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THE FREUDENTHAL COMPACTIFICATION OF
TREE-LIKE GENERALIZED CONTINUA

WELODZIMIERZ J. CHARATONIK, TOMAS FERNANDEZ-BAYORT,
AND ANTONIO QUINTERO

ABsTRACT. Tree-likeness of generalized continua is defined by means
of inverse limits of locally finite trees with proper bonding maps.
The main theorem of this paper shows that the Freudenthal com-
pactification preserves and reflects tree-likeness. Some consequences
of interest are given.

1. INTRODUCTION

Classical continuum theory is a powerful branch of topology concerning
compact spaces. However, the class of non-compact spaces is far from
being irrelevant and it seems natural to explore a generalized continuum
theory for locally compact spaces.

The proper category provides a very convenient framework for this
task. Recall that a continuous map f : X — Y is said to be proper if
for any compact subset K C Y, f~1(K) is compact in X. In particular,
classes of spaces and maps of interest in continuum theory are extended
to the proper category.

This paper is focused on the well-known class of tree-like spaces, usually
described as inverse limits of sequences of compact trees. Compactness
and connectedness of tree-like spaces readily follow from this description.
Unfortunately, connectedness does not need to be preserved by inverse
limits of non-compact spaces, and this requires connectedness in the def-
inition of a tree-like space in the proper category; that is, a generalized
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continuum is said to be a tree-like space if it can be expressed as the limit
of an inverse sequence of locally compact trees with proper bonding maps;
see [10].

By use of compactifications, non-compact spaces are transformed into
compact spaces, and an immediate question is to ask whether notions in
the proper category remain under compactifications. In this paper we will
show that, in fact, the tree-likeness of a generalized continuum is equiv-
alent to the tree-likeness of its Freudenthal compactification (Theorem
4.1) or, equivalently, of some compactification of X with 0-dimensional
remainder (Theorem 5.1). Some consequences are derived (Theorem 5.6
and Theorem 5.4).

2. THE FREUDENTHAL COMPACTIFICATION

Throughout this paper, a continuum (generalized continuum, respec-
tively) is a connected compact (locally compact, respectively) metric
space. By a graph we mean a locally finite 1-dimensional simplicial com-
plex and trees are contractible graphs.

Concerning inverse limits, we will use the notation X = @p{Xn; gn}
to represent inverse limits of sequences with proper bonding maps g, :
Xn+1 — X see [10] for more details. This way a generalized continuum
X is tree-like if X = l'glp{Tn, gn} where each T, is a tree.

It follows from [5, Exercise 4.4. F.(c)| that any generalized continuum is
separable and hence second countable and o-compact [5, Corollary 4.1.16
and Exercise 3.8.C.(b)]. It is readily checked that local compactness,
together with o-compactness, yields the existence of exhausting sequences
in a generalized continuum X; that is, increasing sequences of compact
subsets X,, C X with X =(J2, X,, and X,, C intX,,41.

Given an exhausting sequence {X,, },>1 of the generalized continuum
X, a Freudenthal end of X, € = (Qn)n>1, is a decreasing nested sequence
of quasicomponents @Q,, C X — intX,,. Recall that the quasicomponent
of a point z is defined to be the intersection of all open and closed sets
containing x.

Let F(X) denote the set of all Freudenthal ends of X. The set X =
X U F(X) admits a compact topology whose basis consists of all open
sets of X together with the sets

Q=Qu {(Qn)n>1; Qn C Q for n large enough}

where 2 C X is any open set with compact frontier. The space X is called
the Freudenthal compactification of X. Moreover, X is metrizable and the
subspace of Freudenthal ends F(X) C X turns out to be homeomorphic
to a closed subset of the Cantor set; see [1], [11]. In particular, X is the
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union of the o-compact space X and the 0-dimensional space F(X) and
then dim X = dim X; see [6, Corollary 1.5.4].

Recall that the Freudenthal compactification of X is maximal among
the compactifications of X with 0-dimensional remainder; that is, if Xisa
metric compact space containing X as a dense open set and the difference
X — X is 0-dimensional, then there is a continuous map f : X — X which
extends the identity on X; see [16, Example 3.9).

Any proper map f: X — Y between generalized continua extends to
a continuous map f: X — Y with a continuous restriction fe t F(X) —
F(Y) which maps € = (Qn)n>1 to the nested sequence f.(e) = (Q),)n>1
such that there is a subsequence ny < ng... with f(Q,,) C @}, for all
k > 1. The following lemma is easily proved.

Lemma 2.1 ([10, Corollary 4.2]). If f is onto, then f., and hence f, are
onto.

The following well-known lemma pinpoints a crucial feature of the
Freudenthal compactification of any generalized continuum X.

Lemma 2.2. Any generalized continuum X admits a metric and an ez-
hausting sequence {Xy}r>1 such that X —intXy = ||, Aé‘? (k> 1)
is a finite disjoint union of closed and open sets in X - int Xy with
diameter A;? < % for all j € J. In particular, FrAg? C FrX;.

Proof. Recall that X is metrizable so that we can find a metric d for
the topology of X. For each k£ > 1, we write the 0-dimensional compact
set of Freudenthal ends F(X) = ||, F Jk as a finite union of pairwise
disjoint closed sets with diameter F;c < ﬁ for all j € Ji. Moreover, for
any 0 < A\, < 7 smaller than min{%d(Fﬁ,Fﬁ);j,j’ € Jyand j # j'},
the closed sets R
A ={z € X;d(xz, Ff) < A}

are pairwise disjoint with diameter A? < % and Ff C intAf for each
j € Ji. In particular, Frd% = {z € )A(;d(:c,Ff) = A} misses F(X),
and so the complement X; = X - Uje I intAf is a compact subset of
X. Moreover, one readily checks that FrX; = I-'je I FrAé?. Thus, X —

int Xy = |—|j€J;€ A;? is a disjoint union of open and closed sets in )/(:—inth.
Note that X C intXy1. O

Remark 2.3. (1) Notice that in Lemma 2.2 for each j € Jj, there exists
a unique j' € Ji_1 with A;’? - A?Tl and that the Freudenthal ends
of X are in 1 — 1 correspondence with the sequences (A;?(k))kzl with

k—1
A;?(k) C Aj(kfl) for all k > 2.
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(2) The proof of Lemma 2.2 also shows that the complement X-X, =
Ujes B;C (k > 1) is the finite disjoint union of the sets B;c = intA;? which

are closed and open in X - X with diameterB]l€ < % for all j € Jk.
We will also use the following simple fact; see [10, Proposition 4.1].

Lemma 2.4. Let X = l'glp{Xn;gn} be a generalized continuum which

is the inverse limit of generalized continua X, with proper onto bonding
maps gn. Then there is a continuous surjection

p: X — L= @{Xn;gn}
such that o~ (Lo) = F(X) where Lo = % n)s gnsy C L and ¢|X s

the zdentzty on X = L — Ly. In particular, ¢ mduces a homeomorphism
7 X/F(X) = L/Lo.

Proof. 1f p; : X — X, are the canonical projections of the inverse hmlt
then the map ¢ : X — L is defined by the induced maps p; : X = X“
that is, ¢(x) = (pi(z))i>1. Notice that each p; is onto by Lemma 2.1.
Furthermore, the equalities g; ' (F(X;)) = F(X;41) and p; (F(X:)) =
F(X) for all i > 1 yield ¢~(Ly) = F(X) and X = L — Ly with ¢|X
the identity on X. From this it readily follows that the induced map % :
X/F(X) — L/Ly is a continuous bijection and hence a homeomorphism.

|

The following example shows that the map ¢ in the previous lemma
does not have to be bijective.

Example 2.5. Consider the inverse sequence of one-ended graphs
{Gn, fu}n>1 where G,, is the graph depicted in Figure 1.

wg
wy
G, =
Wy _q
vg o S Up1 U Ungg
FIGURE 1
The map f, : Gpy1 — G, is the linear extension on each edge of

Gp41 of the map between vertex sets given by f, (v "H) =P for i > 0,
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f(w;“rl) =w} for j <n—1and f(w;*") = vy It is clear that each f, is

a proper map and the inverse limit X = %an{Gm fn} is homeomorphic
to the euclidean line; thus, X is homeomorphic to an interval, while L =
@{G", fn} is homeomorphic to the circle.

3. THE CASE-CHAMBERLIN CHARACTERIZATION
OF TREE-LIKENESS

In the proof of Theorem 4.1 the following purely homotopical charac-
terization of tree-like continua due to J. H. Case and R. E. Chamberlin
[2] will be crucial. Recall that a continuous map f : X — Y is termed
inessential if it is homotopic to a constant map.

Theorem 3.1 ([2, Theorem 1]). A 1-dimensional continuum X is tree-
like if and only if, for every graph G, every continuous map f : X — G
is inessential.

As consequences of Theorem 3.1 we have the following two lemmas
which will be used in the proof of Theorem 4.1. The first lemma, is similar
to [7, Lemma 2|. We give here a proof for the sake of completeness.

Lemma 3.2. Let Z = lim{Z,, fn} be a 1-dimensional continuum which
is the inverse limit of contractible continua Z,. Then Z is tree-like.

Proof. We have Z = (;Z, Pj where

P = {(zn)nzﬁ fn(zn—&-l) =z, forn < ]} - Hﬁlzj-
Moreover, each P; is contractible since P; is homeomorphic to 1172 ;1 Z,
by the map a; : II7% ;1 Z, — P; which carries (n)n>1 to (Thn)n>1 where
In=x,ifn>j+1land Tp1 = fro... o fj(xj41) if n <.

Let f : Z — G be any continuous map into a graph G. As G is an ANR
then there is an extension f: U — G of f to some open neighborhood
Z CcUinll5e, z;.

By compactness there is jo such that P; C U for j > jo. In particular,
we have a commutative diagram

7 o p hop

Jo

f
G

f

where the horizontal arrows are inclusions and f o h is inessential since P;,
is contractible. Hence, f is inessential and so Z is tree-like by Theorem
3.1. O
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The second lemma is part of the folklore of continuum theory.

Lemma 3.3. Assume that the inverse limit Z = l'&n{Gn, fn} of graphs is
a tree-like continuum. Then there is an increasing sequence {ns}s>o with
ng = 1 such that the composite p; = fr, o ... 0 fn 1-1:G — Gy, 1
inessential for all s > 0.

MNs+1

Proof. Let q; : Z — G, (j > 1) denote the canonical maps of the inverse
limit which are the restrictions to Z of the projections p; : HZO:1 G, —
G;. We start by taking ng = 1 and observing that Theorem 3.1 yields
that ¢ is inessential. Let H : Z x I — (G; be a homotopy between
q1 and the constant map. As G; is an ANR, there is a neighborhood
of Z, U C Hff:l G, such that the homotopy H extends to a homotopy
H:UxI — G, between p; = p1|U and the constant map (see [4, Exercise
IV.8.13(2)]). Hence, p; is an inessential map. In addition, as we have seen
in the proof of Lemma 3.2, we have Z = ﬂ;’;l P; with a homeomorphism

(oo}
aj: H Gn = P = {(zn)n>1; fo(@nt1) =z for n < j}
n=j+1
for each 7 > 1. By compactness there exists n; such that P; C U for all
7 > n1, and we can form the composite
p:ﬁl OkOanl 0/8 : Gn1+1 — Gl
where k : P,, — U is the inclusion and 8 : G,,+1 — HZOZRIH G, is
given by 5(z) = (Yn)n>n,+1, where y,, 11 = z, and y, = *, € G,, is any
fixed point for all n > ny + 1. It readily follows that p is inessential and it
coincides with the composite fio ... o f,, : Gp,41 — G1. This argument
is repeated for G,,+1 in the role of G, and we obtain inductively the
required subsequence. ([l

4. MAIN THEOREM

This section is devoted to the proof of the main theorem establishing
that tree-like generalized continua are exactly those generalized continua
whose Freudenthal compactification is tree-like. More precisely, let GC
be the category of generalized continua and proper maps and C C GC
be the full subcategory of continua. Let A : GC — C denote the functor
which carries X to its Freudenthal compactification X. We will prove the
following characterization theorem.

Theorem 4.1. The functor A preserves and reflects tree-likeness; that
18, a generalized continuum is tree-like if and only if its Freudenthal com-
pactification X is a tree-like continuum.

The proof of Theorem 4.1 splits into the two following propositions.
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Proposition 4.2. Let X be a tree-like generalized continuum. Then its
Freudenthal compactification X is a tree-like continuum.

Proposition 4.3. Let X be a generalized continuum such that its Freuden-
thal compactification X is a tree-like continuum. Then X is tree-like as
well.

For the proof of Proposition 4.2 we will need the following lemma.

Lemma 4.4. Let X be a continuum. Any continuous map f : X6
into a graph is homotopic to a map f' : X — G such that F(F(X)) C
Vert(G).

Proof. Given the barycentric subdivision G’ of G, let 4 = {S, }yevert(ar)
denote the open cover of G consisting of the open stars S, = st°(v; G') of
all vertices of G'. We choose a Lebesgue number § > 0 for the open cover
f~ 4 of X and apply Lemma 2.2 to find a compact set L C X such that
X —intL=A UAU---L A,, decomposes into a finite disjoint union of
closed and open sets in X — intL with diameter A; < d. Hence, for each i
there exists a vertex v(i) for which f(A4;) C S,(;). Notice that each A; is
a closed set in X which meets FrL. Here we use the connectedness of X.

At this point we observe that the Tietze extension theorem holds for
each S,(;) (it is a retract of the open 2-disk) so that we can extend g; :
(A; NFrL) U (F(X) N A;) — Sy given by g(z) = f(z) for x € A; NFrL
and g(g) = v; for all € € F(X) N A; to a continuous map f; : A; — Sy().

Similarly, we find a homotopy H* : A; x I — S,(;) between f|4, and
f1. Here we apply the Tietze extension theorem to the map Hi: A; x
{0,1} U (A; NErL) x I — S(y(iy where H(z,0) = f(z), H'(z,1) = fl(z),
and H'(z,t) = f(z) for z € A; NFrL.

Finally, let f' : X — G be the map f'(x) = f(z) for x € L and
f'(y) = fi(y) if y € A;. Moreover, H : X xI — G given by H(x,t) = f(x)
if z € L and H(y,t) = H'(y,t) if y € A; yields a homotopy between f
and f' relative L. a

Proof of Proposition 4.2. We write X = l'ﬁnp{Tn,gn} as an inverse limit
of trees with proper bonding maps and consider any map f : X — Gtoan
arbitrary graph G. We can assume that f(F(X)) C Vert(G) by Lemma
4.4 and so f(F(X)) C T¢ if Te C G is a maximal tree (i.e., a tree contain-
ing all vertices). Let f : X/F(X) — G/Tg denote the induced map. On
the other hand, by Lemma 2.4 there is a continuous surjection ¢ : X —
L= yLH{Tn; Gn } which carries F(X) to Lo = I'&H{}'(Tn),gn*} C L and in-
duces a homeomorphism 3 : X /F(X) = L/ Ly fitting in the commutative
diagram
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Gt X ¢ .7

o)

G/Te <~ X/F(X) 2~ 1L/L,

o

where 7 is a well-known homotopy equivalence. Moreover, since the
Freudenthal compactification of a tree is a dendrite, each fn is contractible
[8, Proposition 4 and Theorem 13| and so L is tree-like by Lemma 3.2.
Thus, Theorem 3.1 yields that the composite p = fg~'q : L — G/Tg
is homotopically trivial and so is wo f = po¢, and hence f since 7 is
a homotopy equivalence. The proof finishes by again applying Theorem
3.1. |

Next, we proceed to prove Proposition 4.3, and the proof of Theorem
4.1 will be accomplished. For this we start with the following definition.
By a ray-extension, we mean a polyhedron P = @ UT which is obtained
by the attaching of a finite disjoint union of half-lines 7' = | |I" Ry
to a compact connected polyhedron (). For ray-extensions we have the
following improvement of the proper analogue of a classical theorem due
to Freudenthal which can be found in [18, Proposition 13].

Theorem 4.5. For any generalized continuum X with 1 < dimX <
n, there exists a homeomorphism h : X = T&np{Pn;fn} where each P,

is a ray-extension of dimension < n. Moreover, the homeomorphism h

extends to a homeomorphism X I&n{ﬁn, fn} for the corresponding
Freudenthal compactifications.

We do not know of any reference for this specific result in the literature.
To ease the reading of the paper we give the proof of it in Appendix A.
Besides Theorem 4.5, the two other ingredients in the proof of Proposition
4.3 are the two following results. The first one is an easy lemma.

Lemma 4.6. Let f : X1 — X5 be a proper map between graphs which are
ray-extensions and such that f : X1 — Xo is inessential. Then f is also
inessential.

Proof. By definition X; = G; UT; where G, is a compact graph and T;
is a finite disjoint union of half-lines attached at G; (i = 1,2). Then we
simply observe that in the commutative diagram
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f
X, — Xo

PA N

G1 G2

Nt LA

f

the inclusions of the GG;’s are homotopy equivalences and so are the inclu-
sions X; C X; fori=1,2. O

The second result is essentially proved in [9, Theorem 11]; see also [13,
Section 4]. We include the proof for the convenience of the reader.

Proposition 4.7. Let X be a 1-dimensional generalized continuum which
can be written as an inverse limit X = ]'&np{Xm fn} of graphs where the

bonding proper maps are inessential. Then X is tree-like.

Proof. Let m, : X — X, denote the canonical maps of the limit. For each
n consider the universal covering space p,, : )?n — X, and choose a point
— (x%)nzl € X. Since each map m, = f, om,11 is inessential, given
€ )?n, there exists a lifting 7, : X — X,, with 7n(x) = 0. Here we
use [19, Theorem 2.2.3|. Similarly, the same homotopy covering property

yields maps f, : Xn+1 — X, with fn(igﬂ) = 79 such that

(4'1) Prne fn= fnoPnt1-

We next consider for each n the subtree T,, = 7,(X) C X,, for which
the restrictions p,, : T, — X,, and 7, : X — T, are readily checked
to be proper. Moreover, one can easily show that f,(T,+1) = T, and
fn i Thy1 — Ty, is proper. Let YV = @p T, be the inverse limit of

the sequence with fn as bonding maps and let ¢, : Y — T,, denote the
canonical maps.

Equality (4.1) yields that the restrictions p,, induce a map p: Y — X
for which the map ¢ : X — Y defined by ¢(z) = (7T,,(x))n>1 is a section;
that is, po ¢ = idx. Indeed, ¢ is well defined by the uniqueness of liftings
[19, Theorem 2.2.2| since both jN}, ofnt1 and T, are liftings of m,, at 22;
moreover, po(x) = (D, Tn(2))n>1 = (Tn(2))n>1 = .

In addition, as ¢~ 1(A) C P(A) for any set A C Y, it follows that
¢ is a proper embedding, and so ¢(X) is a connected closed set of Y.
Furthermore, ¢(X) = @p gn(6(X)) by [10, Lemma 4.5], and so X is

homeomorphic to the tree-like space ¢(X) obtained as an inverse limit of
the subtrees ¢, (¢(X)) C Tr,. O
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We are now ready to prove Proposition 4.3

Proof of Proposition 4.3. Theorem 4.5 yields a homeomorphism X 22
T&np{Xm fn} extending to a homeomorphism X = yLn{Xn; fn} where the
X,,’s are ray-extensions. By hypothesis, X is a tree-like continuum and
Lemma 3.3 allows us to assume without loss of generality that the bond-

ing maps f, are inessential. Then the proper maps f,, are also inessential
by Lemma 4.6. We conclude by applying Proposition 4.7. ]

5. SOME CONSEQUENCES OF THEOREM 4.1

Let us start by observing that the maximality of the Freudenthal com-
pactification and the ideas involved in the proof of Proposition 4.2 yield
the following improvement of Theorem 4.1.

Theorem 5.1. The following statements are equivalent:

(1) The generalized continuum X is tree-like.

(2) The Freudenthal compactification X is tree-like.

(3) There is a tree-like compactification of X with 0-dimensional re-
mainder.

Proof. (1) = (2) is part of Theorem 4.1. Moreover, (2) = (3) is obvious.

In order to show (3) = (1), let Y be a tree-like compactification of
X with 0-dimensional remainder RY = Y — X. As the Freudenthal
compactification is maximal among these compactifications, there is a
continuous extension of the identity of X, ¢ : X —vY.

Consider any map f : X — G to an arbitrary graph G. As done in
the proof of Proposition 4.2, we can assume that f(F(X)) C Vert(G)
(Lemma 4.4) and so f(F(X)) C Tg where T C G is a maximal tree.
The induced map f : )?/]—'(X) — G /T fits in the commutative diagram

Gt X .y

Ik

G/To <1 X/F(X) 2= Y/RY

where the homeomorphism @ is induced by ¢ and 7 is a well-known homo-
topy equivalence. Moreover, since Y is assumed to be tree-like, Theorem
3.1 yields that the composite p = f@p~1q: Y — G/Tg is homotopically
trivial, and so is wo f = po¢ and hence f, since 7 is a homotopy equiv-
alence. Therefore, X is tree-like by again applying Theorem 3.1, whence
X is tree-like by Theorem 4.1. O
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Corollary 5.2. The class of tree-like generalized continua is closed under
inverse limits with proper bonding maps.

Proof. Let X = l'glp{Xn, fn} be a generalized continuum where each X,
is a tree-like space. Hence, for every n > 1, the Freudenthal compactifi-
cation )?n is a tree-like continuum by Theorem 4.1 and so the continuum
L = l&n{)f\(,ﬁl} is also tree-like by [15, Lemma 2.5.15]. Moreover, by
Lemma 2.4, L = X U Ly where Ly = yLn{}"(Xn),fn*}; therefore, L is
a tree-like compactification of X with 0-dimensional remainder Ly. We
conclude by Theorem 5.1 that X is tree-like. (]

We next use Theorem 4.1 to attain a proper analogue of the following
celebrated theorem due to T. Bruce McLean.

Theorem 5.3 ([17]). Let f : X — Y be a confluent map between con-
tinua. Assume that X is tree-like, then Y is also tree-like.

Recall that, given two spaces X and Y, by a confluent map we mean
a continuous surjection f : X — Y such that, for any subcontinuum
B CY, we have f(A) = B for each connected component A C f~1(B).
Namely, we prove the following theorem which answers affirmatively [9,
Open Question 15].

Theorem 5.4. Let f : X — Y be an end-faithful proper confluent sur-
jection between gemeralized continua. If X is tree-like, then Y is tree-like
as well.

Recall that a proper map f : X — Y is said to be end-faithful if
the induced map f. : F(X) — F(Y) is a bijection (or, equivalently, a
homeomorphism).

Proof of Theorem 5.4. By [3, Theorem 7.5], the Freudenthal extension of
f, f X — Y is also conﬂuent Moreover, X is a tree-like continuum
by Theorem 4.1. Hence, Y is also tree-like by Theorem 5.3; hence, Y is
tree-like by applying Theorem 4.1 again. |

Remark 5.5. As was observed in [9, Example 14], the end-faithfulness of
the map f cannot be dropped in Theorem 5.4; that is, Theorem 5.3 does
not hold with full generality in the proper category. We give the details
for the sake of completeness.

Let X C R? be the two-ended generalized continuum depicted in Figure
2(a) below.

The space X is tree-like since so is its Freudenthal compactification
(that is, the space obtained by gluing the extremes of the sinoidal arcwise
components of two copies of the sin 1/z-curve). Here we use Theorem 4.1.
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ER2

Ry
X = U\

it
|
wire

n
n+1

[NIC
[NIE

IRy = £

FIGURE 2

Let Y be the generalized continuum in Figure 2(b) obtained by identi-
fying in X the two rays R; and Ro. Consider the quotient map f: X — Y.
It is obvious that f is proper; moreover, it is readily checked that f is
confluent since any continuum C' C Y is an arc contained in either the
ray Ry = f(Ry) or its complement Y — Rj.

However, Y fails to be tree-like. Indeed, let ® denote the decomposition
of ¥ whose single non-degenerate element is the complement of the lower

N =~

arc in Figure 2(b) running from —1 to 2. Then the quotient map 7 : Y —

Y /D = S is a monotone (and hence, confluent) map onto the circle. As
an immediate consequence of theorems 5.3 and 4.1, we get that Y is not
tree-like.

Theorems 5.1 and 5.4 are now used to prove the following theorem.

Theorem 5.6. Any connected locally compact subspace U C X of a tree-
like space X 1is also tree-like. In particular, tree-likeness is inherited by
closed and by open subsets of tree-like spaces.
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Proof. Case 1: U is closed in X. Let X = @p{Tn,gn} where each T,
is a tree. Then U = l'glp gn(U) by [10, Lemma 4.5]. Moreover, as the

bonding maps ¢, are proper, the image ¢, (U) is a connected closed set
of the tree T}, and hence a tree!. Therefore, U is also tree-like.

Case 2: U is open in X. Observe that U is still open in the Freudenthal
compactification X so that Theorem 4.1 allows us to replace X by X so
that we can assume without loss of generality that X is a compact tree-like
space. Furthermore, the closure U is already tree-like by case 1; hence,
we can also assume that U is dense in X. The complement X — U is then
a compact set of dimension < 1. Here we use that tree-like spaces are
1-dimensional (this follows from connectedness and [6, Theorem 1.13.4]).
If dim(X — U) = 0, then X turns to be a compactification of U with
compact O-dimensional remainder RX = X — U, whence U is tree-like by
Theorem 5.1.

Otherwise, if dim(X —U) = 1, let © be the decomposition of X whose
non-degenerate elements are the 1-dimensional components of X — U.
This decomposition is upper semicontinuous by [14, Theorem V.47.VL.6].
Hence, the quotient space X/® is a continuum [14, Theorem IV.43.IV.1].
In addition, as the natural projection 7 : X — X/® is a monotone map,
it follows from Theorem 5.4 that X/® is tree-like.

Furthermore, the image W = 7(U) is a dense open set in X/® home-
omorphic to U since the restriction 7|U is an open map. This way the
quotient space X/® is a tree-like compactification of W with compact
O-dimensional reminder X/® — W. Then U = W is a tree-like space by
Theorem 5.1.

General Case: Let U C X be any connected locally compact set in X.
Let P = U be its closure in X. Then by case 1, P is tree-like. We claim
that U is also open in P, and then case 2 yields that U is tree-like.

In order to show that U is open in P, let p € U be any point and
let Q C U be a compact neighborhood of p in U. Here we use the local
compactness of U. Choose an open set V in P with inty Q =V NU. If
V—-—Q+# 2 then V—Q =V —U is a non-empty open set in P missing
U; this contradicts the density of U in P. Therefore, V — {2 = &, whence
V C Q C U. This shows that p lies in the interior of U in P. ]

IIf C is a closed connected subset of a tree T, then C reduces to an arc in an open
edge of T if C' does not contain vertices of T. Otherwise, C is the (locally finite) union
of the subtree generated by the vertices in Vert(T') N C and (possibly) arcs in the open
stars of the vertices in C'
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APPENDIX A. PROOF OF THEOREM 4.5

This appendix contains a detailed proof of Theorem 4.5. We follow
the ideas and notation of [6, Theorem 1.13.2] and [12]. Let us start with
two preparatory lemmas, the first one being an immediate consequence
of Lemma 2.2; see Remark 2.3.

Lemma A.1. Any generalized continuum X admits an exhausting se-

quence { Xy ti>1 such that X —Xi = | |, ;. W) (k>1) is a finite disjoint
union of closed and open sets in X — Xy of non-compact closure. More-
over, for each j € Jy there is a unique j' € Jr_1 with Wf C Wf/_l and
the Freudenthal ends of X are in 1—1 correspondence with the sequences

(Wf(k))km with WE ik) C wWk— (k N for all k > 2.

Definition A.2. Given two exhausting sequences of X, X = {Xj}i>1
and X = {Xy}r>1, we say that X is a shifting of X if X}, C intX; C
Xj, C intXpeq (k> 1).

Lemma A.3. Given a generalized continuum X, let {X}r>1 be any
ezhausting sequence of X which is a shifting of {Xy}tr>1. Then there
exists a sequence of proper maps hi + X — intXy, — [k,00) such that
h (k) = X1 — int Xy, while hit(n) =FrX, and hi'(n+ 1) = FrX, 41
for alln >k + 1. Moreover, hk-+1 =hp on X —intXgo.

Proof. For each n > k, write D,, = D}L U DEL where D}L = )N(nﬂ — intX,,
and D2 = X, 11 — int)?n_H. As metric spaces are perfectly normal, there
is a continuous map gy, : Dy — [k, k + 1] with g, '(k + 1) = FrX;; and
gz '(k) = D}; see [5, Theorem 1.5.19]. Similarly, for n > k + 1, we find
continuous maps g1 : D) — [n,n+ %] and gn2 : D2 — [n+ 3,0+ 1]
such that g;}l(n) = FrX,, g;}l(n +3) = g;,lz(n + 1) = FrX, i, and
g;é(n + 1) =FrX, 1. Then the map hy, is defined as the union of maps
hi = g Unzkﬂ(gn,l Ugn,2)- U

The basic ideas for the proof of Theorem 4.5 are well known (see the
proof of [6, Theorem 1.13.2]). The variations are due to the special kind
of open covers needed to produce ray-extensions. A prototype of these
covers is constructed as follows. We start with an exhausting sequence
X = {Xy}r>1 as in Lemma A.1, which is also a shifting of some exhausting
sequence X = {Xj}x>1 (for instance, X and X' can be chosen to be the
families of sets of even and odd indexes, respectively, of the exhausting
sequence in Lemma A.1). In particular, for each k¥ > 1, X — X} =
Ll e W» is the disjoint union of a finite family of open and closed sets

in X — X of non-compact closure W¥ = {Wj }jes.- Then we consider
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open covers of X of the form
(A.1) U=uuwk

where U" is a finite cover of X} with open sets in int)N(kH. Asdim X <n,
then dimU°® < n for the open set U° = (J{U;U € U} C intXpy.
Therefore, any open cover of U? admits a refinement of order? < n + 1
(see [6, Proposition 3.2.2]). Hence, the compact set X} is covered by
finitely many open sets of that refinement, and these sets, together with
the given family W*, can replace the original cover &/. Thus, we can
assume without loss of generality that the subcover U° in (A.1) has order
<n+1.

If the cardinality of the open cover U is s, its nerve N(U) will be re-
garded as a subcomplex of dimension < n of the canonical simplex A*~! C
R® after identifying the sets in & with the vertices p; = (0,...,1,...,0)
of As~1. If this simplex is metrized by d(x,y) = ||z — y|| where ||z| =
Soi_ 1|l for 2 = (Aq,..., As), it is obvious that diam ¢ < diam A®~! <2
for any simplex o € N(U).

Now we attach rays to the compact nerve N (U) to get a ray-extension
S(U) C R® as follows. For each j € Ji, let [k, 00); denote a copy of the
ray [k, 00). Then the polyhedron

(A.2) SU)=NU) | J [k 0); C R*

j€Jk

is obtained after identifying k; with the vertex of N(U) corresponding to
the set Wf € Wk. Notice that the mesh? of S(U) is < 2. Note also that
the connectedness of X implies that, for any U, U’ € U, there exists a
finite sequence Uy, ..., Uy, € U with Uy = U, Uy, = U’ and U;NU;1q # @
(1 <i<m-—1). Thus, N(U4), and hence S(U), is connected. However,
N(U°) needs not be connected.

Next, we proceed to define a proper map f : X — S(U). We start
by using the canonical barycentric map a : X — N(U) given by a(z) =

> veu cv(x)U where ay(x) = %. In particular, we have

a(z) = 1 for all z € FrX,,;. Note also a(Xy) € N(U®). Therefore,
the restriction a1 = a|)~(k+1 : )~(k+1 — N(U) extends to a proper map
[ X = SU) by setting f(x) = hg(z); for all z € W) — int Xy, 1, where
hi : X —intXy — [k,00) is the function in Lemma A.3. Here, hy(z);
denotes the value hy(x) placed on the copy [k, 00);. The map f will be

2The order of a cover U is the largest integer m (if it exists) such that ¢ does not contain
m + 1 sets with non-empty intersection.

3The mesh of a family of sets is the supremum of the diameters of its sets.
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termed a relative barycentric map associated to the cover U. Note

(A.3) (a) f(x) = WF = k; if 2 € WF N FrXpyp; and
f

a
(b) f(X) C NUO).
We are now ready to prove Theorem 4.5.

Proof of Theorem 4.5. Consider a sequence Uy, ..., Uy, ..., of finite open
covers Uy = UY UWF as in (A.1) and relative barycentric maps f :
X — S(Uy) with properties (i) and (ii) below. Let Cov(fr_1,S(Uk_1))
denote the open cover of X consisting of the counterimages by fr_1 of
the open stars st°(v; S(Uy_1)M) with v ranging over the set of vertices

in N(U,._,)® Ujes, [k — l,k]ﬁl). Here the upper index “(1)” stands for
the first barycentric subdivision. Notice that f; ', (st°(v; SUx—1)P) C
intX k+1 for every vertex v.
(i) Up is a refinement of Cov(fr—1,SUk—1)).
(ii) The mesh of U} is < 5 and the order of each Uy is < n + 1.
Condition (i) allows us to define a map m,_1 between the sets of
vertices of S(Uy) and S(Uk—1) as follows. Given a vertex U # Wf
in N(Ug) corresponding to an open set U € Uy, we set m_1(U) = v
where v € N (Uy_1)V Ujes,_, [F—1, k‘}gl) is a vertex for which f_1(U) C
st°(v; S(Uy—1)M). Otherwise, if U = t; is a vertex in [k, 00); (in particu-
lar, U = Wf = k;), then we define m,_1(t;) = t;» where j' € Jy_ is the
unique index for which Wf - Wf,_l.
. 1
Actually, if S@U—1)# = NU—1)D U,ey,_, (k= 1K U [k, 00))),
then m,_; determines a proper simplicial map

(A.4) Te—1: S(Uk) — S(Uk_l)#.

Indeed, there is nothing to be checked on [k,00); (j € Ji). Let o =
(Uy,...,Us) € NU). U U # ij for all ¢, then fr_i(x) €
Ny s5t°(me—1(Ui); SUp—1)P) and 71 (U1),. .., me—1(Us) lie in a sim-
plex of N(Uy_1)™ Ujes,_ [F— 1, k]gl). Otherwise, if some Wf appears
as vertex of o, it must be unique, say U; = Wf, and let = € ﬂle U;.
The definition of 7,1 yields fx_1(x) € st°(mp_1(Us); SUy—_1)M) for each
i # 1. Moreover, as € WF, fr_1(z) € [k,k + 1] for some j' € Jy_.
Hence, m,—1(U;) = kj for all i. Finally, the properness of m;_1 is imme-
diate since it is readily checked that 7} ', (v) is a finite set for every vertex
(NS S(u}g_]_)#.
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Remark A.4. Notice that dimm;_1(S(Ux)) < n since the only possible
simplices 7 € S(U,) with dim7 > n+1 must contain a vertex of the form
Wf and then m,_(7) = kjs for some j’' € Jy_;.

Although fr_1 needs not agree with mp_1 f, the following properties
hold:
)) C op—1(z) for all z € X,
) = U,f_l(:c) itz e X,,, and k > m.

T—1(ok(
Tr—1(ok(

Here, o (z) and o} () denote the support® of fi(z) in S(U,) and S(Us)#,
respectively.

Indeed, there is nothing to be checked if z € X — int)?k_H since
Tr_1fk = fr—1 on this difference; moreover, if x € int)?kﬂ and oy (x) =
(Uy,...,Up) € N(Uy), then the support of mr_1 fi(2) is a simplex 1 with
vertices (possibly repeated) mi—1(U1), ..., mk—1(Un). I U; # I/V]lC for all
¢ (for instance, if © € X, with m < k), the definition of m;_1 yields
e U; C fi !, (st°(mp—1(Ui); SUk—1)*) (1 <i < m), whence fi_1() lies

in the interior of  and so n = a;f_l(x) C op—1(z).

(A.5)

x
€T

It remains to check the case when some Wf appears among the vertices
of ox(x), say Uy = W]k. In this instance, m;_1 is the constant map k;
on ok (x) for the unique index j' € Jy_; with Wf - Wﬁfl. Therefore,
1 = (kj/) reduces to a vertex. On the other hand, as z € Wf C Wffl -
X, C int)N(;H_l — Xk, we have ks < fr_1(x) < (k+1),7; thatis, op_1(x) =
U;il(x) = [kjs, (k+1),/] is the support of fx_1(x) in S(Ux_1). This shows
(A.5).

The proof will be accomplished by showing a homeomorphism h : X =
S where S = @p{S(le), Tk }k>1 is the limit of the inverse sequence

Tk—1 Tk—1

S(Uy) &= SUy) & - EZ S(Up—y) <= SUy) & ...
since S = @p{wk,ls(uk), T He>2 and dim w1 (S(Uy)) < nforall k > 2;
see Remark A.4.

Let g : S — S(U) denote the canonical projection (k > 1). It is not
hard to show that the projections g inherit the properness of the bonding
maps 7y; see [10, Lemma 3.1]. The following statement is the crucial fact
in the construction of the homeomorphism h. For r > k, let 7}, denote
the composite 7, = o ... om 1 SUpry1) = SUk—1). Given a sequence
of points y, € S(Uy), assume that we have an inverse sequence

(A.6) RERE .

4The support of a point x in a simplicial complex K is the unique simplex o € K which
contains x in its interior.
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where Fy, C Yy = J{o € S(Us);yx € o} is a non-empty compact set for
each k > 1. Then there exists m > 1 such that F}, C N(Z/{,g) forall k >m
and

(A7) diam 7] (Fyi1) < 4(——)""* for all 7 > k > m.
' n+1
Indeed, choose m such that Fi C Sy = NUY)U;cj, [Lm]; € S(Uh).

Then the definition of the maps 7 shows that Fjiy1 C wf_l(So) -
N (Z/{,(CJ 1) whenever k& > m. Thus, all simplices o C Y41 which meet Fy 4
do not contain any vertex Wf (j € Ji) and so dimo < n; see Remark
A.4. Moreover, (A.6) and the definition of 7 imply that 74 (o) is part
of the barycentric subdivision of a simplex p € S(Uy_1) which is a face
of some ¢’ C Y;_1, and now [6, Lemma 1.13.1] yields d(m(y), 71 (y')) <
—pd(y,y') for all y,y' € o. Assumption (A.6) allows us to iterate this
inequality starting with any z,2’ € p C Y,41 with p N Fryq1 # & to
obtain the inequality d(n(z),n}(z')) < (n%l)“kd(x,x’) < 2(#)“’“.
Here, we use that the mesh of any ray-extension in (A.2) is chosen to be
< 2. Therefore, we derive d(z,2") < d(z,yg+1) + d(yg+1,2") < 4(#)“’“
if 2,2/ € Fryq.

Let L stand for the inverse limit of the sequence in (A.6). Since ¢x(L) C
Ny— i1 T (Fri1) for all k > m, we derive from (A.7) that the inverse limit
L = {x} is a singleton.

Any z € X induces the sequence fi(xz) € S(Ug), and by (A.5) the
inverse sequence

(A.8) o1(z) Zooo(x) & ...

is well defined. Then the previous observations show that the inverse
limit of this sequence, termed L(x), reduces to a point. This way we have
a well-defined map h : X — S by setting h(z) = L(z). Furthermore,
the proof of (A.7) shows that, for the sequence in (A.8), the following
inequality holds.

n

n+1

Here, we use (A.3) to get f(Xym) C fu(Xk) C N(UY), whence o (x) does
not contain any vertex Wf (j € Jy) for k > m.

We will check that h is a homeomorphism by showing that h is a
continuous injection, as well as a proper surjection.

Clearly, h is injective since by condition (ii), given two points x # x’ of
X, ifx, 2’ € X, we can find a natural number k& > m such that no open set
in U, containing x contains z’. Therefore, the vertex sets of the supports
oi(x) and ok (z') in N(Uy) must be disjoint (recall that x belongs to the
open sets which are the vertices of o (z)) and the definition of h yields

)" "F for all 7 > k >m and 2 € X,,,.

(A.9) diam 7y (0,41(2)) < 2(
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h(z) = L(xz) # L(2') = h(z’). In order to prove that h is continuous,
it will suffice to check that the composite hx = gih is continuous for all
k > 1. Given a point xg € X, let m be the first natural number for which
x € X,,. Since for any r > k we have hy, = 7 h,41, it will be enough to
check the continuity of hy with & > m. For this, given € > 0, we choose
a natural number 7 such that r > k and (n%_l)’”’k < 5. The intersection
U={U;U € Uy;xo € U} is an open neighborhood of xg such that for

any x € U we have
(A].O) UT+1("E0) C O—TJrl(x);

indeed, as o,41(x0) = (Uy,...,U,) contains fry1(xo) in its interior, the
definition of f,41 : X — S(Uy41) yields that zo € (;_, U;, and hence
x € U; for all i. Therefore, o, (z) > 0 for all ¢ and o,41(x) contains the
vertices of o,41(xp).

The inclusion (A.10) yields hy(xo) € 7} (or41(20)) C 7} (0r41(2)) for
x € U. Then, by (A.9), diam (7}, (c,41(z)) < 2(%“)T*k < € and since
hi(x) € m(or41(x)), then d(hg(zo), hi(x)) < € for x € U; that is, hy is
continuous. This proves that A is a continuous injection.

To verify the properness of h, let K C S be any compact set. Then each
projection ¢ (K) is compact and so is the union Ay = (J{o € S(Uy);0 N
qr(K) # @} for each k. Furthermore, we have

(A.11) T (Akt1) C Ag;

in fact, for any = € o such that there is y € K with ¢xy1(y) € o, we
have by (A.4) that 74 (o) is a simplex in S(Uy)# and so there is a simplex
n € S(Uy) with (o) C n. Hence, both 7 (z) and ¢x(y) = Trqr+1(y)
lie in 7, whence m;(z) € n C Ag. In particular, the inverse limit A =
@{Ak,m}kzl is a compact set. We will show h=!(K) C A and so
the closed set h~1(K) is compact. The inclusion is obvious if h=1(K)
is empty; otherwise, given z € h~}(K), we have that h(z) = L(z) €
K = @{qk(K); Tk }tk>1 (the last equality holds by [5, Corollary 2.5.7]).
Then, necessarily, ox(2) N gx(K) # @ and ox(2) C Ax (k > 1), whence
h(z) = L(z) € A as claimed.

Finally, we will check that h is onto; that is, h~1(y) # @ for any y € S.
This will show that & is a proper surjection and the proof will be complete.

Note that for K = {y}, the set A in (A.11) coincides with Y} in (A.6)
for each &k > 1. We claim that each counterimage By = h,:l(Ak) is not
empty. Indeed, if gx(y) € o for some o € S(Uy), let o9 = (Ur,...,Us) bea
maximal simplex in S(Uj;) which contains gx(y), and = € ();_; U;. Then,
necessarily, oy (z) = o9 C Ay, and so hi(z) = qu(L(z)) € or(x) C Ag;
that is, x; € Bj. Furthermore, as h and ¢ are proper maps so is hy,
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whence all sets By are compact. In addition, (A.11) implies
Biy1 = hy )y (Akg1) C byt (me(Ak)) = hi ' (Ak) = Bi (k> 1)

and so, by compactness of By, we have B = (2, By, # @. Given any x €
B, we have that hi(x) = grh(x) lies in the intersection Z = Ag N oy (x)
for every k > 1. Moreover, (A.11) and (A.5) yield 7 (Zx41) C Zx. Hence,
the non-empty inverse limit im{Z, 7 }x>1 is contained in the singletons
h(z) = L(z) = &iﬂl{ak(m),mﬂin and A = Iim{Ay; 7} = {y} (see (A.6)).
Thus, h(z) =y, and we are done.

Finally, if Q = I&n{@, T }i>1 is the inverse limit of the Freudenthal
compactifications, it is readily checked that S C @ and the homeomor-
phism h extends to a homeomorphism h:X > Q@ by setting E(s) =
(Eé?(k))kzl € @ where ¢ € F(X) is the end determined by the sequence

(Wf(k))kzl, and Ef(k) € F(S(Uy)) is the end of the ray [k,00);4) C
S(Us). O
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