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Considerations on the Non-Active Power Using 
Geometric Algebra 

M. Castilla, Member IEEE, J. C. Bravo, J. C. Montaño, Senior Member IEEE,                        
M. Ordóñez and A. López. 

 
Abstract—Several approaches have been developed to define 

the non-active power concept under nonsinusoidal situations in 
electrical systems. Nevertheless, these contributions do not 
provide a complete and satisfactory solution to the non-active 
power reversibility between frequency domain and time domain. 
This paper presents a non-active power multivector concept, 
based on an original vector space frequency-domain approach 
that bridges the gap between both domains. The suggested 
correspondence can provide a convenient descriptive language to 
reconcile Fryze’s instantaneous non-active power with Budeanu´s 
deactive-power. To clarify this correspondence, a basis example 
is considered. 
 

Index Terms—Non-active power, apparent power, 
instantaneous power, multivector, geometric algebra.  

I. INTRODUCTION 

A. Motivation 

ne of the most controversial issues in electrical 
engineering is the universal representation of the power 

equation of the electrical circuits in n-sinusoidal operation. 
Thus, while the concept of active power is fully accepted, the 
definition of power related to “reactive” and “harmonic” 
phenomena is still under discussion.  This is of absolute 
importance, since it is the foundation of the non-active power 
concept that permits the design of suitable devices for the 
compensation of this power component. This paper gives a 
new vision on the representation of the non-active power ( Σ ) 
and suggests a multivectorial interpretation in a simple circuit 
with n-sinusoidal waveforms. From a theoretical standpoint, 
the approach presented here differs from the frequency 
domain approaches described in the literature by its emphasis 
on complex Geometric Algebra ( . In this framework, the 

non-active power is represented by a multivector that registers 
its magnitude, direction and sense.  Moreover, in order to 
examine the reciprocity between frequency-domain and time-
domain, there are some doubts which should be clarified. A 
rigorous treatment of this issue can lead to new avenues and 
perspectives in power theory. 

)

 

nCG

 This work was supported by the Ministry of Education and Science as part 
of a research through project DPI-2006-17467-CO2-01. 

 M. Castilla and J. C. Bravo are with the Electrical Engineering Department 
of the University of Sevilla, C/Virgen de África 7, (41011) - Sevilla, Spain. 
(phone:+34 954 55 28 47;  fax: +34 954  55 16 88; e-mail: castilla@.us.es; 
carlos_bravo@us.es).  

J. C. Montaño is with the Spanish Research Council (CSIC), Reina 
Mercedes Campus, POB 1052, 41080-Sevilla, Spain. (email: 
montano@irnas.csic.es). 

M. Ordóñez is with the Department of Applied Mathematics II. Escuela, 
Politécnica Superior, Sevilla, Spain. (e-mail:mordonez@us.es). 

A. López is with the Department of Electronic Technology, Escuela 
Politécnica Superior, Sevilla, Spain. (email: alojeda@us.es). 

B. Literature review 
Budeanu and Fryze formulated the first power equations for 

n-sinusoidal operation between 1920 and 1930. The former, 
[1], addressed the question in the frequency domain, whilst 
the latter, [2], addressed the problem in the time domain.   

Motivated by these theories, numerous valuable articles 
have appeared [3-13] although none considers the 
multivectorial character of apparent power components.  

On the other hand, the multidimensionality of the power in 
n-sinusoidal operation systems is the underlying obstacle that 
complicates the problem at hand. The power concept is better 
understood if a vector space is used for representation of the 
power equation. In this sense [14], [15] are two important and 
original contributions to the power analysis in linear/non-
linear operation. The large number of papers published on the 
physical and/or mathematical nature of these reversibility, 
suggests that work on this topic remains unfinished.  

C. Contributions 
The one-to-one correspondence between the non-active 

multivector terms and the instantaneous power components 
are considered and clarified. These objectives cannot be 
reached in a Complex Algebra framework. 

II. NON-ACTIVE POWER MULTIVECTOR 
Suppose that a nonsinusoidal voltage 

 ( ) ( )p p
p N

u t 2 U sin p tω α
∈

= +∑       (1) 

is applied to a linear load, Fig.1, where p is the harmonic 
order of u(t). The resulting current has an instantaneous value 
given by 

( ) (q
q N

i t 2 I sin q t )qω β
∈

= +∑       (2)  

where q is the harmonic order of i(t). For clarity of 
presentation and without loss of generality, the phases angles 
of the harmonic voltages are . pα = 0

By applying the Clifford-Fourier transform [15] to the 

O 
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voltage (1) and current (2), the instantaneous quantities can be 
expressed as a linear combination of harmonic geometric 
phasors or complex-vectors in   nCG

( )( ) 2 sinp p p
p p

u t U p t U Uω σ= ⇒ =∑ ∑         (3)

( ) ( )2 sin qj
q q q

q q
i t I q t I I e ϕ

qω ϕ σ= + ⇒ =∑ ∑     (4) 

In this  framework, the power multivector  [15] 
entering the one-port in Fig. 1, is 

nCG S

S U I U I U I
• ∧

∗ ∗

Ω Ω

⎧ ⎫⎪= = ⋅ ⊕ ∧⎨
⎪ ⎪⎩ ⎭

∗ ⎪
⎬        (5) 

where p p
p N

U U σ
∈

= ∑  and qj
q

q N
I I e ϕ

qσ∗

∈

= ∑ are the 

geometric phasors of voltage and conjugate current 
respectively. In the expanded form of (5), the two components 

 (scalar complex) and (bivector complex) can be 
expressed  

•Ω ∧Ω

{ } { } 0

0 0

Re Im ( cos sin )

( ) ( )

p p p p p p
P

p p
P

j U I jU I

P jQ P jQ

ϕ ϕ σ

σ σ

• • •Ω = Ω + Ω = +

= + = +

∑

∑
 (6) 

(qj
p q pq pq pq pq

p q p q
U I e jϕ )σ σ∧

≠ ≠

Ω = = Δ + Λ∑ ∑    (7) 

where { }Re Ω• is the active power P and { }Im Ω•  is 

associated to Budeanu and Slonim’s  reactive power Q. 
Combining (6) and (7), we obtain the non-active power 
multivector   that is defined as Σ

(• )pq pq
p q

Im + j pqσ
≠

⎡ ⎤Σ Ω Δ + Λ⎣ ⎦ ∑=       (8) 

where the terms  represents the interaction of 

voltage and current harmonics with different frequencies. The 
suggested representation 

( pq pqjΔ + Λ )

(8) can be extended in a 
straightforward manner to the existing power equations in the 
frequency domain. In this way, the  multivector enables 
separate treatment of the smallest non-active power term 
which considers only the fundamental component, Emanuel 
approach [11], and the largest one which includes the 
imaginary part of the complex scalar and the total complex 
bivector, Fryze approach [2].  It is remarkable that the 
quantities proposed in 

Σ

(5) have three basic attributes: 
magnitude, direction and sense.  

III. POWERS IN FREQUENCY-DOMAIN AND TIME -DOMAIN 
The inner or scalar product in (5) is symmetric but, on the 

other hand, the outer product is antisymmetric ( )pq qpσ σ= − . 

Thus the apparent power (5) and its norm can be expressed as  

( ) ( )( )Δ Δ Λ Λp p 0 pq qp pq qp pq
P p q

S ( P jQ ) jσ σ
≠

= + + − + −∑ ∑ (9) 

( ) (Δ Δ Λ Λ
2 2

2 2 2
pq qp pq qp

p q p q
S P Q

≠ ≠
)⎡ ⎤ ⎡ ⎤

= + + − + −⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦
∑ ∑    (10) 

and the non-active power multivector is now 

Load

i(t)

u(t)
+

 
Fig. 1.  Linear load with n-sinusoidal waveforms 

  

( ) ( )( )Δ Δ Λ Λp 0 pq qp pq qp
P p q

Scalar part Bivector part

Σ = j Q + j pqσ σ
≠

− + −∑ ∑   (11) 

which are expressed as a linear combination of the multivector 
basis.  
In time domain, the instantaneous power s(t)  entering the 
generic circuit of Fig.1 is given by  

s(t)= u(t)i(t)         (12) 
Now it is seen from (3),(4) and (12) that it may be written in 
the form 

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

p

2

p
sin

sin sin cos

cos sin sin

sin sin cos

p

p

p

pq

pq

pq

p p p

p p p

p q q

p q q

P

p (t)

Q

q (t)

p (t)

s(t)= U I cos 2 pωt

U I 2 pωt pωt

+U I 2 pωt qωt

U I 2 pωt qωt

Δ

Λ

⎡ ⎤ϕ ⎣ ⎦

− ϕ ⎡ ⎤⎣ ⎦

ϕ ⎡ ⎤⎣ ⎦

− ϕ ⎡⎣

∑

pqq (t)

⎤⎦

      (13) 

where is the instantaneous harmonic active power term, 

 is the instantaneous harmonic reactive power term, 

and  and   are  the instantaneous cross-
harmonic power terms. This analysis can readily be extended 
to more general situations involving any number of harmonic 
components, as long as the suitable 

pp (t)

pq (t)

pqp (t) pqq (t)

nCG  structure is chosen.
Therefore, (13) consist of two parts, where the first part 

contains a group of instantaneous power terms involving like-
frequency and the second part contains those involving cross-
frequency. Then, the total instantaneous power s(t) , (13), can 
be seen as formed by two power components, active , 
and non active , given by 

ap (t)

nap (t)

        p (          (14) a
p

pt)= p (t)∑

na p pq pq
p p q p q

p (t)= q (t) p q (t)
≠ ≠

+ +∑ ∑ ∑     (15) 

In (9), each coefficient p p pq pq q p q pP ,Q , , , ,Δ Λ Δ Λ of a 
corresponding multivector is at the same time a proportional 
rms value of a corresponding instantaneous power (13).  

In fact, the equation (13) generates the keystone of the 
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bridge between the magnitudes in frequency domain and their 
associated oscillations in time domain. Thus, the classic 
apparent power and non-active power values can also be 
interpreted in terms of Clifford coefficients and norms of 
corresponding oscillating components   

2 2 2

p p pq pq
p=q p=q p q p q

2S S = p (t) + 2 q (t) + p (t) q (t)
3 ≠ ≠

= +∑ ∑ ∑ ∑
2 (16) 

   
2 2 2

Σ = S - P        (17)  

Note that the above mentioned power multivectors,  and 
 are the complements of the merely values 

S
Σ S S=  and 

Σ = Σ . Both quantities (multivector and magnitude) lead to 

valid power equation representation, but it depends on the 
situation at hand to see which approach is more appropriate. 
Furthermore, in most cases direction and sense may not be 
required, but even in this case, the multivector can handle the 
problems equally or even better than the magnitude S . 

However, there are cases where direction and sense are 
necessary, whereby failing to distinguish the power 
components in terms of direction and sense may lead to 
erroneous results. Therefore, the Generalized Geometric 
Algebra [15] provides the necessary tools to extend the 
concepts of instantaneous and complex geometric analysis to 
higher dimensions. 

IV. NUMERICAL EXAMPLE 
In this Section, a numerical example is proposed to 

illustrate the suggested non-active multivector concept and its 
natural capability to a one to one correspondence between its 
components and the terms of instantaneous non- active power. 
Units of physical quantities are those standards for the MKSA 
system and thus can be omitted. 

Let voltage and current of a non-linear one-port circuit be 
  ( )u(t) 2 100sin t 100sin 3t= +⎡ ⎤⎣ ⎦       (18)

 i(t) 2 50 2 sin(t 45º ) 50 2 sin(3t)⎡= − −⎣
⎤
⎦     (19)  

and the corresponding  geometric phasors  are then 

1 3100 50 111.8U Uσ σ= + ⇒ =          (20) 

 45 180
1 370.71 20 73.48j jI e e Iσ σ∗ = + ⇒ =

⎤⎦

ω⎣

)

  (21) 
The instantaneous power equation and the apparent power 

multivector may be written  

( ) ( ) ( )
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( ) ( ) ( )
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2500 2sin 3 t sin t

Δ

Δ

⎡ ⎤ ⎡ ⎤= ω + − ω +⎣ ⎦ ⎣ ⎦
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31
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− ω⎡ ⎤⎦

                  (22) 
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  (23) 

and the conventional apparent power is given by 
S S 8216= =            

The total instantaneous power is given by (22) and its 
waveform is depicted in Fig.2 

According to (14) and (15) the instantaneous active and  

             

0 3.14 6.28
7899.08

2202.02s t( )

ω t⋅  
Fig.2. Total instantaneous power s(t) 

non-active powers are given by  
a 1 3p (t)= p (t)+ p (t)         (24)   

na 1 13 31 31p (t)= q (t)+ p (t)+ p (t)+ q (t)     (25) 

                           
0 3.14 6.28

8447.45

265.83

8979.1

pa t( )

pna t( )

ω t⋅  
Fig.3. Active (pa(t)) and non-active (pn(t)) instantaneous powers 

and these waveforms are shown in Fig.3. 
 Obviously, (22) and (23) can register the bidirectional active 
power flow occurring in this case ( ) and total 
active power is 5

3 1000P = −
000 1000 4000− = . This value coincides 

with the average power of (22). 
Moreover, equation (22) also reveals a non active term  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

13 31

13 31p ( t ) p (t )

2000 2sin t sin 3 t 2500 2sin 3 t sin t

500 2sin t sin 3 t

Δ Δ

− ω ω + ω ω⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣

= ω ω⎡ ⎤⎣ ⎦

⎦   

   (26) 
which amplitude value is ( )2000 2500 500− + =  VA. This is 
not the same value of that one deduced from (23), since 

13 31 312000 2500 4500σ σ σ− + = . Although (22) and (23) are 
mathematically correct, the two terms that appeared in 
instantaneous power equation (22),  and , have 
the same nature despite their opposite signs. These possible 
erroneous results from the instantaneous power 

( )13p t ( )31p t

(22) occur due 
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to the need of information concerning direction and sense of 
the components. 

The non-active multivector terms (8) are always applicable 
to any power theory. Thus, in the Example, the  

5000•Im Ω =  value is equal to Budeanu and Slonim’s 

reactive power.  The magnitude Σ = 7176  coincides with 

Fryze’s reactive power and the result given by 

{ } { } 5590
2 2

•
13Im Ω + Im Ω =∧  

is the same that the reactive power proposed by Shepherd [4], 
Sharon [5], and Czarnecki [9] on linear operation. The 
scattered power defined in [8] coincides with  

{ } 450013Re Ω =∧  

and at the same time with the complementary reactive power 
of Sharon [5] and the active distortion of Slonim [6].  

Thus, the proposed representation is unified and internally 
consistent with existing power equations. However, our 
equations are not derived from purely algebraic manipulations 
of the apparent power components in frequency domain, but 
rather they are a consequence of the power multivector. 
Today's accepted theories cannot explain the results obtained 
here. 

V. CONCLUSION 
In this paper, a new concept to the non-active power 

multivector under periodic n-sinusoidal linear/non-linear 
operation has been presented. Moreover, power formulas have 
been given first in Clifford frequency domain and then in time 
domain. Further, a non-active power multivector has been 
developed, which condenses all power information and obeys 
the usual conservation law [16]. In this sense, it bridges the 
gap between frequency domain and time domain. The new 
non-active power multivector concept  plays a similar role 
to the reactive power in the Steinmetz phasor model for the 
sinusoidal case; this multivector have a simple and compact 
expression and can identify the most relevant existing power 
equations. 

Σ

Finally, from other point of view, the suggested 
representation can provide a new language for the design of 
compensator circuits, and optimization algorithms. The study 
of these applications is a task that deserves further research. 

LIST OF SYMBOLS 

1...kσ   = basis of Clifford algebra 
   = geometric product  

a b⋅    = inner product 
a b∧   = outer product or bivector 

pZ , pZ  = norm of p-th  geometric-phasor  

( )Z ∗   = conjugate element 

pU    = p-th voltage geometric-phasor  

pI    = p-th current geometric- phasor  

S     = power multivector 
( )s t    = instantaneous power 

Σ    = non-active power multivector 
•Ω      = complex-scalar 

Ω ∧     = complex-bivector 
qϕ     = q-th impedance phase angle 

pqΔ    = pq-th { }Re  part of distortion power multivector 

pqΛ    = pq-th { }Im  part of distortion power multivector 
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