nontrivial
convex subset of X. If || - I, | - I, € M(X), then the following
statements are equivalent.

@) - ll; and || - I, are not collinear in C — C.
(2) NE(C, |- 1l}) # NE(C, [ - [I,)-

(3) T € NE(C,||-I,) \NE(C, |I-1l,) and S € NE(C, |- [I,)\
NE(C, | - II,) exist.

(4) Nonaffine mappings T,S with T € NE(C,| - [;) \
NE(G, | - ) and S € NE(C,| - ) \ NE(G, I - II,)
exist.

Proof. It is clear that we only need to prove that (1) implies
(4). We suppose (1); then by Lemma 15 y € C exists such that
[l ll, and || - ||, are not collinear in C — y; thus without loss of
generality we may assume that 0 € C.

Since || - ||; and | - ||, are not collinear in C and 0 € C, then
by Lemma 14 x, y € C\ {0} exist such that

el = Iy,
(35)

lIxl, < ")’”2

Without loss of generality we may assume that ||x[|, = |yl =
1.

Let oy € (lxl,/1¥l,,1); then z = oy satisfies ||x[l, <
lzll, < llyll,; we define the operator f: [0,x] — [0, y] by

if0<a<a

oy,
£ (o) = { ! (36)

z, ifoy<a<l
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Since
F((1-ay)0+ayx) =z =0y + a(agy)
=(1-a)0+apf (x) (37)
=(1-09) f(0) +apf (x),

then f is nonaffine.
We affirm that K(f, | - [I;) = 1;in fact, let o, B € [0, 1];
then by symmetry we only have the following three cases.

(i) 0 < o, B < s then
|f (ax) = £ (B, = lloy = Byl = lae= Bl 1],
o Bl 1l = Jax - B,

(if) 0y < &, B < 1, then || f(ax) — fF(Bx); = llz -z, =
0 < Jlax — Bxll;.

(iii) 0 < & < oy < B < 1; then
|f (@) = £ (B, = lley = 2|, = lowy = oy,
= lac—ao| ¥l = loe = ol <l (39)
< o= Bl = flax = Byl -
Now we prove that K(f, [ - [I,) > 1; for this we have

If © = £ )|, =10~z = llzll, > Ixl,

=10 -x[,.

(40)

Since ||lx[l; = llyll; = 1, then the sets [0, x] and [0, y] are affine
| - |I;-isometric; then by Remark 6, they are affine isometric
to ([0,1],]-])and g : ([0,1],]- 1) — ([0,1],] - |) exists with
f = g; thus by Theorem 18 an extension T : C — [0, y] ¢ C
of f exists, with the same || - ||, -Lipschitz constant that means
K(T, |- l,) = 1;thus T € NE(C, |- |l,), but T is || - |,-Lipschitz
and K(T, | - I) = K(£ I - I,) > 1. Then T ¢ NE(C, | - |,).

In a similar way we prove the existence of S € NE(C,
I-1,) \ NE(G,| - II;), by exchanging the order of the norms
and applying Lemma 14. O

Remark 22. We notice that given a convex subset C that lies
inside a one-dimensional affine subspace of X, then for each
pair of norms |- ||, and |- ||, in X not necessarily equivalent, we
have that NE(C, ||-|l;) = NE(C, ||-|l,); this is because C is affine
isometric to a closed convex subset of [F for a norm, and all
norms in [F are collinear; then by Theorem 21 the conclusion
follows.

Corollary 23. Let X be a normed space and C C X such that
x,y € C exist so that for each z € Ca € [ exists with z =
ax+(1-a) y; then, for each norm ||| on X, 8’ (C) = NE(C, |-|).

Remark 24. From the last theorem we infer that it is not
possible to compare the families of nonexpansive map-
pings under noncollinear renormings with respect to the
contention relation because, under noncollinear renorming,
nonexpansive mappings always win and lose.

Corollary 25. Let X be a normed space, and C C X such that
foreach x, y € Cz € C exists with z # ax + (1 — )y for each
« € [F; then for each norm || - || on X, NE(C, || - ) # S'(C).

Corollary 26. The nonexpansive operators constructed in the
proof of Lemma 15 do not belong to 8’ (C).

4. Examples

In the present section we support the theoretical results of the
previous ones by providing some examples.

In general, given a Banach space X and a convex subset
C of X, it is hard to construct examples of nontrivial
nonexpansive operators from C to C; by trivial we understand
the elements in the sets §(C), 8'(C) or more general affine
mappings from C to itself. In this sense, when a new Banach
space is studied to know some of its geometric properties, for
instance, the FPP, then it is natural to ask for the existence
of some nontrivial nonexpansive operators defined in that
space. An example of last situation is the renorming | - || of ¢,
studied by Lin [1], for which at the moment in the literature
only few examples of nonexpansive mappings exist.

Example 27. Let (€, - ||;) be the Banach space of absolutely
summable series of real numbers endowed whit the norm
el = Zﬁi’o |x,|. It is well known that (¢, || - |||,) does not
have the FPP; the classical example is the right-shift operator
R defined from C to C, where

—
C=convie, |neN}

)= (0,x...).

For each k € N let v, be the seminorm in ¢, defined by
7. ((x,) = ZZZk |x,|; thus the || - [|; norm in ¢, is defined by

(41)
R(x;, %y, ..

gk
1Cell, = SLk‘P Yk ((x,))  where y; = o (42)

Now we construct some examples of nontrivial | - [|,-
nonexpansive operators defined from C to itself such that
they are not || - ||, -nonexpansive and the opposite.

Let

91 =€
Yl) 4!
=(1-—)e +—e,,
gZ < )/2 1 Yz 2 (43)
g3=<l—h>el+<ﬁ—ﬁ>ez+ﬁe3;
)2) Y2 V3 Y3

then ”!]1 ”1 = "92"1 = "93”1 = land 919295 € C.
As in Lemma 15, we consider the set C — g, and define

xlzgl_gzzﬁ(e1—ez)>
)2)

%
)”=93_92=_1(e3_62);
)&}

(44)



then |x'll, = 2(y,/y,) and [|y'll, = 2(y,/y;); since 2y, >
Y2,2y, = 5 and y, # 7y, we have

¥l =22 =l
(45)
1, = e {2 ea e = o 22 < )
hence || - ||; and || - || are not collinear in C — g,; in fact, by

Lemma 15, they are not collinear in C - C.
Now we make the construction of Lemma 14 in this
particular case. It is clear that

[ AN W V4

T TN P

(46)

Slnce Vs, 2 Vo then IIy I, < Ix"ll;; thus we define x = ' and
= (Y"1 /1%"1l,)x; then by (46)

Ixlly = Iy, »

'],
" "L | /" “ H ” I"L:"x”L-

We get oy € (Iyll/lIxll, 1); thus z = agx € [0, x] and [y, <
lzll; < llxll,. We consider the function f : [0, y] — [0, x]
defined by

ax, if0<a<a,

flay) = { . (48)

z, ifay<a<l

then by the same argument of the proof of Theorem 21, the
existence of a nonaftine mapping T € NE(C, | - [l;) \ NE(C,
[ -1l.) follows.

Now we prove the existence of a nonaffine mapping S €
NE(C, |- I.) \ NE(C, |l - ll,). From (46) it follows that

ﬂzy V:M. (49)
E e P

Since y,/y, < ¥5/75 then ||x'l; < [y'll;; hence we define
x =« and y = (I%',/y'I,)y's thus by (49)
Il = I,

I, 0

Iyl = I . “)’ ” <|| " = [lxIl; -

Let Ay € (lIyl,/lxl;,1); hence w = Ayx satisfies [|yl, <
lwll; < llxll;; we define the function g : [0, y] — [0, x],

() Ax, if0<A<A, 51
= 51
I w, ifly<A<l

then again by the same argument of the proof of Theorem 21,
we ensure the existence of a nonaffine mapping S € NE(C,

I 1) \ NEG - 1l,)-
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Remark 28. Let y = (y,) be a nondecreasing sequence in
(0, 1) such that y,, — 1; then by [7], the renorming

ICell, = sup i (6n) (52)

of (€., - Il;) has the FPP. Note that the previous example is
valid for each renorming || - II}, in which

@ y1 # v
(ii) 2y, = y, and 2y, > y;,
(i) y1/y> < 12/vs-

Example 29. Now we characterize the family of nonexpansive
mappings T : C — C over any renorming, where C is as in
Example 27; that is, we characterize the set & '(C). The next
calculations are effortless if we consider the equality
C={(x,) et 1x,20, Y x,=1}. (53)

It is clear that C does not lie inside a one-dimensional affine
subspace of £, ; then by Corollary 8, foreach T' ¢ $'(0), (y,) €
¢, and |A| < 1 exist such that T'(x,,) = (y,) + A(x,) for each
(x,) € C.

We affirm that each entry of (y,,) is nonnegative and 0 <
A < 1; for this, if ¥, < 0 for some k € N then the k-entry
of Tey,, is y;; thus Te, ¢ C; hence for each k € N we have
Y 20.If-1 <A <0,letk € Nsuchthat0 < y, < —A; then
the k-entry of Tey is y, + A < 0; hence 0 < A < 1.

Let (x,) € C; then

L= T Gely = 100) + A (el = X [y + A

:Zyn+ZAxn:Zyn+)L;

thus 0 < A < 1and (y,) € (I — A)C, which agrees with
notation of Remark 1 §'(C) ¢ {T = (y,) + Al | 0 < A <
1 and (y,) € (1 — A)C}; the proof of the other contention is a
direct calculation; thus

(54)

s'(©)
(55)
={T=(y,)+AM|0<A<1, (y,) € (1-1)C}.

In this case S(C) = &' (C); for this, let 0 < A < 1 and (y,) €
(1 = A)C; thus (1 = A)7'(y,) € Cthen T = (1 - )[(1 -
D7 (y)] + Al € S(C).

Example 30. Let (X, | - ||) be a normed space and B its unit
ball. We characterize the set §'(B). By Corollary 8, for each
T € S'(B), y € Xand |A] < 1 exist with Tx = y + Ax for each

x € B; we affirm that |A| < 1 and y € (1 — |A])B; in fact, let
Al <1, y € (1 - |A])B, and x € B; then

1Tl = |y + Ase]| < [y + 1ALl < (1= 1AD + 1A
= 1)

hence, with notation of Remark I, {T = y + AI | [A] <
land y € (1 - [A])B} ¢ S'(B). Now we prove the other
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contention. Let [A| < 1and y ¢ (1 —|A|)B; then [|yl| > 1 -|A[;
we define x = A"l(l)tl/llyll)y; thus x € B; since

y+EW=Q+ﬂ)M
Iyl (B (57)
= ||y||+|/\| >1—|A+ A =1,

ny+Axu=]

then y + Ax ¢ B; hence

S'"B)={T=y+Al|[A|<1, ye(1-[ADB}. (58)
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