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We establish a version of B.-Y. Chen’s inequality for a submanifold of a Sasakian-
space-form, tangent to the structure vector field of the ambient space. We obtain some
applications and we study this inequality for slant submanifolds. We also characterize
3-dimensional slant submanifolds satisfying the equality case.

1. Introduction

Given a Riemannian manifold M, for each point p € M, put
(inf K)(p) = inf{K(m): plane sections m C T, M},
where K (m) denotes the sectional curvature of M associated with 7. Let

du(p) = 7(p) —inf K(p), (1.1)

being 7 the scalar curvature of M. Then, ,; is a well-defined Riemannian invariant,
which was recently introduced by B.-Y. Chen [4, 5].

For submanifolds M in a real-space-form Em(c) of constant sectional curvature
¢, Chen gave the following basic inequality involving the intrinsic invariant dy; and
the squared mean curvature of the immersion,

n%(n —2)

~ 1
2(n— 1) 2

H2
HE+ %

v < (n+1)(n —2)c, (1.2)

where n denotes the dimension of M and H is the mean curvature vector. On the
other hand, it was remarked in [8] that the exact proof of (1.2) given in [4] yields
the same inequality for totally real submanifolds in a complex-space-form M ™(4¢)
with constant holomorphic sectional curvature 4c.

Later, Chen generalized the above situation by establishing an inequality for an
arbitrary submanifold of dimension greater than 2 in a complex-space-form [6]. By
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applying this inequality, he showed that (1.2) holds for arbitrary submanifolds in
the complex hyperbolic space CH™(4c) (¢ < 0) as well. He also stated a formula
for a submanifold in the complex projective space CP™ (4c).

In contact geometry, Defever, Mihai and Verstraelen obtained an inequality si-
milar to (1.2) for C-totally real submanifolds of a Sasakian-space-form with constant
¢-sectional curvature ¢ [11]:

\H|2+%(n+1)(n—2)613. (1.3)

n%(n —2)
S S

Several authors have studied the equality cases of the above inequalities (see,
for instances, [6, 7, 9, 10, 11, 12, 13]).

C-totally real submanifolds have the structure vector field £ of the ambient
space as a normal vector field (and so, they are anti-invariant submanifolds if that
ambient space is, at least, a contact metric manifold).

The purpose of the present paper is to establish a general inequality, similar
to that of [6], for submanifolds tangent to the structure vector field of a Sasakian-
space-form. We are specially interested in applying the obtained results to slant
immersions in contact geometry (see, for references, [2, 3, 15]).

Thus, in Section 2, we review basic formulas and definitions for almost contact
metric manifolds and their submanifolds, which we shall use later. In Section 3,
we establish the mentioned inequality and we adapt our procedures to £-tangent
situation by introducing a new invariant 6%, closely related to d5;. Finally, we show
some applications in Sections 4 and 5, by paying a special attention to slant im-
mersions. For example, we characterize 3-dimensional slant submanifolds satisfying
our equality case.

When this paper was finished, the author learned that in [14], Y.H. Kim and
D.-S. Kim obtained a basic inequality for d;; for submanifolds in a Sasakian-space-
form. Moreover, they apply it to get a characterization of an odd-dimensional great
sphere of an odd-dimensional sphere. On the other hand, they do not study slant
immersions and so, they do not modify that inequality in order to consider non-
invariant submanifolds satisfying the equality case. Hence, even though 6% < 6,
neither our main pinching result given in Theorem 3.5, nor the applications shown
in Section 5, can be obtained from Theorem 3.3 of [14].

2. Preliminaries

Let (M ,g) be an odd-dimensional Riemannian manifold and denote by T M the
Lie algebra of vector fields in M.

Let ¢ be a (1,1) tensor field, £ a global unit vector field (structure vector field),
and 7 a 1-form on M. If we have ¢>X = —X + (X)¢, g(X,8) = n(X) and
9(¢X,9Y) = g(X,Y) — n(X)n(Y), for any X,Y € TM, then M is said to have an
almost contact metric structure (¢, &, 7, g) and it is called an almost contact metric
manifold.
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Let @ denote the fundamental 2 form in M given by ®(X,Y) = g(X,¢Y)
for all XY € TM. If & = dn, then M is said to be a contact metric manifold.
Moreover, if £ is a Killing vector field with respect to g, the contact metric structure
is called a K —contact structure.

The structure of M is said to be normal if [¢, ] +2dn®E = 0, where [¢, @] is the
Nijenhuis torsion of ¢. A Sasakian manifold is a normal contact metric manifold.
Every Sasakian manifold is a K—contact manifold.

Given a Sasakian manifold M a plane section 7 in T}, M is called a ¢—section if
it is spanned by X and ¢.X, where X is a unit tangent vector field orthogonal to §.
The sectional curvature K () of a ¢—section 7 is called ¢—sectional curvature. If a
Sasakian manifold M has constant ¢—sectional curvature c, M is called a Sasakian-
space-form and it is denoted by M(c). For more details and background, we refer
to the standard reference [1].

Now, let M be a submanifold immersed in (]T] ,0,€,m,9). We also denote by
g the induced metric on M. Let TM be the Lie algebra of vector fields in M
and T+ M the set of all vector fields normal to M. We denote by o the second
fundamental form of M and by Ay the Weingarten endomorphism associated with
any V € T+ M. We put o = g(o(ei,ej),er), for any e;,e; € TM and e, € T+M.

The mean curvature vector H is defined by H = (1/dim M) trace o. M is
said to be minimal if H vanishes identically.

From now on, we denote by n+ 1 (resp. m) the dimension of M (resp. M ) We
consider n > 2. We also suppose that the structure vector field ¢ is tangent to M.
Hence, if we denote by D the orthogonal distribution to & in 7'M, we can consider
the orthogonal direct decomposition TM = D & < ¢ >.

For any X € TM, we write X = TX + NX, where TX (resp. NX) is the
tangential (resp. normal) component of ¢X. If M is a K-contact manifold, it is
well-known that

o(X,6) = —NX, (2.1)

for any X € TM.
Given a local orthonormal frame {ej,...,e,} of D, we can define the squared
norms of 7" and N by

n

71> = ) ¢*ei,Tey), INIP = ) INeif, (2.2)

4,j=1 i=1

respectively. It is easy to show that both |T'|? and |N|? are independent of the
choice of the above orthonormal frame.

The submanifold M is said to be invariant if N is identically zero, that is,
¢X € TM, for any X € TM. On the other hand, M is said to be an anti—invariant
submanifold if 7" is identically zero, that is, X € T+M, for any X € TM.

For each nonzero vector X tangent to M at p, such that X is not proportional
to &, we denote by 6(X) the angle between ¢X and T,M. Then, M is said to
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be slant [15] if the angle §(X) is a constant, which is independent of the choice
of pe M and X € T,M— < £, >. The angle ¢ of a slant immersion is called
the slant angle of the immersion. Invariant and anti—invariant immersions are slant
immersions with slant angle # = 0 and 6§ = 7/2 respectively. A slant immersion
which is not invariant nor anti-invariant is called a proper slant immersion.

In [3] we have proved that a #-slant submanifold M of an almost contact metric

manifold M satisfies

g(TX,TY) = cos®0(g(X,Y) — n(X)n(Y)), (2.3)

g(NX,NY) = sin®0(g(X,Y) = n(X)n(Y)). (2:4)
for any X,Y € TM. On the other hand, Lemma 2.3.8 of [2] implies

n

ZQQ(ei,(bej) = cos? 0, (2.5)
j=1
for any ¢ = 1,...,n, where {e1,...,en,&} is a local orthonormal frame of TM.

It is well-known that the curvature tensor R of a submanifold M of a Sasakian-
space-form M (c) satisfies

RX,Y;ZW) = glao(X,W),0(Y,2)) — g(c(X,Z),0(Y,W))+

3 (X, W)Y, 2) — o(X. 2)g(V W) + E (X m(Z)g(Y, W)~

—n(Y)n(2)g(X, W) +n(Y)n(W)g(X, Z) —n(X)n(W)g(Y, Z)+

+

+9(¢ X, W)g(9Y, Z) — g(¢X, Z)g(¢Y, W) +29(X, ¢Y )g(¢Z, W)), (2.6)

for any XY, Z W € TM.
For an orthonormal basis {eq, ..., e,+1} of the tangent space T,M, p € M, the
scalar curvature 7 at p is defined by

T = ZK(ei/\ej), (27)
i<j
where K (e; A e;) denotes the sectional curvature of M associated with the plane
section spanned by e;, e;. In particular, if we put e, 41 = &p, then (2.7) implies:
n n
2r = > K(eiNej)+2) K(eiA€). (2.8)
] i=1
From (2.2), (2.6) and (2.8), we obtain the following relation between the scalar
curvature and the mean curvature of M,

c+3 3(c—1)
D,

2r = (n+1)2|H|2—|0|2+n(n+1)T+2n+ (2.9)
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where |o| denotes the norm of the second fundamental form o.
3. Chen’s inequality in Sasakian-space-forms

Let M™*! be a submanifold of M™ (¢), tangent to the structure vector field &,
and m C D), a plane section at p € M, orthogonal to &,. Then,

(1) = g*(e1, pe2) (3.1)

is a real number in [0, 1] which is independent of the choice of the orthonormal basis
{e1,e2} of m. Denote by 7 and K () the scalar curvature of M and the sectional
curvature of M associated with m, respectively.

We first recall an algebraic lemma from [4]:

Lemma 3.1. Let ay,...,a5,c be k+1 (k > 2) real numbers such that:

<Zai> = (k—-1) (Za?Jrc).

Then 2a1a2 > ¢, with equality holding if and only if a1 + a2 = az = -+ = ay.
Now, we can prove the following contact version of Theorem 3 of [6]:

Theorem 3.2. Let ¢ : M™"! — Mm(c) be an isometric immersion from a Rie-

mannian (n + 1)-manifold into a Sasakian-space-form M™(c), such that £ € TM.
Then, for any point p € M and any plane section m C D, we have:

(n—|—1)2(n—1)|H|2+%(n+1)(n_2)c+3

T—K(m) < +

2n

c—1

3 c—1
ST —— — 382 2
T (32
Equality in (3.2) holds at p € M if and only if there exist an orthonormal basis
{e1,...,ens1} of T,M and an orthonormal basis {ep+2,...,emn} of Tle such that
(a) eny1 = &, (b) 7 is spanned by e1,ex and (c) the shape operators A, = A.,,
r=n+2,...,m, take the following forms:
a 0 0
Apis = [0 —a 0 |, (3.3)
0 0 Op—1
o1 01y 0
A, = oly —oly 0 , r=n+3,...,m. (3.4)
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Proof. Let M™1 be a submanifold of Mm(c). Put:

1)2(n—1 3 3(c—1

S o ) 1P S L P e SEP I Gl P

n 4 4

Then, (2.9) and (3.5) yield:
2 3

(n+1)?2H? = n|0|2+n<8— (CZ— )> . (3.6)
Let m C D, be a plane section. We choose an orthonormal frame {eq,...,e,41}
of T,M and an orthonormal basis {e,+2,...,en} of Tle such that e,41 =&, ™

is spanned by e1,es and e,o is in the direction of the mean curvature vector H.
Hence, (3.6) gives

= n+2 ’ = n+2 n+2 (C+3)
(S = S S 35 Soppe- 2204,

i=1 i#£] r=n+3 i,j

and so, by applying Lemma 3.1, we obtain:

D DA LR Dl 9 (A LU Gk MY

i£] r=n+3 ,j

On the other hand, from (2.6) we find:

m

K(r) = of?o5® = (015%)% + Z (011052 — (072)%)+
r=n—+3
c+3 3(c—1
13 3D, ey, (3.8)

4 4
Then, from (3.7) and (3.8) we get:

G T T ]' TL ]'
P G R A e W i R > Y
r=n+2j>2 i#£j>2 r=n+31,j>2
1 ., i e 3(c—1) e 3(c—1)
T3 Z (011+022)2+§+ 1 g*(e1, pe) > 3T~ g% (e1, pea). (3.9)

r=n+3

Finally, combining (3.1), (3.5) and (3.9), we obtain (3.2).
If the equality in (3.2) holds, then the inequalities in (3.7) and (3.9) become
equalities. Thus, we have:
O’?j_Q = agj'Q 02"’2 =0, i#j>2;
oy;=05;=0,;=0, r=n+3,....m; ,j=3,...,n+1

n+3 n+3 . m m o __
o1 "+ 099 " = =071 +o035=0.
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Furthermore, we may choose e, es such that U{L; 2 = 0. Moreover, by applying
Lemma 3.1 and (2.1), we also have:
+2 +2 _ 2 _ . _  _n+t2 _
o1 t0y =033 = =011 11 =0.
Therefore, with respect to the chosen orthonormal basis {ei, ..., e}, the shape

operators of M take the forms (3.3) and (3.4).
The converse follows from a direct calculation.

Now, for each point p € M, we define:
(infpK)(p) = inf{K(w): plane sections 7 C D,}.

Then, infp K is a well-defined function on M. Let 6%, denote the difference
between the scalar curvature and infp K, i.e.:

oxi(p) = 7(p) — infpK(p). (3.10)
From (1.1) and (3.10), it is clear that:
6% <o (3.11)
If ¢ = 1, then we obtain directly from (3.2) and (3.10) the following result:

Corollary 3.3. Let ¢ : M"! — Mm(l) be an isometric immersion from a Rie-
mannian (n+1)-manifold into a Sasakian-space-form with constant ¢-sectional cur-
vature 1, such that € € TM. Then, we have:

5D < %m%%(nm)(nq). (3.12)

Note that, in fact, (3.12) also follows from (3.11) and (1.2) with ¢ = 1, since
a Sasakian-space-form with constant ¢-sectional curvature 1 is a real-space-form of
constant sectional curvature 1. This seems to point out that (3.2) may be a natural
contact version of (1.2). Nevertheless, by using (2.1), (3.3) and (3.4), we can state
the following result:

Corollary 3.4. If equality in (3.2) holds at any p € M, then ¢ is an invariant
TMMETSILoN.

Now, we are going to modify (3.2) in order to consider non-invariant submani-

folds (for example, proper slant submanifolds) satisfying a similar equality. We can
prove the following theorem:

Theorem 3.5. Let ¢ : M"+1 — Mm(c) be an isometric immersion from a Rie-

mannian (n + 1)—manifold into a Sasakian-space-form M™(c), such that £ € TM.
Then, for any point p € M and any plane section m C Dy, we have:

(n+1)2%(n—1) c+3
2n

4

|H|2+1(n+1)(n—2) +

T—K(m) < 5
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42 |T|26 —302(1) = — |NJ%. (3.13)
Equality in (3.13) holds at p € M if and only if there exist an orthonormal basis
{e1,...,eny1} of T,M and an orthonormal basis {e,+2,...,em} of TPLM such that
(a) eny1 = &, (b) 7 is spanned by e1,es and (c) the shape operators A, = A, ,
r=n+2,...,m, take the following forms:
a 0 0 pht?
Apyo = 0 —-a 0 : : (3.14)
! 0 0 0,5 pt?
SRR
o1 01y 0 %
A, = Olp —07) 0 : , r=n+3,...,m, (3.15)
0 0 On—2 py
Iz ty 0
where pl = g(pe;, er), for any i =1,. ‘r=n+2,.

Proof. We follow the first steps of the proof of Theorem 3.2 and we state equations
(3.5)-(3.9). Then, inequality (3.9) can now be written as:

m 1 n n
= Z{ o1 + (03;)"} + 5 > (@) Z Z )
r=n+2 j=3 i#£>2 r=n+31,j=3
1 m i, i, e 3(C _ 1) m n .
*3 Z (011 + 055)° + 5t T92(617¢82) + Z Z(Ui 1) >
r=n+3 r=n+2 i=1
€ 3(0 B 1) % . r 2
>+ gt (e der) + _ZH;(@ ni1) (3.16)

But, from (2.1) and (2.2) we find:

Z Z zn+1 = |N|2 (317)

r=n+2i=1

Hence, combining (3.1), (3.5), (3.16) and (3.17), we obtain (3.13).
If the equality in (3.13) holds, then the inequalities in (3.7) and (3.16) become
equalities. By using this fact, (2.1) and Lemma 3.1, we have:

m—+2 n+2 _  _n+2 . . .
oy T =0y T=0 =0, 2<iFj<m

aszogjzogjzo, r=n+3,...,m; 4,j=3,...,n
n+3 n+3 __ |

011+2+022+2 = +—2 o11 +022 120

n n n . n

o1 oy =033 = =0,17 541 =0.
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Hence, if we also choose e, e such that o} = 0, then we obtain (3.14) and (3.15).
As in the proof of Theorem 3.2, the converse can be verified by straight-forward
computation.

Moreover, it is obvious that (3.2) follows from (3.13), since |N|? > 0.

On the other hand, it is also clear that, if ¢ is an anti-invariant immersion, then
IT|? =0, |[N|?> = n and ®?(7r) = 0, for any plane section 7 orthogonal to . Hence,
from (3.13) we obtain:

Corollary 3.6. Let M™+ be an anti-invariant submanifold of a Sasakian-space-
form M™(c), such that & € TM. Then, we have:

|H|2+%(n+1)(n—2)c+3. (3.18)

5P <
M= 4

(n+1)%(n—1)
2n

Note that inequality (3.18) is the {-tangent version of (1.3), with the logical differ-
ences about the dimensions.

4. Some applications

By using Theorem 3.5, we can find some general pinching results for §%) if either
c>1lore<l1.

Theorem 4.1. Let ¢ : M"1 — Mm(c) be an isometric immersion from a Rie-

mannian (n + 1)-manifold (n > 2) into a Sasakian-space-form Mm(c), with ¢ > 1,
such that & € TM. Then:

c+3 n
- —. 4.1
1 5 (4.1)

n 2TL—
% < 0410

1
|H|? + 5(712 +2n—2)
Equality in (4.1) holds identically if and only if n is even and M" 1 is immersed
as an invariant, totally geodesic submanifold of M™ c).

Theorem 4.2. Let ¢ : M — Mm(c) be an isometric immersion from a Rie-
mannian (n + 1)-manifold (n > 2) into a Sasakian-space-form M™(c), with ¢ < 1,

such that £ € TM. Then:

o <

(n+1)*(n —1) L % Y- NP (42)

2
o |H|* + 2(n+ 1)(n—2)
Equality in (4.2) holds at a point p of M if and only if there exist an orthonormal
basis {e1, ... ,ent1} of T,M and an orthonormal basis {ent2,. .., em} ofT;-M such
that (a) eny1 = &p, (b) the subspace spanned by es, ..., e,t1 is anti-invariant, (c)
K(ey ANeg) =infp K at p, and (d) the shape operators A, = A.., r=n+2,...,m,
take the forms (3.14) and (5.15).

Theorems 4.1 and 4.2 can be proved by following the same steps as in the proofs
of Theorems 3 and 4 of [6], respectively.
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5. Applications to slant immersions

Now, we are going to study inequality (3.13) when M is a slant submanifold.
We first note down that, if M™*! is a #-slant submanifold of an almost contact
metric manifold, then, (2.2), (2.4) and (2.5) imply:

IT|> = ncos?d, |N|*> = nsin?6. (5.1)

Thus, from (3.13) and (5.1) we have:

Theorem 5.1. Let ¢ : M" ™1 — ]ij(c) be a O-slant immersion of a Riemannian

(n + 1)-manifold into a Sasakian-space-form Mm(c) Then, for any point p € M
and any plane section m C Dy, we have:

T—K@ﬂgEZigiﬁiihHﬁ+%m+lﬂn—%c+3+
+ncos? 0 + 3(C; D (% cos? ) — <I)2(7r)) . (5.2)

In particular, we can state the following result for 3—dimensional slant subma-
nifolds:

Corollary 5.2. In the above conditions, if n = 2 then,
9
60 < 1|H|2 +2cos? 0, (5.3)
with equality holding if and only if M is minimal.
Proof. If n = 2, then it is clear that
65 = 1—K(D) (5.4)

and ®2(D) = cos? . Thus, (5.3) follows directly from (5.2).
On the other hand, it is easy to see that

T — K(D) = 2cos?#, (5.5)

since M is a 3-dimensional slant submanifold of a Sasakian manifold. Hence, (5.4)
and (5.5) imply the condition for the equality case in (5.3).

Note that, if we had chosen inequality (3.2) as our starting point, then, by fol-
lowing the same steps as in Theorem 5.1 and Corollary 5.2, we would have obtained,
for 3-dimensional slant submanifolds, the inequality

9
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with equality holding if and only if the submanifold is invariant.

Thus, the converse of Corollary 3.4 holds for 3-dimensional slant submanifolds.

Finally, we can restrict our study to some special plane sections, orthogonal to
&. Let M™1 be a submanifold of a Sasakian-space-form M™(c), such that £ € TM.
Given a point p € M, we say that a plane section m C T, M is a T-section if there
exists a tangent vector X € D, such that 7 is spanned by X and T'X.

For each point p € M, we can define (infrK)(p) = inf{K(w): T—sections 7w}
and 6%,(p) = 7(p) — infr K (p).

Since every T-section is orthogonal to &, it is clear that §1, < §%.. In the case
of slant submanifolds we have the following inequality for 67 ,:

Theorem 5.3. Let ¢ : M1 — Mm(c) be a non-anti-invariant 0-slant immersion
of a Riemannian (n + 1)-manifold into a Sasakian-space-form M™(c). Then:

(n+1)%(n—1)

1 c+3 1 3(c—1)
T - 2, = _ 2 Z(n—
Sy < B — |H | +2(n+1)(n 2) ) +ncos 9+2(n 2)

1 cos? 0.

Proof. Given a T-section 7, we can choose two tangent vectors e, es such that 7
is spanned by e; and eq, being e3 = sec #Te;. Then, (2.3) implies ®?(7r) = cos? 6.
The proof ends by applying (5.2).

Note that, if n = 2, then 61, = 6%, and so, Corollary 5.2 also follows from
Theorem 5.3.
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