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STABILITY AND CONVERGENCE OF TWO DISCRETE SCHEMES
FOR A DEGENERATE SOLUTAL NON-ISOTHERMAL
PHASE-FIELD MODEL*
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Abstract. We analyze two numerical schemes of Euler type in time and C° finite-element type with
P;-approximation in space for solving a phase-field model of a binary alloy with thermal properties.
This model is written as a highly non-linear parabolic system with three unknowns: phase-field, solute
concentration and temperature, where the diffusion for the temperature and solute concentration may
degenerate. The first scheme is nonlinear, unconditionally stable and convergent. The other scheme is
linear but conditionally stable and convergent. A maximum principle is avoided in both schemes, using
a truncation operator on the L? projection onto the Py finite element for the discrete concentration.
In addition, for the model when the heat conductivity and solute diffusion coefficients are constants,
optimal error estimates for both schemes are shown based on stability estimates.
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1. INTRODUCTION

1.1. The model

The phase-field method provides a mathematical description for free-boundary problems associated to phys-
ical processes with phase transitions. It postulates the existence of a function, called the phase-field, whose
value identifies the phase at a particular point in space and time. The method is particularly suitable for cases
with complex growth structures occurring during phase transitions. The mathematical model studied in this
work describes the solidification process occurring in a binary alloy with temperature-dependent properties. It
is based on a highly non-linear parabolic system of partial differential equations with three dependent variables:
phase-field, solute concentration and temperature. Moreover, the temperature and concentration equation have
nonlinear degenerate diffusivity.
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Let Q C R? (d = 2 or 3) be a bounded domain with boundary I'. Denote by [0, 7] the time interval (T > 0).
We use the notation @ = Q x (0,7), ¥ =T x (0,7) and n(z) is the outwards unit normal vector to € at the
point ¢ € I'.

After some physical simplifications [5], we consider the following differential problem, related to a phase-field
model of a binary alloy with thermal properties [1]:

ag’gy — e Np = %(¢—¢3)+ﬁ(9—9Ac—93(1 —¢)) inQ,
<%@+%@ = V- [Ki(¢)V0)] in Q, (1.1)
e = V-[Kap)(Ve+ Mc(l—c)Vo)) in Q.

This model is completed with the Neumann boundary conditions

5]
E%E:O,(Kﬂmvw-nzzo,(Kﬂ@V@-nZ:O (1.2)
and the initial conditions
(b(mv 0) = (;50(33), 9(:177 0) = 90(33)7 0(3}, 0) = CO(:E) z € Q. (13)

The unknowns for this problem are: ¢ :  — R (phase-field) is the state variable characterizing the different
phases so that ¢ = 1 represents the liquid phase and ¢ = —1 represents the solid phase, 6 : @ — R is the
temperature of the material, ¢ : @ — [0, 1] (concentration) represents the fraction of one of the two materials
in the mixture. The parameter o > 0 is the relaxation scaling; the parameter j is given by 8 = ¢[s]/30, where
e > 0 is the measure of the interface width, o the surface tension and [s] the entropy density difference between
phases; 04, Op are the melting temperatures of each of the two materials in the alloy; Cy > 0 is the specific
heat; [ > 0 the latent heat; K; > 0 the thermal conductivity; Ko > 0 the solute diffusivity; M € R is a constant
related to the slopes of solid and liquid lines.

We will assume that K7 = K;(¢) and Ko = K3(¢) are two globally Lipschitz continuous functions satisfying

0<Ki(r)<bi, 0<Ksr)<by VreR,

with b1,b2 > 0. In this sense, the problem is singular with respect to the temperature and concentration
when K7(¢) = 0 or Ka(¢) = 0, respectively. As physically the diffusion of material in the solid phase can be
considered close to zero [5]; this leads to a degenerate solute diffusion. Such a phenomenon is included in this
model, assuming that K3(¢) = 0 if ¢ = —1. On the other hand, although the heat conductivity is nonzero
in both solid and liquid phases, we also consider a degenerate diffusion for the temperature with the aim of
considering a more general model. Moreover, this may help the development of numerical methods for systems
with similar characteristics.

The phase-field model for solidification (1.1) is used to treat phenomena such as crystal growth and the fusion
of materials.

Now we introduce the definition of weak solutions similar to that given in [1,12] which take into account
the heat and solute degenerate diffusivity, respectively. Moreover, the maximum principle for the concentration
equation says us that 0 < ¢e¢<1in Qif 0 < ¢y < 11in Q.

Definition 1.1. A triplet (¢, 6, ¢) is called a weak solution of (1.1)—(1.3) in (0,T) if:

(¢,
) 6 € L2(0, T H(Q)) 1 L=(0, 7, H'(), 6, € LX(Q), 6(0) = bo, 9> =0 ac. on 5,
2) 6 L>(0,T; L2( ), 0 € L2(0 T,H'(Q)"), 6(0) = by,
) ¢ € L>(0,T; L*(Q)), ¢, € L? (o,T,Hl(Q) ), ¢(0) =co, 0<c<1ae. inQ,
; J1 = ( ( 9 79VK1( )€L2(Q),

(1
(
(
( )9)

(5) Ja:= V(K2(¢)c) — cVEx(¢) € L*(Q),

3
4
)
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verifying

ag’py — 2 A = %((b — )+ B0 —0ac—0p(1 —¢)) a.e. in Q,
T

CV/OT<0t,n>dt+é/OT X)) dt+/0 (1. vm) =0,

/OT(ct,m dt + /OT (JQ, vn) dt + M/OT (K2(¢)c(1 — )V, vn) —0,

for each n € L?(0,T; H'(2)). If, in addition, K1, K3 > by > 0, then 6,¢c € L?(0,T; H*(Q)) and J; = K;(¢)V0,
JQ = K1(¢)VC

Here and in what follows, (-, ) denotes the inner product in L?(Q2) and (-,-) denotes the duality between
HY(Q) and H(Q).

1.2. Known results

In [1], the existence of weak solutions of problem (1.1)—(1.3) but with a constant solute diffusivity (K2 > 0) is
obtained via the introduction of a regularized problem approximating the degenerate thermal conductivity K7 by
a strictly positive, regular function followed by the derivation of suitable a priori estimates and the application
of compactness arguments. More concretely, the following existence result was established in [1].

Theorem 1.2. Let Q be an open bounded domain of R%, d = 2 or 3, with smooth boundary T'. Assume
¢o € H'(Q) with 1/2 < v <1 such that %22 =0 on T, 0y € L*() and co € H'(Q) such that 0 < ¢g < 1 a.e.
in Q. Then, there exists (¢,0,c) a weak solution of (1.1)~(1.3) (with K1 > 0 a constant) in (0,T).

In addition, in [1] the authors say that the hypothesis ¢ € H!T7(2) with 1/2 < v < 1 is not essential, and
the result holds for ¢y € H' ().

Scheid [12] proved the existence of weak solutions, by using a similar methodology to [1], for the following
isothermal phase-field model of a binary alloy

{ a52¢t - €2A¢ Fy (é) + ks (é) in Qa (1 4)
Ct = V- [Dl((vb)(vc + D2 (C, ¢)v¢)] in Qa .
which has a degenerate solute diffusivity D1(¢) > 0. The main difficulty of model (1.4) is the treatment of the
nonlinear term involving D1(¢)D2(c,$)V¢ in the concentration equation. Moreover, the maximum principle
for the phase-field variable gives —1 < ¢ < 1 under the assumptions that the above nonlinearities Fi(¢) and
F5(¢) vanish when ¢ = —1 and ¢ = 1.

Error estimates of nonlinear numerical schemes for isothermal phase-field models related to binary alloys are
given in [10] for a model as (1.4), and, in [4], considering anisotropic diffusion for the phase-field equation and
a more general right-hand side in the phase-field equation, changing the terms Fi(¢) + cFa(¢) considered in
[10] by S(c, ¢) being a bounded, Lipschitz function.

In [7], optimal error estimates are given for a fully discrete nonlinear numerical scheme of a more simplified
phase-field model than (1.1) without the concentration (that is one material is only considered) and with constant
thermal conductivity K7 > 0, paying special attention on the dependency of the parameter €. Stability estimates
independent of € are proved for k small enough with respect to €, and «, § are constants depending on ¢. It is
also shown some error bounds depending only on a lower polynomial order for 1/¢. Moreover, error estimates
are used to establish the convergence of the fully discrete scheme to solutions of the sharp interface limits under
different scaling hypotheses in its coefficients.

In [2], a time-discrete nonlinear scheme is proposed for a phase-field problem again without the concentration
variable and replacing in the equation for the temperature the term %cf)t by the more general term % F(0, )4,
where f is a generic function satisfying some adequate properties. Convergence of this semi-discrete in time
scheme is proved, obtaining the existence and regularity of solutions for the limit problem.
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1.3. Main results of the paper

In this work we will consider two numerical schemes in order to approximate problem (1.1) using continuous
P;-finite elements for the tree variables (¢, 8, ¢). Since a maximum principle cannot be verified in general by the
discrete concentration, we introduce a truncation operator on the L? projection onto Py, in order to guarantee
a L bound for some terms in the discrete concentration equation. A similar idea of truncation, but without
the L? projection onto PPy, has been used in [8] for a 2D Navier-Stokes model with mass diffusion.

First of all, we will present in Section 2 the nonlinear numerical scheme (2.1)—(2.3) which will be uncondi-
tionally stable and convergent.

Theorem 1.3 (unconditionally stable, convergent nonlinear scheme). Assume
o € H'(Q), 69 L*(Q) and co € L*(Q) such that 0<co <1 a.e inQ.

Let Q be such that the H?-regularity for the Neumann problem (3.19) holds. Let Ty, be a regular, quasi-uniform
family of a polyhedral domain Q. Then, there exists a convergent subsequence of functions ¢n 1,01 and cp i
associated to scheme (2.1)—(2.3) (see Def. 3.5) towards a weak solution (¢,0,c) of problem (1.1)—(1.3) in (0,T),
as (h,k) — 0 in the following sense:

Onie—0, chnp—c, in L°°(0,T;L2(Q))-weak*,

bng — ¢, in L=(0,T; HY(Q))-weaks, and in L*(0,T; H(Q))-strong.
Second, we construct the linear numerical scheme (6.1)—(6.3) which will be conditionally stable and convergent.

Theorem 1.4 (conditionally stable, convergent linear scheme). Assume the assumptions of Theorem 1.3 and
the constraint

k
li - =0.
(5) (h,lch)ILO h 0

Then, there exists a convergent subsequence of functions énk, Onx and cp associated to scheme (6.1)—(6.3)
(see Def. 3.5) towards a weak solution (¢, 0, c) of problem (1.1)—(1.3) in (0,T), as (h,k) — 0 in the same sense
of Theorem 1.3.

At this point, it is well to point out that, in particular, the two previous theorems provide the existence
of weak solutions of problem (1.1)—(1.3) under hypotheses on the data weaker than those imposed in [1] (see
Thm. 1.2). To be more precise, the hypothesis on ¢y is relaxed from ¢y € H*(Q2) imposed in [1] to co € L?() as
was considered in [12]. Recall that in [12] the isothermal case is considered and in [1] there is not degeneration
in the solute diffusivity.

Finally, assuming both the heat conductivity and solute diffusion coefficients are constants, error estimates
of order O(k + h) are shown towards a regular enough continuous solution to (1.1)—(1.3).

Theorem 1.5. Under hypotheses of Theorem 1.3 (respectively Thm. 1.4), admitting that K1, Ko are two pos-
itive constants and that there exist a continuous solution (¢,0,c) to (1.1)—(1.3) which verifies the regularity
assumptions (7.2), then the discrete solution of scheme (2.1)—(2.3) (respectively (6.1)—(6.3)) satisfies for all
n <N

n 2

1
leg ™ 1) + 4—€2||€Z+1||‘i4(m +Cvleg P+ ler T P+ ak )
=1

n n
FEES VS 4 Kok Y (Ve P < C(h2 + k2),

=1 =1

1
€y — €y
k
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where C' is a constant independent of h and k, and the errors are denoted by eZ‘H = o — (tni1),
gt =00 = O(tusr) and et = T — c(tnra).

The rest of the paper is described as follows. In Section 2 the nonlinear scheme (2.1)-(2.3) is presented,
obtaining its unconditionally stability in Section 3. In Section 4 some necessary compactness results are proved,
passing to the limit in Section 5 and concluding the proof of Theorem 1.3. In addition, a conditionally stable
and convergent linear scheme is studied in Section 6 giving an outline of the proof of Theorem 1.4. Finally,
Section 7 is devoted to studying optimal error estimates for both schemes.

2. A NONLINEAR SCHEME

In what follows, let us consider a uniform partition ¢, = nk of the time interval [0, 7] with k = T/N the
time step, let Q C R? (d = 2 or 3) be a domain with polyhedral boundary and 7;, be a family of triangulations
of Q with Q = U K. Here h := nax hi with hx the diameter of K. Let X} be the finite element subspace

€7p
KeTy,
of H(2) furnished by globally continuous, piecewise linear functions, that is,

Xh:{lﬂheco(ﬁ):xh|K€P1(K), VK eT,}

A first idea to approximate equation (1.1); is

o (B ) (Vo o) + (67 m)

= %(#ﬁvx}l) + ?2(92 —facy, —0p(1— cﬁ),30h>7 YV, € Xp,.

But, we add (qﬁZ“, :ch) to the left-hand side and ( I :L'h) to the right-hand side which will cancel each other

in the limit as (h, k) go to zero. The reason why we introduce these terms is to get stability constants only of
polynomial order with respect to e avoiding exponential dependence. Concretely, since 5 = O(e), we will get
stability constants depending on 1/e (see Rem. 3.2 below).

Then we propose the following scheme to approximate problem (1.1)—(1.3):
Initialization: Let (49,69, ¢9) € X}, x X, x X}, be suitable approximations of (¢, 6o, co)-
Step n + 1: Given (¢7,07,cp) € Xp x Xp x Xp.

Find ¢! € X}, as a solution of the problem:

(BT )+ (Vo 9an) + (0m) + (6177

(2.1)

1

= (@ + 1) (qbz,xh) + E—@(@Z — GACZ — 93(1 - CZ),I}L), Vap € Xp.
Find 9,’;“ € X and cZ‘H € X}, as solutions of the decoupled variational problems:
grtl _ pn l ntl _ oF
Cy <h7hzh> - (K{l(d)Z"'l)V@ﬁ"'l,Vfch) =3 <hThxh> . Vap € X, (2.2)
n+l _ n

(%xh) W CICARICAN Y (2.3)

= *M(Kg( D [Poc]r (1 = [Pocp]r) Ve, Vﬂ?h>, vV, € Xp.
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Here K" = K| + g1(h), Kb = K, + g2(h), where g; are positive functions to be chosen later, and Py is the
L? orthogonal projector onto X 2, where X ,(L) is the finite element space of piecewise constant functions, and [-]p
is a truncation operator defined from Xg into Xg as follows: Given zj € Xg, then [xp]r € Xg such that

xp|r  if xp|r €10,1],
VK e€Th, |znrlx = 0 if xplr <O,
1 if :L'h|K > 1.

Since (2.2) and (2.3) are quadratic linear systems, it is easy to check the existence and uniqueness of solutions.
On the other hand, (2.1) is a discrete nonlinear variational problem and its existence and uniqueness can be
proved as follows: We define

360 = 55 [l 5 [ (9ol +1enl?) + 5 [ 1ot = [ g (2.4
where g = %(bZJr ( !

922 + 1) o+ b (92 —0acy —0p(1— cZ)) Clearly, J is a strictly convex functional on X},
then the minimum problem d)mm J (¢r) has a unique solution characterized by its Euler equation (2.1).

hEXh
We will denote by C' generic positive constants always independent of the discretization parameters h and k.

3. A PRIORI ESTIMATES AND WEAK CONVERGENCES

Let us add and subtract the term %( Zﬂ,xh) to the left-hand side of (2.1) in order to rewrite (2.1)

1
with respect to the so-called Ginzburg-Landau function f(¢) = 502 (q§2 — 1)<Z> which has the potential function
€

F(g) = —

2
32 (qSQ — 1) , that is, f(¢) = V4F(¢). Then, (2.1) is rewritten as:

¢Z+1k— ¢Z,xh> i (V¢Z+17th> n (¢Z+1,Cﬂh)
) 7 ) = (o) o
+€—62<92 —0Oacp —0p(1 — ch),xh) YV € Xp.

It is easy to check that if we select @) = Iy¢o, 09 = I0p and ¢} = Ijco as initial approximations, where Iy,
is an interpolation operator into X, satisfying stability properties in the L?, L* and H' norms, it follows that
there exists a constant Cy > 0 (independent of €) such that

2 Cv ﬂ 02

ORI+ I+ 1+ 168 e + 73 | (90 =17 < - )

For instance, this is true when I, is the L?-projector onto Xj,, or I, is the Clément or Scott-Zhang regularization
operator.

Let us denote by | - | the L*(Q2)-norm and by || - || g1 (o) the H'(Q)-norm. With such a notation we establish
the following stability result.
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Lemma 3.1. Assume ¢g € HY(Q), 0 € L?(Q2) and co € L?(2) such that 0 < ¢y < 1 a.e. in Q. Then, for each k

k
such that 5—2 is sufficiently small, the discrete solution of scheme (2.1)—(2.3) satisfies the following estimates:

N gt as"“ —on|
@ o 6B <C. () X I8+ — Rl < C. (i) & Z <c
n=0
N-1 N-1
(i) max |05]* <C, (v) o —6h12 < C, (vi) kD KMo TVoT P < C,
=ns n=0 n=0
(vig) [nax, lcn]? < C, (viid) Z leptt —en? < C, (iz) k Z W/ K3 (prthvept? < ¢,

where C > 0 depends on € and the data (do, 6o, co) but is independent of (h, k).

4

Proof. Let z), = Z—gk@g“ and xj, = 2kc”"’1 be test functions in (2.2) and (2.3), respectively. Now by using
€

the identity (a — b, 2a) = |a|?> — |b|? + |a — b|> and bounding adequately the right-hand side, we have

o (16712 = 18112 164 = 6%) + S5kl KT (65 Vo P

26 n+1l Z 1

_ <7k op + (O — 9;;)) (3.3)
26 n+1 _4n . o n+1 _ ¢n . .

< - <Th o7 | + = k p k|9 t_on2,

lep P = 1enl? + [ep ™ = cp? + kI K3 (op T Ve 2 < CRIVeR|. (3.4)

k
By choosing 2—2 sufficiently small to control the last term on the right-hand side of (3.3), this inequality

reduces to

(1641 = 61 + 5165+ = 6312) + kI KT (05 Ve 2 <

le?
2 n+1 _n n+1 _ n

ok

- (3.5)

n+l d)n

Next, take z), = 2 kthh as a test function in (2.1), it follows that

¢Z+1 _ ¢n 2

L (5t iy — 19710 @ + 1657 = il ) +2( £ 60 = o7)

1 n+1 2 6 n n+1 ¢n n |2 62 n|2
+loptt = op < ok (o, L= CHGLPE + O k(g + 1), (36)

ak‘

where C' is a constant independent of e.
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. . . . 1 2 2 2 . .
Now, using again the identity (a — b,a) = §(|a| — |b]? + |a — b|*) twice, we can rewrite

2(flapth), oyt %%%/ﬁ(( 2= 1) (65?2 = (@0 + (ot = o))

2 [ (Pl = P+ 5 (01 = (60))?)
+L/Q(( Z+1) )|¢n+1 ¢Z|2 (3.7)

2e2

Note that the negative term on the right-hand side of (3.7) can be absorbed by the last term on the left-hand
side of (3.6). This property can be summarized as

o (10 = o) (o1 — o) 2 Fop™) - (o) 83)

2e2

which is an appropriate discrete version of the equality f(¢)p: = F(¢):.
Next, if we add up (3.4), (3.5) and (3.6), the first term on the right hand side of (3.5) and (3.6) disappears,
and we get

2Cvp n n n 43 n n
L (12— g2+ 500 6) + Ty K o Ve
FG TP 1) =  +1) 1™ G+ K K T

Pptt = ¢n 41 +1 2
+ 2k B (1o B — 1R + 168 ~ 611 o)

+2 / (F( :z+1>—F<<z>z>) < CRI6FIp )+ Ck(ch? +1).

Finally, by summing over n the discrete Gronwall lemma and the initial bound (3.2) provide the desired esti-
mates, and this completes the proof. O

Remark 3.2. Since the initial estimates have order O(e2), see (3.2), then the stability estimates obtained in
Lemma 3.1 are of order O(s~2e%#*<™") for the variables (¢, @9, ¢). As  is of order O(g), the order reduces to

O(e2e% 72). In particular, these estimates would be independent of ¢ if 3 were of order O(£?) and considering
an initial bound (3.2) independent of e. Furthermore, if we truncate the discrete concentration ¢f in (2.1) as

made in (2.3), that is replacing 5 (9}1 —Oacp —0(1 —c}), :ch) by & (9}1 OalPocp]r —08(1 — [Pock]r), :L'h),
this modified scheme has stability estimates of order O(e~2 + 3%¢ ’4).

Remark 3.3. Observe that in this nonlinear scheme, we have used a first-order semi-implicit approximation of
the Ginzburg-Landau function f(¢), which provides a stationary problem to solve in each time step, identified
with the critical point of a convex functional (see (2.4)). Moreover, this approximation verifies the property (3.8).
For instance, if we use the first-order implicit approximation f (gf)Z“), then the associated stationary problem
(of Allen-Cahn type) is related to the critical points of a non-convex functional and the property (3.8) in not
verified, because a negative term appears on the right-hand side. To be more concrete, it follows that

P (o — oh) = FR™) — F(op) — (6 — oh)”
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Consider the linear operator Ly : X, — X} defined as:

(Lhéf)h,mh) = (Vfﬁh,vmh) + (fﬁh,ﬂ?h) Va, € Xp. (3.9)
Then, the discrete phase-field equation (2.1) can be rewritten as:

(B )+ 2 (maor ) + s (7o)

1 1
= (50 + 5) (Gmn) + %(92 —Oack — Op(1—ci),an),  Van € X

(3.10)

Taking zj, = Lhézﬂ as a test function in (3.10) and using the estimates of Lemma 3.1, the following result
can be established.

Corollary 3.4. Under the hypotheses of Lemma 3.1, it holds
k Z |L n+1 2 <C.

On the other hand, since K;(-) < by and Kj(-) < be, from (vi) and (i) of Lemma 3.1 we also have

N-1
EY KT @TVer P <C, kYKL Ve P < C
n=0 n=0

Definition 3.5. We define ¢y, , (respectively ¢h k) as the pleceW1se constant functions in time taking values
"+1 on (t,, tn41] (respectively ¢} ). Analogously, we define 6y, x, Hh ks and ¢ i, ch k- Moreover, we define ¢h ks

9h K Chr € CO([0,T); X) as the piecewise linear functions in time such that d)h k(tn) = &}, 9h k(tn) = 67,
cth(t ) = ¢}, respectively.

An easy consequence of the previous definition, Lemma 3.1 and Corollary 3.4 is the following result.

Lemma 3.6. Under the hypotheses of Lemma 3.1, the following estimates hold:

(Onittks {Onktnks {Onptnp s bounded in L0, T; L*(2)), (3.11)
{en g {Chktnks {Chptng s bounded in  L™(0,T; L*(1)), (3.12)
{bnk}h ks {ggh#k}h#k, {&Fhk}hk is bounded in  L>(0,T; H'()), (3.13)
{K(nk)VOnitni is bounded in  L*(0,T;L*(9)), (3.14)
{KMénp)Venptng is bounded in  L2(0,T; L*(2)), (3.15)
{iah,k} is bounded in  L*(0,T;L*(Q)) (3.16)

dt ok

{Lnonitny is bounded in  L*(0,T; L*(Q)). (3.17)
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In addition, there exist a subsequence of (h,k) (denoted in the same way) and limit functions ¢, 0, ¢, w, Jy
and Jo verifying the following weak convergences as (h,k) — 0:

O — 0, é\h,k — 0, ghﬁk — 0 in L>=(0,T; L*(Q))-weak*,
Chk — C Chjk —C, Chk—C in L>=(0,T; L*(Q))-weak*,
Ohp — b Onk— b ong — ¢ in L®(0,T; H(Q))-weak*,

d~ d
ok — ¢ L?(0,T; L*(Q))-weak,
Lpny —w in L*(0,T; L*(Q))-weak,
K (énx)VOni — Ji in L*(0,T; L*(Q))-weak,
KM oni)Veny — Jo in L2(0,T; L2(Q))-weak.

So far, neither the H?(Q)-regularity for the Neumann problem (3.19) nor the quasi-uniform property of the
triangulation 7; of €2 has not been necessary to impose. Now, imposing these hypotheses, the next corollary
provides a “discrete interpolation” inequality which plays an important role in getting a compactness result (see
the proof of Prop. 4.3) that we will use to pass to the limit in (2.3) (respectively, in (6.3) for the linear scheme).

Corollary 3.7. Under the hypotheses of Theorem 1.3, it follows that
e lwrs@) < Clop V2| Lugh ™12 (3.18)

where C' > 0 is independent of h and k.
Proof. Let ¢(h) € H*(Q) be the solution to the problem

— A¢(h) + ¢(h) = Lyt in Q, 82—? =0onT. (3.19)

We now suppose that problem (3.19) has the regularity property [|¢(h)| w2 < C|Lr¢)™"| (such a condition
holds if, for instance, €2 is a convex polygon). From (3.9) and (3.19), we have

(v¢(h) — Vet wh) n (¢(h) - ;;“,xh) —0 Vi € Xp;

hence d)Z“ can be interpreted as the H!-projection of ¢(h) onto Xj. Then, the estimate ||¢Z+1||W1,3(Q) <

C|lé(h)|lw1.3(q) holds for a constant C' > 0 independent of h (see [3], Chap. 8, and [11]). Thus,
l6h ™ 3120y < ClloM)lm @ llo(h) |20y < Cllo) | | Lugy ™.
Therefore, it remains to bound [|¢(h)||z1 () < C|l¢7 |1 (q) in order to obtain (3.18). Indeed, we write

le(M)llzr @y < N6(h) = 65 ) + l6h ™ i) < CRILad, T + 65T 1 (@)

where in the last bound we have used that [|¢(h) — ¢3! ||gi(a) < Chl¢(h)||gz(n). Finally, the estimate
|Lnop | < C%||¢Z+1||H1(Q) can be deduced by taking ¢, = ¢)t" and x, = Lpé)™' in (3.9) and using
the inverse inequality || Lo}y || (o) < Cx|Lndy | (here the quasi-uniform property of the triangulation is
used). O

A straightforward application of (3.18) shows that

{bn.k}nx is bounded in L*(0,T; WH3(Q)). (3.20)
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4. STRONG CONVERGENCES

Let us show some compactness results in order to identify firstly w = —A¢ + ¢, J1 = V(K1(9)0) — OV K7 ()
and Jy = V(K2(¢)0) — 0VK3(4) and then to pass to the limit as (h, k) — 0.

4.1. Compactness for phase-field sequences

~ d~
First of all, since {¢pk }n.x is bounded in L>(0,T, H'()) and {E(ﬁh#k} is bounded in L?(0,T; L?()),
R,k
a compactness theorem of Aubin-Lions type [13] provides

@L,k — ¢ in C(0,T;LP(Q)) strongly as (h, k) — 0,

with p < 6. Moreover, owing to Lemma 3.1

N—1
Ionn — S klieorrzy < I0nk — Onilizorz) =k > 1o = ¢rl* < Ck.

n=0

Therefore, ¢n., — ¢, (EM — ¢ in L?(0,T; L*(Q)) strongly as (h,k) — 0. As {¢}n.x and {a}hk are bounded in
L*(0,T; HY(Q)), Sobolev’s imbedding gives us the strong convergences

Ohker g — ¢ in L9(0,T; LP(2)) strongly as (h, k) — 0,

with ¢ < oo and p < 6.

To prove the compactness of {¢pk }nx in L2(0,T; H*(Q)) we firstly must identify w = —A¢ + ¢. Indeed, we
consider n € C2°(Q) and choose ) € X}, a suitable approximation of (¢, ) such that n,, , — nin L(0,T; H'(2))
strongly as (h, k) — 0 (here 7, 5 is defined by 7' as in Def. 3.5). Then, setting ¢5, = ¢} and x;, = ™" in
the definition of Ly (3.9), multiplying by k and summing over n and tending (h, k) — 0, one sees that

/Q<V¢7 Vﬁ) + (¢,77) — /Q <v¢h,kavnh,k) + <¢h,ka77h,k) = /Q (Lh¢h,k777h,k) - /Q (w,n)-

Therefore, it is clear that w = —Ag¢+ ¢ in L?(Q). Next, taking n € C*°(Q) and proceeding in the same manner,
we recover the boundary condition — = 0 on X.

an
Now, we continue to get the compactness of {¢p x}tnx in L?(0,T; H(Q2)). Considering ¢5, = QSZ'H and

Tp = QSZ'H in (3.9), multiplying by & and summing over n, this results

/OT|¢h,k||§{1<Q>/OT (Lndnk: én) H/OT(A¢+¢,¢> /OT|¢||%{1<Q> as (h, k) — 0,

because of ¢y — ¢ strongly in L2(0,T; L?(2)) and {Lp¢n i thx — —Ad + ¢ weakly in L2(0,T; L?().
Therefore, one can obtain the convergence ||¢n x| 200,101 (2)) — ¢llL200, 1501 () as (h,k) — 0. Conse-
quently, since ¢y, — ¢ weakly* in L2(0,T; H(12)), one has

|6k — Ol 20, 15H1 (2)) — 0 as (h, k) — 0.
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4.2. Compactness for temperature and concentration sequences

Lemma 4.1. The following estimates hold

T d —
/ _eh,k(t) dt < C, (4.1)
o ldt HY(Q)
T d 2
/ —Eh,k(t) dt < C, (4.2)
o |ldt H(Q)

where C' > 0 is independent of (h, k).

Proof. Let P, be the orthogonal projector from L?(Q) onto X,. Let z € H(Q). Then, by taking z;, = P,z as
a test function in (2.2), we obtain

Cy 3 ;2 | < O|KY (9, )V, |||CEHH1(Q)+2

1
W o

— % |a] (43)

where we have used the following stability properties of the L?-projector, |Pyz| < |z| and || Pyz| g < C ||z]| g
(the stability in the H!l-norm can be obtained by means of a duality argument and comparing with the

d -~ ot — gy
H'-projector). Taking into account that Eeh’k(t) = hTh for each t € (t,,tn41), multiplying (4.3)
by k, and adding up over n, estimate (4.1) is proved.
In a analogous way, one can be proved estimate (4.2). O

As a consequence of Lemmas 3.6 and 4.1, one can use a compactness result [13] obtaining the following strong
convergences as (h, k) — 0:

Onr — 0 strongly in L2(0,T; H()),

Chx — ¢ strongly in L2(0,T; HY(Q2)). (4.4)

In fact, due to Lemma 3.1, we also have that gh,k,Hh,k — 0 strongly in L?(0,T; H'(Q)") (analogously
Ch.ks Chk — ¢ strongly in L?(0,T; H'(Q)') as (h, k) — 0), since

160,k = On i 720,701 )y < N0nk = OnkllT2 0,721 (00
N N—-1
< C1Onk = Okl 720.7:02(0)) = Ck Z 03+ —0p[* < Ck.

n=0

To be able to pass to the limit in the nonlinear term of (2.3) we have to prove that the sequence
{K (1) [Pochk)r(1 = [Poch k)T) } .k is weakly convergent to a certain limit which has to be identified later on.

First of all, we prove that Pycp , — cn i tends to zero as (h, k) tend to zero under a certain condition for the
auxiliary function go(h) which defines K.

Proposition 4.2. If the function g2(h) given in Section 2 satisfies the condition h/+/g2(h) — 0 as h — 0, then
the following convergence holds

HPO/C\h,k — /C\h7k;||L2(0’T;L2(Q)) —0 as(hk)—0. (4.5)

Proof. By using the fact that K2(-) > g2(h) and estimate (iz) of Lemma 3.1, we get

N-1 C
k n+1|2 < X 4.
> VTS (4.6)
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By combining (4.6) and the error interpolation |Pyc} — ct| < C h|Vc}| applied for each n > 1, we see that

[1PoCh,k = Cnkll 20 mr2()) < ElPoch — 1> + C R [Venklliz . m20))
h2
< KPPy — &P+ 00—,
< HlPoch = ci 92(h)
hence || Pochk — Ch,kllF2(0 7:12(0)) — 0 @ (h, k) — 0. O

Finally, the following compactness result is established for the coefficients K% (¢n x)[Poch k)7 (1 — [PoCh.klT)
which will achieve by using the fact that [Poch (,t)]r = T (Poch k(. t)) a.e. (z,t) € Q owing to Pycp i is a
piecewise constant function, where Ty is the pointwise truncation operator defined as

clz,t) if c(z,t) €[0,1],
Tie(xz,t) =< 0 it c(x,t) <0,
1 if c(x,t) > 1.

This compactness is not clear if we truncate ¢, i by nodes, as was made in [8] for a nondegenerate mass diffusion
Navier-Stokes model.

Proposition 4.3. The following convergence as (h,k) — 0 holds, for each p < co:
KM on ) [Pocnilr (1 — [Pochi]r) — Ka2(¢)Tgc(l — Tge) in LP(Q)-strong. (4.7)

Proof. First of all, we prove that K% (¢nx)cn s — Ka2(¢)e strongly in L2(0,T; L3/2(Q)) as (h, k) — 0. To this
end, we define @y, 1, as the piecewise linear, globally continuous in time function taking the value K S(QSZH)CZH
at the time ¢ = ¢,,41. Our task now is to obtain an estimate in the (W'#)"-norm for the time derivative of @y, x,
with s > 3. Indeed, for t € (t,, tnt1),

Aoy = KRG — KEORR _ pongniny T —ch | o KE(ORT) — KE(9R),
ae k 230h k 4 k
By the mean value theorem, the last term can be written as
Kh ¢n+1 — Kb ¢n . ¢n+1 _ (bn
CZ 2( h )k 2( h) :CZ(KS)I( h+1) h [’ h’

where 5,?“ € (min{¢}, ¢Z+1}, max{o}, ¢Z+1}). Therefore,

%ghﬁk = Kg(fﬁh,k)%bvhﬁ + (Kg)/(fhﬁk)ghﬁk%(ﬁh#h
We know that {K5(¢nk)SCh it is bounded in L*(0,T; (W#(Q))) with s > 3 (owing to {K5(¢n)}nk is
bounded in L (0, T; H'()) and (4.2)) and {(K%) (€n.k)h.k & dni }nr is bounded in L2(0,T; LY(2)) (owing to
{(KE) (€n,r) }nk is bounded in L*°(Q), (3.12) and (3.16)); hence {& Gy, 4 }n k is bounded in L1(0, T; (Wh3())"),
with s > 3. On the other hand, by using (3.12), (3.15) and the estimate of {¢p x}nx in L*(0,T; W14) given
in (3.20), it is not hard to check that {@p 1}k is bounded in L2(0,T; W6/5(Q)) (by assuming Ka(¢9)c) is
bounded in W6/5(Q), which can be obtained as a consequence of inverse estimates and a constraint between
h and k).
Therefore, by a compactness result [13], there exists x € L%(0,7; LP(2)) with p < 2, such that

Gk — X in L0, T; IP(9),  as (h,k) — 0. (4.8)
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In turn, ¢px = K5¥(¢nk)cnk tends strongly to x in L?(0,T; L3/2(Q)), since the difference Rk == @ni(t) —
©n.k(t) tends to zero strongly in L?(0,T; L3/2(Q)). Indeed, we may write for t € (t,,,t,11)

Rus(t) == 2 ((REY ()65 — ap)ep ™ + KEOD(E — b))

with §Z+1 being as before. It thus follows that

N-1 1/2 N—1 1/2
| Rhkll L2032 < (Ck Z leptt — CZ|%2(Q)> + (Ck Z loptt — Z“H?{l(m)
< <7kV;ifo, "
due to estimates (4¢) and (v#i) of Lemma 3.1. Then, as announced we have
onr — x in L2(0,T; L*2(Q)), as (h, k) — 0. (4.9)

To identify x = Ka(¢)c, we see that since K is a globally Lipschitz continuous function on R and ¢
converges to ¢ in L?(0;T; H'(€2)), then (see [9], Thm. 16.7)

Ko(¢nr) — Kao(¢) strongly in L2(0,T; H(Q)). (4.10)

Thus, K2(énx)cnr converges weakly to Ka(é)c in L2(0,T; L3/2(Q)) by taking into account that go(h)cp i
converges strongly to 0 in L>(0,7; L?(Q2)) as (h, k) — 0. Therefore, we can identify x = Ka(¢)c and

Onk = Kg((bh,k)ch,k — Ky(¢)c strongly in L2(0, T} L3/2(Q)) as (h, k) — 0.
As a consequence, by using estimate (viii) of Lemma 3.1, we have
KM (pnr)enn — Ka(d)e strongly in L2(0,T; L3/?(Q)), as (h, k) — 0. (4.11)
From (4.10), we get Ko(épnk(x,t)) — Ka(é(x,t)) a.e. (z,t) € Q. In particular, one has
KM onp(x,t)) — Kao(d(x,1)) a.e. (z,t) € Q. (4.12)
If we define @ = {(z,t) € Q: Ky(d(x,t)) > 0}, since KJ(¢p 1 (,t)) > 0 for all (, 1), it is easy to prove that
Chn(@,t) — c(z,t) ae. (z,t) €Q (4.13)

from (4.11) and the pointwise convergence (4.12).
Once we have achieved the pointwise convergence of ¢y ; to the limit ¢, let us see the pointwise convergence

[Pochr(z, )7 — Toc(z,t) ae. (x,t) € Q. (4.14)
Indeed, this convergence follows from the inequality
\[Poch i (. t)]7 — Toc(z, t)| = [Ty (Pochi(x,t) — Toc(x, t)| < |Pochi(x,t) — c(z,t)| a.e. (x,t) € Q,

the triangular inequality and the pointwise convergence as a consequence of (4.5).
Finally,
Kg((bh,k(ma t))[POEhJC]T - K2(¢(mv t))Tolc(a:, t) a.c. (:IJ, t) €Q
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holds from (4.12), (4.14), and K% (¢n k(x,t)) converges to 0 a.e. in Q\Q. In particular,

K£(¢h7k(w,t))[POEh7k]2T — Ky(p(x,1))Thc(x, t)? a.e. (x,t) € Q.

Then, (4.7) holds as a consequence of the dominated convergence theorem, and the proof of Proposition 4.3 is
finished. O

Remark 4.4. In the case of a nondegenerate solute diffusivity Ko we may prove firstly that ¢,  — ¢ strongly
in L?(0,7;L?*()) by a compactness result, then this convergence is extended to Pych i — c strongly in

L?(0,T; L*(Q)) from Proposition 4.3, and finally we may establish [ﬁoch,k]T — Tjc strongly in L2(0,T; L*(Q))
as an application of the dominated convergence theorem.

Now, we want to identify J; = V(K1(¢)0) — 0VEK1(¢) (and Jo = V(K2(¢)c) — ¢ VEK3(¢)). Indeed, analogue
to (4.10) we have

K1(¢nx) — K1(¢) strongly in L?(0,T; HY(Q)). (4.15)

On the other hand, using the fact that 6), , — 6 weakly* in L°°(0,T; L*(Q2)) and (4.15), the following weak
convergences hold:

0n kVE1(¢nr) — OVKi(¢) weakly in L2(0;T; L1()), (4.16)

O 1K1 (dn) — 0K1(¢)  weakly in L2(0;T; L3/?()). (4.17)

Now, using the regularity Ki(¢nx) € L(0,T; H'(Q)) and 0, € L*(0,T; H'(Q2)) (because of 0 < g1(h) <
K{L()) and the Sobolev product ||¢¢||W1,3/2(Q) < Cllell @)l (o) for all g, € HY(Q), we get

Ki(on1)0nx € L2(0,T; WH3/2(Q))

and, in particular,
V(E1(¢n,k)0n,k) = K1(On,k)VOnk + On ik VK1 (dnk)- (4.18)
Therefore, in view of the convergences (4.16), (4.17) and the identity (4.18), one arrives at

Ki(n1)VOnix — V(K1(¢)0) —OVK(¢) in L*(0,T; W~13/27¢(Q)) (4.19)

with 1/2 > ¢ > 0.
Next, recalling the definition of KJ' = g1(h) + K1, we write

K?(fbh,k)V@M =01 (h)V@hk + K3 (gf)h#k)VGh,k. (420)

Now, taking into account that [g1(h)Y/2V0s k| r2() < I/ K (dn1k)VOn k| 12() < C with C > 0 independent
of (k, h), one obtains

91(R)VOn — 0 in L*(Q)
that jointly with (4.19) and (4.20) gives us

K7 (¢n,)VOni — V(E1(0)0) — VEL(9) in L*(0, T3 W 13/274(12)).

Finally, this convergence and the weak convergence to J; given in Lemma 3.6 conclude the identification

J1 = V(K1(9)8) — VK1 ().
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5. PASSING TO THE LIMIT

In order to pass to the limit in the discrete concentration equation, we will use the following result, which is
easy to prove because equation (5.1) satisfies the maximum principle:

Lemma 5.1. The following two systems are equivalent:
¢ = V- (Ka(6)[Ve + MTie(1 — Tie)Ve)) in Q, (5.1)

and
0<c<1, ¢ =V -(K¢)[Ve+ Mc(l—c)Ve]) in Q.

To pass to the limit in scheme (2.1)—(2.3), we rewrite the scheme as follows: Taking x) = 77,2”r1 € Xy a

suitable approximation at time ¢,,1 of any function n € C°([0,77]; C°(£2)) such that n(T") = 0 (clearly 7)Y = 0)
as a test function in (2.1), (2.2) and (2.3), multiplying by &, summing over n and denoting the function 7,
similarly to Definition 3.5, one arrives at

2 T d -~ 2 T 2 T ~
%3 /0 <a¢h¢k77}h,k) +e /0 (Vébh#k;vnh,k) +e /0 (d)h#k - ¢h¢k;77h¢k)

1 /7 R T,
+—/ ((¢h,k)3 - ¢h,k777h,k) - ﬁ/ (Hh,k —0achr —O0(1 —Chi), nh,k) =0,
2 /o 0

C /T dz +£/T ia +/T(Kh(¢ V0,V )—O
1% o dt h,ks Th,k 2 o dt h,ks Th,k o 1 h,k hoks Vi) =0,
T T
d~ h
/O (&Ch,]ﬁ nh,k‘) + /O <K2 (¢h,k)vch,k7 vnh,k)

T
+ M/ (Kg(%,k)[Pth,k]T(l — [PoCh,k)7)VOn i, V77h,k> =0.
0

By applying all the convergences already obtained, there are no additional difficulties in passing to the limit
obtaining that (¢, 0, ¢) is a weak solution of (1.1). In particular, taking (h, k) — 0 in the discrete equation for
the concentration ¢ and using (4.7), we arrive at the limit equation (5.1); hence 0 < ¢ < 1 and Tjjc = c. Finally,
the discrete phase-field equation is verified pointwise in @ thanks to the strong regularity of ¢. The proof of
Theorem 1.3 is finished.

(5.2)

Remark 5.2. As mentioned in Remark 3.2, taking [Pyc}!] instead of ¢} in the discrete equation for the phase
field variable (2.1) provides better stability estimates with respect to . Nevertheless we find that there is a limit
function ¥ € L>(0,T; L?(2)) such that [Pyc}] tends to ¥ weakly* in L°°(0,T; L?(Q)), but it is not clear how to
identify ¥ with the limit function c. By using (4.14) and that 0 < ¢ <1 a.e. @ (owing to the limit in (5.2) can
be taken as before), we can only deduce that ¢ = ¢ a.e. in @, @ being defined in the proof of Proposition 4.3.

6. A CONDITIONALLY STABLE, CONVERGENT LINEAR SCHEME

In this section we study a more explicit scheme, where the nonlinear discrete approximation (2.1) of (1.1);
is considered completely in the previous step time, resulting a linear (and decoupled) scheme. Contrary to the
previous nonlinear scheme, now to obtain stability we will impose a constraint on the discrete parameters.

1
Recall the definition of the Ginzburg-Landau function f(¢) = @((f — 1)¢ associated to the potential

1
function F(¢) = 8—2(¢>2 — 1)%. We propose the following linear scheme:
€

Initialization: Let (¢9,09,¢9) € X;, x X5 x X}, be suitable approximations of (¢, 6o, o).
Step n + 1: Given (¢},07,cp) € Xp x Xp x Xp.
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Find ¢/"! € X}, as a solution of the problem:

(B2 ) 4 (e W) + (65, = (060 m) + (6h.m0)
L 5_52(9;; —Oach = Op(L=ci).wn), Van € Xp (61)

Find 9,’;“ € X and cZ‘H € X}, as solutions of the decoupled variational problems:

9n+1 — g l n+l . n
v (B0 )+ (b v v ) = -4 (B2 ) e X, (62)
A 2 A
n+l _ n
(*Ch . ch,xh) + (Kg( ”"’1)VCZ+1 Vxh)
_ —M(K2( 20 [Py (1 — [Poct]) Vi, Vxh>, Van € X

The conditional stability of scheme (6.1)—(6.3) will be obtained by induction on the time step n. First of all,
we establish the following result which provides a basic recursive inequality.

(6.3)

Lemma 6.1. Assume the constraint:

1 =
(S) o) ir)riok/h 0.

If there exists a constant Cq > 0 (independent of h, k and n, but dependent on ) such that

20&/5

167 151 (@) + =7z 108 + Ieh* +1 < Cu, (6.4)

then the following inequalities hold for (h,k) sufficiently small (independent of n),

(N ey — i oy + 05+ = 6313 )

2L (0 = g+ o - )
1
) / (Flop™) = Fém) + 55 (@) = (60)™)?) (65)
@ "+1—q§” B oantl n+12
+ k 2 —2k| K1 (on Vo™

2
< Ry kIR + Ro Zoh(iep? +1),

ep T2 = len P + lep ™ = ep? + kIl K3 (o5 ) Ve ™2 < R k| Vo2, (6.6)
where Ry and Ro are positive constants independent of h, k, n, and €.

n+l _ n
Proof. Firstly, we consider x;, = 2k-2 Oh in (6.1) and bound the right-hand side

+ (197 s ey — 031301 oy + 6 = Sh )

vo(flop) o - o) < 5 ( nﬂk’“

‘fb”“ op |’

- gkz|¢"|2 +C ﬁ—ka(|c”|2 +1). (6.7)
a Th agt TR
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Now, we handle the last term on the left-hand side of (6.7) as follows:

26— 6 S00) = 5 (67— o1 (@) = 1008) + 5 (67— 6. (60 — (63 T))h) = — I

Next, we continue rewriting I; as follows:

h:i/« P2 1) ()2 ()2 — (60— o0)?)
Q

2e?
7L n+127127 n2712 n+1\2 n\2\2
== | (&) =17 =((en)” =17+ ((¢,7)" = (¢1)7)
4e 0
k’2 ¢n+1 _ ¢n 2
R 1 — (¢mt12) | 2n h .
g [ 0= gy (68)
The term I5 is bounded as
Lo 2 ¢Z+1 - 5152 1 n+1
I < CE—Qk 67112 () T E JF@ ()% = (o1)%)*
Therefore, we get from (6.7) and the previous computations
optt—on | : 1
k| B (108 oy ~ Ny + 16— G B
1 k2 n+l o 2
ntly L nH1N2  ny2)2 R h
+2/Q(F<¢ )~ PR + o (01 = (012 + g | 22
) n+1 o n 2
< 2k (o =) o S g+ cﬁ—kacm?ﬂ)
(6.9)
L nJrl o ¢n
+c—k(||¢h||mg 15 ey ) | 2

Sg_gk T +Ek|¢h|2+c_4k(|ch|2+1)

1k ‘¢n+1_¢n

+C =7

Y

(1213 @ + 165+ I )

where in the last line the inverse estimate |24 ||rq) < C h™/2||2s| g1 (o) has been used.
Now we are looking for the bound ||¢)Z+1|| a1 () < C1 where C1 > 0 depends on the constant Cy of hypothe-
sis (6.4) but it will be independent of n. It will be carried out by bounding ||¢} ™ || zr1 () in terms of ||¢7(| g1 (q),
nJrl _ ¢n

k

|07| and |cf| and using hypothesis (6.4). Indeed, taking again x;, = 2k———-=" as a test function in (6.1),
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but now bounding directly the term depending on f(¢}) on the right-hand side, we get
ot =g 3
k| R (16 B~ 16 oy + 167 = B ey) < € KR
+—k|¢h|2 C— k(leh? +1) + Ck|f (o)

52 2 2 62 2
- kIOL | + klml +C - k(e +1)

+ 05—4 k||¢2||H1(Q) + 05_4 k||¢Z||H1(Q)~
In particular, by using hypothesis (6.4), the previous inequality says us

n Cdﬂ CdBQ
165 JrlHHl(Q) < ||¢h||H1(Q) + Ck?(— +Cq +

C
2) < 6k + Cr(e) k

Ca
+4+

with C4 () independent of h, k and n.
Thus, by using the previous estimate in (6.9) and again hypothesis (6.4), we get

3 n+1 _n
iak k ¢ <||¢Z+1||%11(Q) - H‘b}ri”?ﬁ(ﬂ) + ||¢Z+1 - QSZ”%N(Q))
n 1 el N
JrQ/Q(F( nh = F(on) + o (@h T2 _ (471)2) )
26 ’I’l n+1 — ¢n n|2 62 ni2 ¢n+1 _ ¢n

k1
By taking into account the constraint (.5), in particular (hllch)D n2 (Cd + Ci(e) ) =0, so for any (h, k) small

k1 1
enough such that C —= (Cd+01( ) k) < 5% the last term on the right-hand side can be absorbed, and remains

(||¢:;“||%p<g 16 s oy + 19771 = Rl ) +2 | (PCR+) = Plof)

‘ ¢n+1 n

1 2 n+l . n C 2
O = 7)< Bk (o0, B ) b S+ 0 Sk 1), (60)

46

On the other hand, take z;, = =

k07t in (6.2) to arrive at inequality (3.5), that is

o (10712 = 1012 + 5105 = 0R12) + 5kl K2 (o7 Vo2 <
n+l . n
25 <7k he;;>+ak:

Consequently, it suffices to add up (6.11) and (6.10) to get (6.5).
Finally, inequality (6.6) is easily obtained by testing (6.3) by c"+1 and bounding adequately as in the proof
of Lemma 3.1. (|

n+1 _ ¢n

(611
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On the other hand, we turn our attention to the initial bound (3.2) which in particular verifies hypothesis (6.4)
imposed in Lemma 6.1. It is very important in order to guarantee a correct induction argument.
Now, we are in position to give the following stability result.

Lemma 6.2. Under the hypotheses of Lemma 6.1, the discrete solution of scheme (6.1)—(6.3) satisfies the
following estimates:

N-—1 N— n+1 n

(i) max Iohl3 @ < C. 163+~ R l3ney < . (i Z b~ e
,Sff

(i) max |67 <C, (v) Y l6p™ —onf? <G, Z WKLV < O,
"i% 1

(vid) Ogla<xN|cZ|2 <C, (viid) Z ntl e < G, Z KR Vet 2 < o,
_n— p—

where C > 0 is independent of (h, k) and depends on the data (¢o,00,c0), o, and €.

Proof. Obviously, if we let (6.5) and (6.6) hold for n = 0,..., N — 1, we get all the statements of this lemma
by adding (6.5) and (6.6) and applying the discrete Gronwall lemma. Therefore, it suffices to prove that (6.5)
and (6.6) hold for n =0,...,N — 1.

2
Let us consider Cy = e<Rl+fTRQ)TCg/s2 with Cy > 0 given in (3.2) and R;, Rs given in Lemma 6.1. As the
initial approximations hold hypothesis (6.4) for n = 0, inequalities (6.5) and (6.6) are satisfied for n = 0.
The final induction step can be easily seen by assuming that inequalities (6.5) and (6.6) hold for I = 0, ...,n—1.
Then, adding up (6.5) and (6.6) from 0 to n — 1, one has

20\/5 QCVB
T O + R 1+ 6715 ey +2 | Pl < Z52 R + I + 1+ 1R
n—1
+2/F¢h kS (Rilloh 3 + Ra Lo+ 1),
=0

Now, the discrete Gronwall lemma and (3.2) yield

20&/5

n . 2Cy 6
0317 + | h|2+1+||¢h||H1(Q)+2/ F(gp) < el R l)k( - 041 + |51

52
+ 1+ 87 o) *2/ F(gh)) <Mt E TGy 22 = Oy,
Q

Then, we find that hypothesis (6.4) is satisfied. Therefore, in view of Lemma 6.1, inequalities (6.5) and (6.6)
hold. O

Note that the stability estimates obtained in Lemma 6.2 are of order O((1/e2)e®”/¢)) for the variable
(0, @9,0) as in the nonlinear scheme, but now an adequate constraint for (h, k) small enough (depending
exponentially on 1/¢) is necessary (recall that in the nonlinear scheme, only % small enough was imposed).

To finish the proof of Theorem 1.4 it is necessary to prove the convergence of the linear scheme (6.1)—(6.3).
But, as the argument for this is similar to that developed for the nonlinear scheme (2.1)-(2.3), it is left to the
reader. O
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7. ERROR ESTIMATES FOR THE NON-DEGENERATE CASE

In this section we deal with the error analysis of both linear and nonlinear scheme. The presence of the
truncation operator applied to the piecewise constant operator Py makes nonstandard this error analysis and
this particular truncation is responsible of order O(h) in error estimates, although higher-order finite elements
were considered.

In order to be able to guarantee a sufficient regular solution of problem (1.1)—(1.3) we assume the non-
degenerate case. For simplicity, we assume that K; and K5 are positive constants, providing in particular
standard Neumann boundary conditions in (1.2).

Let {71}, 0 < h < 1, be a regular, quasi-uniform family of subdivisions of a polyhedral domain Q C R™,
m = 2 or 3, whose boundary I'" is such that the problem

—Au+u=finQ, %:Oonf (7.1)
on

holds the stability property |u g2(q) < |f], for each f € L?(2). Recall that, both previous hypotheses are also
assumed in Theorem 1.3 to prove the convergence.

Define the global error e} = ¢}y — ¢(tn), ef = 0} — 0(t,,), and e = ¢y — c(t,). These errors are decomposed
into a discrete error e. 4, and an interpolation error e. ; as follows

6$,d :¢Z_Pf1¢(tn)v %z _Ph¢( ) B(tn),
efa=0p — PYO(t,), ef,=Plo(t,) —0(t,),
eng=Ccp— P,?c(tn), er; = ch( —c(tn),

where Pl : H' — X, is the H'-projection operator defined as
(u) - P,}qp,xh) n (w - vpgw,v:ch) —0 Vi € X,
and P,? : L? — X, is the L2-projection operator defined as
(1/) - P;??/J,Zh) =0 Vaz, € X,.

Finally, let us recall some approximation properties of P} and P,? to be used later on (see [6], Prop. 1.134,
p. 73):
¥ = PRyl ) < Chllvlaz), 1Y — Padlla ) < Chllvllaz),
¥ — Povl < Chllgll ey, ¥ — Pavol < Chlllla o)-
In particular, from the last inequality, one has

tn41
15 (tnsn) = 8P )P < O [ il
t

n

where we use §; to denote the discrete backward Euler time derivative, that is

ltnis) —(tn)

5tw(tn+1) = A

Note that, for the H'-interpolation error of PJ, a quasi-uniform family of finite elements must be assumed
and, for the L%interpolation error of P}, a duality argument is required where the elliptic H?-regularity for the
Elliptic-Neumann problem (7.1) is imposed.
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Throughout the section we assume a regular solution of (1.1)—(1.3). Concretely, one assumes

¢ € L>(0,T; WhHoo(Q)) N L2(0, T; HA(Q)), ¢¢ € L2(0,T; H(Q), du € L2(0,T; LA(Q)),
0 € L0, T; H'(Q)) N L2(0, T, H2(Q)), 0, € L2(0,T; L2(Y)), 0y € L2(0,T; HY(Q)'), (7.2)
c € L=(0,T; H'(Q)) N L2(0,T, HA(Q)), ¢ € L2(0,T; L2(Q)), cx € L2(0,T; HY(Q)).

7.1. Error estimates for the nonlinear scheme

We now state our error estimates for the fully discrete nonlinear scheme (2.1)—(2.3). If we compare the exact
problem with the scheme and use the equality a® — b% = (a — b)® + 3ab(a — b), then the error equations are

given by
a ((5,562-21, xh) (Veg Vxh) (egzl, xh) + L ((eg‘zl) xh)
- _a(at% n) = 5o (€041 an) - % (Pﬁ<¢<tn+1>>¢<tn+l>ez,t%xh)
~53 (¢;;+1P,1(<Z>(tn+1))6$,d ,xh) +— 52 (ed) ateg Z,xh)
+(egyd n egyi,xh) + :%(eg{d, xh) - :%(GA + 93)(egd, zh) + (Rg“,xh),
Cy (5&3}1, :ch) + Ky (Veg,'d'rl, V:ch)
=-K; (Vegjl,V:Eh) L <5teg+1,:£h) + <R3+1,xh),
<6tefjj§1,xh) + Ko (VeC v ,Vxh) = —Ky (Ve“ ,Vxh)
- MKQ([POC;;]TQ — [Rocp]r)Vel, V:ch)
. MKQ((1 — [Poch]r)er, Vo (tn), Vach)
+ MK, (c(tn)eZTngS(tn), th) + (RZ}JFI’JJh)a

where §;e"tt = (e"t! —e™) [k, el = [Poc}]r — c(t,) and
nil @ tnt1 tnt1
Ry = E/ (tn — t)pu(t)dt + (ﬁ + 1) / o (t)dt
tw,

n+1 tni1
/ dt + 45 O 04+ 1) / c(t)dt, (7.6)
t

n

(7.4)

(7.5)

C tn l tnt1
el N CEAGE %) (DD
tn

Rt = [ et v ((1—c<tn+1>)c<tn+1> ([ va)

n

+ (1= (elta) + cltnin)) (/tlt+ ct(t)> v¢(tn)> .

Theorem 7.1. Under the assumptions of Theorem 1.3, if the solution (¢,0,¢) of (1.1)—(1.3) satisfies that
(6(t),0(t),c(t)) € H>(Q)? for all t € [0,T) and the regularity given in (7.2), then the following error estimates

hold for k small enough:

n+1l
Ry™ =

N—
max (||e¢+1|\H1(Q) +[ept2 4 et 2) Z (|5 2 4 |Wertt 2 4 |Veg+1|2) < C<h2 + kQ), (7.7)

0<n<N
n=0
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where the constant C' > 0 depends on the exact solution, but is independent of (h, k).

Proof. Set zp = 2k6te”+1 € X, as a test function in (7.3), and using the equalities

a*(a —b) = ; 2(a® = b + (afb)Q):i(a4fb4+(a27b2)2)+%a2(afb)2

for a = egH and b= e}, we get
a2k &e"“\ (et i3y = NefallFay + et = €5l
1 1
+ 1 (155 ey — e allbacay + 1557 — (8.0 + 205 Rt — )P
1
a2k(5t6¢ 5,5@"“) - —2k<(egt1) 5te”+1)

- E_?;k(Ph (@(tn+1))(tnr1)e Zflﬁtenﬂ) - %k(%“Pé(@ﬁ(tnﬂ)) €s.d a5t6n+1)

1
+ k(e¢ ates 5ten+1) + 2k(e¢ atedi 5t€n+1>

+ 25 k(eg " 5te”+1) - 2%(9,4 + HB)k( " 5te"+1) + Qk(R"H 5te”+1) = 29:1

i=1

Now, we must bound each term on the right-hand side of (7.8). We just focus on the terms I, I3 and Iy:

I, < k:||e”+1|| o) + )\kza|5te”+1|2 < Cr = kB @tny1)]o vy + )\k’a|5te”+1|2
JERS k”Ph( (tne1) Lo llo(t n+1)||L6(Q)||eg+1||Le(Q)|5te”+1

< Oxi ()l o s By + A Bl

© Crm 2t 0+ Al
L < §k||¢z+1||L6(Q)||Ph( O(tnr1)llLollel ! o |0rel

= G L k||z,z5( n+1)||H1(Q)||eg+1”H1(Q) + )\ka|5te"+1|2_

In the last line, the stability estimate ||¢}"||zs(q) < C given in Lemma 3.1 has been applied. Note that the
previous inequalities hold for any A > 0 and Cy > 0 are different constants of order O(1/\). Finally, the
constants Cy bounding I and I3 are independent of €, but the constant C related to I, depends on € via the
bound of Lemma 3.1.

The remainder of the terms can be bounded more easily. Thus, by choosing A small enough, we get

ak \@e”“\ (e W3rs = Nl allrs oy + et = €5 allinney )
452 (|| n+1||L4(Q) ||€Z,d||i4(9) + |(€ZT11) (eZ,d)2|2 + 2|@ZT11(€$4(_11 — ey d)|2)
< Ckn? (h4||¢< w2y + 18 s0) s ) 90t +1) 2y + 160 133 ) (7.9)

+ Ck_ (52|€c a*+ 520V|69 al* + ||e¢ d”Hl(Q) + [lo(t n+1)||H1(Q)||€Z ”Hl(Q))

tn 1
+0h2/ I+ CF [ (10000 + 0P + e + I ) s,

tn

where C' > 0 are different constants independent of (h, k) and independent of the exact solution (¢, 6, c).
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We now test (7.4) with legﬁ‘gl and bound the right-hand side

Cv (153112 = lef ol + €55 = e3.?) + 2K1 KIVep 32
= 2K k(Ve Vet) — th (Behit + deht epdt) 2k (R el

2 ntlp2 o [ 2 (7.10)
< CEP?|0(tns1) |2y + Kik|Veg 112 +Ch 9 (s) 1572 () ds
t

n

« ntlp2 ntlp2 o [
+5k|(5t6 "+ CCvklegy "+ Ck (|

tn

ott(S)H?{l(Q)/ + ||¢tt(5)||§11(9)f)d5'

n+1

Let us now take z, = 2ke]';" as a test function into (7.5),

Coa I” = ledal® +legy’ — el al® + 2K k|Ver 32
= — 26ok (Vert!, Vertt) — 2M Kok ([Rocklr(1 — [Pocklr)V (€} 4 + €f,), Veri')

oM ng(a — [Pocr)er, V(t), Veggl)
+ 2MK2k(c(tn)eZTV¢(t ), Veggl) +2k(R”+1, g;l).

We firstly bound the truncated error

e 2 = |[Pocklr = Pocltn) + Pocltn) = cltn)

[[Pocklr = Poc(ta)  + | Poc(tn) — c(t)|?)

|Poci; = Poc(ta)|? + B2 |Ve(tn) ) (7.11)
et af? + lezil? + B |Ve(ta) )

et al? + B2t 3@y )

IN

IN

IN

IN
Q Q aQ Q
P i Vi Ve

where in the last line we have used the stability property |Pyt)| < |¢|. Note that the interpolation error
| Poc(ty) — c(tn)| appearing in (7.11) is only of order O(h), independent of the finite element approximation.
By virtue of (7.11), we bound

A — €ll® + e — e f? + K kIVer
< CRR|e(t )| B2 o) + Ck|ved>,d|2 + Ckh2||V¢(tn)||%w(Q)||c(tn)||§{1(9)
+ C k12 [0(tn) 320y + C IVt oy ler al?

tnt1
+C’k2/ |V (s)|*ds
tn

tnil tnil
ORIVt 2 / lce(s)|2ds + C &2 / lew() 12 y ds.

tn tn

(7.12)

Again, C > 0 are different constants independent of (h, k) and independent of the exact solution (¢, 8, c).
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By adding (7.9), (7.10) and (7.12) and applying the generalized discrete Gronwall lemma, we establish the
following estimate for all n < N and for k small enough:

leg a7 @) + 32 ||en+1||L4(Q) +Cvlegh P + e + akz

5t€l+1‘

+ RS Vel 4 KQkZ Vebth? < exp(CiT) (02h2 n cng), (7.13)

1=0 =0
where
C (14 16l 201 )
o
1 — Ck max{1, ||¢H%x(O,T;H1(Q))}
Co = C(18l o, romrs o 1812 20, 7:20) + 16120, 2:20)

D073 ) + 101220, imr2 )

o 181320 w1l om0 758 2y + IelBeo sz
and

O3 = <||¢t||%2 o2y T 10l 20m 020y T et a0, m 2y + 10620070200
106172 0.1 )y T 192t 720,101 02y + 191 F 20 7101 (02
10U 0, movwr o= ey e 220,72 A5 + ”Ctt”L%o,T;Hl(m/))v
with C' > 0 independent of (h, k) and independent of the exact solution (¢, 8, ¢).

The same estimates are obtained for the total errors by using the interpolation errors; hence (7.7) can be
deduced. O

Remark 7.2. Observe that, to obtain error estimates in the previous theorem, the monotony property (anal-

ogous to (3.8))
1 n n n
5oz ((e i )’ —esaepl —ega) = Flegy') — Fleg )

is not used, because the corresponding initial term is

| rea =g [t -1=0(5):

Therefore, by using this property, the error estimates of order O(k + h) does not hold, because in this case the
final bound remains of order O(k + h + 1/¢2)

7.2. Error estimates for the linear scheme
As the derivation of the error equations for 9”+1

scheme, we only treat in this section the error equation for ¢,

and ch 1is exactly the same as in the previous nonlinear

n 1 which is given by

a ((5,56221,.%}1) (Veg Vxh> (egzl,xh> + 212 ((% 2% $h>
=- a(atem on) 2; ((atg,i)%zh) - —Q(Ph (6(t) ot )€l o 21 )
(bePh( ))ed, dvxh) +53 (%d*%zvﬂ%)

+ (e¢,d + €¢7i,xh) + 6_62(697(1 — (GA + GB)eZd,xh) + (Rg""l + S(Z"I‘l, Ih)

(7.14)
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where Rg“ is as above and

3 tn41

22

1

_2(¢(tn+1)3 - ¢(tn)3) ==

Sn—',—l — _
2¢e

¢(s)2¢t(s) ds

n

Again, we take x; = 2k6te”j'il as a test function in (7.14), and all computations work as for the nonlinear
scheme, except the explicit term. Now, by using the equalities

V(a—b) = [ba®+b(b? —a?)](a—b) = %(12((12 —b% — (a—b)?) +b(b* — a?)(a —b)
i(a4 — b 4 (a® - b*)?) — %aQ(a —b)? +b(b* — a®)(a —b)

for a = egzl and b= e} ;, we get

k
22

1 n n
((e5.0)* due ”*1):4—(” el = e allba e + (€552 = (e.a)*?)

k
Sl e — )P+ 5 (ehal(eha)? — (505 ).

Applying the inverse inequality [e}™, b |2

scheme ||} || g1 (o) < C given in Lemma 6.2, we can bound the last two terms as follows

~(q) < (C/h) ||eg ||H1(Q and the stability estimates of the (linear)

Sl e — Bl < Rl ol
< k—2||€”+1||H1(9 e < ke
k n n \2 n+1 n+1 n+1 1 n \2 n+1
S (epallen ? = (5ot ) < Cok®llel alli oy Biepi'| + il )® = (i)
S O MBS+ l(eha)? — (P

Therefore, proceeding as in the nonlinear scheme, we get the same error estimates (7.7) by using the constraint
(S) k/h — 0. Notice that this time we need not make an induction argument thanks to the stability estimates
provided by Lemma 6.2.

Remark 7.3. All the above error estimates hold for the modified scheme where the term ¢}} in (2.1) (respectively,

n (6.1)) is replaced by [Pyc}]r. To this end, we have to take into account estimate (7.11). We have already
seen in Remark 3.2 that this type of more truncated schemes has stability constants depending on 1/¢ only of
polynomial form.

Acknowledgements. We would like to thank to the anonymous referees for suggesting many improvements and for propos-
ing the study of the error estimates.

REFERENCES

[1] J.L. Boldrini and G. Planas, Weak solutions of a phase-field model for phase change of an alloy with thermal properties. Math.
Methods Appl. Sci. 25 (2002) 1177-1193.

[2] J.L. Boldrini and C. Vaz, A semidiscretization scheme for a phase-field type model for solidification. Port. Math. (N.S.) 63
(2006) 261-292.

[3] S. Brenner and L.R. Scott, The Mathematical Theory of Finite Element Methods, Texts in Applied Mathathematics 15.
Springer-Verlag, Berlin (1994).



(4]

(8]

[9]
[10]

[11]
[12]

[13]

STABILITY AND CONVERGENCE OF TWO DISCRETE SCHEMES 589

E. Burman, D. Kessler and J. Rappaz, Convergence of the finite element method applied to an anisotropic phase-field model.
Ann. Math. Blaise Pascal 11 (2004) 67-94.

G. Caginalp and W. Xie, Phase-field and sharp-interface alloy models. Phys. Rev. E 48 (1993) 1897-1909.

A. Ern and J.L.Guermond, Theory and practice of finite elements, Applied Mathematical Sciences 159. Springer, New York
(2004).

X. Feng and A. Prohl, Analysis of a fully discrete finite element method for the phase field model and approximation of its
sharp interface limits. Math. Comp. 73 (2004) 541-567.

F. Guillén-Gonzélez and J.V. Gutiérrez-Santacreu, Unconditional stability and convergence of a fully discrete scheme for 2D
viscous fluids models with mass diffusion. Math. Comp. 77 (2008) 14951524 (electronic).

O. Kavian, Introduction a la Théorie des Points Critiques, Mathématiques et Applications 13. Springer, Berlin (1993).

D. Kessler and J.F. Scheid, A priori error estimates of a finite-element method for an isothermal phase-field model related to
the solidification process of a binary alloy. IMA J. Numer. Anal. 22 (2002) 281-305.

R. Rannacher and R. Scott, Some optimal error estimates for piecewise linear finite element approximations. Math. Comp. 38
(1982) 437-445.

J.F. Scheid, Global solutions to a degenerate solutal phase field model for the solidification of a binary alloy. Nonlinear Anal.
5 (2004) 207-217.

J. Simon, Compact sets in the Space LP(0,T; B). Ann. Mat. Pura Appl. 146 (1987) 65-97.



	Introduction
	The model
	Known results
	Main results of the paper

	A nonlinear scheme
	A PRIORI estimates and weak convergences
	Strong convergences 
	Compactness for phase-field sequences
	Compactness for temperature and concentration sequences

	Passing to the limit
	A conditionally stable, convergent linear scheme
	Error estimates for the non-degenerate case
	Error estimates for the nonlinear scheme
	Error estimates for the linear scheme

	References

