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ABSTRACT

The goal of this presentation is to find original symmetric presentations of
finite groups. It is frequently the case, that progenitors factored by appropriate relations
produce simple and even sporadic groups as homomorphic images. We have discovered
two of the twenty-six sporadic simple groups namely, Mis and J; and the Lie type
group Suz(8). In addition several linear and classical groups will also be presented.
We will present several progenitors including: 22 : 22 x 3 : 2,2*11 . PS[5(11), and
2*5: (5 : 4) which have produced the homomorphic images: Mz : 2, J; x 2, and Suz(8)
x 2. We will present the monomial progenitors: 17*19 ;. PGL5(9),3** =, Z21 Dy and
13*2 1, (22 x 3) : 2 which produce the homomorphic images: 132 : ((2 x 13) : (2 x 3)),
2 x Sg, and (22)* PG L4(3). Once we have a presentation of a group we can verify the
group’s existence through double coset enumeration. We will give proofs of isomorphism
types of the presented images: S3 x PGLy(7) x S5, 28 : A5, and 2°U(2) : 2.
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Introduction

Group theory is a topic spanning many areas of mathematics. Group theory
allows us to study symmetry, determine the solvability of n** degree polynomials as
Galois did in the 19*" century, provides new perspectives on geometry and analysis,
and even serves a purpose in a more recently discovered field of mathematics, matroid
theory. Group theory has very intricate machinery capable of solving some of the most

perplexing problems in mathematics through this notion of groups.

A group is a set of elements which satisfy the four group axioms. The set of
elements and group operation (G,*) must satisfy: closure under the operation among
elements, every element in the group G must have an inverse also contained in G, the
set must contain an identity element (e), and associativity must hold for any elements

in G. The order of this group of elements is simply the number of elements in the set.

There are also special types of groups with elements that act commutatively
which have a special name, abelian groups. Certain collections of elements pulled from
a group can form a subgroup of G and the order of this subgroup H, will divide the
order of G as was proven by Lagrange. A subgroup of G is said to be normal in G if
the elements of the subgroup commute with the elements of G. If a nontrivial group G
contains only the trivial {e} and set G normal subgroups then G is said to be a simple
group. These simple groups are special to our field of study as they encompass Lie
type groups and the sporadic simple groups. These special simple groups are valuable
components to our research. Sporadic groups typically have large orders but that huge
size speaks very little about the complexity of the operations taking place among its

elements.



The following are some of the concepts which will be investigated in this doc-
ument. Chapter 1 will give the reader proofs, lemmas, and definitions of discussed
topics. Chapter 2 will go through the process of constructing progenitors. Chapter 3
will demonstrate the ability to find isomorphic images using the homomorphic proper-
ties of groups. Chapter 4 will prove the existence of these groups through the process
of double coset enumeration. Chapter 5 will demonstrate our ability to induce a linear

character and construct progenitors from their faithful monomial representations.



Chapter 1

Group Theory Prerequisites

1.1 Definitions

Definition 1.1. [Rot95] A group G is abelian if every pair of elements in G commutes

with one another.

Definition 1.2. [Rot95] A group G (G, *) is a nonempty collection of elements with

an associative operation x, such that:

e there exists an identity element, e € G such that exa = a*e for all a € G;

o for every a € G, there exists an element b € G such that axb=e =0bx*a.

Definition 1.3. [Rot95] For group G, a subgroup S of G is a nonempty subset where
s € G implies s~ € G and s,t € G imply st € G. We denote subgroup S of G as
S <G.

Definition 1.4. [Rot95] Let H be a subgroup of group G. H is a proper subgroup of
G if H# G. We denote this as H < G.

Definition 1.5. [Rot95] Let G be a group and H < G. H is a maximal subgroup of
G if there is no normal subgroup N < G such that H < N < G.

Definition 1.6. [Rot95] A symmetric group, Sx, is the group of all permutations of

X, where X € N. Sx is a group under compositions.

Definition 1.7. [Rot95] If X is a nonempty set, a permutation of X is a bijection
¢p: X — X.



Definition 1.8. [Rot95] If x € X and ¢ € Sx, then ¢ fixes x if ¢(x) = = and ¢ moves
z if p(x) # x.

Definition 1.9. [Rot95] For permutations o, 3 € Sx, a and [ are disjoint if every

element moved by one permutation is fixed by the other. Precisely,

if a(x) # x, then B(a) = a and if a(y) =y, then B(y) # y.

Definition 1.10. [Rot95] A permutation which interchanges a pair of elements is a

transposition.
Definition 1.11. [Rot95] In group G, if a,b € G, a and b commute if a xb = bx*a.

Definition 1.12. [Rot95] Let G be a group. The order of G is the number of elements
contained in G. We denote the order of G by |G|.

Definition 1.13. [Rot95] Let G be a group. G is simple if the only normal subgroups
of G are 1 and G.

Definition 1.14. [Rot95] Let p be prime. If G = Zy, X Ly X - - - X Ly, then we say G is

elementary abelian.

Definition 1.15. [Rot95] Let (G, ) and (H,o) be groups. The function ¢ : G — H is
a homomorphism if ¢(a *b) = ¢(a) o ¢p(b), for all a,b € G. An isomorphism is a
bijective homomorphism. We say G is isomorphic to H, G = H, if there is exists an

isomorphism f: G — H.

Definition 1.16. [Rot95] Let f : G — H be a homomorphism. The kernel of a
homomorphism is the set {x € G|f(xz) = 1}, where 1 is the identity in H. We denote
the kernel of f as ker f .

Definition 1.17. [Rot95] Let X be a nonempty subset of a group G. Let w € G where

w =7z ... xfr, with x; € X and e; = £1. We say that w is a word on X.

Definition 1.18. [Rot95] Let G be a group such that K < G. K is normal in G if
gKg™' = K, for every g € G. We will use K <G to denote K as being normal in G.

Definition 1.19. [Rot95] Let G be a group. We say G is a direct product of two
subgroups H and K if:



1. HIG, K <G;
2. G=HK;

3. HNK =1,
Definition 1.20. [Rot95] G is a semi-direct product of two subgroups H and K if:

1. K2G,Q<G;
2. G =KQ;

3. KNQ=1.

Definition 1.21. [Rot95] Let a, b € G. We denote the commutator of a and b by

[a,b], where [a,b] = aba= b~ 1.

Definition 1.22. [Rot95] Let G be a group. The Derived Group of G, denoted G,
is the subgroup of G formed by all the commutators of G.

Definition 1.23. [Rot95] Let G be a group and S C G. Fort € G, a right coset of S
in G is the subset of G such that St = {st: s € G}. We say t is a representative of
the coset St.

Definition 1.24. [Rot95] Let G be a group. The index of H < G, denoted [G : H], is
the number of right cosets of H in G.

Definition 1.25. [Rot95] Let G be a group and H and K be subgroups of G. A double
coset of H and K of the form HgK = {HgK|k € K} is determined by g € G.

Definition 1.26. [Rot95] Let N be a group. The point stabiliser of w in N is given
by:

N¥ ={n € Njw" = w}, where w is a word in the t;’s.

Definition 1.27. [Rot95] Let N be a group. The coset stabiliser of Nw in N is given
by:

NwW) — {n € N|Nw" = Nw}, where w is a word of the t;’s.



Definition 1.28. [Rot95] Let X be a set and G be a group. We say X is a G-set if

there exists a function ¢ : G x X — X (which we call an action) and the following hold

for ¢:
o lx=ux, forallz e X.
e g(hx) = (gh)x, for g,h € G and x € X.

Definition 1.29. [Rot95] Let G be a group. The center of G, Z(G), is the set of all

elements in G that commute with all elements of G.

Definition 1.30. [Rot95] Let G be a group and H, N < G such that |G| = |N||H|. G
1s a central extension by H if N is the center of G. We denote this by G = N*H.

Definition 1.31. [Rot95] Let G be a group and H, N < G such that |G| = |N||H]|.
G is o mixed extension by H if it is a combination of both central extensions and

semi-direct products, where N is the normal subgroup of G but not central. We denote

this by G = N :* H.

Definition 1.32. [Rot95] Let G be a group. If H < G, the normalizer of H in G is
defined by No(H) = {a € GlaHa™! = H}

Definition 1.33. [Rot95] Let G be a group. If H < G, the centralizer of H in G is:
Co(H)={x € G:[x,h] =1 forallh € H}.

Definition 1.34. [Rot95] Let a € G, where G is a group. The conjugacy class of a
is given by o = {a%g € G} = {97 'ag|g € G}

Definition 1.35. [Rot95] Let G be a group and X be a G-set. For x € X, the set
1% = {29)g € G} is a G-Orbit.

Definition 1.36. [Rot95] Let X be a G-set. Let o be an action of G on X. If & : G —

Sx is injective, we say X s faithful.

Definition 1.37. [Rot95] Let G be a group and X be a G-set. X is transitive if for
all x,y € X there exists a g € G such that y = gx.

Definition 1.38. [Rot95] Let G be a group. A normal series G is a sequence of

subgroups



G=Go>G > >C=1

with Gi+1 < G;. Furthermore, the factors groups of G are given by G;/Gi+1 for
1=0,1,...,n—1.

Definition 1.39. [Rot95] Let G be a group. A composition series of G given by:
G=Gp>2G12>2-->2G,=1

is a normal series where, for all i, either G;41 is a mazimal normal subgroup of G; or

Giy1 = G;.

Definition 1.40. [Rot95] If group G has a composition series, the factor groups of its

series are the composition factors of G.

Definition 1.41. [Rot95] Let X be a set and A by a family of words on X. A group
G has generators X and relations A if G = F/R, where F is a free group with
basis X and R is the normal subgroup of F generated by A. We say < X|A > is a

presentation of G.

Definition 1.42. [Rot95] The Dihedral Group D,,, n even and greater than 2, groups
are formed by two elements, one of order 5 and one of order 2. A presentation for a

Dihedral Group is given by < a, b|a%7 b2, (ab)? >.

Definition 1.43. [Rot95] A general linear group, GL(n,F) is the set of alln X n

matrices with nonzero determinant over field F.

Definition 1.44. [Rot95] A special linear group, SL(n,F) is the set of all n x n

matrices with determinant 1 over field F.

Definition 1.45. [Rot95] A projective special linear group, PSL(n,F) is the set

of all n X n matrices with determinant 1 over field F factored by its center:

PSL(n,F) = L, (F) = m.

Definition 1.46. [Rot95] A projective general linear group, PGL(n,F) is the set

of all n X n matrices with nonzero determinant over field F factored by its center:

_ GL(n,F)
PGL(F) = Zieri .



Definition 1.47. [Rot95] Let X be a G-set. Then for B C X, B is a block if for every
g € G, either gB =B or gBN B = ().

Definition 1.48. [Rot95] Let X andY be G-sets. The function f : X — Y is a G-map
if f(gx) =gf(x), forallz € X and g € G.

Definition 1.49. [Rot95] Let X be a G-set. X is primitive if X has no nontrivial
blocks. If X is primitive, the only blocks of X are B =X and B = ).

Definition 1.50. [Rot95] Let H and K be permutation groups on X and Y respectively
then Z = X xY where Z = {(z,y)|lx € X,y € Y} and X NY = (. If a permutation
group is defined on Z then we call this the Wreath Product of H by K, denoted H ! K.
Define H < Sx and K < Sy.

Definition 1.51. [Rot95] Let v € H and y be a fized element of Y definite
v (y) : {(zy) = ((@)v.9). (@, 91) = (x.91) if y1 # y}

Definition 1.52. [Rot95] If k € K then k* : (z,y) — (z, (y)k).

Definition 1.53. [Rot95] Let v(y) and k* be permutations of Sz then
¢ H — Sz given by v — v(y),
where ¢ is a 1-1 homomorphism. Then the image
¢(H) = {y(y)ly € H} = H(y).
And iy : K — Sz given by k — k*,
where 1 is also a 1-1 homomorphism. Then (k) = k* = {k*|k € K}

Definition 1.54. [Cur07] Let G be a group and T = {ti,t2,...,t,} be a symmetric
generating group of G with |t;| = m. We define the progenitor to be the semi direct
product m*™ : N, where m*™ is a free product among tis and N is a control group that

acts transitively on n letters.

Definition 1.55. [Led87] The degree of a character x is x(1). Note that a character

whose degree is 1 is called a linear character.



Definition 1.56. [Led87] Let A(x) = (a;j(x)) be a matrixz representation of G of degree

m. We consider the chracteristic polynomial of A(x), namely

[ A — au(l‘) —ai2 (x) —alm(x) |
det(\— A(x)) = A—azi(x) —agx(z) .. —agm ()
A - am1(T) —ama2(z) .. A= amm(x) |

This is a polynomial of degree m in X, and inspection shows that the coefficient of =A™~ !

s equal to

d(x) = a11(z) + age(x) + .. + amm ()

It is customary to call the right-hand side of this equation the trace of A(x), abbreviated
to trA(z), so that

¢(x) = trA(z)
We regard ¢(z) as a function on G with values in K, we call it the character of A(x).

Definition 1.57. [GL93] Let p: G — GL(n,C) with each n x n matriz gp (g9 € G)
we associate the complex number given by adding all the diagonal entries of the matrix
and call this number x(g). The function x: G — C is called the character of the

representation of rho.

Definition 1.58. [GL93] Suppose that x and ¢ are functions from G to C, Define
(x.0) = &7 2 x(9)9(9)
geG
Definition 1.59. [Led87] Let H < G and ¢(u) be a character of H and define ¢p(x) =0
if © ¢ H. Then
o(x) ifre H
0  ifz¢ H

¢%(z) =

Definition 1.60. [Led87] Let G be a finite group and H be a subgroup such that

[G: H] =n. Let Cy, where o = 1,2,...,m be the conjugacy classes of G with |Cy| = hq,
a=1,2,...m. Let ¢ be a character of H and ¢© be the character of G induced from
the character of ¢ of H up to G. The values of ¢ on the m classes of G are given by:
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=2 > dw),a=123...,m

weCoNH
Definition 1.61. [GL93] If x and ¢ are functions from G to C, and X\ € C, then we
define x + ¢ : G = C by

(x+¢)(9) =x(9) +¢(9) (9 € G)

and we define Ay : G — C by

Ax(g) = Ax(9) (9 € G)

Definition 1.62. [GL93] Let G be a finite gmup having the distinct irreducible charac-
ters YV, x@ . x®let 1 < i, j< k. Then ZXa Xg) _ IG\(S

(a) In a character table, the dot product of any column with the conjugate of
other column is 0.
(b) In a character table, the dot product of the column o with its own conjugate

is LG
R

Definition 1.63. [GL93] Let G be a cyclic group of order n. Then G = < z > and
|z| = n. Let e, = eIt , where r = 0,1,2,...,n, be the nth roots of unity. For any
25 € G, s =0,1,2,..,n, the values of the irreducible characters x\") are given by

XM (2%) = e“n where r = 0,1,2,....n

Definition 1.64. [GL93] Let G be a finite abelian group, say G =< z1 > X < z3 >
X...X < zm >, where each z, is of order n,, and |G| = ning...ny,. Let x = 21257 20m
where 0 < a, < n, be an arbitrary element of G. Now let, for each p,e, = e ™ ,
where v, = 0,1,2,...,n,, be the n,th roots of unity. Here p = 1,2,...,0r

m
m
. an,T
2mi >, LA
p=1

corresponding to each m-tuple r = [r1,79, ..., 'm], X(T), given by, X(’”)(:v) =e

Definition 1.65. [GL93] Lifting Process

Let N be a normal subgroup of G and suppose that Ag(Nx) is a representation of degree
m of the group G/N. Then A(x) = Ao(Nz) defines a representation of G/N LIFTED
from G/N. If ¢po(Nx) is the character of Ag(Nz), then ¢(x) = ¢o(Nx) is the LIFTED
character of A(x). Also, if u € N, then A(u) = I, ¢p(u) = m = ¢(1). The Lifting

Process preserves irreducibility.
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Definition 1.66. [GL93] If A is a representation of G with character ¢, then those
elements u which satisfy ¢(u) = ¢(1), form a normal subgroup of M, which is the
KERNEL of A. Then Ao(Mx) = A(z) is a representation of A, and we may regard A
as having been lifted from A.

1.2 Theorems

Theorem 1.67. [Rot95] Every permutation o € Sy, is either a cycle or a product of

disjoint cycles.

Theorem 1.68. [Rot95] Let f : (G,*) — (G',0) be a homomorphism. The following
hold true:

o f(e) =€, where € is the identity in G',
o Ifac @G, then f(a™') = f(a)™ 1,

o Ifae G andn € Z, then f(a") = f(a)".

Theorem 1.69. [Rot95] The intersection of any family of subgroups of a group G is

again a subgroup of G.

Theorem 1.70. [Rot95] If S < G, then any two right (or left) cosets of S in G are

either identical or disjoint.

Theorem 1.71. [Rot95] If G is a finite group and H < G, then |H| divides |G| and
(G H] = |G|/|H].

Theorem 1.72. [Rot95] If S and T are subgroups of a finite group G, then
|ST||SNT| = |S||T|.

Theorem 1.73. [Rot95] If N <G, then the cosets of N in G form a group, denoted by
G/N, of order [G : NJ.

Theorem 1.74. [Rot95] The commutator subgroup G’ is a normal subgroup of G. More-
over, if H<AG, then G/H is abelian if and only if G' < H.
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Theorem 1.75. [Rot95] Let ¢ : G — H be a homomorphism with kernel K. Then K
is a normal subgroup of G and G/K = ima.

Theorem 1.76. [Rot95] Let N and T be subgroups of G with N normal. Then NNT
is normal in T and T/(NNT) = NT/N.

Theorem 1.77. [Rot95] Let G be a group with normal subgroups H and K. If HK = G
and HNK =1, then G =2 H x K.

Theorem 1.78. [Rot95] If a € G, the number of conjugates of a is equal to the index

of its centeralizer:
|a% =[G : Ca(a)],
and this number is a divisor of |G| when G is finite.

Theorem 1.79. [Rot95] If H < G, then the number ¢ of conjugates of H in G is equal
to the index of its normalizer: ¢ = [G : Ng(H)|, and ¢ divides |G| when G is finite.
Moreover, aHa™' = bHb™' if and only if b"'a € Ng(H).

Theorem 1.80. [Rot95] Every group G can be imbedded as a subgroup of Sg. In
particular, if |G| = n, then G can be imbedded in S,,.

Theorem 1.81. [Rot95] If H < G and [G : H| = n, then there is a homomorphism
p: G — S, with kerp < H. The homomorphism p is called the representation of G on
the cosets of H.

Theorem 1.82. [Rot95] If X is a G-set with action «, then there is a homomorphism
& : Sy giwven by & : x — gxr = a(g,x). Conversely, every homomorphism ¢ : G — Sx

defines an action, namely, gr = p(g)x, which makes X into a G-set.

Theorem 1.83. [Rot95] Every two composition series of a group G are equivalent.

We will refer to this Theorem as the Jordan-Holder Theorem.

Theorem 1.84. [Rot95] Let X be a faithful primitive G-set of degree n > 2. If H<1 G
and if H # 1, then X is a transitive H-set. Also, n divides |H]|.
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Theorem 1.85. [Rot95] The wreath product of the group H by K, denoted H K is the
semi-direct product H" : K, where n is the number of letters on which K acts and H"
is the direct copies of H. K permutes the n isomorphic copies of H.
HY K ={H(y), K*|lyeY}
H! K =1IH(y):K*
Theorem 1.86. [Led87] The number of irreducible characters of G is equal to the

number of conjugacy classes of G.

Theorem 1.87. [GL93] Let p: G — GL(n,C) be a representation of G, and let x be
the character of p.
(1) For g e G
IX(9)] = x(1) <= gp = A, for some X\ in C
(2) Ker p={g € G;x(9) = x(1)}
Theorem 1.88. [GL93] The sum of squares of the degrees of the distinct irreducible
characters of G is equal to |G|. The degree of a character x is x(1)

Theorem 1.89. [GL93] All irreducible characters of a finite abelian group G have degree
1.

Theorem 1.90. [Has17] Let N 1 G
(a) If x is a character of G = x*(Ng) = x(9)
(b) If x* is a character of G/N = x(g9) = x*(Ng) is a character of G.

(c¢) x is irreducible <= x* is irreducible.

1.3 Lemmas

Lemma 1.91. [Rot95] Let X be a G-set, and let zy € X.
e I[fH <G, then Hxt N Hy # () implies Hxr = Hy.
e If H <G, then the subsets Hx are blocks of X.

Lemma 1.92. [Cur07] NN < t;,t; >< Cn(N;j) where Ny; denotes the stabilizer in N
of the two points i and j.

Lemma 1.93. [Gri15] The Factoring Lemma: Factoring the progenitor m*™ : N by
(ti,tj) for 1 <i < j < n gives the group m" : N.
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Chapter 2

Progenitors, Relations, and

Modifying Finite Presentations

2.1 Introduction

The word progenitor is synonymous for the word parent in the English lan-
guage. The progenitor we work with is the ”parent” of many of our discoveries and was
developed by Robert T. Curtis. Curtis’ progenitor takes a finite control group N and
forms a semi-direct product correspondence with a free product m*"* which results in
an infinite group that we can factor by relations to obtain a finite homomorphic image
of a group. The progenitor is where most of our research originates and this section
will explain in detail how to construct a progenitor using a group found in the Magma

database as our control group.

2.2 Constructing Progenitors using the

Magma Database

Curtis chose his progenitor to be of the form 2*™ : N because he was able to
provide proof that he could produce any non-abelian simple group as a homomorphic
image. This is especially useful since the more interesting groups, sporadic groups, are

of this type. There are a total of 26 sporadic groups that we hope to produce. The
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Mathieu 12 group denoted Mj2 and Suziki group Suz(8) are two sporadic simple groups

that presentations have been found on 12 and 5 letters in this document.

Now, we wish to find a suitable N in the database that we can use. To do
this we investigate Magma using the code N:=TransitiveGroup(k,f); where k is the
number of letters and f is the number of the storage file. For this example we will use
N:=TransitiveGroup(12,25); a transitive group on 12 letters in the, 25 storage space.

Now that we have an N (which we determine to be isomorphic to 22 : (22x3) in chapter 2:

> N:=TransitiveGroup (12,25);

We label are "N” as G so we can run a test to insure the group we have pro-
duced is in fact the same N:=TransitiveGroup(12,25). Now that we have our group, we
wish to obtain a presentation. To do so, we ask Magma to produce a finite presentation

using FPGroup(N):

> FPGroup (G) ;

Finitely presented group on 5 generators
Relations

$.17°2=Id(9)
$.272=Id($)
$.373=Id (%)
$.472=Id($)
$.572=1d($)
$.278.1=5.
$.375.1=5.
$.375.2=85.
$.4735.1=5.
$.475.2=85.
$.475.3=85.
$.578.1=5.
$.575.2=35.

o o O W W N
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$.57$.3=5.4%$.5
$.57$.4=5.5
Mapping from: GrpFP to GrpPC: G

$.1 represents a word in the presentation which we will label x in this doc-
ument, $.2 represents y, and so on. With this information we construct the following
presentation for our N.

3 .2

22< 2,Y, 2, w,u >:= Group < x,vy, z,w,u|lr?, y?, 23, w? u?, y* =y, 2*

:Z7

Y=z, 0w =w,w¥ =w,w* =u,u* =u,u’ =u,u* =wxu,u’ =u >;

Now, we want to verify that our presentation for our N matches the one for Transitive-
Group(12,25) so we run the following code to construct an image of our ZZ which and

then ask Magma to determine if the group N is Isomorphic to the image of ZZ.

f,Gl,k:=CosetAction (Z7Z, sub<Zz|Id(zZ)>);

> IsIsomorphic (N, G1l);

true Mapping from: GrpPerm: N to GrpPerm: Gl
Composition of Mapping from: GrpPerm: N to GrpPC and
Mapping from: GrpPC to GrpPC and

Mapping from: GrpPC to GrpPerm: Gl

We still must construct a free product among our t’s. We do know that this
presentation will have free product 2*!? since we are working in TransitiveGroup(12)
and the t’s are order 2. To produce the infinite progenitor, our method involves stabi-
lizing one of our t’s using our permutations in N and converting those permutations to
words using the generators of N. To begin, we want the most efficient presentation of

N. Using the following code we obtain an efficient presentation:

> SL:=Subgroups (G1l) ;

> T := X‘subgroup: X in SL;

> #T;

39

> TrivCore := H:H in T| #Core(Gl,H) eq 1;

> mdeg := Min(Index(Gl,H):H in TrivCore);
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> Good := H: H in TrivCore| Index(Gl,H) eq mdeg;
> #Good;

5

> H := Rep(Good);

> #H;

4

> £,G1,K := CosetAction(Gl,H);

> g:=IsIsomorphic (G1l,N);

> G1;

Permutation group Gl acting on a set of cardinality 12
Order = 48 = 274 x 3
(L, 2)(3, 5) (4, 6) (7, 9) 10) 12)
(1, 3) (2, 5) ¢4, 7) (6, 9) 11) 12)
(1, 4, 8) (2, 6, 10) (3, 7, 11) (5, 9, 12)
(1, 2) (3, 5)¢, 7) (6, ) 12) 11)
(1, 5)(2, 3) (4, 6) (7, 9) 11) 12)

We will now label and construct N using these permutations. To label a per-
mutation in Magma we must store that permutation somewhere. We start by using
S:=Sym(12); so we can store the permutations in S. Our permutation for x will be
input as X:=S!(1, 2)(3, 5)(4, 6)(7, 9)(8, 10)(11, 12); and the other generators will

be labeled in similar fashion. We then declare N using the command:
N:=sub<S|X,Y,Z,W,U>;

Next we will stabilize the 12! t by pulling only the permutations in N which don’t

contain 12 as follows:

> NO:=Stabiliser (N, 12);
> NO;
Permutation group NO acting on a set of cardinality 12
Order = 4 = 272
(1, 5) (2
(1, 2)(3, 5) (4, 9) (6, 7)

From here we must determine what these elements in the stabilizer are in terms of

x,y,z,w, and u. To do this we use:
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> Sch:=SchreierSystem(Z2Z, sub<ZZ|Id(ZZ)>);
> ArrayP:=[Id(N): i in [1..48]];
> for 1 in [2..48] do

for> P:=[Id(N): 1 in [1..#Sch([i]]1];

for> for J in [1..#Sch[i]] do

for|for> if Eltseqg(Sch[i])[]J] eg 1 then P[]J]:=X; end if;
for|for> if Eltseqg(Sch[i])[]j] eqg 2 then P[]j]:=Y; end 1if;
for|for> if Eltseqg(Sch([i])[j] eq 3 then P[Jj]:=Z; end 1if;
for|for> if Eltseqg(Sch[i])[j] eq -3 then P[]j]l:=Z2"-1; end if;
for|for> if Eltseqg(Sch[i])[j] eq 4 then P[j]:=W; end 1if;
for|for> if Eltseqg(Sch[i])[Jj] eqg 5 then P[Jj]:=U; end 1if;

for|for> end for;

for> PP:=Id(N);

for> for k in [1..#P] do
for|for> PP:=PP«xP[k]; end for;
for> ArrayP[i] :=PP;

for> end for;

The code above must be modified to fit the permutations in N. Since x,y,w and u are
order 2, they do not have an inverse so this is accounted for in the SchreierSystem. This
command when paired with the following for loops using the stabilizing permutations
from NO will give words which can be introduced to the presentations of N and gives us
the infinite progenitor we seek to produce. After the SchreierSystem has been accepted

we use the following commands:

> for i in [1..48] do if ArrayP[i] eq N!(1,5) (2,3) (4,7) (6,9)
for|if> then print Sch[i]; end if; end for;

X * W *x U

>for i in [1..48] do if ArrayP[i] eg N! (1,2) (3,5) (4,9) (6,7)
for|if> then print Sch[i]; end if; end for;

y * u

To complete the process and make our progenitor infinite we introduce t12 into our
presentation and make t19 commute with the two words we just created leaving us with

the new infinite progenitor, 2*'2 : 22 : (22 x 3) given by the presentation:

P<x,vy,z,w,u,t>:=Group<x,vy,z,w,u,t|x"2,y"2,z2"3,w 2,u"2,y x=y,
z"x=z,z"y=z,w x=w,w y=w,w z=u,u” x=u,u’y=u,u’ z=wxu,u w=u,t’"2,
(t,x*xw*u), (t,y*u)>
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which we can verify is infinite by typing #P in Magma observing a return value 0. We
have constructed an infinite progenitor which can be factored by relations to produce

groups of finite order.

2.2.1 First Order Relations and Producing Finite Representations

The process of determining first order relations is one way of producing rela-
tions, which can be used to factor our infinite progenitor to produce finite images of
other groups. Whenever a symmetric presentation of a progenitor is given we should

produce the first order relations of the control group that was used.

To begin this process, we will require words that can be inserted into our
presentation that represent the conjugacy classes of N. Using the same SchrierSystem
from the previous section and declaring CC:=Classes(N) we will run a loop that will

calculate the conjugacy classes effortlessly as follows:

for i in [2..16] do 1, Orbits(Centraliser (N,CC[i][3]));
end for;

for j in [2..16] do

for i in [1..48] do if ArrayP[i] eq CC[]J][3] then Sch[i];
end 1f; end for;

-
~e

end for;

O I X o0 X O C X WK N X
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z
9

z -1

10

X *x z

11

x % z -1

12

y * z

13

y x z -1

14

X*y*z*u
15

X xy xu * z -1

16\\

Now using this list we multiply each word by t and taking the relation (x*t) for exam-
ple, we can raise this to some power, a (in this case) and produce our final factorable
relation. We produce the following list of relations: (x * )%, (y * t)?, (z x t)¢, (271 x )4,
(uxt)e, (xxyxt) (xrw*t)d, (xxzx ) (s 27 1xt), (yx2z*xt), (yx 2715 t)* (z %
yxzxuxt) (xxyxux2z 1) and (x xy* w*t)". These form our list of first
order relations and can be run in the background on Magma which means Magma will
substitute each variable for a number (determined by the user) and check if the relation
produces a group of finite order. If it does Magma will store the powers for each relation
used and the order of the group they produced. If the relations used produce an infinite
group or one simply too large for Magma to calculate, Magma can be set to discard this
information and will simply leave it out of the list it produces. We call this process,

running progenitors in the background.

2.2.2 The Famous Lemma Performed on 2*° : M,

Another way of producing relations is through a lemma known as the famous
lemma. This method involves calculating the centralizer of the two point stabilizer
and creating the relations with regard to this information. Curtis is responsible for

constructing relations in this manner. Let N be given with the following permutation
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representation:

S:=Sym(10) ;

X:=8! (1, 2) (4, 5) (6, 7)(8, 9);

Y:=s!(1, 3, 4, 6)(7, 8, 10, 9);

N:=sub<S|X, ¥Y>;

We produce the point stabilizer N'2 =< (3,6,10,8)(4,7,5,9),(3,9,10,7)(4,6,5,8) >
which contains 8 elements. We then calculate the centralizer of this group. Using the

commands below, we determine the centralizer to be:

> Nl:=Stabiliser (N, [1,2]);
> Centralizer (N,N1);
Permutation group acting on a set of cardinality 10
Order = 2
(3, 10) (4, 5) (6, 8) (7, 9)
Now we must convert this to words using the SchrierSystem used to construct

the progenitor. Magma determines the word to be yxx *xyxzxy  lxxxy 1 *x xy *

x*y‘l*x*yQ.

We notice that the permutation (3,10)(4,5)(6,8)(7,9) fixes 1 and 2 by not
including them rather than through a permutation containing (1,2). This is important
as this indicates how to construct the relation. There are two ways we construct relations

defined as follows:

(xt;)™ =1 where m is odd and x sends 1 to 2
Relation =

(tit;)™ =« where m is even and x fixes 1 and 2

Now, since our permutation (3,10)(4,5)(6,8)(7,9) fixes 1 and 2 we construct the rela-
tion (t1,%2)™ = (3,10)(4,5)(6,8)(7,9) which reads as (t1,t])" = yxxxy*sc*y L*x*
y~lxx*xy*xx*y 1*2x*y? and can now be used in our progenitor to produce a finite
presentation of an infinite progenitor. Unfortunately, the progenitor for 2*10 : M, did

not produce any useful results with first order or famous lemma relations.
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2.2.3 Changing the Control Group to 2*3: S;

When finding finite groups using Magma, the control group may change to a
proper subgroup of N. While this is not always the case, if this does happen it indicates
that our progenitor has changed. This section aims to explain how to determine the
new progenitor and control group being used. Once this process has been carried out,

double coset enumeration will be possible to conduct.

> G<x,y,z,wW,t>:=Group<x,y,z,w,t|x"2,y"3,z"3=w"2,w" 3,y x=y,
> z27x=z2"2xw,z y=z*W, W X=w 2,w y=w,w z=w,t 2, (t,xxz"-1),
> (t,wxy " —=1), (w =1%t) "4, (zxy*xt) "7, (x*t) "8>;
>
> f,Gl,k:=CosetAction (G, sub<G|x,y,z,w>);
> CompositionFactors(Gl);
G
| Cyclic(2)
*
|  A(1, 7) = L(2, 7)
1
>#sub<G|x,vy,z,w>;
6

The reader should note the original N is = 22 : (22 x 3) which is order 48.
Magma determined this PGL(2,7) on a subgroup of order 6 of the control group N.
Before we can perform double coset enumeration on this N we must shrink our control
group down to order 6 and eliminate unnecessary information. We proceed by checking

the order of each individual element of sub< G|z, y, z, w > under their image as follows:

Order (f(x));
Order (f(y));

>

2

>

1

> Order (f(z));
3

> Order (f(w));
1

This indicates that the elements y and w are no longer required in the presentation for
N in this finite representation. So we begin eliminating w and y from the presentation

of G. Any relation between w and y will clearly be deleted from the progenitor. We
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2

start by deleting 3® and w? from the progenitor and then notice w* = w?,w¥ = w,

w® = w, (t,w * y~1), and (w~1 *t)*. These can all be deleted since w is no longer
included in the presentation. The final relations we must consider are those such as

23 = w? and 2® = 22 x w. In both cases deleting just the portion with w suffices

2

and leaves 23 and 2% = 22 as relations. Once this has been completed for the entire

presentation the following presentation is achieved.
> G<x,z,t>:=Group<x,z,t|x"2,2"°3,z"x=2"2,t"2, (t,xxz"-1), (z+xt) "7,
> (xxt) "8>;

> f,Gl,k:=CosetAction (G, sub<G|x, z>) ;
> CompositionFactors (Gl);

Cyclic(2)

G
|
*
I A(L, 7) = L(2, 7)

1

To obtain the permutations of x and z we must consider just the portion of this
progenitor which does not include t. This leaves us with the following presentation:
NN< X,Z >:=Group< X,Z|X2, 73 72X = Z? >. From this point we construct
a subgroup of NN using the stabilizer of our t (in our new progenitor) as follows:
H :=sub< NN|X % Z71 >. We find a permutation representation of the group as
follows:

> NN<X, Z2>:=Group<X,Z|X"2,2°3,72"X=2"2>;
> H:=sub<NN|XxZ" " -1>;

> ff,NN1, kl:=CosetAction (NN, H) ;

> f£f (X);

(L, 2)

> f££(2);

(1, 2, 3)

We then verify this was done correctly by using the following code:
> Stabiliser (NN1,1) eqg sub<NN1l|ff (X+xZ2"-1)>;

true

Our new control group N given by the following permutations:

S:=Sym(3) ;
X:=S!' (1, 2);
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Y:=S! (1, 2, 3);
N:=sub<S|X, ¥>;

is isomorphic to S3 leaving us with the progenitor factored by relations

2*3253 ~
(1,2,3)t1tstat1tstats,(e)tat ot tatitats — PGLy(7).

2.2.4 Factoring the Center PGL,(11) Factored by 3

In the case being presented, we are factoring by the center to decrease the
amount of double cosets in our Cayley diagram. This condenses the Cayley diagram of
G/Z(G) and shortens the amount of time required to complete a double coset enumer-

ation. To begin the process, we consider the presentation:

> G<a,b,e,t>:=Group<a,b,e,t|a"2,b"2,e"3,b"a=b,e"a=e"2,e " b=¢e,
> t72, (t,ax*e), (bxt) "5, (e”"=1xt) "3>;
> f,G1l,k:=CosetAction (G, sub<Gla,b,e>);
> CompositionFactors (Gl);
G
| Cyclic(2)
*
| A(1, 11) = L(2, 11)
*
| Cyclic(3)
1

Magma will list anything that can be factored out below the linear group. This happens
because typically we factor by a largest abelian group and determine direct products in
this manner. In this case 3 can be factored out from the PGL2(11). The reader should
note that we have verified using Magma that this is PGL2(11) and not PSLs(11) x 2.

How this was determined will be presented in the Chapter 3 on extension types.

To begin the process we will need to determine the generator for the center.
Since we know the center is a normal subgroup of G, we will investigate the Normal
Lattice to find an element of order 3 as follows:
NL:=NormallLattice (Gl);

> NL;
Normal subgroup lattice
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Order 3960 Length
Order 1980 Length

[5] Maximal Subgroups:
[4]

[3] Order 660 Length

[2]

[1]

Maximal Subgroups:
Maximal Subgroups:
Maximal Subgroups:
Maximal Subgroups:

RPN
w

Order 3 Length
Order 1 Length

e e

The subgroup of order 3 turns out to be labeled NL[2] and we investigate the generators
NL[2].1 and NL[2].2 and discover that Order(NL[2].2) = 3 which is the element we
seek. From here we store the element as F' := NL[2].2; in Magma. Since we cannot
introduce permutations into presentations of groups we will need to convert this lengthy
permutation found in the image of G into a word so that we can introduce it into the
SchrierSystem to produce a word. This group was found on the progenitor 2*12 : 22 :
(22 x 3) that was discussed earlier; because of this we will use the same SchrierSystem
from earlier. Comparing our work from earlier, we will need to modify where the
SchrierSystem obtains elements. Since our presentation was labeled NN and our N
was simply N in the original case, our presentation is currently labeled G and our
permutation is found in G1 so we will store N := G1 and NN := G. We also must
account for the order of G1 (3,960) in the SchrierSystem as well as the image of our

elements. This will be reflected in the proceeding code:

> N:=G1l;

> NN:=G;

> F:=NL[2].2;

>

> Sch:=SchreierSystem (NN, sub<NN|Id(NN)>);
> ArrayP:=[Id(N): i in [1..396011;

> for i in [2..3960] do

for> P:=[Id(N): 1 in [1..#Sch[i11];
for> for j in [1..#Sch[i do

1]
for|for> if Eltseq(Sch[i])[j] eqg 1 then P[]j]l:=f(a); end 1if;
for|for> if Eltseqg(Sch[i]) [j] eq 2 then P[J]l:=f(b); end if;
for|for> if Eltseq(Schl[i])[j] eg 3 then P[]j]l:=f(e); end 1if;
for|for> if Eltseqg(Sch[i]) [j] eq -3 then P[]j]l:=f(e) "-1; end 1if;
for|for> if Eltseq(Sch[i])[Jj] eqg 4 then P[]j]l:=f(t); end 1if;

for| for>

for|for> end for;

for> PP:=Id(N);

for> for k in [1..#P] do
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for|for> PP:=PP*P[k]; end for;

for> ArrayP[i] :=PP;

for> end for;

>

> for i in [1..3960] do if ArrayP[i] eq F then print Schlil];
end if; end for;
axbrxtrxaxbrxtraxbrtxbrxtraxtxbrxtrxbrxe”—1lxtxbrextrxbrext

The word generated from the SchrierSystem will then be introduced into the presenta-
tion of G giving us the final result:

> G<a,b,e,t>:=Group<a,b,e,t|a"2,b"2,e"3,b a=b,

> e"a=e"2,e"b=e,t"2, (t,axe), (bxt) "5, (e"-1%t) "3,
axbrtrxaxbrtrarxbrxt+brtrarxt+xbrtrbrxe”—1lxtxb*rextrxbxext>;

> £,Gl,k:=CosetAction (G, sub<Gla,b,e>);

> CompositionFactors (Gl);

G
Cyclic(2)

|
*
| a((l, 11) = L(2, 11)

1

This PGL2(11) will be investigated more thoroughly in Chapter 4 if it turns out to be

an original group found on the progenitor 2*6 : D1s.

2.3 Wreath Product

Constructing a wreath product is another way we can create a control group
for a progenitor. The process involves taking two known group, taking their generators
and presentations and then finding the direct and semidirect product actions among
the elements. One should note that the generators should be disjoint to complete
this process and we can complete this process without requiring much assistance from

Magma.

2.3.1 Constructing the Wreath Product of 2*® : 7,1 D,

Let H = Zs =< ¢, (1,2) > and K = Dy =< (3,4,5,6), (3,5) > with X ={1,2}
and Y = {3,4,5,6} and let Z be defined Z = {(z,y)|z € X,y € Y}. We determine Z
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to be Z = {(1,3),(1,4),(1,5),(1,6),(2,3),(2,4),(2,5),(2,6)}.
By the following definition we have, v € H and y is a fixed element of Y.

Defined as v(y) : {(z,y) — (()7,v), (x,y1) — (x,y1) if y1 # y}.The following tables

show these mappings. We label each element in Z from 1 to 8 and proceed as follows:

Table 2.1: Mapping of 7(3)

1 (1,3) — (2,3) 5
2 (1,4) — (1,4) 2
3 (1,5) — (1,5) 3
4 (1,6) — (1,6) 4
5 (2,3) — (1,3) 1
6 (2,4 — (2,4) 6
7 (25 — (2,5) T
8 (2,6) — (2,6) 8

This indicates that v(3) = (1,5). We repeat the process for each remaining
element in Y and obtain y(4) = (2,6),v(5) = (3,7) and y(6) = (4,8). Now by definition
let k € K and define k* : {(z,y) — (x, (y)k)}. We construct the following tables for &k}

and k3 using our permutations from Djy.

Table 2.2: Mapping of ki = (3, 4, 5, 6)

1 (1,3) — (1,4) 2
2 (1,4 — (1,5) 3
3 (1,5) — (1,6) 4
4 (1,6) — (1,3) 1
5 (2,3) — (2,4) 6
6 (2,4) — (2,5) 7
7 (2,5) — (2,6) 8
8 (2,6) — (2,3) 5



28

Table 2.3: Mapping of k3 = (3, 5)

NN ==
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ot

NN AN N N N S
[\]
w
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(=]
[\)
(=]

These tables indicate that k7 = (1,2,3,4)(5,6,7,8) and k5 = (1,3)(5, 7). Now,
we know that Z3 =< ala®? > x < b[b? > x < c|c? > x < d|d* > where a = (1,5),b =
(2,6), c = (3,7),and d = (4, 8) and the presentation for Dy =< e, f|e*, f2, (ef)? > where
e=(1,2,3,4)(5,6,7,8) and f = (1,3)(5,7). We know the elements of Z3 will commute
in our presentation since they result in a direct product. We must now calculate the
action of Dy on Zy which gives us the following words to inject in our presentation:

a®=>b,b°=rc,c® =d,d° = a,
af =c,bf =b,¢f =a,df =d

Combining all the information we have gathered we construct the final presentation:

Z21 Dy = < a,b,¢,d, e, fla*, 0%, %, d%, (a,b), (a, ¢), (a,d), (b, ¢), (b, d), (¢, d), e*, f, (ef)?,
a¢=bb =c,c¢ =d,d* =a,af =c,bf =b,¢f =a,df =d >

which we verify is isomorphic to TransitiveGroup(8,35), a group we know is isomorphic

to Z3 : Dy using the following Magma code:

P<a,b,c,d,e, £>:=Group<a,b,c,d,e,fla"2,b"2,c”
(a,c), (a,d), (b,c), (b,d), (c,d),e”4,£°2, (exf) "™
c"e=d, de=a,a"f=c,b " f=b,c " f=a,d” f=d>;
£3,P1l,k3:=CosetAction (P, sub<P|Id(P)>);
N:=TransitiveGroup (8, 35);

IsIsomorphic (N,P1);

true

vV V.V V V V
NN

Thus far we have constructed a presentation of N, we must now introduce the
free product, 2*® to finish the infinite progenitor. We procced by calling ¢ ~ tg and

determine the stabilizer of tg using the following Magma code:
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> S:=Sym( ;

> A:=S! (1, 5);

> B:=S! (2, 6);

> C:=3!(3, 7);

> D:=S! (4, 8);

> E:=S! (1, 2, 3, 4)((5, 6, 7, 8);
> F:=S! (1, 3)(5, 7);

> N:=sub<S|A,B,C,D,E,F>;

> NO:=Stabiliser (N, 8);

> NO;

Permutation group NO acting on a set of cardinality 8
Order = 16 = 274

(L, 5)

(2, ©

(3, 7
(L, 3)(5, 7)
The list produced at the bottom tells us t commutes with a, b, ¢, and f which is fortunate
since we do not require the SchreierSystem in this example. Adding ¢2, (¢,a),, .., (¢, f) to
our presentation of N creates our infinite progenitor 2*® : Zo D4 with the presentation:
P<a,b,c,d,e, f,t>:=Group<a,b,c,d,e,f,t|t"2,a"2,b"2,c"2,d"2,
(a,b), (a,c), (a,d), (b,c), (b,d), (c,d),e"4,£72, (exf) "2,a"e=Db,

be=c,c"e=d,d"e=a,a " f=c,b " f=b,c f=a,d " f=d, (t,a), (t,b),
(t,c), (£, £)>;

which can be verified to be infinite using Magma. Naturally, we would produce first
order relations to factor our progenitor but for now we will investigate the irreducible
monomial representations of our N. This group appears to have a more efficient presen-
tation through Magma’s WreathProduct() function, the wreath product function will

be used later.

2.4 Symmetric Presentations of Groups

Once a progenitor is constructed and relations are created for that progenitor,
we can begin to investigate finite representations. By inserting a relation into the
presentation of the progenitor finite images emerge. Changing the power of the relation

causes the relation to act differently upon the progenitor producing varying results.
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2.4.1 271%2:2%2:(22 x 3)

The following table lists the findings found on the progenitor 2*12 : 22 : (22 x 3)
with presentation:
G< z,y,z,w,u,t >= Group < z,y,z,w,u,t|lz? y?, 23, w? u y* = y,2° = z,2Y =
z,w® = w,wY = w,w? = u,u® = u,u¥ = u,u® = wru,u? = u,t?, (t, vxw*u), (t,y*xu) >
factored by relations: (zxt)%, (y*t)°, (zxt)¢, (27 1xt)%, (uxt)®, (xxy*t), (xxwxt)9, (z*
zx ) (xx 27l t) (yxzx ), (yx 27k ) (e xyxzxuxt), (xxyxu* 2z *t)™, and

(xxy*xw=*t)"

Table 2.4: Finite Presentations of 212 : 22 : (22 x 3)

a|b|lc|d|le|f|lg|h|i|j|k|]l]|m]|n]| Orderof G| Name of G
3/0|(5]0|0]0O|0O|O]O|O|0O]0O]|O]O 190,080 My : 2
2/0{0|0|0]0O[3|0]0O|0O|0O]|]0O| 8]0 5,040 Sy
0/0|{0]|0O|O]O|O|O]O|O|O]|]O] 3]0 768 20 A,
0/0[{0]|0|0O]O[O|5]0l0|5]|0|5b5]|0 15,360 28 : As
2/0{0]0|0]0O[3|0]O0O|0O|0O]|]0O| 8]0 117,600 PSLy(49): 2

Note: By replacing the corresponding variable power of each relation the finite
representation of each group can be achieved.

2.5 Other Symmetric Presentations Found on 12 Letters

This section is dedicated to finite presentations of groups found on transitive

2*12 . N for some N in the Magma

group 12. These progenitors all began of the form
Database. The section will include a presentation of the progenitor with all relations

included. The table will be similar to the table found in previous section.

2.5.1 2"12:22x3:2
The progenitor 2*12 : 22 x 3 : 2 factored by first order relations and the rela-

tions (y * z x t*)°, (z % t*)P given by the presentation:

G < 2,9, z,w,t >:= Group < x,y, z,w, t|x 3>, 23, w? y* = y*w, 2% = 2,29 = z,w" =

w,w’ = w,w® = w, t, (ty xw), (W) (zx 1) (yx 1) (2 x 1), ((271) % 1), (2 y +
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O (zxrwt)9, (w27« )" (xxzxt), ((wx 27 ) %), (yx 2% )F, ((y* 271) * t)!, (2
yrzxt)™ ((wryx 2z« 0)" (y* 2% 17)°, (25 17)P >

Table 2.5: Finite Presentations Found on 2*12:22 x 3: 2

bld|e|f|lg|h|i] j |k m|o|p #G Isomorphism
0[3/0/5(3[0|0|0[0]|0/[0[0]| 3960 |3xPSLy(11)*
0/0|4|0[{0|3]9]0(|0[0]|0|0]| 6,840 PGL5(19)*
0/0/4]9/0|3]0[0|0[0]|0|0]| 4,89 PGLy(17)*
0[0[4]0[0[3[8|0[0]0/[0|0]| 1,344 | 4:* PGLo(7)*
0/0l0|0[3|0]0O] 0|07 |3|0] 1,092 PSLy(13)*
0/0[0|3]0[0|0[|10[6]0]0]|5]| 15600 | PSLy(25):2
6/0(0[0|0[4]0]0[0]61]|3]0] 103,680 2°U4(2) : 2

Note: An asterisk right of the isomorphism type indicates the control group changed.
The relations with power a, c, I and n were were unused and excluded.

2.5.2 2*12. D3 X Dy

The progenitor 2*12

: D3 x Dy factored by first order relations produces the
following presentation:

G < z,y,z,w,u,t >= Group < x,y,z w,u,tlz?,y% 22, w> ud,y* = y, 2% = 2,2Y =
2w = u,ut = u,u = u, 2, (t 2z xw), (B, o % w *

u), (w ) (y* )0 (zx 1), (x+ )4, (ux )%, (xxwx ) (wxyxt)9, (x* 2% )" (25 y*

zxw,w' =w,wY = w,w* =w,u’ =u

O (yxuxt), (zxuxt)F (zxzxyxt) (wrxu ™t xt)", (zxyxu*t)” >;

Table 2.6: Finite Presentations Found on 2*'2 : Dg x Dy

bld|f|lg|i|k|[]l|m|n #G Isomorphism
oloj4]0[5]0[5][5]0] 720 PGLy(9)*
oloflo[o]0[3][5]0]0] 14,400 S2
0[3[6[0[0[0[0]0]6]241,920 | S3 x PGLy(7) x Ss
5/0l0[oflof[o]6]3]0] 120 Ss
5/0/o0[8|0][0]0] 3 ]0]967,680 | (22)*PGL3(4): 2?
olojof[ojlof[o]o[0O]0O] 3960 3: PGLy(11)*
3/6[4[0/0[0]9]5]0] 51,840 Us(2) : 2

Note: Asterisk denotes change in original control group.
All powers missing from table are equal to zero.
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2.5.3 2*12:2x3x S;

1

The progenitor 2*12 : (2 x 3)*S3 factored by relations: (y* z*w )%, (x 271 %

1), (xxy*z*t)°, and (z*y* 271 x )¢ gives the following presentation:
G < z,y,z,w,t >:= Group < x,y, z,w, t|x?, 2, 22, w3, 12,94% = y,2% = 2,2Y = 2,

2 b

w® =
w?, w¥ = w,w* = w, (t, 27w ™), (yrzrwt®)?, (wxz " xt)0 (mxyrzxt)C) (oxryrz ") >,

Table 2.7: Finite Presentations Found on 2*'2:2 x 3 x S

alb | c|d #G Isomorphism
0[3]31]0 24 Sy

3/ 5]0]5 60 Ag*

3/ 5] 07]10] 9,720 31 (45 x 2)
9[10] 3 [ 1220520 | S3 x PSL(2,19)*
7115 3] 6 [ 12,180 PSLy(29)*
8 0 [ 10| 4,320 | 6:* PGLy(9)*
8] 311 0 [127144 PGLy(23)*
7113 0] 3] 1,092 PSLy(13)*
711236 | 2,184 PGLy(13)*
7191310 504 PSLy(8)*
718115 6] 336 PGLy(7)*
505105 660 PSLy(11)*

Note: Asterisk denotes change in original control group.

2.5.4 2*12:32x2:4

The progenitor 2*'2 : 32 x 2 : 4 factored by relations: (z7! %)%, (y * 27! *

), (uxw™ ! 1), and (y * u~! * )¢ and given by the following presentation:

37U37yx :ywzr :Z,Zy =

2

G <uz,y,z,w,u,t>=Group < w,y,z,w,u,t!xQ = z,y2,22,w

z,w® = wxud,w! = w,w? = wut = w?xuduw = u,ut = uut = u,tQ,(t,u*

wol), (tyxzxw), (z7 =) (yr o™t =)’ (wxw™ =) (yxutxt) >
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Table 2.8: Finite Presentations Found on 32 x 2: 4

a|b|c|d #G Isomorphism
717103 423,360 A7 X PSLs(7)
0[9|2]3] 2448 PSLsy(17)

0| 71]0]3]846,720 | 2 x A7 x PSLy(7)
05015 360 Ag

2.6 Symmetric Presentations Found on Various Letters

The following charts are finite representations of groups which were found on

various numbers of letters.

2.6.1 2:5:4

The progenitor 2*° : 5 : 4 given by the following presentation factored by the
first order relations:
G < x,y,2,t >:= Group < z,y,z, t|lx> = y,y?, 25,y% = y, 2% = 22,2Y = 24,42 (L, 2 *

z),(y*xzxt)% (zx )0, (x5 0)C, (27 x 25 1) >

Table 2.9: Finite Presentations Found on 2*5 : 5 : 4

a|b|c|d| #G Isomorphism
81005 720 Sé
810016 28,800 2°A%:2

6 |7|0]|7]58240 | Suz(8) x 2
6|8 |0]| 780,640 | 2°PSL3(4):2

The next presentation was discovered when we produced a progenitor using the
maximal subgroup P.SLa(11) of M1s. The produced progenitor was 2*'! : PSLo(11) and

when it was discovered this was a previously investigated group, work was discontinued.

> G<x,y,t>:=Group<x,y,t|x"5,y"3,t"2,

> yHAXT24%y =1 xXxT2xyAxT=1xyT-1lxx"-1, (X x Yy x X x Y x X) 2,
> (L, xxy*x"T=1xy*xx"2), (L, y*x"=1xy " —laxxyxx"=1%y),

> (t,y*x"-2+yxx"—1xy*x), (((x = y"—1)72)«t)" 6,

> (((x *x y) 2)xt) "6>;

> f£,Gl,k:=CosetAction (G, sub<G|x,y>);

> CompositionFactors (Gl);
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Jl

Cyclic(2)

B — % — @

2.7 The Factoring Lemma

The factoring lemma is a very simple process for ensuring that a progenitor
that has been constructed is the one we set out to create. This lemma states that if
the progenitor is factored by the relations which make all the ¢;’s commute, that the
progenitor m*™ : N gives the group m™ : N. The order of m” : N = m™ * N which is
what is used to verify our progenitor has been correctly produced. This was proved by

Dustin Grindstaff.

2.7.1 Grindstaff Lemma on 3**: Z, ! D,

N 2= 751 Dy, which created the progenitor 2*8 : 751 Dy in the previous section
will later be used to construct a monomial progenitor. That progenitor will be deter-
mined to be 3*4 : Zy 1 Dy. For now we will use Grindstaff’s Lemma [Gril5] to verify our
presentation for 3*4 : Zy ¢ Dy is correct. Before we start using the Grindstaff lemma we
compute the order of m” : N to be 3% x 128 = 10, 368. We have the progenitor given as
the following from earlier:

P<x,Vy,z,t>:=Group<x,y,z,t|1x"4,y"2,2"2,t"3, (x"-1 * y) " 2,
(x"=1xzxy) "2, (X*z2xX"=1%2) "2, X" =1xz*x" —2xz2*x " 2%z2*xx"2%xzxx" -1,

(L, X*Zxy*24xX*2*xX*x2Z), (L, X" 2%2+x " =1xz*xx"=1), (L, X" 242xX*2%xX*2),
thz=t"2>

When producing this progenitor the stabilized t was t;. There are three t’s we need to
make t; commute with. To do this we simply use the permutations that were used to

construct N which are:

> W:=WreathProduct (CyclicGroup (2),DihedralGroup(4));
> Generators (W) ;

> S:=Sym(8);

> x:=S! (1, 4, 3, 2)(5, 8, 7, 6);

> y:=S! (1, 6) (2, 5) (3, 8) (4, 7);

> z:=S! (1, 5)(3, 7) (4, 8);
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We are looking for a permutation or word that sends ¢; to 2 which is easily identified
as tfil. We then also easily obtain t3 = tgf2 and t4 = t{. To make ¢; ~ ¢t commute
with these elements we create the following relations: (¢,¢% 1), (¢,#*°), and (¢, ). We
introduce these to the progenitor from earlier and determine the order of P to be:

P<x,vy,z,t>:=Group<x,vy,z,t|x"4,y"2,z2"2,t"3, (x"-1 ~ y) "2,
(x"=1xzxy) "2, (x*xzxxX"=1%x2z) "2, x"=1xz2*x " =2x2+x"2%z2xx " 2xzxx" -1,

thz=t"2, (t,t7(x"-1)), (£,t"x72), (t,t"x)>;
#P;

>
>
> (L, X*Z2*xy*Z*xX*ZxX*Z), (£, X" 2%z2xx"=1xzxx"=1), (£, X" 2%z2*X*z2*xX*Z),
>
>
10368

This of course verifies that our original progenitor was produced correctly and we should

factor it by relations to find finite presentations of groups.

2.7.2 Other Progenitors Verified by the Factoring Lemma

The progenitor 13*2 :,,, (22x3) : 2 factored by (1, t2) given by the presentation:

> G<x,y,z,t>:=Group<x,vy,z,t|x"4, yv°2, z°3, t713, (x"-1xy) "2,

> (x,2), y*z —lxy*xz,t " x"-1xt"-12,t"z"-1+xt"-3, (x"2 % z"-1xt)" 12,
> (t,ty)>;

>#G;

4056

When we consider 132122 we obtained 169 * 24 = 4,056. This verifies our progenitor
was constructed correctly and can be run in the background to obtain finite presenta-

tions.

The progenitor 2*8 : (23 : 2) factored by (t1,t2), (t1,t3),...(t1,ts) given by the presenta-

tion:

>G<x,VY,z,wW,t>:=Group<x,y,z,w,t|x"4,y"2,z2"°2,w2,t"2,x"-2*w,
>xT-1lwyxxxy, (x"=1%xz) "2, (yxz) "2, (t,y*xz*x), (£, t7x), (t,t7y),
>(t,t7z), (t,t7w), (E,t7 (y*x)), (L, 7 (yxw) ), (E,t7 (y*x2))>;

>#G

4096

Which of course is equal to 28 16 = 4, 096.
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The progenitor 2*10 : Mg factored by (t1,ts), (t1,13), ..., (t1,t10) given by the presenta-

tion:

> G<x,y,t>:=Group<x,v,tIx"2,y7 4,y —1lxxxy  —2xxxy " 2xx*xy 24x*xy -1,
> (Y -1%x) "8,y T —1laxxy T —2xxxy =1 xX*y —2xXkYxX*Y 2xX*y —Llxxxy 2%

> X, x*yA—2*x*yA—l*x*yA—1*x*yA—2*x*y*x*y*x*yAZ*X*yA—l*x*y,tA2,

> (L, y 24xxyxxxy"2), (L,y 24xxyxxxy —1lxxxy " =1),

> (L, x*xy 2xxxyxx4y —lxxxyT-1xx), (t,t"x), (t,t7y), (t,t7(v"2)),

> (L, 87y 2*x)), (£, 87 (y"=1)), (£, 7 (y"=1%x)), (L, 7 (y —-1xx*y)),

> (L, (v =1xxxy"=1)), (L, t7 (v —1lxx*xy~2))>;

>#G

737280

which is 210 % 720 = 1024 * 720 = 737, 280.

The factoring lemma proves to be helpful in determining if a progenitor was
constructed correctly. When we run progenitors in the background sometimes they do
not produce finite presentations of groups that can be worked on. The factoring lemma
reassures that the progenitor was constructed correctly and allows us to continue our

research knowing that a useful finite representation was not produced for a progenitor.

2.8 Conclusion

Constructing an infinite progenitor and obtaining finite representations of
groups is essential to the study of group theory. While we have several ways of con-
structing a progenitor, we must be able to distinguish between any two progenitors or
groups being addressed. The idea of isomorphism type gives us the ability to say that a
given group is exactly what we perceive it to be. This gives researchers the opportunity
to work on groups and identify their findings in their research. Being able to distinguish
isomorphism between groups also allows for researchers to make connections between
why two structurally different groups are equivalent. Chapter 2 will aim to explain how

to determine a group’s isomorphism type.
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Chapter 3

Isomorphism Type of Groups

3.1 Introduction

In mathematics we have a notion of equality that allows us to solve for un-
known quantities. In algebra, people are typically asked to solve for an unknown vari-
able. Group theory however, uses an approach more closely resembling that of geometry.
In geometry when considering shapes; we determine if two shapes are congruent based
on properties of the shape itself. Group theory has mechanisms which allow us to view
permutations (of an unknown group) as geometric transformations and allow us to say

two groups act similarly based on how those transformations match with known groups.

An isomorphism is a bijective homomorphism. If we can establish a one-to-
one, onto correspondence between our unknown group G to a well-known group H we
can determine this sense of equality, called an isomorphism existing between the two
groups denoted G = H. This allows us to count sets of permutations (the order of the

group) and give us a rough estimate of what the group we are working with might look

like.

Different groups have different names based on how their symmetries interact.
However, this does not mean that two different groups cannot have the same order.
Consider Dy(4) and the group 2 x 2 x 2, both have order 8 and both also have very

different structure. In one set the group is abelian with every subgroup being abelian,
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while in the other group there is a semidirect interaction among elements which causes
some of the elements to not commute. How do we determine which set our unknown G
is isomorphic to? This chapter aims to answer that question by investigating the group

in question more deeply.

3.2 Extension Type

There are four types of extension types that take place in our research. Those
four types are: direct products, semidirect products, central extensions, and mixed ex-
tensions. Each extension type is defined by the action being performed on the elements

of the group. We will define and give examples of extension in the following sections.

3.3 Direct Products

Direct Products are the most frequently encountered problems we encounter.
Consider group G with subgroups H and K, if H, K < G with H N K = {e} such that
G = H x K then G is said to be a direct product of H and K.

3.3.1 Verification of Direct Products Using Magma

For this example we will consider G:=TransitiveGroup(12,19). Our first step
is to create a permutation representation of G. This process is done the same as in

Chapter 2 and produces the following permutation representation of N:

S:=Sym(12);

A:=s!(, 2, 4, 6) (3, 5, 9, 10) (7, 12, 11, 8);
B:=3s!(1, 3, 8) (2, 5, 7) (4, 9, 12) (6, 10, 11);
C:=S! (1, 4) (2, 6) (3, 9) (5, 10) (7, 11) (8, 12);
D:=s!'(1, 3, 8)(2, 7, 5) (4, 9, 12) (6, 11, 10);
N:=sub<S|A,B,C,D>;

Now, using the #N command, Magma tells us the order of N is 36. So we

consider the normal lattice of of N.
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> NL:=NormalLattice (N) ;
> NL;

Normal subgroup lattice

[10] Order 36 Length 1 Maximal Subgroups: 8 9

[ 9] Order 18 Length 1 Maximal Subgroups: 5 6 7
[ 8] Order 12 Length 1 Maximal Subgroups: 5

[ 7] Order 9 Length 1 Maximal Subgroups: 3 4
[ 6] Order Length 1 Maximal Subgroups: 2 3
[ 5] Order 6 Length 1 Maximal Subgroups: 2 4

[e)}

[ 4] Order 3 Length 1 Maximal Subgroups:
[ 3] Order 3 Length 1 Maximal Subgroups: 1
[ 2] Order 2 Length 1 Maximal Subgroups:

[ 1] Order 1 Length 1 Maximal Subgroups:

Now, we must determine which item on the list is our largest order abelian subgroup.

We use the command:

> for 1 in [1..#NL] do if IsAbelian(NL[i]) then 1i;
for|if> end if; end for;

which indicates that NL[1], NL[2], ..., NL[9] are all abelian subgroups of N. Since NL[9]

is the only subgroup of order 18, it is clearly the largest abelian subgroup.

Now, we must determine what NL[9] is. We know NL[9] is abelian but it could
be several different groups. There are three possibilities for NL[9] to be isomorphic too.
NL[9] is either 3 x 6,2 x 9 or 18. If NL[9] is isomorphic to 18 then we do not have a
direct product. Using the following Magma command we see that it is not.

> IsIsomorphic (CyclicGroup(18),NL[9]);
false

Now, we can construct a direct product using Magma and verify what NL[9]

is isomorphic to. Using the following commands we determine NL[9] = 3 x 6
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> E:=DirectProduct (CyclicGroup (3),CyclicGroup(6)) ;

> IsIsomorphic (NL[9],E);

true Mapping from: GrpPerm: $, Degree 12, Order 2 * 372 to
GrpPerm: EComposition of Mapping from: GrpPerm: $, Degree 12,
Order 2 % 372 to GrpPC and Mapping from: GrpPC to GrpPC and
Mapping from: GrpPC to GrpPerm: E

which concludes this example of determining a direct product.

3.3.2 Verifying G = S5 x PGLy(7) x S5

The following finite presentation of G was obtained factoring the progenitor
2*12. D3 x Dy4. This example of determining the isomorphism type was rather interest-
ing because the investigation required backtracking throughout the process. First, we

observe the composition factors of G as:

> G<x,y,z,w,u,t>:=Group<x,vy,z,w,u,t|x"2,y"2,z"°2,w 2,u" 3,y x=y,
> z27x=7z,2z2 y=z2xW, W X=W, W y=w,w z=w,u " x=u"2,u"y=u,u” z=u,u w=u,
> t72, (t,z*w), (t,x*+wxu), (xxw*t) 6, (zxy*xuxt) 6, (x+xt) "3>;
> f£,Gl,k:=CosetAction (G, sub<G|x,y,z,w,u>);
> CompositionFactors (Gl);

G

| Cyclic(2)

*

| Alternating(5)

*

| Cyclic(2)

*

|  A(l, 7) = L(2, 7)

*

| Cyclic(2)

*

| Cyclic (3)

1

To the experienced user there is evidence of S3 attached to this group. We proceed
by investigating the normal lattice of G and note that NL[3] is a non-abelian order 6

subgroup. We can then verify that this is S3 using

>IsIsomorphic (Sym(3),NL[3]);
true
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Now, we will create the quotient by breaking off NL[3] from G using the following
command:

> q, ff:=quo<Gl|NL[3]>;

> #aq;

40,320

We continue while now ignoring the Cs and C3 from the bottom of our composition
factors. Once again, experience indicates that Cy over PSLy(7) could be PGLy(7). So
we investigate the normal lattice of q knowing |PGL2(7)| = 336 as follows:

> NL1:=NormalLattice (q);
> NL1;

Normal subgroup lattice

[10] Order 40320 Length 1 Maximal Subgroups: 7 8 9
[ 9] Order 20160 Length 1 Maximal Subgroups: 5 6

[ 8] Order 20160 Length 1 Maximal Subgroups: 6

[ 71 Order 20160 Length 1 Maximal Subgroups: 3 6

[ 6] Order 10080 Length 1 Maximal Subgroups: 2 4

[ 5] Order 336 Length 1 Maximal Subgroups: 4
_[_g] Order 168 Length 1 Maximal Subgroups: 1
[ 3] Order 120 Length 1 Maximal Subgroups: 2
_[_;] Order 60 Length 1 Maximal Subgroups: 1
_[_1] Order 1 Length 1 Maximal Subgroups:

Once again we use the argument in Magma, IsIsomorphic(PGL(2,7),NL1[5]); which
turns out to be true. Now our job becomes to determine how PGL2(7) and S3 interact
amongst each other. We backtrack to our original normal lattice of G and look for a

normal subgroup of order |H| = 3 %336 = 2,016.

Luckily, the normal lattice of G has entry NL[17] of order 2,016. So we con-
struct the following argument to verify that NL[17] = S5 x PGL4(7).
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> E:=DirectProduct (PGL(2,7),Sym(3));
> if IsIsomorphic(E,NL[17]) then print true; end if;
true

Now since we know NL[17] = S35 x PGLy(7) we can take the quotient G1 by NL[17] to
leave us with what appears to be S5. Using the following commands we determine the

following result:

> gql, ff:=quo<Gl|NL[17]>;
> #gl;

120

> IsIsomorphic(gl,Sym(5));
true

From here we can verify that this is in fact a direct product using the following com-

mands:

> El:=DirectProduct (E, Sym(5));
> if IsIsomorphic(E1l,Gl) then true; end if;
true

This verifies that our finite G of order 241,920 is isomorphic to S35 x PG Ls(7) X Ss.

3.4 Central Extensions

Another type of extension that takes place in our research is a central extension.
In order for a central extension to take place, the group being studied must have a center.

This process involves factoring out the center and then determining what remains.

3.4.1 Verifying G = 2°U4(2) : 2
We begin the process with the finite G with composition factors

> CompositionFactors (Gl);

G

| Cyclic(2)

*

|  C(2, 3) = S(4, 3)
*

| Cyclic(2)

1
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Now, after investigating the normal lattice of G1, we determine that no direct product
exists which will construct G. We do discover that NL[2] is the center of G and so
we decide to produce a central extension. Now, if we factor G by NL[2] we produce
the following q which we will need to determine before we can construct the central
extension.

> q ,ff:=quo<Gl|NL[2]>;

> NLg:=NormalLattice (q);
> NLg;

Normal subgroup lattice

[3] Order 51840 Length 1 Maximal Subgroups: 2
[2] Order 25920 Length 1 Maximal Subgroups: 1
[1] Order 1 Length 1 Maximal Subgroups:

Since there is no normal subgroup of order 2 in q, this rules out the possibility of a
direct product between Uy(2) and 2. We proceed as if a semidirect product exists. Now,
we want a presentation for H. We could use NLq[2] as the presentation however, we will
use H:=PGU(4,2) and FPGroup(H) gives

K < b,c>:=Group < b,c|b?,c8, (b7 xcxb Lxc )2, (bxc?*xb e )2, c3xbxc 3%
bl xbxcBxb L (e hxb™ ) (b 2xb taclaxbsrc b xbtac )2 >,

Note: we labeled these using b and ¢ since NL[2] is order 2 and has one generator a.

Now, we need to establish a connection between our presentation and and
Nlq[2] since our presentation is more effiecient. To do this we will compute the coset
action of K and then establish a mapping by using s,t :=IsIsomorphic where t is the
mapping from our H to NLq[2].

£f2,K2,k2:=CosetAction (K, sub<K|Id(K)>);
s,t:=IsIsomorphic (K2,NLg[2]);

The reader should note order does matter since we want our elements of K2 mapped to
elements in NLq[2]. From here we can declare the transversal and then want to find the

generators of K2 in NLq, since they are now in the form of transversals. To do this we



44

run the following code which takes b in K2, determines its permutation representation

in K, and then maps it through our mapping t to NLq[2].

T:=Transversal (G1,NL[2]);
B:=t (£f2 (b)) ;
C:=t(f2(c));

Now that B and C are permutations in NLq[2], we want to determine which

permutations they are. We run the following loops to determine which transversal is

labeled for B and C.

> for i in [1..#T] do if ff(T[i]) eg B then 1i; break;
for|if> end if; end for;

2209

>for i in [1..#T] do if ff(T[i]) egqg C then 1i; break;
for|if> end if; end for;

1082

Now, we need to find the element of order 2 in NLq[3] that doesn’t exist in Nlq[2] as

this will be the element that produces our extension. We find this element using:

> for d in NLg[3] do if Order(d) eqg 2 and d notin NLg[2]
for|if> and NLg[3] eq sub<g|NLg[2],d>
for|if> then D:=d; break; end if; end for;

Now, we will need to use the Schreier to determine how d acts on b and c. We

set the Schreier up as:

B:=ff (B);

=ff (C);
N:=sub<g|B, C>;
NN<b, c>:=Group<b,c|b”"3,c"6, (b "-1xcxb"-1xc"-1) "2,
(bxc™2+xb"=1xc"=2) "2,c"=-3+xb*c " -3xb " -1xc " 3xb*c"3+xb" -1,
(c™=1+b"=1) "9, (bxc ™ -2+xb " —1lxc " —1lxb*c " =1+xb"-1*xc"-1) "2>;

Sch:=SchreierSystem (NN, sub<NN| Id (NN)>) ;

ArrayP:=[Id(N): i in [1..#N]];

for i in [2..#N] do

P:=[Id(N): 1 in [1..#Sch[i]]1];

for 7 in [1..#Sch[i]] do

if Eltseqg(Sch[i])[J] eq 1 then P[]j]:=B; end if;

if Eltseq(Sch([i])[j] eq -1 then P[]Jj]:=B"-1; end if;
( i]) 3]

1
[
[
[
if Eltseqg(Schl [ eq 2 then P[]j]:=C; end if;
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if Eltseq(Sch([i]) [j] eq -2 then P[]J]:=C"-1; end if;
end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[i] :=PP;

end for;

Once this has been set up, we use the following commands and obtain 5% and ¢

> for i in [1..#N] do if ArrayP[i] eq B"D then print Sch[i];
for|if> end if; end for;

cxb xcxDb'-1 % c*xb*xc™-2 x b"-1 x c"-1

> for i in [1..#N] do if ArrayP[i] eq C"D then print Sch[i];
for|if> end if; end for;

b1 x ¢ * b x c % b'-1 x c™2 » b x c’™-1 b

adding the relations b = cxbxcxb s cxbxc 2xb txc land ¢? =b 1scxbxcx
b=1xc?*b*c 1%b we establish the semidirect product between Uy(2) and 2, which we

verify as isomorphic to ¢, leaving the following presentation for K:

K < b,c,d >:= Group < b,c,d[b3,c0, (b~ xexb ™ xe™1)2, (bxc?xb~1xc™2)2 ¢ 3%
b3 xb a3 xbrcd b7 (T xb™)? (bxe 2 xb xe L xbxc b T e )2, d2, 04 =

cxbxcxb lsxcxbxc 2x%b lxc el =b"1xcxbscxb 1xc?xbrc 1xb>.

Now that we have determined q = U(4) : 2, we will create a central extension
with an element of order 2 with K and then show that presentation is isomorphic to our

original G which will prove what we hope to show.

Continuing where we left off, we will use the presentation H < a >:=< ala® >
for the order 2 group we intend to extend by. Now, we create a new mapping from K

to q = Uy(2) : 2 by using the s,t :=IsIsomorphic(K1,q) command.

Once again we determine what B, C, and D are stored as using the following

commands:

> B:=t (f4 (b)) ;
> C:=t (f4(c));
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> D:=t (f4(d));

> for i in [1..#T] do if f£(T[i]) eg B then 1i; break;
for|if> end if; end for;

T[2424]

> for i in [1..#T] do if ff(T[i]) egq C then 1i; break;
for|if> end if; end for;

T[20394]

> for i in [1..#T] do if ff(T[i]) egq D then 1i; break;
for|if> end if; end for;

T[7920]

We will store these values for T[2424], T[20394] and T[7920] but they will not be shown

in this document as they are very large permutations. We will also store A:=NLJ[2].1

which is the only element in H.

Now, we will check each of the elements in our presentation for K to see if they
are equal to a, as that will indicate a central extension.

> for i in [0..1] do if (C°-1 » B"-1)"9 eq A"1 then i;
for|if> break; end if; end for;
1

B3, C% and all other relations in the presentation for K were not equal to a so we have
left this code out. Now, adding a?, and setting ¢~ * b~ = @ to the presentation of K,

we verify that our constructed H = 2°Us(4) : 2 with:

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w>);
H<a,b,c,d>:=Group<a,b,c,d|b"3,c”6, (b "-1xc*b"-1xc"-1) "2,
(bxc™2xb"=1xc"=2) "2,c"-3%b*c"-3xb"-1xc” " 3*xb*c"3+xb" -1,
(c”=1%xb"-1) "9=a, (bxc " —2+xb " —1xc " —1l*b*xc " -1xb"-1xc"-1) "2,
d"2,b d=c+bxcxb " ~1xcxbxc"-2+xb"-1xc" -1,

c”d= b -1lxcxb*cxb"-1xc " 2+bxc"-1xb,a"2>;
f4,H1,k4:=CosetAction (H, sub<H|Id(H)>);

IsIsomorphic (H1,Gl);

V V.V V V V V V

true

3.5 Semidirect Products

A semidirect product is very closely related to a direct product. Every require-

ment for a semidirect product is the same as the definition of a direct product except
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that a direct product requires both subgroups to be normal while a semidirect product
requires only one normal subgroup. This minor detail changes the action of the group

considerably.

3.5.1 Verification of N =22 : (2% x 3)

To begin the process we consider N with the following generators:

4

3, 5) (4, 6) (7, 9)«(8, 10) (11, 12)

2, 5)(4, 7)(6, 9)(8, 11) (10, 12);
8) (2, 6, 10) (3, 7, 11) (5, 9, 12);
3 9) 11);
2 9) 12)

4

, O) (4, 7) (6, (8, 12) (10,
(8, 11) (10,

4

(
(2, 3) (4, 6) (7,
$ Y, 2,W,U>;

f,N1,k:=CosetAction (N, sub<N|Id(N)>);
NL:=NormallLattice (N1);

Considering the normal lattice of N, we determine NL[5] of order 4 (largest abelian) as

a possible factor of N.

q, ff:=quo<N1|NL[5]>;

Next we want to know what NL[5] is isomorphic. To do this we construct the following
argument and use Magma’s presentation of NL[5].
> X:=[2,2]1;

> IsIsomorphic (NL[5],AbelianGroup (GrpPerm, X)) ;
true

FPGroup(NL[5]) gives us H < a,b >:= Group < a,bla®,b?, (a * b)? > as our
presentation for H. We can choose to use any known presentation for H however, we
will be required to make mappings if we choose to do so. For this reason, we will use

Magma’s FPGroup. From here we shall investigate q.

We have stored G/H 2 ¢ with hope to determine what q is. We consider the
normal lattice and realize NLq[10] is an order 12 abelian group. We quickly determine

q = (22 x 3). Now, we want a presentation of q and Magma gives us the following
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presentation.
Q < c,d,e >:= Group < c,d,e|c?,d?,e3, (cxd)?,cxe L xcxe dxe L xdxe >;

We want to produce a semidirect product so to do this we need the elements
of q written in terms of N. We look to the transversals of N right multiplied by the
elements of NL[5] which will give us the permutations in q. Specifically, we want to
determine the generators of q; as these 3 elements will give us the entire group. To do

this, we run the following loop, once we determine what value ¢ has stored its generators

(q.1,q.2,...,0r q.12)

for 1 in [1..#T] do if f£f(T[i]) eq g.l then i; end if; end for;
/* store as C */
for 1 in [1..#T] do if f£f(T[i]) eqg g.2 then i; end if; end for;
/*store as D x/
for 1 in [1..#T] do if f£f(T[i]) eqg g.3 then i; end if; end for;
/*store as E x/

Now, we can use the Generators(NL[5]) command and store all 5 of our gen-

erators as:

A:=N1!'(1, 7) (2, 8) (3, 5) (4, 6) (9, 20) (10, 19) (11, 18) (12, 17)
(13, 36) (14, 35) (15, 34) (16, 33) (21, 45) (22, 46) (23, 47)

(24, 48) (25, 43) (26, 44) (27, 41) (28, 42) (29, 38) (30, 37)

(31, 40) (32, 39);

B:=N1! (1, 12) (2, 11) (3, 10) (4, 9) (5, 19) (6, 20) (7, 17) (8, 18)
(13, 41) (14, 42) (15, 43) (16, 44) (21, 31) (22, 32) (23, 29)

(24, 30) (25, 34) (26, 33) (27, 36) (28, 35) (37, 48) (38, 47)

(39, 46) (40, 45);

C:=N1!(1, 5) (2, 6) (3, 7) (4, 8) (9, 18) (10, 17) (11, 20) (12, 19)
(13, 25) (14, 26) (15, 27) (16, 28) (21, 29) (22, 30) (23, 31)

(24, 32) (33, 42) (34, 41) (35, 44) (36, 43) (37, 46) (38, 45)

(39, 48) (40, 47);

D:=N1!(1, 9) (2, 10) (3, 11) (4, 12) (5, 18) (6, 17) (7, 20)(
(13, 33) (14, 34) (15, 35) (16, 36) (21, 37) (22, 38) (23, 39
45

8, 19)
)
(24, 40) (25, 42) (26, 41) (27, 44) (28, 43) (29, 46) (30, )
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(31, 48) (32, 47);

E:=N1!(1, 13, 21) (2, 14, 22) (3, 15, 23) (4, 16, 24)

(5, 25, 29) (6, 26, 30) (7, 27, 31)(8, 28, 32) (9, 33, 37)
(10, 34, 38) (11, 35, 39) (12, 36, 40) (17, 41, 45)

(18, 42, 46) (19, 43, 47) (20, 44, 48);

Now, we check the action on A by the generators of q using the following code:

> for i,3 in [1..2] do if A"C eq A"i*B"j then 1i, Jj;
for|if> break; end if; end for;

12

> for i,j in [1..2] do if A"D eq A"ixB"J then i, j;
for|if> break; end if; end for;

12

> for i,j in [1..2] do if A"E eq A"i%xB"J then 1, j;
for|if> break; end if; end for;

11

>

> for i,3 in [1..2] do if B"C eq A"i*B"j then i, j;
for|if> break; end if; end for;

21

> for i,3 in [1..2] do if B"D eq A"i*B"j then 1i, j;
for|if> break; end if; end for;

21

> for i,3 in [1..2] do if B"E eq A"i*B"j then i, j;
for|if> break; end if; end for;

12

From the response, we determine a® = a,a® = a,a® = a % b,b° = b,b% = b, b° = a

which will have constructed a semi direct product when inserted into our presentation

containing the elements of both Q and H. After all is considered we have

H < a,b,c,d,e >:= Group < a,b,c,d, e|a?, b, (a*b)?, c2,d?, e3, (cxd)?,

cxe lxcxedse txdxe a®=a,a®=a,a°=axb, b =0b,bl=bb =a>;

constructed to be 22 : (22 x 3) which turns out to be isomorphic to N which we verify

through Magma.
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3.5.2 Verification of 2% : A;

We begin the process with the presentation of G given as follows:
G<x,y,z,W,u,t>:=Group<x,vy,z,w,u,t|x"2,y"2,z2"3,w 2,u" 2,y x=y,
z"x=z,z2"y=z,Ww X=w,w y=w,w z=u,Uu” X=U,u y=u,u’ z=wxlu,

u'w=u,t’2, (t,x*y*w), (t,y*u), (xxzxt) "5, (yxz"-1%t) "5,
(x*y*uxz " —1*t) "5>;

We use the coset action to convert this presentation into permutations and

consider the composition factors of G:

> CompositionFactors (Gl);
G

Alternating (5)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)

|
*
|
*
|
*
|
*
|
*
|
*
|
*
|
*
|
1

We note that this group has no center but based on the composition factors does have

a largest abelian group which can be factored since it is clearly abelian up until As.

Looking at the normal lattice of G we note the normal subgroup of order 256
as 28. Now, we verify the group is not a direct product by asking Magma, constructing
the following direct product:

X:=[2,2,2,2,2,2,2,2];
E:

>
> =DirectProduct (Alt (5) ,AbelianGroup (GrpPerm, X)) ;
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> IsIsomorphic(E,G1l);
false

so we can proceed to factor NL[5] from G1 as follows:

q, ff:=quo<Gl|NL[5]>;

Now, we need a presentation of both NL[5] and q. NL[5] is 2% which is easily constructed

having 8 elements of order 2 which all commute. This is given by:

K<a,b,c,d,e, f,g,h>:=Group<a,b,c,d,e,f,g,hla"2,b"2,c"2,d"2,
e”2,f°2,9°2,h"2, (a,b), (a,c), (a,d), (a,e), (a,f), (a,g), (a,h),
(b,c), (b,d), (b,e), (b, £), (b,g), (b,h), (¢c,d), (¢c,e), (c,f), (c,9),
(c,h), (d,e), (d,£), (d,9), (d,h), (e, £), (e,9), (e,h), (£,9), (£,h),
(g,h)>;

4

4

Now our presentation for q we can obtain using FPGroup(q); gives us the following

presentation for q:

Q<i, j>:=Group<i, j11i°3,37°3, (ixj " -1xi"-1x3"°-1) "2,
(17=1x3xi"=1%37-1) "2>;

The process conducted from here on out will determine the action of Q on K.
We know that if we can express the elements of K in terms of Q this will demonstrate a
semidirect correspondence since K is abelian and thus normal in G and Q is not normal

in G. How we will do this is through the transversals of G with regard to NLI5].

We construct the transversals and then determine which T[i] has been assigned

to the generators of q.

> Generators(q);
{
(1, 2) (3, 4),
(1, 2, 3)((4, 5, 6)
}
> T:=Transversal (G1,NL[5]);
> for i in [1..#T] do if ff(T[i]) eq g.l then i;
for|if> end if; end for;
3
> for i in [1..#T] do if f£(T[i]) eq g.2 then i;
for|if> end if; end for;
14
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Now, we need to store these as well as the generators of NL[5]. These are very
long permutations but can be found in the appendix. We will refer to the generators
of NL[5] as A,B,C,D,E,F.G, and H and the generators of q (T[3] = q.1, and T[14] =
q.2) as, I and K. Once we have stored these in Magma we can use the following code to
determine the action of T and K on A,B,C,D,E.F,G, and H.
> for gq,r,s,t,u,v,w,x in [1..2] do
for|if> if A"I eq ATg*B r*xC s+D " t+xE u*xF " v+xG wxH x
for|if> then qg,r,s,t,u,v,w,x;
for|if> end if; end for;

12222211

> for gq,r,s,t,u,v,w,x in [1..2] do

for|if> 1if A"J eq ATg#xB r*xC s*D t*xE uxF " v+G wxH " x
for|if> then qg,r,s,t,u,v,w,x;

for|if> end if;end for;
21211222

As indicated by the code, we are taking the generator A of NL[5] and con-
jugating by the generator q.1 (expressed in the transversal T[3]). What this does is
generate the power to which each generator should be raised to. Since all the ele-
ments in NL[5] are order 2, any entry for q,r,s,t,u,v,w, and x can be left out of the
presentation. This tells us a® = a* ¢g* h and @ = b* d * e are part of our pre-
sentation. We will ultimately repeat this process for each of remaining generators of
NL[5] (B,C,...,H), which will tell us the action of Q on K. The other relations are:
V=bb =axh,d=dd=fd=cd=de =bxcxdxe,e =axbxdx fxh,
fi=cxd*xfxh fl=hg =g,¢’ =cxdxexg,h’ =h,and b/ = c.

Now, if we take the presentation of K and Q from earlier, and introduce the
action of Q on K, we will have effectively produced a semidirect product among a known
Q and K and proved itto be isomorphic to our original G. To finish off the process we

construct the presentation and ask Magma to verify the isomorphism.

Z2<a,b,c,d,e,f,g,h,i, j>:=Group<a,b,c,d,e,f,g,h,1i,311i°2,3°3,
a~2,b"2,c"2,d"2,e"2,£f°2,9°2,h"2, (a,b), (a,c), (a,d), (a,e),
(a,f), (a,9), (a,h), (b,c), (b,d), (b,e), (b, £), (b,g), (b,h), (c,d),
(c,e), (c,f), (c,9), (c,h), (d,e), (d,f), (d,9), (d,h), (e, ), (e, g),

vV V. V V



93

h), (£,9), (£,h), (g,h), (i*x3°=1) "5, a’“i=axgxh,a” j=bxdxe,

=b,b"j=axh,c”i=d, c”j=£f,d"i=c,d” j=d, e " i=b*cxdxe,
axbxdxfxh, f i=cxd*xfxh, £f"j=h,g i=g,g” j=c*dxex*qg,

=h,h"j=c>;

(e,
b~ i
e’ J
h~i

vV V. V V

> f£,721,k:=CosetAction (Z, sub<z|Id(Z)>);
> if IsIsomorphic(Z1l,Gl) then true; end if;
true

This of course verifies G =2 28 : A5

3.6 Mixed Extensions

Mixed extensions are a combination extension. When we complete a semidirect
product there is a possibility that the group we have constructed is not isomorphic to
the original G. If this happens, we must check to see if a central extension takes place

which gives us the mixed extension denoted :* indicating a mixed extension takes place.

3.6.1 Verification of G =4 :* PGLy(7)

We have obtained the finite presentation G with composition factors:

> CompositionFactors (Gl);

G

| Cyclic(2)

*

| A1, 7) = L2, 7)
*

| Cyclic(2)

*

| Cyclic(2)

1

Now, we consider the normal lattice of G and note that NL[3] is the largest abelian

subgroup. We determine that NL[3] = 4 and has the given presentation:

H < a,b>:= Group < a,b|b*,a=2 = b >
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This of course is not the usual presentation of Z; however we will use this to establish a
systematic approach to determining mixed extensions. Now, considering G/Z4 = q we

use Magma to determine the quotient and establish that q = PGLy(7) as follows:

> g, ff:=quo<Gl|NL[3]>;
> IsIsomorphic(q,PGL(2,7));
true

Now, taking the FPGroup(q) presentation we have Q given by the presentation:

Q < c,d,e, f >:= Group < c,d,e, f|c2,d? €%, f2,(cxe)?, (dxe)? cxd*cxdx*e,
(d* fxe)?, fxdxfrdxfxe frcrexfrcrfrexcx frcxfrcrd* frcxex fre>.

Since we can determine that the elements of q do not commute with the ele-
ments of k, we know that we do not have a direct product taking place. We proceed
considering Q’s action on K as a semidirect product. We look for the generators of H

(NL[3]) and Q (Transversals) in G and determine them to be:

A:=Gl! (1, 144, 168, 141)(2, 133, 167, 129) (3, 109, 165, 119)
(4, 117, 166, 134) (5, 118, 164, 98) (6, 93, 163, 110)
(7, 111, 162, 82) (8, 104, 159, 79) (9, 94, 160, 95)
(10, 77, 161, 112) (11, 64, 158, 123) (12, 122, 157, 61)
(13, 90, 154, 66) (14, 78, 156, 101) (15, 54, 153, 106)
(16, 107, 151, 50) (17, 85, 147, 76) (18, 55, 155, 92)
(19, 74, 145, 68) (20, 67, 150, 86) (21, 128, 142, 45)
(22, 91, 143, 56) (23, 43, 152, 108) (24, 38, 139, 127)
(25, 69, 138, 84) (26, 83, 135, 60) (27, 89, 149, 71)
(28, 75, 146, 65) (29, 126, 140, 32) (30, 131, 130, 40)
(31, 44, 132, 105) (33, 57, 125, 100) (34, 99, 120, 49)
(35, 58, 136, 88) (36, 87, 137, 73) (37, 72, 148, 70)
(39, 53, 115, 114) (41, 116, 113, 42) (46, 121, 103, 48)
(47, 102, 124, 59) (51, 96, 97, 52) (62, 80, 81, 63)

B:=G1! (1, 168) (2, 167) (3, 165) (4, 166) (5, 164) (6, 163)

(7, 162) (8, 159) (9, 160) (10, 161) (11, 158) (12, 157) (13, 154)
(14, 156) (15, 153) (16, 151) (17, 147) (18, 155) (19, 145)

(20, 150) (21, 142) (22, 143) (23, 152) (24, 139) (25, 138)

(26, 135) (27, 149) (28, 146) (29, 140) (30, 130) (31, 132)

(32, 126) (33, 125) (34, 120) (35, 136) (36, 137) (37, 148)

(38, 127) (39, 115) (40, 131) (41, 113) (42, 116) (43, 108)

(44, 105) (45, 128) (46, 103) (47, 124) (48, 121) (49, 99)
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(50, 107) ( 97) ( 96) (53, 114) (54, 106) (55, 92) (5 91)
(57, 100) ( 88) ( 102) (60, 83) (61, 122) (62, 81) (6 80)
(64, 123) (65, 75) (66, 90) (67, 86) (68, 74) (69, 84)( 0, 72)
(71, 89) (73, 87) (76, 85) (77, 112) (78, 101) (79, 104) (8 111)
(93, 110) (94, 95) (98, 118) (109, 119) (117, 134) (129, 133)
(141, 144)

C:=G1!(2, 3) (4, 5) (6, 8) (7, )(9 14)(10, 12) (13, 17) (15, 21)
(16, 24) (18, 28) (19, 26) (20, 25) (2 31) (23, 29) (30, 39)
(32, 43) (33, 46) (34, 49) (35, 37) (3 50) (40, 53) (41, 52)
(42, 51) (44, 56) (45, 54) (47 9) (4 57) (55, 65) (58, 70)
(60, 74) (61, 77) (62, 80)(63, 1) (6 82) (66, 85) (67, 84)
(68, 83) (69, 86) (71, 89) (7 88)(73, 87) (75, 92) (76, 90)
(78, 95) (79, 93) (91 105)(94, 101) (96, 113) (97, 116) (98, 117)
(99, 120) (100, 121) (102, 124) (103, 125) (104, 110) (106, 128)
(107, 127) (108, 126) (109, 129) (111, 123) (112, 122) (114, 131)
(115, 130) (118, 134) (119, 133) (132, 143) (135, 145) (136, 148)
(138, 150) (139, 151) (140, 152) (141, 144) (142, 153) (146, 155)
(147, 154) (156, 160) (157, 161) (158, 162) (159, 163) (164, 166)
(165, 167)

D:=G1! (2, 4) (6, 9) (7, 10)(8, 1) (1 14) (13 8) (1 22)
(16, 23) (17, 25) (19, 20) (2 4) (2 28) (27 5) (2 31)
(30, 40) (32, 44) (33, 47) (3 8) (3 37) (38 5) (3 51)
(41, 42) (43, 50) (46, 49) (5 3) (5 56) (55 6) (5 59)
(58, 71) (60, 75) (61, 78) (6 3) (6 79) (65, 83) (6 68)
(69, 76) (70, 87) (72, 73) (7 )( 82) (80, 81) (8 85)
(88, 89) (90, 92) (91, 106)( )(94, llO)(96, 114)(97, 115)
(98, 118) (99, 103) (100, 102)(101, 122) (104, 123) (105, 126)
(107, 108) (109, 119) (111, 112) (113, 116) (117, 129)

(120, 121) (124, 125) (127, 128) (130, 131) (132, 140)

(133, 134) (135, 146) (136, 149) (137, 148) (138, 147) (139, 142)
(141, 144) (143, 153) (145, 150) (151, 152) (154, 155) (156, 157)
(158, 159) (160, 163) (161, 162) (166, 167)

E: —Gl'(2 4)(3, 5) (6, 10) (7, 9)(8 12)(11, 14) (13, 19) (15, 23)
(16, 22) (1 26) (18, 20) (21 9) (2 31) (25, 28) (27, 36)
(30, 41) (3 45) (33, 48) (34, 47) (3 37) (38, 44) (39, 52)
(40, 42) (4 54) (46, 57) (49 59)( 56) (51, 53) (55, 67)
(58, 72) (6 76)(61, 79) (64 8) (6 84) (66, 68) (69, 75)
(70, 88) (7 73) (7 90) ( 93)( 95) (83, 85) (86, 92)

(87, 89) (9 107)(94, 111) (96, 115)(97, 114) (98, 119)

(99, 102)(100, 103) (101, 123) (104, 122) (105, 127) (106, 108)
(109, 118) (110, 112) (113, 130) (116, 131) (117, 133) (120, 124)



(121, 125) (126,
(137, 149) (138,
(152, 153) (156,
(166, 167)

Gl' (1, 2) (3,
(17, 7) (1 3)
(28, 37) (2 8)
(43, 55) (4 8)
(56, 68) (5 9)
(72, 75) (7 1)
(84, 100)(85, 89
(93, 109) (95, 11
(111, 118) (116,
(125, 138) (126,
(133, 144) (143,
(152, 155) (153,
(167, 168)

o6

128) (129, 134) (132, 139) (135, 147) (136, 148)
146) (140, 142) (143, 151) (145, 154) (150, 155)
158) (157, 159) (160, 162) (161, 163) (164, 165)
6)(5 7) (8, 13) (9, 10) (11, 15) (12, 16) (14, 20)
(19, 22) (21, 30) (24, 32) (25, 33) (26, 34)

(31, 42) (35, 48) (36, 47) (40, 45) (41, 44)

(49, 60) (50, 61) (51, 62) (52, 63) (54, 64)

(59, 73) (65, 70) (66, 79) (67, 78) (71, 76)

(77, 94) (80, 96) (81, 97) (82, 98) (83, 99)

)(86, 101) (87, 102) (88, 103) (90, 104) (92, 108)
2) (105, 113) (106, 123) (107, 122) (110, 119)
132) (120, 135) (121, 136) (124, 137)

139) (127, 140) (128, 131) (129, 141) (130, 142)
145) (146, 148) (147, 149) (150, 156) (151, 157)
158) (154, 159) (160, 161) (162, 164) (163, 165)

Now that are stored we will determine the action of Q on K using the code:

> for g,r in [O.

for|if> eq ATgx*B”

for> end for;
11

> for gq,r in [O.

for|if> eq ATgx*xB~

for> end for;
11

> for g,r in [O.

for|if> eq ATgxB”

for> end for;
10

> for g,r in [O.

for|if> eqg A"g*B”

for> end for;
10

> for g,r in [O.

for|if> eq A"gxB”

for> end for;
01

> for g,r in [O.

for|if> eq A"gxB”

.1] do if A”C

r then g, r; end if;

.1] do if A"D

r then g, r; end if;

.1] do if ATE

r then qg,r; end if;

.1] do 1if A"F

r then g,r; end if;

.1] do if B”°C

r then g,r; end if;

.1] do if B"D

r then g,r; end if;
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for> end for;

01

> for g,r in [0..1] do if B"E
for|if> eq A"gxB"r then q,r; end if;
for> end for;

01

> for g,r in [0..1] do if B F
for|if> eq A"gxB"r then g,r; end if;
for> end for;

01

Adding a® = axb,a® = axb,a® = a,al = a,b¢ = b,b% = b,b° = b, and b/ = b to our
presentation of PGLy(7) and Z4 we have the following presentation of the group Z we

have constructed:

Z < a,b,c,d,e, f >:= Group < a,b,c,d, e, f|b*,a% = b, c?,d?%, €2, f2, (cxe)?, (dx
e)?, cxdxcxdxe, (dx fre)?, frdx fxdx fre, frexex fxex frexck frex frexd* fxexex fxe, a® =

axba®=axba®=a,af =a,b=0,04=bb=bb =b>

Now, we attempt to determine the #7Z but it is still infinite. This indicates
either an error in the semi-direct product we have constructed or that a central extension
exists. We proceed knowing we have made no such errors. The central extension will
appear in the form of writing the elements of Q in terms of K. We run a similar code
but replace the conjugation of A® from earlier with the relations from Q. Since only
one of these relations produces a relation, we have:
> for g,r in [0..1] do 1if F+CrExF+«CHE+*ExCxEF+«CxFxCxD*FxCxExF«*C
for|if> eq A"gxB"r then q,r; end if;

for> end for;
11

which implies f*c*e*f*c*fre*c**c*f*c*d**c*e*f*c = a*b. Adding this to the presenta-
tion of Z, fixes the issue and we have thus constructed the mixed extension 4 :* PG Ly(7)

which turns out to be isomorphic to G.
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3.6.2 Verification of M = 2*:* S,

When we find a group such as G = Mjs : 2 on a relatively small N such as
22 : (22 x 3) it becomes necessary to determine a maximal subgroup of G so that we
can perform the process of double coset enumeration over the maximal subgroup M. In
this instance, we still require to know what group we are speaking of and fortunately
this subgroup provides us with an example of a mixed extension.

2*12:(22)0144
3 (2xt)D zxtxvstxzxvktoz Datrzxtrz— Lkt

We determine M = @) by considering the

composition factors of M.

> M:=Ms[7] ‘subgroup;

> M;

Permutation group M acting on a set of cardinality 3960

Order = 384 = 277 x 3

> CompositionFactors (M) ;
G

Cyclic(2)

Cyclic (3)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

Cyclic(2)

P o— ok — % — % — ok — ok — ok — ok —

We have composition series My O My O M3 O My O M5 O Mg O My O Mg D
1 where M = (My/My) - (M1/My) - (Ma/Ms) - (M3 /My) - (Ms/Ms) - (Ms /Ms) - (Mg /Mz)-
(M7 /Ms) - (Mg/1) or M = Cy-C3-Cy-Co-Co-Cy-Cy-Co.
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We will now look for the largest order abelian subgroup in the normal lattice as
this will indicate a possible direct product taking place. One should note that multiple
subgroups in the normal lattice can be abelian with equal highest degree. In the event
that this happens choosing either subgroup will produce different isomorphism types
however, the two isomorphism types are isomorphic to each other as well as M so either

suffices.

> NL:=NormallLattice (M) ;
> NL;
Normal subgroup lattice

[13] Order 384 Length 1 Maximal Subgroups: 10 11 12

[12] Order 192 Length 1 Maximal Subgroups: 9
[11] Order 192 Length 1 Maximal Subgroups: 9
[10] Order 192 Length 1 Maximal Subgroups: 8 9

[ 9] Order 96 Length 1 Maximal Subgroups: 6 7
[ 8] Order 64 Length 1 Maximal Subgroups: 4 6

[ 7] Order 48 Length 1 Maximal Subgroups: 5
[ 6] Order 32 Length 1 Maximal Subgroups: 3 5

[ 5] Order 16 Length 1 Maximal Subgroups: 2
[ 4] Order 16 Length 1 Maximal Subgroups: 3

[ 3] Order 8 Length 1 Maximal Subgroups: 2
[ 2] Order 4 Length 1 Maximal Subgroups: 1
[ 1] Order 1 Length 1 Maximal Subgroups:

We will proceed by determing what NL[4] is isomorphic too. We determine:
> X:=[2,2,2,2]1;

> IsIsomorphic (NL[4],AbelianGroup (GrpPerm, X)) ;
true

Now, we create a presentation for NL[4] as:
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K < a, ba ) d>:= GT‘O’LL]) <a, b) G, d‘a2) b27 62)d27 (CL, b)> (a’7 C), ((1, d)7 (b7 C)7 (b7 d)v (C, d) >

Factoring subgroup M by NL[4] we normally would look at the normal lattice
of q and determine what q is but since q is order 24 we determine quickly that q = .Sy.
We determine we do not have a direct product between NL[4] and q so we must de-

termine the action of Q on K. The presentation of q = S; obtained from FPGroup(q) is:

g*f*h,ffl*e*Q*f*g>

Now, we begin the process of determining the action of Q on K by labeling the

generators of NL[4] and the generators of q as follows:

> T:=Transversal (M,NL[4]);

> for i in [1..#T] do if f£f(T[i]) eq g.l then i;
for|if> end if; end for;

T[4]

> for i in [1..#T] do if ff(T[i]) eq g.2 then i;
for|if> end if; end for;

T[2]

> for i in [1..#T] do if ff(T[i]) eq g.3then 1ij;
for|if> end if; end for;

T[7]

> for i in [1..#T] do if f£f(T[i]) eq g.4 then i;
for|if> end if; end for;

T[10]

> A:=NL[4].1; B:=NL[4].2; C:=NL[4].3; D:=NL[4].4;
> E:=T[4]; F:=T[2]; G:=T[7]; H:=T[10];

One should note that we have stored these permutations in a file. They are not shown
here as they take up a lot of space. As before we use the code that will conjugate the
generators of K by the generators of Q, and give us a word that is equal in terms of K.
We will show only A, but the other generators B, C, and D have had this code run on
them as well.

> for gq,r,s,t in [0..1] do if ATE
for|if> eq ATg*B r+xC"s+«D"t then qg,r,s,t; end if;
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for> end for;

1110

>

> for gq,r,s,t in [0..1] do if A"F

for|if> eq ATg*B rxC"s+«D"t then q,r,s,t; end if;
for> end for;

1001

>

> for gq,r,s,t in [0..1] do if A"G

for|if> eq A"g*B r+xC"s+«D"t then qg,r,s,t; end if;
for> end for;

1001

>

> for gq,r,s,t in [0..1] do if A"H

for|if> eq A"gxB"r+xC"sxD"t then qg,r,s,t; end if;
for> end for;

1010

Now, this indicates to us that the a® = axbxc,af =ax* f,a9 = ax* f, and a" = a x ¢
in our presentation. Once we have constructed these relations (for B,C, and D) we will

add them to the overall presentation Z which contains all the elements from H and Q.

Z < a,b,c,d,e, f,g,h >:= Group < a,b,c,d, e, f,g,hla® b*, %, d?, (a,b), (a,c),
(a,d), (b,c), (b,d),(c,d),e*, f3, g%, h2, g e x h,(ex f1)2 e L xgxexh,
flsgsfsh flee?2xfxga®=axbxc,al =axd,ad =axd,a"=axc,
e =bxcxd bl =bxexd b9 =bxcxd, b =bxd, ¢ =c,c¢f =cxd, 9 =c,
d=cd=cxdd =cd=dd"=d>

Upon asking Magma if this is isomorphic to M we determine this to be false.
This introduces the possibility of a central extension existing between our subgroups.
Similar to the code before, we will check each relation in Q to determine how, the ele-

ments in K act on Q. We proceed using the following code:

> for gq,r,s,t in [0..1] do if E"4

for|if> eq AgxB " r+xC"sxD"t then qg,r,s,t; end if;
for> end for;

0010
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> for gq,r,s,t in [0..1] do if F°3

for|if> eq A"gxB"r+«C"sxD"t then qg,r,s,t; end if;
for> end for;

1111

> for gq,r,s,t in [0..1] do if G"2

for|if> eq A"g*B"r+xC"s+«D"t then g,r,s,t; end if;
for> end for;

0 00O

> for gq,r,s,t in [0..1] do if H"2

for|if> eq A"g*B r+xC"s+«D"t then qg,r,s,t; end if;
for> end for;

00O00QO0

> for g,r,s,t in [0..1] do if GxE"2+H

for|if> eq ATg*B r+xC"s+«D"t then qg,r,s,t; end if;
for> end for;

0000QO0

> for g,r,s,t in [0..1] do if (ExF"-1)"2

for|if> eq ATg*xB rxC"s+«D"t then q,r,s,t; end 1if;
for> end for;

0111

> for g,r,s,t in [0..1] do if E"-1xG*xExH
for|if> eq A"gxB"r+«C"sxD"t then qg,r,s,t; end if;
for> end for;

0010

> for g,r,s,t in [0..1] do if F "—-1xG*FxH
for|if> eq A"gxB"r+xC"sxD"t then qg,r,s,t; end if;
for> end for;

0 00O

> for g,r,s,t in [0..1] do 1if F " -1+E"-2+F«G
for|if> eq A"g*B r+xC"s+«D"t then qg,r,s,t; end if;
for> end for;

0111

Now, since these elements already exist in the presentation Z, we change the entry e*
to e* = ¢, as Magma tells us, until we achieve the final presentation for Z, determine
it in permutations and ask Magma if our constructed group which is 24 :* S, is in fact
isomorphic to M. The following Magma command shows this thus ending our mixed

extension.

> Z<a,b,c,d,e, f,g,h>:=Group<a,b,c,d,e,f,g,hla"2,b"2,c"2,d"2,
> (a,b), (a,c), (a,d), (b,c), (b,d), (c,d),e" 4=c, £"3=axbxcxd, gAzl
> h"2, gxe”2xh, (exf"-1) "2=bxcx*d,e " —-1l+xgrxexh=c, £ " -1xg*xfxh,

> f7-1xe"-2xfxg=b*cxd,a"e=axbxc,a” f=axd, a"g=ax*d,
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> a"h=ax*c,b"e=bxcxd,b" f=b*cxd, b " g=bxcxd, b h=bxd,
> c"e=c,c"f=cxd,c"g=c,c " h=c,d"e=cxd,d " f=c,d"g=d,
> d"h=d>;

>

> f4,74,kd4:=CosetAction(Z, sub<z|Id(Z2)>);

> s,t:=IsIsomorphic(z4,M);

> s;

true

3.7 Conclusion

Isomorphism types rely on a person’s ability to break down groups into smaller
pieces and investigate them according to known groups. Magma is very convenient in
this process and allows groups to be identified and verified quickly. Identifying the
largest abelian subgroup of N, is typically the first step in the process. Once this has
been done we can investigate the remaining pieces by constructing either a semidirect,
central, or mixed extension and determining if our group is isomorphic to the group we

have constructed.
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Chapter 4

Double Coset Enumeration

4.1 Introduction

Double coset enumeration was a technique invented by Todd in the 1930’s. His
technique was designed to solve word problems in group theory. Double coset enumer-
ation gives us a faster way to verify single coset enumeration. Curtis, an author related
closely to the our field of study has used manual double coset enumeration to generate
many of the famous simple sporadic groups. While the process has been around for

nearly a century, the process’s intricacy never falters.

Double coset enumeration is most practical when used to determine finite
groups as we can construct a Cayley diagram to verify the symmetry of our work.
The process can be challenging and requires techniques such as substitution and conju-
gation. While the process, can be completed manually in most instances Magma is very
handy when the process requires a maximal subgroup containing our control group N.
This chapter will show examples of manual double coset enumeration performed over

the control group N and Maximal double coset enumeration performed with Magma.
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4.2 Manual Double Coset Enumeration of

PSLs(4) :2 over My

When we begin a double coset enumeration, there are a few checks we can
perform to help us know we have in fact completed the process correctly. The first check

is to determine the number of single cosets that will appear in our Caylee diagram. To do

this, we calculate % = \Pﬁﬁl(o‘ll)ﬂl = 4(;’5’020 = 56. This means the sum of all single cosets

should equal exactly 56 in our Caylee diagram. The next helpful piece of information

is to ask Magma to determine:

>#DoubleCosets (G, sub<G|x, y>, sub<G|x,y>) ;
3

This tells us there are 3 double cosets and gives us a rough estimate of what our Cayley
diagram will look like. We now proceed with the manual double coset enumeration of

PSL3(4) : 2 over MlO-

Given the progenitor 2*10 : Mo factored by the relation ((y~'z)3t)® where
(1,2)(4,5)(6,7)(8,9) and y = (1,3,4,6)(7,8,10,9) we proceed allowing t ~ t; and

xr =
II = (y~'x)3 we compute the relation as follows:

((y'a)’t)° =e

(It)° = e

IS I Iy —

(1, 2, 3, 4, 5, 6, 8, 7) (9, 10)t5t7t3t6t1 =€
(1,2,3,4,5,6,8,7)(9, 10)tsty = ttets

Let G = (royissanimlmnanze With N =< (1,2)(4,5)(6,7)(8,9),
(1,3,4,6),(7,8,10,9) > and t ~ t;. Using our definition of a double coset NwN =
{Nw"|n € N} we consider our first double coset NeN = {Ne"|n € N} which we denote
by [x]. Our control group N is transitive on {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} so it has a
single orbit {1, 2, 3,4, 5,6, 7, 8,9, 10}. We choose a representative from the orbit, 1 in
this case, and determine what double coset Nt; belongs to. This new double coset will

be labeled as [1] and will contain Nty N = {Nty, Nty, Nt3, Nty, Nts, Ntg, Nt7, Ntg, Nto,
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Ntio}. We will now investigate the coset stabilizer N () which is the point stabilizer N

Considering N there are 72 elements in the point stabilizer. The 72 elements
are generated by the following permutations N =< (2,8,3,7)(4,9,6,5), (2,8,3,7)
(4,9,6,5),(3,7,10,9)(4,8,5,6) > and this indicates that there are |]‘V]?71|>‘ = % =10
possible single cosets. Considering the generators of N(!) we note that the orbits of
N® on {1, 2,3, 4,5,6,7 8,9, 10} are {1}, {2, 3, 4, 5, 6, 7, 8, 9, 10}. We take a

representative from each orbit and determine to which double coset Ntit1 and Ntqto

belong. Since our t’s are all of order 2, Nt1t; € Ne € [*] so this double coset goes
back to the double coset [*]. Now, Ntity € Ntita N is a new double coset and our 9

symmetric generators are carried to our next double coset [1 2].

We continue the process by considering the coset stabilizer N(12) which we
determine using Magma. Now N(12) > N2 = < (3,8,10,6)(4,9,5,7), (3,7,10,9)
UJ/(Y'Q)' < % = 90. Due to our diligence at
the beginning of this process we know that there are a total of 56 single cosets in our

(4,8,5,6) > and the number of single cosets

Caylee Diagram. We have already used 11 of those single cosets in our double cosets
[] and [1]. This means we have 45 single cosets remaining and only the coset [1 2] to
put them in. This indicates our cosets have equal names and the relation increases our
|N (12)| from 8 to 16. To understand why this has happened, we look to the relation
(1,2,3,4,5,6,8,7)(9,10)t5t7 = titets.

We can use Magma to tell us which cosets are equal but then must solve the
relation by hand. The code for this can be found in the appendix and Magma tells us
that Nt1to = Ntoty. To prove this we must look to our N. We determine a permutation
in N which fixes t; and t3 but sends g to t2 using Magma. We proceed as follows:
(1,2,3,4,5,6,8,7)(9, 10)t5t7) 29106 AST5) — (1 454,)(2:9:10.6)(48,7.5)
1,9,3,8,4,2,7,5)(10, 6)t4ts = t1tats
1,9,3,8,4,2,7,5)(10, 6)t4t5ts = t1t2 (we save this momentarily).

(1,2,3,4,5,6,8,7)(9, 10)t5t7) LEDRESE9.10) — (1, 454,)(1:47)(26,5)(8,9,10)
4,6,3,7,2,5,9,1)(10,8)tat; = tatsts (now substituting to the saved relation above).
1,9,3,8,4,2,7,5)(10,6)[(4,6,3,7,2,5,9,1)(10, 8)tat1] = tito

~~ Y~~~
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Ntot; = Ntqto.

Which verifies our relation Magma told us as well as the fact that there are
56 single cosets in our Cayley Diagram. Similarly the other 44 cosets that are equal
can be proved by hand. Finally, the orbits of N?) on the set {1,2,3,4,5,6,7,8,9,10}
are {1,2} and {3,4,5,6,7,8,9,10}. Now, Ntitata € Nt; € [1] so {1,2} go back to
[1]. Considering Ntitats = Ntats we conjugate (3,10)(4,5)(6,8)(7,9)tat; = tit2 by
(1,4)(2,5)(3,10)(6,7) € N and note (1,2)(3,10)(6,9)(7,8)tsty = tst5 or more impor-
tantly Ntsty = Nityts since Niyts is a single coset in [1 2]. This implies Ntitots =
Ntsty = Ntyts € [12] so all 8 elements in the same orbit as 3 are sent back to [1 2] thus
completing the double coset enumeration of PSL3(4) : 2 over Myy and producing this

Cayley diagram:

10 1/ 2\ 9 2
1 10 45
G \__/

"] [1] [12]

Figure 4.1: Cayley Diagram PSL3(4) : 2 over Mg
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4.3 Manual Double Coset Enumeration of PGLy(11) over
Dy

The following finite presentation was original discovered on the progenitor
2%12 . (22 x 3) :* 22, Later it was discovered that N had changed from (2% x 3) :* 22 to
the subgroup D1s. This finite presentation is the result of using the changing N method
and factoring 3°PGLy(11) by C3 presented in Chapter 2. The resulting double coset
enumeration that will be conducted is PGL2(11) over Diy. Before we begin we will
construct a table that lists the relation and all the conjugations of (1), (13), and (19)
used in the following lemmas. We will also denote R(t;s) for right multiplication

(where t}s are any t’s), L(t.s) for left multiplication, and abbreviate conj. for

conjugation.
Table 4.1: Relations for PG Ly(11) over D12

(1) tatot1 =€ (13) yti1tsti1tst; = e (19) ztatatstitatetotets = €

(2) t6t5t3 =€ (14) yt3t1t3t1t3 =€ (20) Z71t3t2t3t1t2t5t4t5t1 =€

(3) tot1ty = € (15) Ytolstalsto = € (21) ztitgt1tatetatstats = €

(4) t5t3t6 =€ (16) yt5t2t5t2t5 =€ (22) Z_lt5t4t5t2t4t6t1t6t2 =€

(5) t3t6t5 =€ (17) yt4t6t4t6t4 =€ (23) Z_1t5t4t5t2t4t6t1t6t2 =e

(6) t6t3t5 =€ (18) yt6t4t6t4t6 =€ (24) Z_1t3t2t3t4t5t4t5t1 =€

(7) titats = € (25)2_1t5t4t5t1t6t1t6t2 =e

(8) t4t1t2 =€ (26)2t2t3t2t6t1t6t1t5 =€

(9) t3t5t6 =€

(10) t27f47f1 =€

(11) t5t6t3 =€

(12) titaty = €

. 2*6.D —

Given (y)t1t3t1t3t1,(e)t4t2t1,(1,4,2)1(23,6,5)7&37&47&3151t4t6t2t6t1 » N=<(1,2)(3,5), (1,3)(2,5) (4, 6),
(1,4,2)(3,6,5) >.We verify the #DoubleCosets(G, sub < G|z,y,z >, sub < G|x,y,z >
) = 15 using Magma and note % = PGEQ(H) = 1’13220 = 110 single cosets. We con-

sider our first double coset NeN = {Ne"|n € N} which we will denote []. Since N is
transitive on {1,2,3,4,5,6} we have the single orbit {1,2,3,4,5,6}. We choose a represen-
tative from this orbit (1) which carries us to the double coset Nt; N = {Nt}|n € N}
denoted [1]. From here, we consider the coset stabilizer N which is equal to the

point stabilizer N'. N! =< e, (2,4)(5,6) >, to determine the number of single cosets
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we know |N| > | < Id(G), (2,4)(5,6) > | > 2. Therefore, the number of single cosets
in Nt,N = |‘J]VV1" — 12 — §. The orbits on {1,2,3,4,5,6} are {1},{3},{2, 4}, and {5,6}.

We extract a representative from each orbit and determine to which double coset they

belong.

The possible new double cosets we will consider are Nt t1, Ntit3, Ntito, and
Ntit5. We know t7 = {e} so Ntit; € [x].

Lemma 4.1. t1ty € [1]

Proof. Given: titoty = e by relation (12)
titoty = e = tita =14 € [1] R(t4)

O]

Since we right multiplied my ¢4 that is indicated by R(¢4) to the right of our
work. Considering Nt;ts defined as Nt1t3N = {N(t1t3)"|n € N} We look to the coset
stabilizer N(13), We have N(13) =< ¢, (2,4)(5,6) > which gives us the inequality:

(13)

Computing N in N we obtain,

[NO)
> ’le‘
> | <Id(G),(2,4)(5,6) > | > 2

IN|_ _ 12
INT®| T 2

sider the orbits on {1,2,3,4,5,6} which are {1}, {3}, {2,4}, and {5,6}. As before we
choose a representative from each orbit and produce the list of possible new double

cosets Ntltgtl, Ntltgtg, Ntltgtg, and Nt1t3t5.

This implies the number of singles cosets in Nt1tsN = = 6. We now con-



70
The result is obvious that NtjtstsN = Nt;N € [1]. The relation ytitstitst; = e
produces NytitstiN = NtitsN € [13].
Lemma 4.2. tytst; € [15]

Proof. Given: tytot; = e by relation (1)

e =titalt; => {1 = tats R(ty)
titsts = tatolsts R(tsts)
= (tato)(tsts) = tits relations : (1), (9)

= tytsts = titg € [15] equality

O]

Ntitsto will be determined to be a new double coset but we will investigate this further

later. We now investigate the double coset Ntits.

We begin with Ntit5 by determining the number of single cosets as follows:
(NP

2|N15|
>|<IdG)>|>1

The total number of single cosets is |]\‘f1(\{|5)| = % = 12. The orbits on {1,2,3,4,5,6} are
{1},{2},{3},{4},{5},{6} so we will investigate the possible new double cosets Nt1t5t1,
Nt1t5t2, Nt1t5t3, Nt1t5t4, Nt1t5t5, and Nt1t5t6. Clearly, Nt1t5t5 S [1] The new double

cosets we will investigate later are Ntitst1, Ntitsto, and Ntitsty.



Lemma 4.3. tyt5t3 € [13]
Proof. Given: titsts = titg by Lemma(4.2)

tlté2,4)(5,6) _ tltgté2’4)(5’6)

tits = t1tstg = t1tst3 = t1t3tgls
= t1t3(tets) = titsts

— t1t5t3 = titsts = tilg € [15}

Lemma 4.4. t1ts5ts € [13]

Proof. Given: t4tot; = e by relation (1).

e =tqtot; = 11 = t4ts
= t1l5tg = talatsts
= (tat2)(tsts) = t1ts

= t1l5t6 = t1l3 € [13]

We now consider the double coset Ntitsts.

conj.
R(t3)
relation : (6)

equality

R(t1)
R(tste)
relations : (1), (11)
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O]

When we calculate the point

stabilizer we notice there is no element that stabilizes 1, 2 and 3. Even though the

N132 —< ¢ > Magma indicates to us that any permutation that fixes 1 and 3, and

contains (2,4) belongs in the coset stabilizing group. We will now show [132] = [134]

which will put (2,4)(5,6) in the coset stabilizing group.
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Lemma 4.5. [132] = [134]

Proof. Given: ytitstitst; = e by relation (13)

ylitgtitsty = e = yt1tsty = t1t3 R(t1t3)
ytitatits = t1tsts R(t4)
ytits(tits) = titsts relation : (7)

= yl1t3te = T1t3ty

So we calculate the number of single cosets as follows:

’N(BQ)‘
> ’N132’

> | < Id(G),(2,4)(5,6) > | > 2

Implying, |N‘<]¥3|2>| = 22 = 6 and the orbits on {1,2,3,4,5,6} are {1},{3}, {2,4}, {5, 6}.
Our possible new double cosets are Ntitgtot1, Ntitgtots, Ntitstate, and Nitqtgtols. As
before Ntitstaty € [13] taking {2,4} with it. Ntytstots and Ntytstots turn out to be
new double cosets and we prove Ntjtstot; € [132].

Lemma 4.6. tit3tot; € [132]

Proof. Given ytitste = t1tsty (Lemma 4.5)

Note : t1t3<t4) = t1t3t2t1 relation : (3)

= t1il3tol1 = t1l3t4 = yt1l3la € [132]

We continue to the double coset Ntitsty.
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The number of single cosets for Ntit5t; are determined to be:

|N(151)‘
> ’N151’

> | < 1d(@) > | > 1

That is, % = 12 = 12 single cosets. The orbits on {1,2,3,4,5,6} are {1}, {2}, {3},
{4}, {5}, and {6}. Taking a representative from each orbit we determine which are new
and which are sent to existing double cosets. Ntitsti1t; € [15] while Ntitstqts, Ntitstits,

and Ntitstitg all turn out to be new double cosets.
Lemma 4.7. tyt5t1te € [154]

PTOOf. Fact: t1t5t1t2 = t1t5t1t2

titstite = tits(tita) = titsty € [154] relation : (12)
O
Lemma 4.8. t1t5t1ty4 € [152]
Proof. Fact: t1tstity = t1tstity
titstits = tits(tits) = titsty € [152] relation : (7)
O

We will now investigate Ntitsto. Once again, the point stabilizer N1%2 =< e >,

but we will show [152] = [625] which will increase the coset stabilizer.
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Lemma 4.9. [152] = [625]

Proof. Given: ytaotstatsto = e relation: (15)

Ytotstotsty = ¢ = ytots = talsts R(tatsts)
taytats = titotstox L(ts)
Note : (tgy)tats = ytetats

Note : (tata)tste = t1tsta relation : (1)

* = ytgtats = t1tsty [ substitution

O]

Since, [152] = [625] any permutation sending 1 to 6, 5 to 2, and 2 to 5 belongs in the

(152)

coset stabilizer N . We calculate the number of single cosets as follows:

‘N(152)|
> |N152‘

> | < Id(G),(1,6)(2,5)(3,4) > | > 2

N _ 12
[N (152)]| 2

{1,2,3.4,5,6} are {1, 6}, {2, 5}, and {3, 4}. Taking a representative from each of the
orbits we have Ntltg,tgtl, Nt1t5t2t2, and Nt1t5t2t4. As before, Nt1t5t2t2 € [15]

This implies there exist a total of = 6 single cosets. The orbits on

Lemma 4.10. titstot € [154]

P?"OOf. Fact: t1t5t2t1 = t1t5t2t1

titstot1 = t1t5(t2t1) = t1t5t4 € [154] relation : (3)
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Lemma 4.11. tytstaty € [151]

PTOOf. Fact: t1t5t2t4 = t1t5t2t4

t1tstoty = t1t5<t2t4) = t1t5t1 € [151] relation : (10)
O
We will now continue on with the double coset Ntit5ty4.
Investigating N15%) we discover the following:
|N(154)‘
> ’N154’
> | <Id(G)>[=1
The number of single cosets in [1 5 4] = % = 1—12 = 12. The orbits on {1,2,3,4,5,6}

are {1}, {2}, {3}, {4}, {5}, and {6}. Our possible new double cosets are Ntitstati,
Nt1t5t4t2,Nt1t5t4t3,Nt1t5t4t4,Nt1t5t4t5, and Nt1t5t4t6. Nt1t5t4t4 € [15] while the

only new double coset turns out to be Nttststs.

Lemma 4.12. t1t5t4t; € [152]

P’FOOf. Fact: t1t5t4t1 = t1t5t4t1

titstaty = t1t5(t4t1) = t1tslo € [152] relation : (8)

Lemma 4.13. titstyato € [151]

P?"OOf. Fact: t1t5t4t2 = t1t5t4t2

t1t5t4t2 = t1t5(t4t2) = t1t5t1 relation : (1)
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Lemma 4.14. ttstats € [1516}

Proof. Given: z~ltstotstitatststst; = e by relation (20)

2 Vstotstitotstatst; = e = 2z ‘tgtotstits = t1tstats* R(t1tstyts)
2 gtots(tite) = 27 Hatatstyx relation : (12)
titstats = 2 ‘tatatsty € [1516]. by : *
O
Lemma 4.15. ttstste € [1325}
P?"OOf. Fact: t1t5t4t6 = t1t5t4t6
t1t5t4t6 = t1t5(t4t6) = t1t5(yt4t6t4) relation : (17)
= (titsy)tatets = ytatatatsts
= yt3(taty)tets = ytatitets (10)
= {1t5tale = ytslitely € [1325] equality
O

We investigate the new double coset Ntitgtots.

This next double coset turns out to have equal names. We determine that

[1323] = [1343] as we recall:

Lemma 4.16. [1323] = [1343]

Proof. Given: ytitsty = tytsty (Lemma 4.6)

yt1t3t2 = t1t3t4 — yt1t3t2t3 = t1t3t4t3 O R(tg)
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We calculate the number of single cosets as:

|N(1323)|
> ‘N1323‘
> | < 1d(G), (2.4)(5,6) > | > 2
The number of single cosets in [1 3 2 3] = % = 12—2 = 6. The orbits on {1,2,3,4,5,6}

are {1}, {3}, {2, 4}, {5, 6}. Ntitstatst; turns out to be our final new double coset as
we will prove later. Ntjtstotsts € [132] as usual. We discover Ntjtstotste € [1323] as
indicated by the following:

Lemma 4.17. titsiotsts € [1323]

PTOOf. Given: Zt3t4t3t1t4t6t2t6t1 =€ by (19)

Zt3t4t3(t1t4)t6t2t6t1 =e — Zt3t4t3t2t6t2t6t1 =€ relation : (7)
= ztslylsto = tilglats R(t1t6t2t6)
— (t22t3t4t3t2 = t2t1t6t2t6) = % L(tg)

Note : (taz)tstalste = ztytstytsts

= z(t1tsty)tste = zytitstatsts Lemma(4.6)
Note : (tat1)tetats = tatetates relation : (3)
* = zytitstatsta = tytetats Recall
= zytitstatste = tytgtats € [1323] substitution
— ttgtatste = 2 lytytetats € [1323] L(zYy)
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Lemma 4.18. titstotsts € [1325]

Proof. Given: ytitsto = t1tsts Lemma(4.6)

ytitsty = titsts = (ytitstatste = titstatsts) = * Rl(tsts)
Note : tytsty(tsts) = titstats relation : (5)
= (t1tsts)ts = ytitstals Lemma(4.6)
* = ytitgtatsts = yti1tstats € [1325] O Substitution

O]

We look into the coset stabilizer N(132%) and come to the following conclusion:

|N(1325) |
> | <IdG)>|>1
We calculate the single cosets in [1 3 2 5] as % = 1—12 = 12 single cosets. The orbits

on {1,2,3,4,5,6} are {1}, {2}, {3}, {4}, {5}, and {6}. We know Ntitstatsts € [132]. We

will prove where each of the remaining possible new double cosets are sent.
Lemma 4.19. ttgtatst] € [1516]

Proof. Given: ztstgtsty = titgtats Lemma 4.17 (line 2)

(2tstatsts)? = (titetats)! = (ztitgtits = tstatsts) = conj.
Note : t3(ty)tsts = tatitatsts relation : (12)
= tat1(tats)ts = tst1(ytatsta)ts relation : (15)
= (tat1y)tatstaty = ytitstatsty

* = ytitstatsty = ztitetits Substitution

= t1t3talst1 = yzlitelits € [1516]
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Lemma 4.20. titstotsts € [154]
PT‘OOf. Fact: t1t3t2t5t2 = t1t3t2t5t2

t1t3t2t5t2 = tltg(t2t5t2) = tltg(yt2t5) relation : (15)

= (titay)tats = ytstitats

= yt3(tita)ts = ytstats relation : (12)
= t1t3talste = ylstsls € [154] equality
O
Lemma 4.21. ttgtatsts € [1325]
Proof. Given: ytitsty = tytsty (Lemma 4.6)
ytitsty = titgta = titsta = ytitsts L(y)
= t1t3t2t5t3 = yt1t3t4(t5t3) R(t5t3)
= yt1t3t4(t5t3) = yt1t3t4t6 relation : (4)
= {1t3talsts = yl1tslate € [1325} equality
O

Preliminary work for Lemma 4.22:

The following relations will be used to prove Lemma 4.22 we will call the result a:

Proof. Given : tgtats = yt1tsta result from Lemma(4.9)

(totats) VGO =y VGO popote = ytatsts conyj.
tatotsts = ytatstats R(ts)
= ytats(taty) = ytatsty relation : (10)

= (tslatsty = ytatst) = « equality
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Notes about the proof of Lemma 4.22: We will obtain zytstgtits on the right

side and then show the left side simplifies to t1t3totsts only using relation substitution

that will not effect the right hand side.
Lemma 4.22. ttgtatsty € [1543]

Proof. Given: z~'tstytstotstetiteta = e by relation (23)

2 Vstatstotatetitets = ¢ = 2z Mstatstots = totetits

2 Ustatstoty = totety (t) = totetitsts

2 Ystatstoty = totgtitsts = 2z~ Ytstatstotsts = tatetits

27 s (ty)tstotats = totgtits = 2~ Mtstitotstotsts = totgtits

2 Y5ty (totsto)tats = totgtits = 2~ ‘tsty(ytots)tats = totetits

27N (tstyy)totstats = totgtits = 2~ ‘ytotstotstats = totgtits
—> lotstotststs = yztotetitsx

Note : ty(tstatsts)ts = to(ytatsty)ts

= (toy)tatstits = ytstatstits

= ytstats(tits) = ytstats(ytitsty)

= (ytstatsy)titsts = tatetatitsty

= totgtat1(t3)(t1) = tatetatitetstaty

= totgtatits(tste)ts = tatstatits(ytstats)ts

= (tatetatitey)tstatsts = ytstatstatatstatsty

= ytsta(tsts)ta(ts)tatsts = ytsta(te)ta(tets)tatsts

= yts(tatetate)tstatsts = yts(yts)tstatsty

= (ytsy)tatstotsts = totatstatsty

= (tata)tstatsts = titstatsty

*x = totstotstats = zylatetlits

— tytstotsty = totstotstats = zytotetits € [1543]

R(totetits
relation : (4
R(t3

relation : (12

~—  ~— ~— ~— =

relation : (15

R(yz)

relation : o

relation : (13)

relations : (2), (10)

relation : (15)

relations : (4), (6)

relation : (18)

relation : (10)
Recall

equality

O]
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Lemma 4.23. titstotsts € [1323]

PT‘OOf. Fact: t1t3t2t5t6 = t1t3t2t5t6
t1t3t2t5t6 = t1t3t2(t5t6) = t1t3t2t3 S [1323] relation : (11)

O]

With the double coset [1325] fully investigated we move on to the double coset
[1513]. We determine there is an equal name for [1513].

Preliminary work for Lemma 4.24:

Proof. Given: tgtots = ytitsto by Lemma(4.9)

(totats) LD EOWD) — (4 15t5)IDEOED) — (1at6ty = ytatate) =y conj.

Proof. Given: ztstytsty = titgtats by Lemma(4.17) line 2

<2t3t4t3t2)(1’6)(2’5)(3’4) = (t1t6t2t6)(1’6)(2’5)(3’4) - (t4t3t4t5 = Zt6t1t5t1) = 51 conj.



Lemma 4.24. [1513] = [3431]

Proof. Given: ztstytsty = titgtats by Lemma(4.17) line 2

Note : Zt3t4t3<t2) = Zt3t4t3t1t4

= ztl3latszt1ty = t1tgtats

— (Zt3t4t3t1 = t1t6t2t6t4) = %

Note : t1tg(tatets) = tite(ytststs)

= (titey)tstats = ytstatstats

= ytstatsta(ts) = ytstatstatsts
= yt3(tatstals)ts = yt3(ztet1tst1)ts
= y(tgz)tb‘tltg,tltg = yzt6t6t1t5t1t3

= yz(tete)titstits = yztitstits

— titglatgts = yzt1t5t1t3

* = Zt3t4t3t1 = t1t6t2t6t4 = yzt1t5t1t3

= ytstatsts = t1lst1t3

This implies our coset stabilizer N

\N(1513)]

1513)

> ’N1513’

relation(7)
substitution
R(t4)

preliminaries : a;

relation : (4)

preliminaries : 51

t% =e
equality
substitution

L(z"'y)

proceeds as follows

> | < 1d(Q), (1,3)(2,6)(4,5) > | > 2
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This implies our orbits on {1,2,3,4,5,6} are {1, 3}, {2, 6}, and {4, 5}. The double coset

Ntitstitsts € [151] .



Lemma 4.25. titst1tsts € [1515]

Proof. Given: tytstits = ytstytst; result from Lemma(4.24)

Note : titsty(ts) = titstitsts
titstits = titstitste = ytstatsty
titstitste = ytstatsts = (titstits = ytatatztite) =
Note : y(tstatsty)ts = y(z "titetatets)ts
= yz Y tteta(tetats) = yz~ titeta(ytets)
= (yz titgtoy)tets = 2 ltstytstety
= 2 Vgt (tste)ty = 2 tatytsty
= 2 Vtgtyts(ts) = 2 tgtytstity
= 27 M (tsttsty )to = 2 Yytitstitsts
= ytstatstite = 2~ 'ytitstitsts
* = titstits = ytstatstite = 2 ytitstitsts

= t1t5t1l3te = yzlitstits € [1515]

Preliminary work for Lemma 4.26

relation : (11)

substitution

relation : (19)

relation : (18)

relation : (11)
relation : (12)
Line(2)
equality
substitution

L(yz)

Proof. Given: z~ltstatstatststst; = e relation (24) we declare the result as

Z_1t3t2t3t4t5t4t5t1 =6 — Z_1t3t2t3t4 == t1t5t4t5 = Q9

R(t1tstats)
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Lemma 4.26. titstitsty € [1516]

Proof. Given: tytstitste = yztitstits result from Lemma 4.25

Note : titstitats = t1tstitstaty relation : (1)
= t1tst1t3tats = yzlitstits substitution
= titstitsts = yztitstitstix R(t)

Note : yz(titstits)t1 = yz(ytstatstite)ts Lemma(4.24) Line(3)
= ztstats(ty)te(t1) = ztstatstatstetsta relations : (10), (1)
= ztgtytsta(tatets)te = ztstatsta(ytats)to relation : (17)

= z(tstatstoy)tatets = 2ytitetitstateto

= zytitetitsts(te)ta = zytitetitstatstste relation : (4)
= zytite(titstats)tsto = zytite(z ™ Mtstotsty)tsty preliminary : oo
= zy(titez™")tstatstatsty = ylotststatstatsts

= y(to(tsts)ta)tstatsty = ytstytsto ti=ti=¢c
= yztitstitst] = ytstatsts equality

* = titstitsty = yztitstitsts = ytstatste € [1516] substitution

Moving on to the next double coset, we discover [1515] has an equal name.

Lemma 4.27. [1515] = [3434]

Proof. Given: yztitstits = t1tstitsty by Lemma(4.25)

yztitstits = tits(titste) = tits(ytitsts) Lemma(4.5)
= (t1tsy)titsty = ylgtatitsty

= yts(taty)tsty = ytatatsty relation : (3)
= yztitstity = ytstatsty equality
— titstits = 2 ‘tstatsty = [1515] = [3434] L(z"ty)

84
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(1513)

This implies our coset stabilizer N proceeds as follows

‘N(1515)|
> | <Id(G),(1,3)(2,6)(4,5) > | = 2
resulting in a total number of % = 172 = 6 single cosets. Once again, the orbits on

{1,2,3,4,5,6} are {1, 3}, {2, 6}, and {4, 5} as we begin investigating our possible new
double cosets. Ntitstitsts € [151] so this takes the symmetric generators {4} and {5}.

We now show the following relations:

Lemma 4.28. titstitsty € [1516]

Proof. yztitstitst; = ytstatste Lemma(4.26) result final line.

yztitstitsty = ytstatsts = titstitsty = 2~ ‘tstatsty € [1516] R(yz"1)
O
Lemma 4.29. tytst1tsts € [1513]
Proof. Fact: titstitstg = t1tstitsts
titstitste = titsty(tste) = titstits € [1513)] relation : (11)
O

With this double coset completely investigated we move on to the double coset

Ntqtstite.



86

We determine the coset stabilizer

|N(1516)‘
> ‘N1516‘

>| < Id(G) > | >1

Nl _ 12
[N(1516)| 1

{1,2,3,4,5,6} are {1}, {2}, {3}, {4}, {5}, and {6}. There are no new double cosets

left so we determine where each coset belongs. As before Ntitstitsts € [151] and we

This indicates there are = 12 single cosets. The orbits on

prove the remaining relations.

Preliminary work for Lemma 4.30

Proof. Given: ztatstotgtitetits = e by (26) we declare the result as.

zt2t3t2t6t1t6t1t5 =€ — (Ztgtgtgtﬁ = t5t1t6t1) = Q3 R(t5t1t6t1)

Lemma 4.30. titstitgt] € [1325]

Proof. Fact: titstitets = t1tstitets

titstitets = t1(tstitet1) = t1(ztatstats) preliminary : as
= z(tata)tstats = ztitstate relation : (1)
= z(t1tsta)te = z(ytitsts)ts Lemma(4.5)

= titstitets = zytitstats € [1325] equality



Lemma 4.31. tytstitets € [154]

Proof. Given: titstitets = zyti1tststs Lemma(4.30) result

titstitets = zytitstats = titstits = 2ytitstatets
— titstitets = 2ytitatatetits

zytitstate(tits) = zytitstatets

= zytits(tatets) = zyti1tsytates

= z(yt1t3y)tate = ztstityts

= zty(tits)ts = 2tstats

— zytitstatetits = 2tatate

—> titst1tegle = zt3tats € [154]

Lemma 4.32. titstitgts € [1515]

PTOOf. Fact: t1t5t1t6t3 = t1t5t1t6t3

titstitts = titsty (tets) = t1tstits € [1515]

Lemma 4.33. titstitgty € [1543]

Proof. Given: titstitgta = ztstats result from Lemma(4.31)

t1t5t1t6t2 = Ztgtgtﬁ — t1t5t1t6t2t2t4 = Zt3t2t6t2t4
= tl1t5t1tgts = zlslatglaty
Note : Ztgtgtﬁ(t2t4) = Ztgtgt(;tl

= t1ls5t1tels = 2l3tately € [1543]

R(t1)
R(t2)
relation : (12)

)

(
(17

relation :
relation(7)

equality

substitution

relation : (6)

relation : (10)

substitution
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Lemma 4.34. titstitgts € [1513]

PT‘OOf. Fact: t1t5t1t6t5 = t1t5t1t6t5

t1t5t1t6t5 = t1t5t1(t6t5) = t1t5t1t3 S [1513] relation : (2)

From here we will investigate the double coset Ntits5t4ts and prove its relations.

We discover that [1543] = [6234]. We prove this as follows:
Lemma 4.35. [1543] = [623/]

Proof. Given: tytstiteta = ztstots result from Lemma(4.31)

tltstltﬁtg1’4)(3’6) = (ztgtate) D 36)

— tatstatste = 2~ tgtats conj
— 2 Ygtotats = tatstatstots R(ty)
Note : tytstats(taty) = tatstatsty relation : (10)
= tyts5(tg)tsty = tatstotitsty relation : (3)
= tytsta(titsty) = tatstoytits relation : (13)

= (tatstoy)tits = ytetatstits

= (yt6t2t5)t1t3 = t1t5t2t1t3 Lemma(4.9)
= t1t5(t2t1)t3 = t1t5t4t3 relation : (3)
= tal5latstoty = t1t5t4ls equality

— 2 Mgtotsty = titstaty = [1543] = [6234] substitution
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This increases our coset stabilizer accordingly:

‘N(1543)’
> ’N1543’

> | < 1d(Q), (1,6)(2,5)(3,4) > | > 2

The orbits on {1,2,3,4,5,6} are {1,6},{2,5}, and {3,4}. Ntytstststs € [154] as

many times in the past. We investigate the other two relations we must show.

Lemma 4.36. t1tstatsty € [1516]

Proof. Given ztstytsty = titgtats from Lemma(4.17) line 2

(tatatsto) 102345 — (271 tatots) LO234D) — tytotits = 2 Vigtatsts conj.

Note : 2 Mgtats(ta) = 2~ Hetatststy relation : (8)

= (2 Ygtatsty)ty = titstatsty Lemma(4.35)

— 2 Mgtatsty = titstatsty equality

= 2 gtotsty = tytstatsty = tatststs € [1516] substitution
O

Lemma 4.37. titstytsts € [1325]

Proof. Given titstyt3 = 2z~ 'tgtatsts result from Lemma(4.24)

t1t5t4t3 = 2_1t6t2t3t4 — t1t5t4t3t2 = 2_1t6t2t3t4t2 R(tg)
Note : 2z ttgtots(taty) = 2~ Hgtatsty relation : (1)
= Z_ltﬁtg(tgtl) = Z_ltﬁtz(ytgtlt;g) relation : (14)

= Zﬁl(thQy)tZ%tltfi = Zﬁlyt4t5t3t1t3

= 2 Vyty(tsts)tits = 2 Lytatetits relation : (4)
— 2 Mgtotstats = 2 Lytatetits equality
— 2 Mgtotstyts = titstatsts = 2 lytatetits € [1325] substitution
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We move on to our final double coset Ntitgtotst; and show that this is the

point where the group terminates.

This double coset has 12 equal names. This means that the coset stabilizing

13231) then we will have

group is N itself. If we can put the elements < z,y,z > € N
effectively proved that that the coset stabilizing group is all of N which will give us one
single coset. We will first prove a relation that will help us show what elements belong

in the coset stabilizing group. We will start by proving [13231] = [25152].

Preliminary work for Lemma 4.38

Proof. Given: titstitgta = ztstats Lemma(4.31) we declare this result ay.

t1t5t1t6(t2) = Ztgtgt(; - t1t5t1t6t4t1 = Ztgtgtﬁ relation : (8)
= tl1t5t1tgts = zt3latgty R(tl)
— (Z_1t1t5t1t6t4 = t3t2t6t1) = 0y R(Z_l)



Lemma 4.38. [13231] = [25152]

Proof. Given: tytstatsty = yztatetits Lemma(4.38) result

titstotsts = yztotetits = titsta(tste)ty = yztatetitstatets
= titgtotst; = yrtotetitstatets

Note : yztatetitsts(te)(t1) = yztatetitstatststaty

= yztotetitstats(tsta)ty = yztatetitstats(ytstats)ts

= (yztatetitstatsy)tstatsts = 2tstatstotetitstatsty

= atsty(tstatets tstatsts = 2tstaz ™ titstitetstatsts

= 2(tstaz ttstitetstatsts = tetititstitetatstotsts

= tg(t1t1)tst1tetatstatsts = tetstitetatstatsty

= (tets)t1tetatstatsts = tatitetatstatsts

= (tstitets)tstatsts = (ytitstatets)tatsts

= ytitsty(te)tstatsts = ytitstatatststatsty

= ytitstats(tsts)tatsts = ytitstatstotsts

= y(titstatsta)tsts = y(yz~ tatetits)tstels

=Yy * Z71t4t6t1t3t3t6t4 = Zﬁlt4t6t1t6t4
= 271(t4t6)t1t6t4 = zfl(yt4t6t4)t1t6t4
“lytate(tats)tets = 2~

“lytytetatets € [25152)

=z Yytatetatets

= t1t3l2tst; = 2

Now that we have the relation titstotst; = yz~

R(tatety

)
relation : (11)
relations : (9), (10)

6)

relation : (1
preliminaries : oy

t% =e
relation : (2)
Lemma(4.15)
relation : (9)

t% =e
Lemma(4.37)

t% =e

relation : (17)

relation : (8)
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O

Lt tetatets we can use this to

see N is contained in the coset stabilizing group. We intend to obtain an elements of the

same length and order of x,y, and z in the coset stabilizing group as this will generate

the entire group N in the coset stabilizer.
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Given: x representative: xz~! = (1,4)(3,6)

(trtstatsty)BVGO) = (y2 Tt tatatgty) DGO
= t4lglalets = yzlitatatsty

— (1,4)(3,6) € N(1323)

Note: Nt1t3t2t3t1 = Nt4t6t1t4t6 from the pI"OOf of [13231] = [25152].

Conjugating yz~tytetatets = titstatst; by z = (1,4,2)(3,6,5) gives:

(yz*1t4t6t2t6t4)(1’4’2)(3’6’5) _ (t1t3t2t3t1)(1’4’2)(3’6’5)
= yz*1t2t5t3t5t2 = tytelitety € [13231]

— (1,4,2)(3,6,5) e NUI323D)

Last we prove [13231] = [31513] as this will allow us to put y in the stabilizer.

Lemma 4.39. [13231] = [31513]

P’FOOf. Fact: t1t3t2t3t1 = t1t3t2t3t1

titstatsts = (titste)tsts = ytitstatsty Lemma(4.5)
= ytitsty(tsty) = ytitsta(ytstits) relation : (14)
= y(titstay)tstits = tatitetstits

= t3t1(tets)t1ts = tstitstits relation : (6)

= t1t3talst; = t3t1tst1ts — [13231] = [31513] equality
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Conjugating the relation ttstatst) = tst1tstits by y = (1,3)(2,5)(4,6) gives:

(trtstotsty) BEDAO) — (154 ¢4, 44)(13)(25)(4,6)
—> t3t1t5t1t3 = t1t3tatsts € [13231]

= y=(1,3)(2,5)(4,6) € N(1523)
Finally with < zz~1,y,z > € N(13231) we have N € N(13231) which implies

|N(13231)|
> |N13231‘

>| < Id(G),zzty, 2> | > 12

This implies all of distinct double cosets [13231] = [25152] = [31513] = [46164] = [52325]
— [13431] = [64346] = [46264] = [25452] = [31613] = [64546] = [52625] are equal. Which
shows % — 12 _ 1. With the orbits on {1,2,3,4,5,6} being {1,2,3,4,5,6}. Allowing
Ntytstotstity € Ntjtstots and all t’s are carried back, thus completing the double coset
enumeration of PG Ly(11) over Dis. Which gives us the following Cayley Diagram.



6

[1513] [1516]

Figure 4.2: Cayley Diagram PGLo(11) over Dqs
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4.4 Double Coset Enumeration over a

Maximal Subgroup

Double coset enumeration is typically performed over the control group N. At
times the process becomes cumbersome when the number of double cosets is a consid-
erably large number. For example, when calculating the double coset enumeration of
Mo = 2 over 22 : (22 x 3), there are a total of 98 double cosets which we check using
Magma. In this case, we will be required to determine how the 12 t’s interact amongst
the 98 double cosets. This could result in determining where 1,176 cosets are sent which

while possible, is a very challenging task.

4.4.1 Is Maximal Double Coset Enumeration Applicable?

Double coset enumeration over a maximal subgroup may not always be pos-

; : 2%5:5:4 ~
sible. For example, consider OISRt (L3 Ao P il = Sz(8) x 2 We can

factor out the 2 from our Sz(8) x 2 leaving only the Sz(8) of order 29,120. If we conduct

our checks as we did in section 4.2 we have % = 295%)20 = 1456 single cosets and a total

of 79 double cosets. While definitely possible to complete by hand it is unnecessary if

we can find a suitable maximal subgroup of Sz(8). Inputting the following code:

G<x,VY,z,t>:=Group<x,vy,z,t|x"4,y"2,z2"5,t72,x"-2+y, (yxz"-1) "2,
X%z =1xx"=1%z"=2, (y*xt*z"=1) "2,z " —1xtxz xxtxx"-1, (txx"-1)"7,

(txz"=1) "7, X T=1lxtxzrtax —1lrtax+LxzxLayrTayrtrxxtxz " —1xtxyxt>;

[1] Order 14 Length 2080
Permutation group acting on a set of cardinality 29120

Order = 14 = 2 % 7

[2] Order 20 Length 1456
Permutation group acting on a set of cardinality 29120
Order = 20 = 272 % 5

[3] Order 52 Length 560
Permutation group acting on a set of cardinality 29120
Order = 52 = 272 x 13

[4] Order 448 Length 65
Permutation group acting on a set of cardinality 29120
Order = 448 = 276 x 7
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and using the knowledge that the order of a subgroup must divide the order of the group
it is contained in we see that only M[2]‘subgroup is suitable to contain an N of order 20.
This of course doesn’t help us any as our original N is of order 20, so unless we decide
to perform the double coset enumeration over N, we can save this discovery for later.

While this example did not produce a suitable M, we will. now investigate an example

which will.

4.4.2 Double Coset Enumeration of M5 : 2 over

Maximal Subgroup 2*:* S,

We consider Mis : 2 over 22 : (22 x 3) again as mentioned previously. As
before if we attempt the double coset enumeration over N, we will have roughly 1,200
calculations and 98 double cosets. Fortunately, this case does have a suitable maximal
subgroup that allows us to perform double coset enumeration over M. To begin, we

repeat the process of asking Magma for Maximal subgroups of M as follows:

> M:=MaximalSubgroups (Gl) ;
> M;
Conjugacy classes of subgroups

[ 1] Order 120 Length 1584
Permutation group acting on a set of cardinality 3960
Order = 120 = 273 = 3 x 5

[ 2] Order 144 Length 1320
Permutation group acting on a set of cardinality 3960
Order = 144 = 274 x 372

[ 3] Order 216 Length 880
Permutation group acting on a set of cardinality 3960
Order = 216 = 273 % 373

[ 4] Order 1320 Length 144
Permutation group acting on a set of cardinality 3960
Order = 1320 = 273 « 3 » 5 % 11

[ 5] Order 1320 Length 144
Permutation group acting on a set of cardinality 3960
Order = 1320 = 273 = 3 » 5 x 11

[ 6] Order 480 Length 396
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Permutation group acting on a set of cardinality 3960
Order = 480 = 2°5 « 3 = 5

[ 7] Order 384 Length 495
Permutation group acting on a set of cardinality 3960
Order = 384 = 277 % 3

[ 8] Order 384 Length 495
Permutation group acting on a set of cardinality 3960
Order = 384 = 277 % 3

[ 9] Order 95040 Length 1
Permutation group acting on a set of cardinality 3960
Order = 95040 = 276 * 373 = 5 % 11

In this case, we have 4 suitable candidates which are all divisible by N 22 :
(22 x 3). We then ask Magma to compute conjugates and determine that M[7]‘subgroup
of order 384 is the only maximal subgroup containing N. Now we proceed with our
G = 277272 x3) and M = < f(2), f(v), f(2), f(w), f(v), f(zxtxvstxzxvx

xtiat11t12,22t5t12t0t5t12

tx 2 1xt*zxtxz 1xt) > where M = (2%) :* S,

Consider the first double coset of our Cayley diagram. Since we are performing
double coset enumeration over M our definition becomes MwN = {Mw"|n € N}.
That is, MeN = {Me"|n € N} = {Mele € N} = {M}.We denote this first double coset
as [*| containing just one single coset. Our N is transitive on {1,2,3,4,5,6,7,8,9, 10,
11,12} so it has a single orbit{1,2,3,4,5,6,7,8,9,10,11,12}. Now taking a representa-
tive from this orbit, 12 in this case, and right multiplying to the double coset Me we
obtain the new double coset Mt1oN = {Mt}y|n € N} = {Mty, Mto, Mts, Mty, Mts,
Mtg, Mt7, Mtg, Mity, Mt19, Mt11, Mt12}. Now, considering the coset stabilizer M(12),
which is equal to the point stabilizer M2, M) =< (1,5)(2,3)(4,7)(6,9),
(1,2)(3,5)(4,9)(6,7) > = {e, (1, 5)(2, 3)(4, 7) (6,9),(1,2)(3,5)(4,9)(6,7), (1,3)(2,5)
(4,6)(7,9)} so the number of double cosets in Mt12/N denoted [12] is at most % =
% = 12. Now, considering the generators of M2 we determine the orbits
on {1,2,3,4,5,6,7,8,9,10,11,12} are {8}, {10}, {11}, {12},{1,5,2,3},{4,7,9,6}. We
proceed by taking a representative from each orbit, in this case, {1}, {4}, {8}, {10},
{11}, {12}, and determine which double coset they belong to. Since our t’s are order 2
we know, Mtiotio € M € [¥]. From our first relation we have Mt1ot11 N = Mt1oN €

[12]. Using conjugation, we determine the relations
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Mtiots = Mtq2
Mtiotio = Mt12

Thus these two double cosets also exist in [12] as well. We then determine the double
cosets Mtiotijand Mtioty are both new double cosets and move forward as [12 1] and

[12 4] respectively.

Now we consider the next double coset Mtiot1 N = {M(t12t1)"In € N} =
{Mtioty, Mtytig, Mtiota, Mtsty, Mtrtg, ..., Mtsts} for a total of 48 distinct, equivalent
single cosets.The coset stabilizer IV (121) > N121 —— ¢ > This implies, the number of
single cosets is at most % — 48 _ 48. The orbits on {1,2,3,4,5,6,7,8,9,10,11,12}
are {1},{2},{3},{4},{5},{6},{7}.{8},{9},{10},{11},{12} and we will now determine
to which double coset Mtist1t1 N, Mtiot1toN, Mtiot1tsN, Mtiot1t4N, Mtiot1tsN,
MtistitgN, Mtistitz N, Mtistits N, MtiatitoN, Mtiat1t10N, Mtistit1 N, and
Mtyoti1t19N belong. Obviously, Mtiot1t1 N = Mt € [12]. We now consider Mtqotits
and determine which double coset it belongs to. Since we are working in a maximal
subgroup M of G rather than N, our relations are no longer equal to the identity as
earlier examples and are now equal to some permutation found in M. With the use
of Magma, we can determine this relation and verify where cosets belong. We find
Mtyatity € [12 1] and determine using Magma that the relation Mtiotito = Mx - t11t5.
Since x € M we have, Mtiot1to = Mty11t1. Now, using our definition of a double coset
defined to be Mtioti N = {M(t12t1)"|n € N}, we conjugate Mti2t; N by the permuta-
tion (4,7)(6,9)(8,10)(11,12) € N such that:

M (t19t1)EDENEAOALI2) — Nty ¢y implying Mtiotite = Mtyity = Mtyot; € [12 1]

This process can then be repeated on the remaining cosets in similar fashion
with different relations to determine where cosets belong. Those relations produce the
following list:

Mtiotyts = Mtioty € [12 4],
Mttty € [12 1 4],
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Mtystits € [12 1 5],

Mtiatite = Mtioty € [12 4],
Mtiotit; € 12 1 7,

Mtistits € [12 1 8],

Mtyatitg € [1211 9],

Mtiotitio € [12 1 10,

Mtystityy € [12 1 11],

and Mtiatit1o = Mtyoty € [12 1].

This process was also repeated for the remaining 14 double cosets and estab-
lished the following Cayley diagram. The Magma code for the remaining double cosets

can be found in the appendix of this document.
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4.4.3 Double Coset Enumeration of U,(2) : 2 over
Maximal Subgroup 2*: S

2%12: Dax Dy ~
wvtrtiitstiotiz,ytiztoti2,trti2t7t12,x2yt12t6t11tat12t6t11tat12

Consider the progenitor
Uy(2) : 2. Our N in this case is order 48. We wish to find a suitable maximal subgroup
that contains N which we can use to perform our maximal double coset enumeration

over. To find this M we consider the following:

> M:=MaximalSubgroups (Gl) ;

> M;

Conjugacy classes of subgroups

[1] Order 1296 Length 40
Permutation group acting on a set of cardinality 1080
Order = 1296 = 274 % 374

[2] Order 1296 Length 40
Permutation group acting on a set of cardinality 1080
Order = 1296 = 274 % 374

[3] Order 1440 Length 36
Permutation group acting on a set of cardinality 1080
Order = 1440 = 275 % 372 % 5

[4] Order 1152 Length 45
Permutation group acting on a set of cardinality 1080
Order = 1152 = 277 % 372

[5] Order 1920 Length 27
Permutation group acting on a set of cardinality 1080
Order = 1920 = 277 = 3 * 5

[6] Order 25920 Length 1
Permutation group acting on a set of cardinality 1080
Order = 25920 = 276 « 374 % 5

In this case % for all maximal subgroups of G. Through trial and error using Magma

we determine which subgroups contain our N using the following code:

C:=Conjugates (G1,M[5] ‘subgroup) ;

CC:=Setseqg(C);

for i in [1..#CC] do if f(x) in CC[i] and f(y) in CCI[1i]
and f(z) in CC[i] and f(w) in CC[i] and f(v) in CCI[i]
then i; end if; end for

NV V.V V V
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Both the subgroups M[1] and M[5] contain our N and since the order of M[5]‘subgroup
is larger we will proceed using this M. The rest of the code to determine the relation

which will produce our M from our G presentation will be included in the appendix.

M is determined to be (2%) : S5. We use the following code to verify how many
double and single cosets our Cayley diagram should contain:
> #DoubleCosets (G, M, sub<G|x,vy, z,w,Vv>);
5

> #G/#M;
277

and now we begin the process of double coset enumeration of Us(2) : 2 over the maximal

subgroup 2% : Ss.

One major difference from this point forward is the way we define our double
cosets. When we perform double coset enumeration over N, our double coset is defined
NwN = {Nw"|n € N}. This allows us to set our relations found in N equal to the
Id(N) and establish relations manually. Since we have decided to proceed using M our
new definition of a double coset for this set is MwN = {Mw"|n € N} and our rela-
tions are now equal to an unknown permutation in M. This makes solving relations by
hand almost impossible. To complete this process, we will use Magma to determine the
relations. The presentation and symmetric generators will be included in the apendix.

With this in mind we begin the process.

2*12 :D3 X D4
wvutrtiitstiotiz,ytiatotin,trtiotrtiz,zzytiatetiitatiotetintatia’

M:=sub< G1|f(x), f(y), f(2), f(w), f(v), f(xxtxr*xtxy*xzxvktxykvctxy vt *xv) >,

and t ~ t12 we can complete the process of double coset enumeration over the maximal

If we allow G =

subgroupand produce the following Cayley Diagram. The Magma code for this maximal

double coset enumeration can also be found in the appendix.
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4

1218

[2111]

Figure 4.4: Cayley Diagram of Us(2) : 2 over Maximal Subgroup 2* : S5

4.5 Conclusion

Double coset enumeration is a challenging process. While the process turns
out to be repetitive, proving relations can be a daunting task. Luckily, Magma helps us
determine how the relations interact with one another to determine where double cosets

belong. Then the user’s job becomes solving the puzzles embedded in the group.
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Chapter 5

Monomial Progenitors

5.1 Introduction

There are other ways to construct progenitors then simply stabilizing a single
t;. One such way is inducing a linear character from the quotient group up to G. Since
this can be performed the question of whether or not induction can be performed on
simple groups arises. Of course, simple groups contain only trivial normal subgroups
but they do have plenty of maximal subgroups. While this fact cannot guarantee in-
duction will take place it does not prevent it from being attempted. In fact, while it is
rare that a monomial progenitor can be constructed in this fashion it can be done. This

section will demonstrate the full process of constructing monomial progenitors.

5.2 Constructing the Monomial Progenitor

17410+, PGLs(9)

5.2.1 Choosing an Control Group

Before we start inducing a character up to G we can choose our control group

N. For this investigation N was chosen to be PGLy(9):

>T1l=TransitiveGroups (12);
>for i in [1..#T] do if IsIsomorphic(T[i],PGL(2,9)) then i;
end i1if; end for;
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182
>G:=TransitiveGroup(12,182);

This same process was used for the second example in this chapter but will

not be shown. We will now go through the process of creating a monomial progenitor.

5.2.2 Inducing and Verifying a Linear Character

We will construct a monomial presentation of 17*19 ;. PG Ly(9) by first giving

a presentation of PGLy(9). That presentation is:

1 1

<zy2ad P’ 2y b sk y T Lk zwy T (27 by (27 y 2 >

To achieve a monomial presentation we must induce a linear character from a subgroup
H of G. To insure we get an irreducible character we must choose a subgroup with index
matching the degree of an irreducible character of G. We consider the character table
of G = PGLy(9) in Table 5.1 and note G has characters x 1, X.2, ..., X.11. We proceed
using x.11 and look for a subgroup of order 72 so that % = 10. This produces the

index as follows:
[G: H] =[PGLy(9):3%:8 =10

Since the index of the two groups is 10. If a matrix representation exists it will be

represented by a 10 x 10 matrix.

We produce a character table for 32 : 8 in table 5.2. We will verify the induction
X.5 of 32 : 8 to x.11 of PG L(9) by considering the irreducible characters ¢ (of H) and ¢©
(of G). G = PGL4y(9) is generated by xx, yy, and zz where xx = (1, 3,5)(2,4,12)(7,9,11),
yy =(1,7,3,9,5)(2,4,6,8,10), and zz = (1,12)(2, 3)(4, 11)(5, 10)(6,9)(7, 8). Eliminating
the information we will not use from the Character tables of G and H we produce Tables
5.3 for G,and 5.4 for H. Using our definition of induction we reproduce ¢ using ¢ (of H).

G _ _ 16l _ 720 _
ba = 75 2wennc, ?(w), where n = ﬁ = = = 10.

(b? = % ZwGHﬂC1 ¢(w)



106

which implies ¢¢ = 22 (¢(1)) = 10(1) = 10.

5 = 5 Lwernc, $(w)

¢5 = 58 Lwennc, 9((2,8)(5,11)(6,12)(7,9))
which implies ¢5 = 2 (4(0)) = %(0) = 0.
05 = 1 Lwerncy $(w)

¢ = 18 Lwennc, #((2,8)(5,11)(6,12)(7,9))

which implies ¢§ = 12(9(4((2,8)(5,11)(6,12)(7,9))) = 2(9(—1)) = —2.

G _ 10
¢4 — 80 weHNCy ¢(w)

¢ = 5 Lwennc, 9((1,11,5)(2,4,8)(6,10,12))

which implies ¢§ = 13 (8(4((1,11,5)(2,4,8)(6,10,12))) = £(8(1)) = 1.
65 = 50 Lwenncs (W)

65 = 50 Lwenncs $(0)

which implies ¢§ = $(¢(0)) = §(0) = 0.

G _ 10
o6 = weHNCg P(w)

¢€3G = % weHNCs #(0)

which implies ¢§ = 15(¢(0)) = =(0) = 0.
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G _ 10
o7 =5 weEHNCr P(w)

¢F = 15 Cwennc, 9(0)

which implies ¢¢ = 13(¢(0)) = 2(0) = 0.

¢g; = % ZweHmCS P(w)

0§ = 50 S wenncs ¢((1,4,3,10)(2,7,6,11,8,9,12,5))

oS = 8(9(¢((1,4,3,10)(2,7,6,11,8,9,12,5))) = £(9)(—Z1) = (—Z1)

note:—Z1 = —Zs since they are both primitive eighth roots.
G _ 10
PG5 = 50 2oweHncy P(W)

0§ = 383 enne, #((1,4,3,10)(2,9,6,5,8,7,12,11))

o5 = 3(9((((1,4,3,10)(2,9,6,5,8,7,12,11)) = £(9)(Z1) = (Z1)

note:Zy = Zy similarly.

¢t = % 2 weHNC, P(W)

4’1% = % weHNC1o ¢(0)

which implies ¢${) = 13 (4(0)) = (0) = 0.
Finally, gbﬁ = % weHNC o(w)

<151G1 = % ZMGHOCH ¢(0)

which implies ¢§] = 13(¢(0)) = 2(0) = 0.
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SO ¢ Tfl: 10,0,—2,1,0,0,0,—Zs, Z5,0,0 and we have verified that
x5 of 32 : 8 induces .11 of PGLy(9).

Table 5.1: Character Table of G

x Ci Cy C3 Cy C5  Cs C7 Cs Oy Cho Cn
X.1 1 1 1 1 1 1 1 1 1 1 1
X.2 1 -1 1 1 1 1 1 -1 -1 -1 -1
X.3 8 2 0 -1 0 A Z1#2 0 0 —Z1#2 -7Z1
X.4 8 -2 0 -1 0 Z1#2 VAl 0 0 Al Z1F#2
X.5 8 2 0 -1 0 21#2 Zl 0 0 —Zl —21#2
X.6 8 -2 0 -1 0 Z1 Z1#2 0 0 Z17#2 Z1
X.7 9 1 1 0 1 -1 -1 -1 -1 1 1
X.8 9 -1 1 0 1 -1 -1 1 1 -1 -1
xo9 10 O 2 1 -2 0 0 0 0 0 0
X100 10 0 -2 1 0 0 0 Za —Zs 0 0
xi11 10 0 -2 1 0 0 0 —Zo  Zy 0 0

# denotes algebraic conjugation.
71 is the primitive fifth root of unity. Zs is the primitive eighth root of unity.

Table 5.2: Character Table of H

x Ci Co C3 Ci Cs Ce Cr Cs Cy
xi1 1 1 1 1 1 1 1 1 1
x2 1 1 1 1 1 1 1 1 1
ys 1 1 1 -1 -1 I 1 I 1
x4 1 1 1 -1 -1 -1 I -I 1
X.5 1 -1 1 I -1 Zl 21#3 —Z1 —Zl#?)
Yo 1 -1 1 I 1 Zi#3 7 —Zi#3  —Z1
X.7 1 -1 1 -1 I *21#3 *Zl 21#3 Zl
X.8 1 -1 1 I -1 —Zl —21#3 Z1 Z1#3
X9 8 0 -1 0 O 0 0 0 0

# denotes algebraic conjugation.
I is the primitive fourth root of unity. Z; is the primitive eighth root of unity.



Table 5.3: x.11 of G

#% | Class | Size Class Representative

10 Cy 1 Id(G)

0 Cy 36 | (1, 12)(2, 3)(4, 11)(5, 10)(6, 9)(7, 8)
-2 Cs 45 (2, 10)(3, 11)(4, 6)(7, 9)

1 Cy 80 (1, 3, 5)(2, 4, 12)(7, 9, 11)

0 Cs 90 | (1,5)(2,4,10,6)(3, 7, 11, 9)(8, 12)
0 Cs 72 (1,7,3,9,5)(2, 4, 6, 8, 10)

0 Cr 72 (1,3,5,7,9)(2, 6, 10, 4, 8)
—Zy | Cy 90 (1, 8, 5,12)(2, 11, 4, 9, 10, 3, 6, 7)
Zy Cy 90 (1,12, 5, 8)(2, 9, 6, 11, 10, 7, 4, 3)
0 Cho 72 (1,6, 7,10, 3, 12, 11, 2, 9, 4)(5, 8)
0 C11 72 (1, 10, 11, 4, 7, 12, 9, 6, 3, 2)(5, 8)

Table 5.4: x5 of H

10) Class | Size Class Representative

1 Dy 1 Id(H)

-1 Do 9 (2, 8)(5, 11)(6, 12)(7, 9)

1 D; | 8 (1, 11, 5)(2, 4, 8)(6, 10, 12)

I Dy | 9 | (1,3)(2 6,8, 12)(4, 10)(5, 7, 11, 9)
-1 D5 9 |(1,3)(2,12, 8, 6)(4, 10)(5, 9, 11, 7)
7 Ds | 9 | (1,4,3,10)(2,9,6,5,8,7, 12, 11)
Z1#3 D+ 9 (1, 10, 3, 4)(2, 5, 12, 9, 8, 11, 6, 7)
-7 Dg 9 (1, 4, 3, 10)(2, 7, 6, 11, 8, 9, 12, 5)

—Z1\#3 | Dy 9 (1, 10, 3, 4)(2, 11, 12,7, 8,5, 6, 9)

Equivalencies from table to construct matrix: 1 = 1, -1 = 16,
1=13,-1=4,Z2, =8, Z1#3 =2, -7, =9, and —Z1#3 = 15.
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With induction taking place we now verify the monomial representation has

the following generators:

[0 13 0 000 0 0 0 0]
0 0 16 000 0 00 0
130 0 000 0 000
0 0 00100000
Aws)—|® 0 0 00015000
0 0 00000010
0O 0 0 8000 000
0 0 00000100
0O 0 00000 00 1
(00 0001 0000
(000100000 0 0
00 08000000
0130000000 0
00 00090000
Ay — |0 ¢ 00000900
1 000000000
00 000O0GO0GO 40
00 000O0O0GOO1
00 00900000
0 0 0000100 0
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08 0 0000000
150 0 00 0 0000
0000 160 0 0000
0016 0 0 0 0000

A= |0 00 0000100
0000 00 0O00O0S8O
0000 000000 2
0000 0100000
0000 00150000
(000 0 000 900 0

5.2.3 Verifying the Monomial Representation

Since we have a linear character ¢ of the subgroup H of index n in G we
let G = Ht; U Htg U Htz U ... U Ht1y where the t;'s are transversals of G acting
on H. That is G = He U H(1,11,3)(2,12,10)(4,6,8) U H(1,9,11)(2,4,10)(6,8,12) U
H(1,8,9,10,7,6,3,2,11,12)(4,5) U H(1,8,11,2,7,6,5,12,3,4)(9,10) U H(1,5,9,3,7)
(2,10,8,6,4)) U H(1,5,9,3,7)(2,10,8,6,4) UH(1,7,9,5)(2,8,4,12)(3,11)(6,10) U
H(2,10,8,6,12)(3,9,5,11,7)U H(1,3,11,9)(2,10,8,6)(4,12)(5,7).

Continuing the process in a 10x10 matrix:

p(tixth)  p(tixty') ..o p(tiwty)

Aaa) = | PBF) Bltarty)

d(troxtyh) ... o B(tworty) |

We will calculate all 100 elements of the matrix using the following calculation using
the t; = e, to = (2,12)(3,5)(6,10)(7,11), ... , and t19 = (1,10,11,12,5,8,9,2)(3,6,7,4)
with each t; corresponding to each transversal respectively from the G listed before.
To conserve space we will calculate the multiplication of tixtj_l and list the result-

ing permutation rather than show the entire process. For example: gb(tl;vtfl) =
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é(e(1,3,5)(2,4,12)(7,9,11)e~1) = &((1,3,5)(2,4,12)(7,9,11)) We will bypass the mid-
dle step and go directly to what ¢(t1mtf1) is equal to. Since (1,3,5)(2,4,12)(7,9,11)
¢ H ¢((1,3,5)(2,4,12)(7,9,11)) = 0 We proceed as follows:

Row 1:

p(tixty ) = 6((1,3,5)(2,4,12)(7,9,11)) = 0
P(tirty ') = ¢((1,11,7,9)(2,8,6,4)(3,5)(10,12)) = 13
o(tiwts') = ¢((1,3,5,11,7)(4,8,6,12,10)) =0
p(tixty ) = 6((1,6,7,8)(2,5,12,3,4,11,10,9)) = 0
p(tiwts ) = ¢((1,12,11,2,3,6,7,10,9,8)(4,5)) = 0
o(tiwts ) = ¢((1,9,11,3)(2,6,8,10)(4,12)(5,7)) =
o(tirts ') = ¢((1,5,7)(2,6,12)(3,11,9)) = 0
oty ') = 6((1,11)(2,8)(3,9)(6,10)) = 0
p(tiwty) = ¢((1,7,3,9,5)(2,4,6,8,10)) = 0
p(tiwtyy) = 6((2,12,6,8,10)(3,7,11,5,9)) =

Row 2:

P(taxty) = ((1,7,9,11,5)(4,6,8,12,10)) = 0
P(taxtyh) = #((1,7,9)(2,10,8)(3,11,5)) = 0
d(tarts ') = ¢((1,7)(2,10)(4,12)(5,11)) = 16
P(tarty ) = $((1,10,5,12,9,2,3,6)(4,7,8,11)) = 0
o(tawts ) = #((1,2,11,6)(3,12,9,8,5,4,7,10)) = 0
p(taxtg ") = ¢((1,3,9,11)(2,4,8,12)(5,7)(6,10)) = 0
P(tawts ') = ¢((1,9,3,5,7)(4,12,10,6,8)) = 0
o(tawts ') = ((2,12,6)(3,11,9)(4,10,8)) =0
P(taxty ) = ¢((1,11,9,5)(2,12)(3,7)(4,8,6,10)) = 0
P(tartiy) = ((1,5,9,3)(2,6,10,12)(4,8)(7,11)) = 0
Row 3:

P(tsxty ) = ¢((1,11,3,5)(2,12,6,8)(4,10)(7,9)) = 13

(tsrty ") = ¢((3,5)(4,12)(7,9)(8,10)) = 0
d(tawtst) = ¢((1,9,7)(2,8,10)(3,5,11)) = 0



P(tswtyt) = ¢((1,2,11,6)(3,4,9,10,5,12,7,8)) = 0
o(tsxts ) = ¢((1,8,11,12,7,10,3,6)(2,5,4,9)) = 0
P(tawts ') = ¢((1,11,9,3)(2,12,8,4)(5, )(6 10)) =
o(tsrt') = ¢((1,3,11,5,7)(2,4,10,6,8)) =
o(tswts') = ¢((1,3,9)(2,4,6)(8,12,10)) = 0
P(tsrty ) = ¢((1,5)(2,6,10,4)(3,9,11,7)(8,12)) = 0
d(tsatig) = ((1,3,7,11)(2,4)(5,9)(6,10,12,8)) = 0
Row 4:

P(taxtyh) = ((1,8,11,2,7,6,5,12,3,4)(9,10)) = 0
P(taxtyh) = 6((1,6,5,2,7,4,3,8)(9,12,11,10)) = 0
P(taxts') = ((1,6,5,8,9,4,11,10)(2,7,12,3)) = 0
d(taxty ) = #((2,10,8)(3,5,11)(4,12,6)) = 0
Staxts ') = ple) =1

P(tarts ') = ((1,10,5,12,9,2,3,6)(4,7,8,11)) = 0
p(taxtz ") = 6((1,8,3,6,11,2,9,10)(4,7,12,5)) = 0
d(taxts') = $((1,2)(3,8)(4,5)(6,9)(7,10)(11,12))
P(tarty ) = ((1,10,3,4)(2,11,12,7,8,5,6,9)) = 0
d(taxtyy) = ¢((1,10,11,6,7,8,3,12)(2,5,4,9)) = 0
Row 5:

oty ) = 6((1,8,7,6)(2,9,10,11,4,3,12,5)) = 0
p(tsaty ) = 6((1,6,3,2,9,12,5,10)(4,11,8,7)) = 0
P(tswtz) = ((1,6,11,2)(3,8,7,12,5,10,9,4)) = 0
o(tsxty ) = 6((2,8,10)(3,11,5)(4,6,12)) = 0
d(tswts ) = ¢((2,10,8)(3,5,11)(4,12,6)) = 0
P(tswts ') = ((1,10,11,6,7,8,3,12)(2,5,4,9)) = 0
o(tsetz ) = ¢((1,8,9,10,3,4,5,2)(6,7,12,11)) = 15
P(tswtg) = ((1,2,7,10,3,4,11,8)(5,12,9,6)) = 0
P(tsrty ) = ((1,10,5,12,9,2,3,6)(4,7,8,11)) = 0
o(tswty) = #((1,10,3,4)(2,11,12,7,8,5,6,9)) = 0

=0
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= ¢((1,3,9 5)(2 12,10,6)(4, )(7 11) )

= 6((1,11,7,3)(2,4)(5,9)(6,8, 12, 10))

=0
0

¢ 1,7,5, 3)(2 10,8,12)(4,6)(9,11)) =0

,11)(2,4)(3,7)(6,12)) =0
,6)(3,7,11)(4,10,12)) = 0
)(3,7)(4,10)(6,8)) =0
,2,5,4,3,10,9,8)(6,11,12,7)) =
1,8)(2,3)(4,11)(5,6)(7,12)(9,10)) = 0
1,11,7,9,5)(2,6,12,8,10)) = 0

)

=4 1,3)( 8)(4 12,10,6)(5,9,7,11)) = 0

1,5,9,3,11)(2,4,12,8,10)) = 0

= ¢((1,3,5,7)(2,12,8,10)(4,6)(9,11)) = 0

AA/_\A,_\/_\/_\

1,9)(2,8,12,4)(3,7,11,5)(6, 10))
1,9,3,7)(2,6,12,8)(4,10)(5,11)) =
2,6,4,10,12)(3,7,9,11,5)) = 0
1,8,11,4,3,10,7,2)(5,6,9,12)) = 0
1,10,7,8,5,12,3,2)(4,11,6,9)) = 0
1,5,9,7,11)(2,10,8,12,6)) = 0
2,8,4)(3,9,7)(6,10,12)) = 0



P(tsrtg) = 4((1,7,3)(4,12,8)(5,11,9)) = 1
o(tswty ') = #((1,3,11,9)(2,10,8,6)(4,12)(5,7)) =
o(tsrty) = ¢((1,11,7,3,5)(2,10,8,4,6)) = 0

Row 9:

P(toxtyh) = ¢((1,3,11,9)(2,10,8,6)(4,12)(5,7)) = 0
P(torty ') = ¢((1,11,9,3)(2,12,8,4)(5,7)(6,10)) = 0
P(toxts ) = ¢((1,3,9,11)(2,4,8,12)(5,7)(6,10)) = 0
P(toxt; ) = #((1,6,3,2,9,12,5,10)(4,11,8,7)) = 0
o(torts ') = #((1,12,3,8,7,6,11,10)(2,9,4,5)) = 0
d(towts ') = ¢((1,9,7)(3,11,5)(4,12,6)) = 0
P(torts ') = ¢((1,5,9,7,11)(2,10,8,12,6)) =
o(towts ') = ¢((1,11,7,9,5)(2,6,12,8,10)) =
d(torty ') = ¢((1,7,9)(3,5,11)(4,6,12)) = 0
Mozt ) = ple) = 1

Row 10

o(trorty ") = ¢((1,5,9,3,7)(2,10,8,6,4)) = 0
d(tozty ') = ¢((1,5,9,11)(2,12)(3,7)(4,10,6,8)) = 0
o(trorts ') = ¢((1,5)(2,4,10,6)(3,7,11,9)(8,12)) = 0
d(trort; ") = ¢((1,4,3,10)(2,9,6,5,8,7,12,11)) = 0
o(torts ') = ¢((1,6,3,2,9,12,5,10)(4,11,8,7)) = 0
d(tionty ') = ple) =1

d(trorts ) = ¢((1,11,3,9,5)(2,10,8,12,4)) =
o(tiorty ') = ¢((1,9,11,3)(2,6,8,10)(4, 12)(5, )) 0
d(trorty ) = ¢((1,9,7)(3,11,5)(4,12,6)) =0
P(tozty) = ¢((1,7,9)(3,5,11)(4,6,12)) = 0.
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Each ¢ of H corresponded with a conjugacy class of either H or G. If the element is in a
conjugacy class from H (seen in table 5.4) we write the value of ¢ for that class. Since
our matrix was produced in cyclotomic field 8, we needed to produce an order 8 element

in 17. In this case, 8 was chosen as the element of order 8 but other elements of 17 could
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have been chosen such as 2 which would have produced a different representation. To
complete this process, the matrices for yy and zz should also be verified by repeating
the process above but we will proceed without verifying each specific matrix but will

instead prove a faithful representation exists.

To verify the faithful representation recall |PGL2(9)| = 720 and PG L2(9) was
generated by < x,y, z|z3, 9%, 22, ... >. Since |A(z)| = 3, |A(y)| = 5 and,|A(z)| = 2 with
|A(z) - A(y) - A(2)| = 10, the order of our index, we know that (A(x), A(y), A(z)) is a
faithful representation of PGLy(9). We proceed and produce a permutation represen-

tation.

5.2.4 Constructing the Permutation Representation

We worked in Z17 on matrices of degree 10x10 which implies we are producing
a 1710 . PGL,(9) progenitor permutation representation based on the monomial
representation PGL2(9) = (A(x), A(y), A(z)). We consider the matrix entries for a; ; for
A(x), A(y), and A(z). We know there are 10 t’s, one for each column of our matrix and
because we have a semi-direct product in our progenitor that the elements of PG Ly(9)
act as automorphisms of < 1 > % <itg > *x <it3 > * <ty > * < t5 > *
<tg > ok <ty >k < tg > % < tg > % < tig >. We want to represent x, y, and z as

permutations. To do so we observe:

a;; = 1 if the automorphism takes t; — ¢;

a; ; = n if the automorphism takes t; — t;?

that 17*19 is a free product of ten cyclic groups of order 17. More specifically, we will
construct a table with ten t’s of order 17 labeled from 1...160 found in table 5.5. Viewing
the first entry of A(x) a12 = 13 this implies ¢t; — ¢33 and so on for each power of t;
until we reach the identity. The top number of the chart labels each element, the mid-
dle of the chart shows what the automorphism produces and the bottom number shows
what that produced element is numbered on the top of the chart. The same process is

conducted for generators y and z but tables 5.6 and 5.7 will only show part of the process.



Table 5.5: Automorphisms of A(xx)
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1 2 3 4 5 6 7 8 9 10 11 12 13 14
ty to t3 ty ts tg¢ tr ts to tio t7 t5 13 1]
e e e
13 6 3 oty B oty ] st te  ty  tiP 1)t
122 153 121 5 147 9 74 & 10 6 72 143 81 15
15 16 17 18 19 20 21 22 23 24 25 26 27 28
e tg 7§t tf 5 i 4 g 5 #
N e O S A
S R G S T R B S R A B
127 19 154 18 20 16 42 133 41 25 107 29 64 28
29 30 31 32 33 34 35 36 37 38 39 40 41 42
ts th ti oty oty tp t5 tg tr oty ty tip ] 83
e e
the 8 to 3 ot t5 t5 tg tP oty ty tg 't
30 26 2 123 1 35 87 39 144 38 40 36 132 113
43 44 45 46 47 48 49 50 51 52 53 54 55 56
B3ty 3 gty gty ty 5 4§t 5 tg
N e e
DR I N BB N S U o U B B
131 45 67 49 54 48 50 46 92 103 91 55 47 59
57 58 59 60 61 62 63 64 65 66 67 68 69 70
T S A S S
e
eyt g % t§ t§ ¥ f tf 8ttt tly
134 58 60 56 52 93 51 65 27 69 44 68 70 66
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7172 73 74 75 76 77 78 79 80 81 8 83 84
oot Bt fp & f e & & fp f
N 2 T e e T O S
G L O A T O . e
12 83 11 75 7 79 124 78 8 76 142 73 141 85
85 86 87 8 89 90 91 92 93 94 95 96 97 98
AN A R L L L U L R
R S e T S N
C R S R S S o S
157 89 34 8 90 8 102 63 101 95 137 99 114 98
99 100 101 102 103 104 105 106 107 108 109 110 111 112
L S L L L
N e S T S N
Ho g 5 t5 #f t5 6ttty fp f fy 8
100 96 62 53 61 105 117 109 24 108 110 106 22 43
113 114 115 116 117 118 119 120 121 122 123 124 125 126
FOE o e oo
N T S S T S e T
T S U S A G R S A W G R B
21 115 97 119 104 118 120 116 152 33 151 125 77 129
127 128 129 130 131 132 133 134 135 136 137 138 139 140
C A IS S S S S S
S S S L T T S A S
LA S R S S N S SO W WL S VRS
14 128 130 126 112 23 111 135 57 139 94 138 140 136
141 142 143 144 145 146 147 148 149 150 151 152 153 154
R I G R N LT L R S L
R T N T
I R N S R G M . MR W
72 13 71 145 37 149 4 148 150 146 32 3 31 155
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155 156 157 158 159 160
T A
ool ool
A T
17 159 84 158 160 156

Table 5.6: Partial Y Table for G = PGLy(9)

1 2 3 158 159 160
T T L SR
N N N N

By £ i e
3 74 122 160 75 157

Table 5.7: Partial Z Table for G = PG L2 (9)

1 2 3 158 159 160
t1 oty t3 e o o ti0 #3048
N 2 S N O
5 > 4 o g 8
72 141 154 155 16 77

Using table 5.5, we can construct permutations using our labels for each au-
tomorphism. Consider element #1, t; from the table. This produces the permutation
(1,122,33) if we follow each element and its corresponding automorphism number la-
beling we produced. Repeating the process for x, y, and z, we produce the following

permutations:

X=(1,122,33)(2,153,31)(3,121,152)(4,5,147)(6,9,10)(7,74,75)(11,82,73)(12,143,71)
(13,81,142)(14,15,127)(16,19,20)(17,154,155)(21,42,113)(22,133,111)(23,41,132)
(24,25,107)(26,29,30)(27,64,65) (32,123,151)(34,35,87)(36,39,40)(37,144,145)
(43,131,112)(44,45,67)(46,49,50)(47,54,55)(51,92,63)(52,103,61)(53,91,102)
(56,59,60)(57,134,135)(62,93,101)(66,69,70)(72,83,141)(76,79,80)(77,124,125)
(84,85,157)(86,89,90)(94,95,137)(96,99,100)(97,114,115)(104,105,117)(106,109,110)
(116,119,120)(126,129,130)(136,139,140)(146,149,150)(156,159,160)
Y=(1,3,122,14,6)(2,74,36,31,33)(4,86,81,83,142)(5,88,90,87,19)(7,39,15,8,10)
(9,85,128,130,127)(11,13,82,34,16)(12,154,76,71,73)(17,79,35,18,20)(21,23,42,54,26)
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(22,64,116,111,113)(24,96,91,93,102)(25,98,100,97,59)(27,119,55,28,30)(29,95,48,50,47)
(32,144,156,151,153)(37,159,75,38,40) (41,43,132,94,46) (44,106,101,103,62)
(45,108,110,107,99)(49,105,138,140,137)(51,53,92,114,56)(52,134,66,61,63)
(57,69,115,58,60)(65,118,120,117,139)(67,109,135,68,70)(72,124,146,141,143)
(77,149,155,78,80)(89,125,148,150,147)(104,136,131,133,112)(84,126,121,123,152)
(129,145,158,160,157)

7=(1,72)(2,141)(3,154)(4,153)(5,8)(6,79)(7,20)(9,146)(10,87) (11,152)(12,121)(13,144)
(14,143)(15,18)(19,126)(21,62)(22,101)(23,134)(24,133)(25,28)(26,69)(27,60) (29,106)
(30,97)(31,142)(32,81)(33,124)(34,123)(35,38)(36,149) (37,80)(39,86) (17,40)(16,159)

(41,52)(42,61)(43,114)(44,113)(45,48)(46,59) (47,100)(49,66) (50,107) (51,132) (53,104)
(54,103)(55,58)(56,139)(57,120)(63,94) (64,93)(65,68)(70,117)(71,122)(73,84)(74,83)
( (
( )
( )

~—  —

75,78)(76,129)(77,160)(82,151)(85,88)(89,156)(90,127)(91,112)(92,131)(95,98)(96,119)
99,136)(102,111)(105,108)(109,116)(110,137)(115,118)(125,128)(130,147)(135,138)
67,140)(145,148)(150,157)(155,158)

and we have completed the process of creating a permutation representation from our

matrices.

5.2.5 Creating a Presentation of the Progenitor

To construct a presentation for the progenitor we must choose a t to normalize
from our ten choices< t1 > * <ty > % <tg > % <ty > % <ty >*x < tg>* <ty > *
<tg >k < tg > * < tyg > . Let t ~ t; and we must find permutations in PG L2 (9)
which normalize < t; >, or fix the following set:
{t1, 12,863,715, 45, 47, 45,49, 410 #1112 #1314 415 316 #17T1 " This is a defining character-
istic of a monomial progenitors. Monomial progenitors fix a set of t’s while permutation
progenitors fix only one specific t;. We discover the normalizer of < ¢; > in PGL3(9) is

generated by 4 elements which we will label A, B, C, and D:

A = (1, 81, 121, 141, 151, 71, 31, 11)(2, 19, 8, 83, 130, 4, 7, 5)(3, 90, 14, 17,
15, 12, 39, 18)(6, 16, 36, 76, 156, 146, 126, 86)(9, 88, 123, 150, 84, 87, 85, 82)(10, 34, 37,
35, 32, 79, 38, 13)(20, 74, 77, 75, 72, 159,78, 33)(21, 91, 41, 101, 131, 61, 111, 51)(22,
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59, 28, 93, 50, 24, 27, 25)(23, 100, 54, 57, 55, 52, 119, 58)(26, 56, 116, 66, 136, 106,
46, 96)(29, 98, 43, 110, 94, 97, 95, 92)(30, 114, 117, 115, 112, 69, 118, 53)(40, 154, 157,
155, 152, 149, 158, 73)(42, 99, 48, 103, 140, 44, 47, 45)(49, 108, 133, 70, 104, 107, 105,
102)(60, 64, 67, 65, 62, 139, 68, 113)(63, 120, 134, 137, 135, 132, 109, 138)(80, 144, 147,
145, 142, 129,148, 153)(89, 128, 143, 160, 124, 127, 125, 122),

B = (2, 40, 156)(3, 127, 84)(4, 13, 87)(5, 89, 148)(6, 152, 130)(7, 14, 33)(8,
75, 39)(9, 128, 15)(10, 36, 122)(12, 80, 146)(16, 142, 90)(17, 34, 73)(18, 155, 79)(19, 88,
35)(20, 76, 82)(22, 120, 136)(23, 47, 94)(24, 53, 97)(25, 99, 108)(26, 132, 50)(27, 54,
113)(28, 65, 119)(29, 48, 55)(30, 116, 42)(32, 160, 126)(37, 74, 153)(38, 145, 159)(43,
137, 104)(44, 93, 107)(45, 109, 68)(46, 112, 140)(49, 138, 95)(52, 70, 106)(56, 102,
100)(57, 114, 63)(58, 135, 69)(59, 98, 115)(60, 66, 92)(62, 110, 96)(64, 133, 117)(67,
134, 103)(72, 150, 86)(77, 154, 143)(78, 125, 149)(83, 147, 124)(85, 129, 158)(105, 139,
118)(123, 157, 144),

C = (2, 74, 15)(3, 159, 130)(4, 125, 142)(5, 82, 34)(6, 127, 38)(7, 158, 36)(8,
126, 157)(9, 40, 153)(10, 33, 129)(12, 154, 35)(13, 149, 90)(14, 85, 122)(16, 87, 78)(17,
148, 76)(18, 86, 147)(19, 80, 143)(20, 73, 89)(22, 64, 55)(23, 139, 50)(24, 45, 102)(25, 92,
114)(26, 47, 118)(27, 138, 116)(28, 46, 137)(29, 120, 133)(30, 113, 49)(32, 144, 75)(37,
128,156)(39, 160, 123)(42, 54, 95)(43, 119, 140)(44, 135, 62)(48, 136, 117)(52, 134,
115)(53, 109, 100)(56, 97, 68)(57, 108, 66)(58, 96, 107)(59, 70, 103)(60, 63, 99)(65, 112,
104)(67, 98, 106)(69, 110, 93)(72, 124, 155)(77, 88, 146)(79, 150, 83)(84, 145, 152)(94,
105, 132), and

D = (1, 121, 151, 31)(2, 123, 6, 129)(3, 36, 9, 32)(4, 17, 88, 155)(5, 154,
147,78)(7, 128, 75, 84)(8, 145, 14, 37)(10, 40, 160, 130)(11, 81, 141, 71)(12, 83, 16,
89)(13, 76, 19, 72)(15, 144, 127, 158)(18, 125, 34, 77)(20, 80, 150, 90)(21, 41, 131,
111)(22, 43, 26, 49)(23, 116, 29, 112)(24, 57, 98, 135)(25, 134, 107, 68)(27, 48, 65,

94)(28, 105, 54, 117)(30, 120, 140, 50)(33, 156, 39, 152)(35, 124, 87, 148)(38, 85, 74,
157)(42, 133, 46, 139)(44, 97, 108, 115)(45, 114, 67, 58)(47, 138, 55, 104)(51, 91, 101,
61)(52, 93, 56, 99)(53, 66, 59, 62)(60, 70, 110, 100)(63, 106, 69, 102)(64, 137, 118,

(
)
(
)
)

95)(73, 146, 79, 142)(82, 143, 86, 149)(92, 103, 96, 109)(113, 136, 119, 132)(122, 153,
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126, 159)

For a presentation we must convert these permutations into words which we

find to be:

A = zy o taya,
B =y’
C=a"12y 'z and
D = zzay lzy?

In the permutations of A, B, C, and D, we find that A sends 1 — 81 or t; — t{ and D

sends 1 — to 121 or t; — 13 Which implies the following respectively:
A — oy eyry=9 = g

D — 7=y~ 18 = Iq

which is the monomial part of the progenitor.

The other two words for B and C fix ¢; and will commute with t as follows

B — (t,y2x 1)
C — (t,z7lzy~12)

and adding these to our presentation for PG Ly(9) we obtain conclude the process and
obtain the monomial progenitor:
17410 . PGLy(9) = < m,y, 2, |23, 95, 22 1y v zwy Lo sz vy (2t xy H)4,

(1'71, yfl)2’txyflelzy:r:tf97txzxy’1zy2t713’(t’ nyfl), (t, x’lzy’lz) > .

5.3 Constructing the Monomial Progenitor 13*? :,, (22 x 3) :
2

We will construct a monomial presentation of 13*2 :,, (22 x 3) : 2 by first giving

a presentation of (22 x 3) : 2. That presentation is:

< $7y72’$47y27‘237 (xil * y)27 ($7z)7y * Zil *y *Z >;'
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To achieve a monomial presentation we must induce a linear character from a subgroup
H of G. To insure we get an irreducible character we must choose a subgroup with index
matching the degree of an irreducible character of G. We consider the character table
of G = (22 x 3) : 2 and obtain tables 5.8 and 5.9 because we hope to induce the linear
character CG[14] using CH[6]. We note the following as our reasoning of pursuing a

linear character: [G: H] = [((22x 3):2:12] =2

Table 5.8: x.14 of G

¢ Class | Size Class Representative
2 C1 1 Id(G)
2 Cy | T (1,72 8)(3 94, 10)(5, 11)(6, 12)
0 Cs 2 (1, 7)(3,9)(5, 11)
0 Cy 2 | (1, 10)(2, 5)(3, 12)(4, 7)(6, 9)(8, 11)
—2-2xJ | C5 | 1 | (1,5,9)(2,6,10)(3, 7, 11)(4, 8, 12)
2% J Coe | 1 | (1,9, 5)(2 10, 6)(3, 11, 7)(4, 12, 8)
0 Cr 2 (1,4, 7,10)(2, 5, 8, 11)(3, 6, 9, 12)
2% J Cs 1 | (1,3,5,7,9 11)(2, 4, 6, 8, 10, 12)
2+2«J | Cy | 1 | (1,11,9,7,5,3)(2, 12, 10, 8, 6, 4)
0 Cho 2 (1,11, 9,7, 5, 3)(2, 6, 10)(4, 8, 12)
0 Cu | 2 | (1,3,5, 7,09, 11)(2, 10, 6)(4 12, 8)
0 Ci2 2 (1, 2,9, 10, 5, 6)(3, 4, 11, 12, 7, 8)
0 Cis 2 (1, 6, 5, 10,9, 2)(3, 8, 7, 12, 11, 4)
0 Cly 2 (1,8, 3,10, 5,12, 7,2,9, 4, 11, 6)
0 Cis 2 (1,12, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2)

Where J is the 3rd root of unity



Table 5.9: x g of H

o¢ Class | Size Class Representative
1 Dy 1 Id(G)
-1 Dy 1 | (1, 7)(2, 8)(3,9)(4, 10)(5, 11)(6, 12)
J Ds 1 (1,9, 5)(2, 10, 6)(3, 11, 7)(4, 12, 8)
-J-1 Dy 1 (1, 5,9)(2, 6, 10)(3, 7, 11)(4, 8, 12)
-1 Dy 1 (1,4, 7,10)(2, 5, 8, 11)(3, 6, 9, 12)
1 Dg 1 (1, 10, 7, 4)(2, 11, 8, 5)(3, 12, 9, 6)
14+J Dy 2 (1,11,9, 7,5, 3)(2, 12, 10, 8, 6, 4)
—J Dg 1 (1,3,5,7,9,11)(2, 4, 6, 8, 10, 12)
VA Dy 1 (1,12, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2)
Z1#5 Dy 2 (1,8, 3,10, 5,12, 7, 2,9, 4, 11, 6)
-7y D1y 2 (1,6,11,4,9,2, 7,12, 5, 10, 3, 8)
—Z1#5 | Do 2 (1,2,3,4,5,6,7,8,9, 10, 11, 12)

Where J is the 3rd root of unity,
I is the 4th root of unity and Z; is Cyclotomic Field 12.
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Using the tables above we verify the induction similar to the earlier exam-

ple. We will verify the induction x g of 12 to x.14 of (2% x 3)

: 2 by considering the

irreducible characters ¢ (of H) and ¢© (of G). G = (22 x 3) : 2 is generated by xx,
yy, and zz where xx = (1,4,7,10)(2,5,8,11)(3,6,9,12), yy = (1,7)(3,9)(5,11), and zz
= (1,5,9)(2,6,10)(3,7,11)(4,8,12). Using our definition of induction we reproduce ¢

using ¢ (of H).

oG = e 2wennc, $(w), where n =

¢? = % ZweHﬂCﬁ ¢(w)

which implies ¢f = 2(¢(1))

¢2G = % ZwEHﬁCQ (;5(10)

Gl _ 24 _ o

2 =

2(1) = 2.



¢5 =3 Lwennc, 9((1,7)(2,8)(3,9)(4,10)(5,11)(6,12))

which implies ¢5 = 2(¢(—1)) = 2(-1) = —2.

65 = 3 Lwennc, 2(w)

0§ = 3 Cuennc, (1, 7)(3,9)(5,11))

which implies ¢5 = 2((¢(0) = 3(0) = 0.

6F =3 Luennc, 9(w)

¢§ = 3 Lwennc, 9((1,10)(2,5)(3,12)(4,7)(6,9)(8, 11))

which implies ¢§ = 2((4(0) = 2(0) = 0.

65 = T Luennc, 9(w)

¢§ = 3 Lwenncs 9((1,5,9)(2,6,10)(3,7,11)(4,8,12))

which implies ¢5 = 2(¢p(—J — 1)) = 2(—J — 1) = =2 — 2% J.

65 = T Lwennc, 9(w)

¢ = T Lwennc, 9((1,9,5)(2,10,6)(3,11,7)(4,12,8))

which implies ¢S = 2(4((1,9,5)(2,10,6)(3,11,7)(4,12,8))) = 2(J) = 2% J.
7 =3 Luennc; 9(w)

¢S = %Zwem& #((1,4,7,10)(2,5,8,11)(3,6,9,12))

125
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which implies ¢% = 2(4(0)) = 2(0) = 0.
<758G = % ZwEHﬂCS o(w)
O§ =22 wenncs ((1,3,5,7,9,11)(2,4,6,8,10,12))
which implies ¢S = 2(¢(—J) = 2(—J) = —2x J
¢g = % ZweHmcg P(w)
0§ =22 wennc, @((1,11,9,7,5,3)(2,12,10,8,6,4))
which implies ¢5 = 2¢(1+ J)or2(1+J) =2+ 2% J
<Z51Go = % Zweanw P(w)
0% = 3 Dwernon, ¢((1,11,9,7,5,3)(2,6,10)(4, 8, 12))
which implies ¢ = 2(¢(0)) = 2(0) = 0.
¢?1 = %ZweHmCH P(w)
¢%1 = 3 D wernon ((1,3,5,7,9,11)(2,10,6)(4,12,8))
which implies ¢} = 2(¢(0)) = 2(0) = 0.
¢1G2 = % ZwGHﬂC12 P(w)

B =3 Dwenncy, 9((1,3,5,7,9,11)(2,10,6)(4,12,8))

which implies ¢ = 2(¢(0)) = 2(0) = 0.
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¢1G3 = % > weHNCy P(W)
5 =3 wenney, ¢((1,6,5,10,9,2)(3,8,7,12,11,4))
which implies ¢ = 2(¢(0)) = 2(0) = 0.
¢4 = 5 Dwerncn, O(W)
G =23 wenncy, ((1,8,3,10,5,12,7,2,9,4,11,6))
which implies ¢} = 2(2¢(Z1#5 — Z1#5)) = 2(2)(0) = 0.
¢1G5 = % ZweHnCm P(w)
O =32 wenne,, ¢((1,12,11,10,9,8,7,6,5,4,3,2))
which implies ¢ = 2(2¢(Z1 — Z1) = 2(2)(0) = 0.
s0 ¢ 19=12,-2,0,0,—-2—2%J,2%J,0,-2%J,2+2%J,0,0,0,0,0,0 and we have verified

that y.¢ of C12 induces x.14 of (22 x 3) : 2. With induction taking place we now verify

the monomial representation has the following generators:

50 0 1 9 0
A(zz) = , Alyy) = , and A(yy) = , and
0 8 10 09

Since we have a linear character ¢ of the subgroup H of index n in G we let
G = Hty U Hty where the t; and to are transversals of G acting on H. That is G
= He U H(1,7)(3,9)(5,11)). Using the same process as earlier in this chapter we will
verify the 4 elements of all three matrices using the following calculation t; = e, and

to = (1,7)(3,9)(5,11).
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Alxx]: Row 1

d(tatyh) = 6((1,4,7,10)(2,5,8,11)(3,6,9,12)) = 5
Bltraty) = 6((1,4)(2, 11)(3,6)(5,8)(7, 10)(9,12)) = 0
Row 2:

lt2xty") = 6((1,10)(2,5)(3,12)(4, 7)(6,9)(8,11)) = 0
d(taxtyh) = &((1,10,7,4)(2,11,8,5)(3,12,9,6)) = 8

Alyy]: Row 1

L7)(
d(tiyty") = ple) = 1
Row 2:

Sltayty") = dle) = 1

ltayty ") = #((1,7)(3,9)(5,11)) = 0

Alzz]: Row 1

p(tizt7) = ¢((1,5,9)(2,6,10)(3,7,11)(4,8,12)) = 9
P(tizty) = ¢((1,5,9)(2,6,10)(3,7,11)(4,8,12)) = 0
Row 2:

P(tazty) = ¢((1,5,9)(2,6,10)(3,7,11)(4,8,12)) = 0
P(tazty') = ¢((1,5,9)(2,6,10)(3,7,11)(4,8,12)) = 9

The reader should note that in the Character Table, I refers to an element of order 4 in
cyclotomic field 12. This means we are working in the field 13 and two elements of order
four are 5 and 8. They are also inverses of each other which is why one I is positive and
one I is negative. Similarly 3 is of order 3 in 13 and the element -J - 1 represents J? or

32 which is 9.

We will construct automorphism tables for xx, yy and zz and then calculate
the permutation representation. Each t has order 13 so we will have 12 copies of ¢; and
to. Using table 5.10, we can construct permutations using our labels for each automor-

phism just as in our previous example. We obtain permutations:
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xx = (1,9,23,15)(2, 16,24, 10)(3, 19, 21,5)(4, 6, 22, 20) (7,13, 17, 11)(8, 12, 18, 14),
y =(1,2)(3,4)(5,6)(7,8)(9,10)(11, 12)(13, 14)(15, 16) (17, 18)(19, 20)(21, 22)(23, 24),
and zz = (1,17,5)(2,18,6)(3,9,11)(4,10,12)(7, 19, 23)(8, 20, 24)(13, 21, 15)(14, 22, 16).

Which will be our permutation representation for our progenitor.

Table 5.10: Automorphisms of A(xx)

1 2 3 4 5 6 7 8 9 10 11 12 13 14
th te tT t5 t5 t3 ot t3 t) t3 8 S + ]
L T e T S TR
G A B L B
9 16 19 6 3 22 13 12 23 2 7 18 17 8

15 16 17 18 19 20 21 22 23 24
8 oy 4" g gt G 6t ot
T R e R
TR G B B W B
1 24 11 14 21 4 5 20 15 10

Table 5.11: Partial Y Table for G = (22 x 3) : 2

1 2 3 .. .. .. 22 23 24
t1 ot B .. . Yt 32
N T
ty t1 t3 .. . ..t #2042
2 1 4 .. .. .. 21 24 23

Table 5.12: Partial Z Table G = (22 x 3) : 2

1 2 3 ... .. .. 22 23 24
ty te t5 . o . b 2 R
N T
B 8 Lt ]t
7 18 9 .. .. .. 16 7 8

Once again we create a presentation for the progenitor from our two choices
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for t. < t; > % < ty > Let t ~ t; and we must find permutations in (22 x 3) : 2
that stabilize {t1,t2, 3, ¢, 13,9, ¢7, 5,47, 10, #11 #12 #131 We discover the normalizer of
< t;1 > in (22 x 3) : 2 is generated by 2 elements which we will label A and B:

A = (1,15,23,9)(2, 10, 24, 16)(3, 5,21, 19)(4, 20, 22, 6)(7, 11, 17, 13)(8, 14, 18, 12)

B = (1,5,17)(2,6,18)(3,11,9)(4, 12, 10)(7, 23, 19)(8, 24, 20)(13, 15, 21)(14, 16, 22)

For a presentation we must convert these permutations into words which we

find to be:

A=zt

B =21

In the permutations of A, we find that A sends 1 — 15 or t; — t}? and B sends 1 — 5

or t; — t3 Which implies the following respectively:

A 12 = 1q
Bt 't3=1d

which is the monomial part of the progenitor and adding these to our presentation for

(22 x 3) : 2 we conclude the process and obtain the monomial progenitor:

1325, (22 x3): 2 = < t,m,y, 2[t'3, 2%, 42, 23, (a7 x y)2, (2, 2),y x 27y x 2,

12 Ty s

5.4 Faithful Representations of Monomial Presentations

A faithful representation may not always be possible to construct. Consider
the example from chapter 2, Zo ! Dy. We constructed this wreath product by hand and
it had the following generators:(1,5), (2,6),(3,7),(4,8),(1,2,3,4)(5,6,7,8), (1,3)(5,7).
We can view the Character table of this group G, and investigate the subgroups H which
induce a linear character on G. Using the following code we can produce a list of all
inductions that take place among G and H. The user of this code should know, z should

be chosen based on the Chi table of G. In this example the first column of the chi table
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of G was 4 for the values 15 through 20. Since G is order 128, H should be chosen so
that % = 4 which implies the order of H = 32 which also should be entered into the
code. So z is in [15..20] while #H eq 32 in the code and should be modified as the user
requires.

Sg:=Subgroups (G) ;

CG:=CharacterTable (G);

for x in [1..#Sg] do

H:=Sg[x] ‘subgroup;

CH:=CharacterTable (H) ;

for y in [1..#CH] do

for z in [15..20] do

if Induction(CH[y],G) eq CG[z] and #H eqg 32

then x,vy,z;
end 1f; end for; end for; end for;

Items on this list are of the form 159 2 17 for instance. This indicates to the user, that
the subgroup H listed as number 159 has x.2 in the character table which induces up
to G for the x.17 of G. This will of course need to be entered and verified using

the following code:

>H:=Sg[159] ‘subgroup;

>CH:=CharacterTable (H) ;

>I:=Induction(CH[2],G);

>I eq CG[17];
true

From here we investigate the character table of H to determine which cyclo-
tomic field we are working in. Since there is no indicator at the bottom of the table,
this implies we are working in CyclotomicField(2) or Zs. Now that we know which field
we are working in, the transversals are used to construct the matrices. Fortunately, we
have code that allows us to construct the matrices using Magma. These matrices are
representations of our elements of G. Since matrices can be multiplied, multiplying, a
matrix by itself until it produces the identity matrix determines the order of the matrix.
If the order of this matrix multiplication matches the order of our permutation from G,
we call this a faithful representation of that element. If this is not the case, we call this
an unfaithful representation and it will no produce the faithful representation of G we

hope for so we terminate the induction we have attempted and persue a new one.
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Using the following code we will verify that the matrix representation of our
generator x of G is faithful. We must also verify the other generators of G this work
can be found in the Appendix.

>T:=Transversal (G, H) ;

>C:=CyclotomicField(2);

>GG:=GL (4,C);

>X:=[[C.1,0,0,0]: i in [1. 4]]

>for i,3 in [1..4] do XI[i,3]: end for;

for i,J in [1..4] do if T[ ]*xx*T[ ]°-1 in H then
X[i,3]:=CH[2]( T[i]l*xx*T[Jj]1"-1); end if; end for;

> Order (GG!X);

2

Since our generator from G = Zo! Dy is of order 2, we consider this faithful. The rest of

our matrices are also faithful to the generators of G, but this of course may not always

be the case. We must also check any products that take place in our presentation to

make sure they produce a faithful representation. Our progenitor for G has the relation

(ex f)? = Id(G). So naturally our matrix multiplication must have the same order and

it does.

From here we can use the matrix function in Magma, if we define how Magma
should label the entries. Since we are working in cyclotomic field 2, we need an element
in Zsz of order 2. Since 22 = 1 mod 3, 2 is the element we seek. So we label the mat

function as follows:

mat := function(n,p,D,k)

for i,3 in [1..k] do if T[i]»xp*T[j] -1 in H then

if CH[n] (T[i]l*p*T[Jj]"-1) eq C.1 then DI[i,j]l:=2; end 1if;
if CH[n](T[1i]l*p*T[3j]"-1) eq C.1"2 then D[i,j]:=1; end if;
if CH[n](T[il*p*T[J]"-1) in {1,-1} then

D[i,J]:=CH[n] (T[i]*xpxT[J]"-1);

end 1f; end if; end for;
return D;
end function;

Now, we take the set of all four by four invertible matrices over the field
Zs, and using matrices, attempt to construct a group isomorphic to our G. Using the
following code for each of generators, we determine suitable generators for our subgroup

of GL(4,3):
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>GG:=GL (4, 3) ;

>X:=[[0,0,0,0]: 1 in [1..4]1];
>mat (2, xx,X,4);
>XX:=GG!mat (2, xx,X,4);

>0Order (GG!XX) ;

> XX; > YY; > 77; > WW; > UU;

[2 0 0 0] [2 0 0 0] [2 0 0 0] [1 0 0 0] [01 0 0]
[01 0 0] [0 2 0 0] [0 2 0 0] [0 2 0 0] [0 0 1 0]
[0 0 2 0] [0 01 0] [0 0 2 0] [0 0 2 0] [0 0 0 1]
[0 0 0 2] [0 0 0 2] [0 0 0 1] [0 0 0 2] [1 0 0 0]
> VV;

[2 0 0 0]

[0 0 0 2]

[0 0 2 0]

[0 2 0 0]

Now that we have our matrices labeled XX, YY , ... , VV, we can create a subgroup of

GL(4,3) using the following command and check if it is isomorphic to our G.

>HH:=sub<GG| XX, YY, Z2Z,WW, UU, VV>;
>#HH;

128

>IsIsomorphic (HH, G);

true

Since this is true, this subgroup of order 32 produced a faithful monomial representation
of G. From here we can proceed to introduce a free product to our N and construct the
progenitor. The following tables list faithful and unfaithful representations for all proper
subgroups of G.



Table 5.13: Faithful Representations for G = Zs! Dy

Order of G | Generators of G Isomorphism of G
S:=Sym(8)
x:=S!(1, 5),
y:=S!(2, 6),
#G =128 | z:=S!(3, 7), G = Zy ! Dy (constructed by hand)
w:=S!(4, 8),
w=S!(1, 2, 3, 4)(5, 6, 7, 8),
v:=S!(1, 3)(5, 7)
Order of H | Generators of H Faithful Representation
X Y Z %
[2000][2000][2000][1000]
S“bgroup? ] [0100][0200][0200][020 0]
E §§4 % 0020 [0010][0020][0020]
#H = 32 z—(1 . (27’ )&37 N4 8). [0002][0002][0001][000 1]
=(3, 7), U Y%
=(1, 5)(3,7) [0100][2000]
[0010][0002]
[0001][0020]
[1000][0200]
X Y Z %
[1000][0100][L000][0-100]
S?fggogp[lﬁ?’] [0100][1000/[0100][-1000]
;;:21’337(5 . 0002 [0010][0003][0010]
#H = 32 z:=(1: 5)(3: 7)” [0030][0001][0020][0001]
wi=(1, 3, 5, 7)(2, 4, 6, 8), U v
w=(1, 5)(2,6)(3, 7)(4,8) | [0010][-1000]
[0003][0-100]
CH[11] up to CG[16] [0200][000-1]
[ Bl ]

1000/[100-10
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Order of H | Generators of H Faithful Representation
X Y 7 W%
[(1000][0100][-1000][0-100]
iﬂ’g‘“;f“m] [0-100][1000][0-100][-1000]
y:;(173)(57 000-1][00-10][0001][00-10]
#H=32 |7 [00-10][000-1][0010][000-1]
w:=(1, 3)(2, 4)(5, 7)(6, 8), U V4
w=(1, 5)(2,6)(3, 7)(4,8) | [0010][-1000]
[0001][0-100]
CH[2] up to CG[17] [1000][0010]
[0100][000-1]
#H = 64 0 No Faithful Representations Exist

Table 5.14: Induction of Character up to G = Zs! Dy

Subgroup[159]
up to G =

x2=1-11-11-11-1-11-11-11-111-11-1
x17=4-40-2002-220002-2000000

Subgroup[163]

x1l1=1-1-11-111-1-ITT-ITT-I-IT-11T1-I
I is a 4" root of unity

up to G = x16=4-40200-2-22000-22000000
Subgroup[167] | x.2=1-11-11-11-1-11-11-11-111-11-1
up to G = x17=4-40-2002-220002-2000000

5.4.1 Determining Permutation Representation from a Faithful

Representation Using Magma 3** : Zy ! D,
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When writing monomial progenitors it is important to obtain the most efficient

presentation possible.

Unfortunately, the presentation for Zs ! D4 when calculated by

hand has many unnecessary relations that can be eliminated if we use another version of

the wreath product. We know that TransitiveGroup(8,35)

= Z31Dy. Magma also has a

command W:=WreathProduct(CyclicGroup(2),DihedralGroup(4)), which is isomorphic

to both of these previously mentioned groups.

Letting N be the group defined at the

beginning of section 5.3, and W be the WreathProduct constructed through Magma the

presentation comparison leaves little doubt which presentation is more efficient.

> W:=WreathProduct (CyclicGroup (2),DihedralGroup(4));

> FPGroup (W

)
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Finitely presented group on 3 generators

Relations
$.174 = Id(%)
$.2°2 = 1d(S)
$.372 = Id(%)
($.17-1 » $.2)72 = Id(S)
($.1 = $.3 * $.2)72 = Id($)
($.1 = $.3 * $.17-1 * $.3)72 = Id($)
S.17-1 % $.3 » $.17-2 % $.3 » $.172 » $.3 » $.172 x $.3
* $.17°-1 = Id($)
> N:=TransitiveGroup (8, 35);

> FPGroup (N) ;
Finitely presented group on 6 generators

Relations
$.172 = Id(9)
$.27°2 = Id($)
$.372 = Id($)
$.472 Id(S)
$.574 = 1d($)
$.672 = Id(%)
($.1 x $.2)7°2 = Id(S)
($.1 » $.3)72 = Id(S)
($.2 = $.3)72 = Id($9)
($.1 * $.4)°2 = Id(s)
($.2 = $.4)72 = Id($9)
($.3 = $.4)72 = Id(9)
$.1 * $.57-1 % $.4 % $.5 = Id($)
$.2 % $.5°-1 % S$.1 * $.5 = Id($)
$.3 x $.5°-1 % $.2 x $.5 = Id(S)
$.1 x $.6 x $.3 x $.6 = Id($)
($.2 = $.6)72 = Id(S)
($.4  $.6)72 = Id(S)
($.5°-1 » $.6) 72 = Id(S)

Due to the efficiency of the presentation generated by Magma we will produce our pro-

genitor using G = W generated by z = (1,3,5,7)(2,4,6,8), y = (1,7)(2,8)(3,5)(4,6),

and z = (1,2) with presentation < x,y, z|z4, 32, 22, (27 xy)?, (z 7 x 2% y)?, (x* 252!

1 -2 2

*

22 bk zxar 2 zxa? % zx 22 % zx 27! >, This G has a different character table
which we must investigate to produce a faithful monomial representation. The same
process that was conducted earlier in this section was reproduced here, which identified

Xx-2 of H inducing x.19 of G and producing a faithful representation. Once we have this
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faithful representation, we can produce the permutations that will be used.

Using the following code we construct the faithful representation for our new

G (W), and produce our monomial representation.

> S:=Sym(8);

> xx:=S!(1, 3, 5, 7)(2, 4, 6, 8);
> yy:=S! (1, 7)(2, 8)(3, 5) (4, 6);
> zz:=S! (1, 2);

> G:=sub<S|xx,Vyy,z2z>;

> Sg:=Subgroups (G) ;

> CG:=CharacterTable (G) ;

> for x in [1..#Sg] do

for> H:=Sg[x] ‘subgroup;

for> CH:=CharacterTable (H) ;
for> for y in [1..#CH] do
for|for> for z in [15..20] do
for|for|for> if #H eq 32 and Induction(CH[y],G) eq CG[z]
for|for|for|if> then x,vy,z;
for|for|for|if> end 1if;
for|for|for> end for;
for|for> end for;

for> end for;

H:=Sg[159] ‘subgroup;

S:=Sym(8) ;

xh:=8! (1, 5) (2, 6);

yh:=3S! (5, 6) (7, 8);

zh:=8! (7, 8);

wh:=3! (1, 2) (3, 4) (5, 6) (7, 8);
uh:=S! (1, 2) (7, 8);

H:=sub<S|xh, yh, zh, wh, uh>;
CH:=CharacterTable (H) ;
I:=Induction(CH[2],G);
I eq CG[19];
rue
T:=Transversal (G, H) ;
C:=CyclotomicField(2);
GG:=GL (4, 3) ;
X:=[[C.1,0,0,0]: i in [1 ;
for i,j in [1..4] do XI[i 0; end for;
Y:=[[C.1,0,0,0]: 1 in [1..4]11;

for i,j in [1..4] do YI[1i :=0; end for;
Z:=[[C.1,0,0,0]: i in [1

V VV V V VYV VadV VYV YV Vv VYV VYV VYV



> for i,3 in [1..4] do Z[i, J]1:=0; end for;
> for i,j in [1..4] do if T[i]»xx*T[j] -1 in H then
for|if> X[i,j]:=CH[2]( T[i]l*xx*T[j]"-1); end if; end for;
> for i,j in [1..4] do if T[i]*xyy*T[j] -1 in H then
for|if> Y[i,j]:=CH[2]( T[i]l*xyy*T[j]"-1); end if; end for;
> for i,3 in [1..4] do if T[i]*xzz*xT[j] -1 in H then
for|if> Z[i,3]:=CH[2]( T[i]l*xzz*xT[]j]"-1); end if; end for;
> Order (GG!X) ;
4
> Order (GG!'Y) ;
2
> Order (GG!'Z);
2
> GG!X;
[0 1 0 0]
[0 0 1 0]
[0 0 O 1]
[1 0 0 0]
> GG!'Y;
[0 2 0 0]
[2 0 0 0]
[0 0 0 2]
[0 0 2 0]
> GG!7Z;
[2 0 0 0]
[0 1 0 0]
[0 0 2 0]
[0 0 0 2]
> mat := function (n,p,D, k)
function> for i, 3 in [1..k] do if T[i]*p*T[j] -1 in H then
function| for|if> if CH[ 1(T[1 ]*p*T[j]“—l) eq C.1
function|for|if> then D[i, j]:=2; end if;
function|for|if> if CH[n] (T[i]l*pxT[j] "-1) eg C.172
function|for|if> then D[i, j]:=1; end if;
function|for|if> if CH[n] (T[i]*pxT[j]"-1) in {1,-1}
function|for|if> then DI[i, j]:=CH[n] (T[i]*p*\
T[j]1"-1); end if;
function|for|if> end if; end for;
function> return D;
function> end function;
> GG:=GL (4, 3);
> X:=[[0,0,0,01: i in [1..41];
> mat (2,xx,X,4);

[ 0, 1, 0, O 1,

138



[ 0, O, 1, 0 1,

[ 0, O, O, 1 1,

[ 1, 0, 0, 0O ]
> XX:=GG!mat (2, xx,X,4);
> Order (GG!XX) ;
4
> Y:=[[0,0,0,0]: 1 in [1
> mat (2,vy,Y,4);

[ 0, -1, 0, O 1,

[ -1, 0, 0, O 1,

[ 0, 0, 0, -1 1,

[ 0, O, -1, 0 ]
> YY:=GG!mat (2,vyy,Y,4);
> Order (GG!YY) ;
2
> 7:=[[0,0,0,0]: i in [1
> mat (2,zz,%2,4);

[ -1, 0, 0, O 1,

[ 0, 1, 0, O 1,

[ o, 0, -1, 0 1,

[ 0, O, 0, -1 1]

77:=GG'mat (2, zz,7%,4);
Order (GG!7z2272) ;

vV NV V

HH:=sub<GG| XX, YY, Z2Z>;
> #HH;

128

> IsIsomorphic (HH,G);
true
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Now, that we have established a faith representation, we can use Magma, to

determine the permutations that were constructed by hand in the previous two sections

of this chapter. Using the following code produces the following permutations:

perm := function(n, p,

Z:=Integers ();
s:=[1;
for 1 in [1..n] do
s[i]:=1;
end for;
z:=Matrix(C,1,n,s) *mat;

w:=[];

mat)
C<u>:=CyclotomicField(p) ;
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for 1 in [1..n] do
j:=0; done:=0;
repeat
if z[1,i]/u”j in Z then
if z!(z[1,i]1/u”]j) ge 0 then
wlil:=nxJj+Z2!(z[1,1]/u"3);

done:=1;
end i1if; end if;
j:=3+1;
until done eq 1 or j eq p;
end for;

for i in [1..(p-1)] do

for a in [1l..n] do
wlati*xn]:=(Z!w[a]l]+i*n-1) mod (p*n) + 1;
end for; end for;

S:=Sym(n~*p) ;

w:=S!w;

return w;
end function;

> perm(4,2,GG!X);
(1, 4, 3, 2)(5, 8, 7, 6)
> perm(4,2,GG!Y);
(1, 6)(2, 5)(3, 8) (4, 7)
> perm(4,2,GG!Z);
(1, 5)(3, 7) (4, 8)

From this point we proceed by stabilizing one of our t’s. Since we did not construct
the permutation by hand we must calculate how Magma labeled ¢; and t7 if we wish
to stabilize t;. Luckily the function stores them in a rather simple manner. We know
our progenitor will be 3*4 : W since we are working in cyclotomic field 3 with matrices
of rank 4. This indicates we have 4 t’s to choose from of order 3. This is important
since Magma labels ¢; as {1} and will label t% immediately after it labels to, t3, and 4
meaning Magma will label ¢2 as {5}. The function always works in a similar way and
counts tl,tg,.”,tn,t%,tg,.”t%‘labelhng them respectively 1, 2, ..., n, n+1, n+2, ...

n+n. This indicates that any permutation sending 1 to 5, is in our stabilizer of t;. We
notice, the permutation for Z is the one that does this from above and now we can

complete the monomial progenitor.



141

Using the permutations we obtained from the matrices and the stabilizers of 1
and 5 in the following code we produce the words t; commutes with that will produce

our infinite progenitor.

> S:=Sym(8);

> xx:=8!(1, 4, 3, 2)(5, 8, 7, 6);
> yy:=S! (1, 6) (2, 5)(3, 8) (4, 7);
> zz:=S!' (1, 5) (3, 7)((4, 8);

>

N:=sub<S|xx,vyy,zz>;

> NN<x,y,z>:=Group<x,vy,z|x"4,y 2,272, (x"-1xy) "2, (x"=1*zxy) "2,
(xxz*x"=1%2) "2, X" =1*xz2*xx " —2%2xX"2%x2*X " 2xz*xx"—1>;

> Stabilizer (N, {1,5});
Permutation group acting on a set of cardinality 8
Order = 32 = 275

(2, 8)(3, 7) (4, 6)

(3, 7) (4, 8)

(3, 1)

(1, 5)(3, 7) (4, 8)

> Sch:=SchreierSystem (NN, sub<NN|Id (NN)>);
> ArrayP:=[Id(N): i in [1..128]1];

> for 1 in [2..128] do

for> P:=[Id(N): 1 in [1..#Sch[i]]];

for> for j in [1..#Sch[i]] do

for|for> if Eltseqg(Sch[i])[j] eqg 1 then P[]J]:=xx; end if;
for|for> if Eltseqg(Sch[i])[j] eq -1 then P[j]:=xx"-1; end if;
for|for> if Eltseq(Schl[i])[j] eqg 2 then P[]J]:=yy; end if;
for|for> if Eltseqg(Sch[i])[j] eg 3 then P[]j]l:=zz; end if;

for|for> end for;

for> PP:=Id(N);

for> for k in [1..#P] do
for|for> PP:=PPxP[k]; end for;
for> ArrayP[i] :=PP;

for> end for;

> for i in [1..128] do if ArrayP[i] eq N! (2, 4) (6, 8) then
for|if> print Sch[i]; end 1if; end for;

X *x Z * Y *x Z % X % Z *x X % Z

> for i in [1..128] do if ArrayP[i] eq N! (3, 7) (4, 8) then
for|if> print Schli]; end i1f; end for;

X"2 % z * x°=1 % z x x"—=1
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> for i in [1..128] do if ArrayP[i] eq N! (3, 7) then
for|if> print Sch[i]; end if; end for;

X2 x Z x X % Z % X *x Z

> for i in [1..128] do if ArrayP[i] eq N! (1, 5) (3, 7) (4, 8)
for|if> then print Sch[i]; end if; end for;

Since the only entity in the stabilzer that sends 1 to 5 is z itself we have,
t* = t? as one relation and the remaining three words commuting with ¢; as the follow-
ing relations: (t,z*zxy*zxx*zxx%2), (t,x2%2xx " 1 2z+x7 1), and (t, 22 % zxx* 2% 0% 2).

Which produces our final infinite monomial progenitor presentation:

1 2

G < 95,%%15’354:2/272277537 (xil*y)% (3771*2*3/){ (‘T*Z*xi *2)2,1'71*2*1'72*2*%

22rzxxTh (t xxzryr T zrax2), (t, 2242k

* 2k

xzxx L), (t 2k zxzxzranz), 17 =12 >

Finally, to insure that this process was done correctly and the progenitor is
infact 3* : Zy ! Dy where the order of Zy ! Dy is 128, we can use Grindstaff’s Lemma to
check the order of our progenitor calculated as 3% x 128 = 10, 368. This process will be

carried out in the next chapter of this document with other examples as well.

5.5 Character Table Construction

This section will first demonstrate the ability to produce a character table for
the abelian group G 2 3x4 by hand. This process will be conducted using the guidelines
defined in chapter 1 using definitions 1.6 thru 1.65 and theorems 1.85 thru 1.89. We
will then move on to show that we can produce a character table for other groups that

have been investigated in this study.

5.5.1 Constructing a Character Table for 3 x 4

To begin the process we consider the generators of Zg and Zy4, Z3 = < a > and
Z4 = < b >. Now, before we begin the chart we must determine the conjugacy classes

of our table. The following list is that is generated as follows:

<a>x <b>=/{e,a,a? b b* b3 ab,a’b, ab?, a®b?, ab3, a®b>}
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Now, Magma lists elements from the conjugacy class in increasing order fashion. This

study will use the following order and labels for the character table we will construct:

Table 5.15: Conjugacy Classes 3 x 4 with Representative

’ # on Table \ Conjugacy Class \ Permutation ‘

1 e Id(G)

2 b (4,6)(5,7)

3 a (1,2,3)

4 a? (1,3,2)

5 b (4,5,6,7)

6 b (4,7,6,5)

7 a’b? (1,3,2)(4,6)(5,7)
8 ab’ (1,2,3)(4,6)(5,7)
9 ab (1,2,3)(4,5,6,7)
10 a’b (1,3,2)(4,5,6,7)
11 ab® (1,2,3)(4,7,6,5)
12 a’b? (1,3,2)(4,7,6,5)

Now, we will set up the table so it can be filled in. We know the number of

conjugacy classes is equal to the number of irreducible characters and will refer back

to table 5.15 when we make calculations throughout this process.

following empty character table:

We construct the
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Table 5.16: Initial Character Table for 3 x 4
Classes | 1 |2 (3[4 |56 |78 9 |10 11|12
Size 1111|1111 1|1]1]1
Order |12 |3[3|4(|4|6|6|12|12]12] 12

X.1
X.2
X.3
X.4
X.5
X.6
X.7
X.8
X.9
X.10
X.11
X.12

We will begin systematically filling out the chart using our definitions from
chapter 1. The reader should note that a w in the chart refers to a 3" root of unity, an

I refers to a 4*" root of unity, and a K refers to a 12" root of unity.

Now, we begin by examining y_ 1 by substituting w° and I° into each conjugacy

class above. Since, both entries w® = 1, and I® = 1 we have the following result:
x.1 evaluated at w°, 1Y =1,1,1,1,1,1,1,1,1,1,1,1

This indicates our first row is all 1’s. Now, we match our 5.15 table with the
corresponding number on table 5.16. We will evaluate the 2nd row as it is more inter-
0,1

i

esting. We will substitute the relation w"i* into each conjugacy class. Since a is paired

with w, wherever we see “a” in the conjugacy class a = w® = 1. Similarly, wherever we

see a “b” in a conjugacy class we will substitute b = i' = i.

The following calculations will represent this idea C represents column 1.

C1x.2 represents column 1 of x.2:
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Ci=e = (Cix2=e=1
Oy =0> = Coxa=0b"=(i)?=—1
C3=a = C’gx,gza:wozl
Ci=a> = Cyyo=d>= (wo)2 =1
Cs=b = Csxo=b=i=1
Co =b" = Coxo=0"= (i)’ =—I
Cr =’V = Opxz = a’b® = (w')*(i)’ = -1
Cs = ab® = Cgxo=ab® =w’(i)? = -1
Co=ab = Coyo=ab=w"=1
Cio=a’*h = Ciox2 =a’b= (wO)Qi =71
Ci=ab® = Clixas=ab®= wo(i)3 =]
Cha = a’b® = Claxa = d?b® = (w0)2(i)3 =7

Inserting these entries in their appropriate place from top to bottom, left to right in
the table gives us x.1 and x s filled in. Similarly we will repeat this process for all other

entries of the table. Now we consider a = w®, b = 2 for the x 3 entries.

Ci=e = (Cixs=e=1

Oy =0 = Coxsz=0b"=(i*)?*=1
Cs=a = Cyys=a=uw’=1
Cy=a’ = C4x,3:a2:(w0)2:1
Cs=b = Csys3=b=1i>=—1

Cs = ¥ = Cex.a= b = (i2)3 =-1



Cr = a?b?
Cs = ab®
Cog=ab
Cio = a®b
Ci1 = ab®
Cis = a’b®

el

Crxs =a’b? = (w°)*(i*)* = 1
Cgx.s = ab® = wo(i2)2 =1
Coxs3=ab= w%? = —1
Croxs = a’b = (wO)Qi2 =-1
Crixs = ab® = wo(i2)3 =-1

Crax s = a®b® = (w°)?*(i*)* = -1

If we considered a = w?, b = i® we would produce

x4=1,-1,1,1,—-1I1,—1,—1,—1I,—1I,1,]1 respectively.

Next, if we consider a = w?,b =i we obtain x5 as follows:

Ci=e =
Co=b =
C3=a =
Cy=a® =
Cs=b =
Co=b" =
Cr =ad*? —
Cs = ab? =
Cog=ab =
Cio = a’b =
Ci = ab® =
Cia = d®V® =

Cixs=e=1

Coxs=b02=i"=1

Csxs =a=w? = w?

Cixs=a’= (w2)2 =wt=w
Csxs=b=i"=1

Coxs=0= ("2 =1

Crys = a2b? = (w?)2(i%)? = w' = w
Csx.5 = ab® = w?(i%)? = w?

Cox.5 = ab = w?i® = w?

Croxs = a*b = (W%’ =w* = w

Crixs = ab® = w2(i0)3 = w?

CI2X.5 — a2b3 — (w2)2(i0)3 — ,w4 —w

146
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For ¢ we consider a = w?,b = 4. and determine y ¢ as follows

Ci=ce¢
Co = b
C3=ua
Cy = a?
Cs=10
Ce =b°
C7 = ab?
Cs = ab?
Co =ab
Cio = a’b
Cy1 = ab®
Clo = a’b®

e e

ClX.G =e=1
Coxg=b"= (i) = -1

Csxe6=a= w? = w?

Caxe = a* = () =w' =w
Csxg=b=1i=1

Coxe="b"=(i)> = -1

Crxs = % = (W)(0)? = w'(~1) = —w
Csx.6 = ab® = w?(i)* = w?(—1) = —w?
Cyx.6 = ab = w?i = w?i

Crox.6 = a’b = (w?)% = w* = wi

Crixe = ab® = w?(i)? = —w?i

Chaxs = a’b® = (w*)*(i)* = w* = —wi

Now, for the columns that resulted in a combination of w and i. Magma will

label this as Z1 which as indicated at the bottom of the table resides in Z13. So rather

than force the user to calculate which field is being used Magma has made reading the

table more simple. For the remainder of this table construction k = w

2i, and k? = wi,

which implies —k = —w?i and —k? = —wi.

We will demonstrate the process one more time for x.g (since x.7 will only

contain w as a root) as the remainder of the chart is repetitive and then present the

final result of our work by hand. Taking a = w? and b = i® we compute Y g as:



Cs = ab?

Co=ab
Cio = b
Ci1 = ab®

012 = a2b3

e

Cixs=e=1

Coxs=b* = (*)? = -1
Cixgs=a= w? = w?

Cyxsg =a’= (w2)2 —wt=w

Csxg=b= PP =TI

Coxs=0=(?)P =1

Crxs = a’b? = (w?)3(*)? = wl(-1) = —w
Csx.g = ab® = w?(i)? = w?(-1) = —w?
Coxs = ab = w?i® = —w?i = —k
Croxs = a’b = (w2)2i3 =w
Crixs =ab® =w?(P)P =wi=k

Craxs = a?b® = (w?)?(i%)3 = w* = wi = k?
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after completing the rest of the calculations, the following character table is produced

which can be compared to the character table of Z3 x Z4 in Magma, to see they are

copies of one another.

Table 5.17: Final Character Table for 3 x 4

Classes | 1| 2 | 3 4 516 7 8 9 10 11 12
w, i Size |11/ 1 1 1)1 1 1 1 1 1 1

Order | 1|2 | 3 3 [4]4] 6 6 12 12 12 12
w0 | v 1/1]1 1 1|1 1 1 1 1 1 1
w?, 4! X2 1-1] 1 1 I|-I]| -1 -1 I I -1 -1
w?i? | xa3 1/1] 1 1 |-1]-1] 1 1 -1 -1 -1 -1
w3 | x4 1-1] 1 1 |-I]1] -1 -1 -1 -1 I I
w?, 0 X.5 1] 1] w? w 1 W w? w? W w? w
w?it |l xe 1[-1]w?] w [T]1I] -w [ —w?| k k2 k | —k2
w?, 2 X.7 1] 1] w? w |-1]|-1 W w? | —w? | ow | —w? | -w
w?, 43 X.8 11w | w |[-I|T] -w |—w?| -k | —k*| k k2
w!, 0 X.9 11w | w | 1]1] w W w? W w?
wl,i? X.10 1]-1] w w? I|-1]—w?| -w k2 k —k? -k
whi? | xn 1] 1] w /| —w?|-1]-1] w? w w | —w?] -w | —w?
whd | oy 11w w [-I]T]—-w?| -w |-k k k2 k
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5.6 Lifting Character to H =~ 3% : 8

Let G =2 PGLy(9) with subgroup H = 32 : 8. We know a faithful irreducible
monomial representation of G exists from the subgroup H as X_Ig induces up to x%.
Now, we will investigate H and find a suitable normal subgroup, H’, or the derived
group H. Considering the isomorphism type of H, we know the largest abelian subgroup

of H is 3%. So we can determine the generators of H using the following commands:

(

1, 6, 11, 8, 3, 2, 5, ) (4, 7, 10, 9);
1, 11, 3, 5) (2, 12, 6, 8) (4, 10) (7, 9);
1, 3)(2, 6) (5, 11) (8, 12);
2 1
1,

» 6, 10) (4, 8, 12) (5, 11, 9);
7, 3)(2, 6, 10) (5, 9, 11);
<S|x,¥Y,z,w,u>;

Sy
!
!
!
!
!

m C 2 N % x m
||
m m m m m

m
(
(
(
(
(

ub

dH:=DerivedGroup (H) ;

dH;

Permutation group dH acting on a set of cardinality 12
Order = 9 = 372

(1, 3, 7)(2, 6, 10) (4, 12, 8)

(1, 3, 7) (2, 10, 6) (5, 11, 9)

V V.V V V V V V V V

Now, H' =< (1,3,7)(2,6,10)(4,12,8), (1,3,7)(2,10,6)(5,11,9) > = 32 We want to find
a character table for H/H' = 8, but we first need to know what H/H’ is composed of.

We know || = %2 = 8. We expect 8 transversals which create the set:

H/H' = {H(e), H(1,6,11,8,3,2,5,12)(4,7,10,9), H(1,11,3,5)(2,12,6,8)(4, 10)
(7,9), H(1,3)(2,6)(5,11)(8,12), H(1,8,5,6,3,12,11,2)(4,9, 10, 7),
H(1,2,11,12,3,6,5,8)(4,7,10,9), H(1,5,3,11)(2,8,6,12)(4,10)(7,9),
H(1,12,5,2,3,8,11,6)(4,9,10,7)}

We know H/H' = Zg. So we determine the conjugacy classes as follows:
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Table 5.18: Conjugacy Classes H' = 8

’ # on Table ‘ Conjugacy Class ‘ Permutation ‘

1 e Id(H)

2 xt (1, 3)(2, 6)(5, 11)(8, 12)

3 x? (1, 11, 3, 5)(2, 12, 6, 8)(4, 10)(7, 9)
4 x5 (1, 5, 3, 11)(2, 8, 6, 12)(4, 10)(7, 9)
5 T (1,6,11,8,3,2,5,12)(4, 7, 10, 9)
6 3 (1,8, 5,6, 3, 12, 11, 2)(4, 9, 10, 7)
7 ° (1,2, 11, 12, 3,6, 5, 8)(4, 7, 10, 9)
8 x’ (1,12, 5,2,3,8,11, 6)(4, 9, 10, 7)

Now, H/H' =< H(1,6,11,8,3,2,5,12)(4,7,10,9) > if we consider Magma’s
labeling of the character table is, it indicates a fourth root of unity and eighth root of
unity. When proceeding from here we will need to substitute a value for I. The following
calculation will help us determine this.

2 s s 2T 2 _ ( 2

cos2E T 1 jsin2E)2 = cos? 2r +225m cos2E T+ sin? 2%
8 8 8 8 8 8

It follows that anywhere in our chart where we have indicated n? shall be replaced with
I. Similarly, (n?)?2 = n* =2 = —1, and (n?)? = n% = i3> = —I. We compute the entries
of our character table for H/H' as:
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~ 7o

Table 5.19: Initial Character Table of H/H'

1
1
1

Classes

Size

Order

n

Which simplifies to:

1
1
1

Classes

Size
Order

n

—1I we also note,

And substituting n® = n® = 1,n? = i,n* = —1, and n®

7= _p3 and

5— _nandn

n” so we will replace n

that (—1) *xn! =n? and (—1) * n3

construct our final H/H' character table as:
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Table 5.20: Character Table of H/H' = Zg

Classes | e | 2% [ 22 | 20 | x 3 x° z’
Size |11 |1 |1 1 1 1 1

Order | 1| 2 | 4 | 4 8 8 8 8
X% 1{1|1]1 1 1 1 1
X% 1|-1(I1|-I| n nd | —n [ —n3
X% 1|1 |-1]-1 I -1 I -1
X 1[-1]-1]1] n? n | -n3| -
X% 1|1 (1 1] -1 -1 -1 -1
X% 1|-1] T |[-I| n |-n*| n n?
X% 1|1 |-1|-1] -I I -1 I
X% 1[-1]-I[TI][-n®| m n3 n

We have established a character table for H/H' and can now lift the table’s

character to H. Before we begin it is important to determine the conjugacy classes of

H. The following set are the conjugacy classes of H:

H = {e,z*, w,2? 2% x, 23, 2° 27}

With this in mind we construct our character table with nine rows and columns since

there are nine conjugacy classes in H.

The preliminary table looks as follows:

Table 5.21: Preliminary H = 3% : 8 Character Table

Classes
Size
Order

e
1
1

m4

9
2

W
8
3

3:2

9
4

26

9
4

x
9
8

3

9
8

0

9
8

27
9
8

X.1

X.2

X.3

X.4

X.5

X.6

X.7

X.8

X.9
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Now, using our definition of lifting character, we begin lifting each irreducible

character from H/H' to H. We note, x(h) = x*(h) for h € H.

x.1 calculations

xa(h) =x%(h) =1Vh e H/H'

X.2 calculations

x2(e) = x5(e) =1
xa(zh) = x5(z?) = -1
X2(w) = x5(H') =1
Xa(2?) = x5(2?) =1
x2(2%) = x5(2%) = ~1
X2(z® * w) = x%(z) =n
X2(z?) = x5(2%) = n®
X2(2%) = x%(2°) = —n
X2(z?) = x%(a") = —n’

xa(e) = x3%(e) =1
xa(@t) = x%(a?) =1
xa(w) =x%(H) =1
x.3(2?) = x5(2%) = -1
X3(2%) = x%(2%) = 1
X3(2% xw) = X5(x) =1
x.3(2%) = x%(2°%) = -1
x3(2%) = x%(a°) =1
Xa(z") = x5(27) = -1
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X .4 calculations

3n -
— ~ g <
[ L
N N N
— 8 H 8 8 X 8 8 8
e S~— NI S— S~— S— ~— ~—
~— o o~ o o |l o o o
o X2 R R~ ) xR X
= < 3
R o
Il ~~ .~ o~~~
—_ NSO m o I~
8 8

~— N N N ' " ~—

X5 calculations

—
_
— =
. = o= o= _
S
— 8 H 8 8 X 8 8 8
e S~— NI ~— S~— S~— S~— ~—
~— o\ o' 02 ¢ || o2 ¢ =0
02 2 > < xR~ R X X
> 3
TR TR TR
_ —~ —_~ o~~~ o~
—_ N © 0 ™ 0 D~
8 8 8

~— N N Y N Y ~—

X.¢ calculations

T
— ~
I o~
L T I )
[ R e
—~ 8 @ B 8 =
e N~— NI S~— S~—
— e© L o€ e |l
.Vw = .VA. = = o~
[T R T
__ —~ —_ o~ *
— 4$ (| © Yol

— ~— ~— ~— ~— ~—
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X..6(957)

X.7 calculations

x.7(e)

x.7(zt)

x.7(w)

x.7(2?)

x.7(x%)

X5(@) =—1

X.7(x5 * W)

.8 calculations

1

X%s(e)

x.s(e)

X.’s(x4) =-1

xs(w) =x%(H') =1

x8(z?)

x.8(z?)

x.8(2%) = x

X%(z) = —n?

X.8(1’5 * W)

X.’s(xS) =n?

x.8(z%)

This produces the following character table of H.
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Table 5.22: Lifted H = 32 : 8 Character Table

Classes | e | % | w | 2% | 25 X a3 x? z7
Size 119181919 9 9 9 9
Order | 1| 2 | 3| 4| 4 8 8 8 8
X1 111111 1 1 1 1
X.2 1]1-11]1 I | -1 n n3 n | —nd
X.3 111 ]-1]-1 I -1 I -1
X.4 1(-1(1]-I n3 n —n? -n
X5 111 -1 -1 -1 -1
X.6 1]1-11]1 I | -I n | —n? n n3
X.7 111 1]-1]-1 -1 I -1 I
X.8 1|11 |-1|]1]-n%| n n? n
X9 |a|Bi|Ba| B3| Ba| Bs | Bs | Br | Bs

Finally we can produce x.g using theorem 1.87 which states that the sum of
squares of degrees of the distinct irreducible characters of G is equal to |G| at the degree
of character x(1). What this allows us to do is take the first column of our character
table and construct the equation: (x.1(1))% + (x.2(1))? + ... + (x.0(1))? = |G|. This
implies 12 + 12+ ... + 12+ a®> = 72 Now, 8 + > = 72 = a = 8, —8 but a cannot be
negative so a = 8. Now that we have the full first column we can use it to determine

the remaining entries in x ¢ using definition 1.61:

SN
Ly’ =0
Now we construct the inner product from X(g) to X(g)7 where X(g) is column 1 and X(] )

is all columns for 2 < j < 9.

Zx(l)xg = 1T+ Ix—T+1xl4+1s—T+1x14+1x—1+1x14+1%—14+8%5 =0
:> 861 =0 = B =0

Zx(l) ) 1T+ 14T+ 14T+ 14T+ 15T+ 15T+ 141+ 1%1+8% B =0
= 8486 =0 = fo=—

Z’ZX_@XFQD = 1T IsT+1s— T+ 1s—T+1sT+1xT+15—T+15—T+8xf3 =0

— 1—i—1+4+i+1—-i—14+i+883=0 = 863=0 = PB3=0

k —= B - _ _ B . o i o
> X.(;)X.(g) =1xl4+1sx—T4+1x—14+1xI+1x1+1x—T+1x—14+1x1+8%x5, =0
i=1
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—= 14+i—1—i+14+i—-1-i+88,=0 = 86, =0 = B4 =0

k — -
> X.(gl)x_(g) = 1x 1+ 1+ 1T+ 1503+ 15 —1+1x—n+1x—T+1x—n3+8xB5 = 0
i=1

= 1l-n—i-nd—1+n+i+n3+83,=0 = 88;=0 = B5=0

(1) = 1x14+1%n3+1s—I+1su+1x—1+1%—n3+1sI+1x—n+8%Fs = 0
X

: 1-nd4+i—-n—14+n>—i+n+83=0 = 83=0 = (=0

ZX(I)XQ)—l*l—I—l* M Lk T+ 15— 3+ 1k — T+ s+ 15— T+ 1xn3+8%F7 = 0

= l4+n—i+nd—1—-n+i—n? +8,87:O = 80;=0 = [7=0

k — . . _
> X,(gl)X,(g) = 1x1+1x—n3+1x—T+1sn+1x—1+1xn3+ 1T +1xn+8%Bg = 0
i=1

= 1+n¥+i+n—-1-n*—i—n+83=0 = 8s=0 = fg=0

Finally, substituting the values into the Lifted chart from before we produce

the complete character table of H:

Table 5.23: Complete Character Table H =2 32 : 8

Classes | e | z* | w | 22 | 25 X x3 x® z’
Size 119181919 9 9 9 9
Order |1 | 2 | 3| 4 | 4 8 8 8 8
X.1 1111111 1 1 1 1
X.2 1/-1]1|I]-I]| n nd | n | —-nd
X.3 171 (1]-1]-1 I -1 I -1
X.4 1/-1]1]-T]1 n3 n —n> | -n
X5 11111 -1 -1 -1 -1
X.6 1111 ][-I|] n |-n? n n3
X.7 171 (1]-1]-1 -1 I -1 I
X.8 111 ]|-I|]TI]|-n®] n n3 n
X.9 810 1-1]0 0 0 0 0

5.7 Monomial Progenitor Results

A constant theme of this document has been that we construct an infinite pro-

genitor, factor the progenitor by relations, and produce finite images of known groups.
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While any given progenitor is not guaranteed to produce interesting results, we do this
with hopes of discovering various simple groups, especially sporadic ones. The following

subsections describe the results of such progenitors.

5.7.1 1719, PGLy(9) Results

This progenitor only produced the homomorphic image PGL2(9) which can
be obtained via the Grindstaff lemma relations. This was the only finding for this

progenitor.

5.7.2  13*2:, ((2* x 3) : 2) Results

The progenitor 13*2 1, ((22 x 3) : 2) factored by first order relations only
obtained a single finite homomorphic image isomorphic to 132 : ((2 x 13) : (2 x 3)) of
order 26,364.

G<x,y,z,t>:=Group<x,vy,z,t|x"4, y°2, z°3, t713, (x"-1xy) "2,
(x,2),y*xz =1l*yxz,t"x =1+t "=-12,t"z -1+t -3, (x"2 » z"—-1xt)"12,
(x v x z"=1xt) "6, (y » zxt) "6>;

This is appeared to be the most efficient presentation of that group.

5.7.3 3*:, (Zy! D) Results

The progenitor 3** :,,, (Z2 1 D4) factored by first order relations:

G < z,y, 2t >= Group < x,y, z, t|zt, 3%, 22,43 (271 x y)?, (z7 1 x 2 % y)?,

rrzxr  x2)2 r bk zxr Pkrx?k 2Pk 2T (LT k2R YK 2K T K 2 KT ¥ 2),

crlxzxr b xzxaT ) (L at sz xwxzxak2), 7 =12 (((xx2)4) %)%, (((z* 2% 2)?) x1)?,

22)+ 1), ((2%) x ), (zx P zxa)x )8, (xxy) x ), (@2 * zxxx 252 % 2) % 1)9,

t
(
(22xzxxxy*z2)x )P, ((y)x 1), (@2 y*xzxz) )], (7 % 2)2) x)F, (x7 k2 xy) x 1)L,
(
(2

2 1 1

w2rzxrxzryx2)x )™ ((zxx?)x ) (2t zxy) x1)°, (zxx Lxzxaxy) x1)P,

(x
(
(
(
(
(@) + )7, (@2 5y x2) 5 )7, (271 # 2) * 1)°

Note: Only q and s will be shown in the presentation table as they were the only factors

which produced finite images.
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Table 5.24: Finite Presentations of 3*4 :,,, Zo ! Dy

Order of G Name of G
725,760 2 x Sy

S

0
10/0] 57,600 (2x A2): Dy
0 | 9| 48,522,240 | (22)*PGL4(3)

q
9

5.8 Conclusion

The goals of this chapter were to show that an irreducible character can be
induced up to G from the subgroup H. If we can produce a faithful monomial repre-
sentation of our control group N, we can create a monomial progenitor that will be
expressed on a free product that corresponds with the degree and field of the matrix
that representation is expressed in. While this process can be completed the results

vary just as they would with a progenitor calculated on 2*".

Unfortunately no sporadic groups were found in these progenitors run in the
background. That is the ultimate discovery and reason for developing this process.
While some interesting groups were found on these progenitors, there is more to be
desired. Progenitors that are too large, 17*10 ., PG'Lo(9) for instance, appear to stress
test Magma. We are hopeful that future developments in the servers will allow research

of even higher order groups.
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Appendix A

MAGMA Code for DCE of
PGLQ(ll) over N = D12

S:=Sym(6) ;

X:=S! (1, 2) (3, 5);

Y:=S! (1, 3)(2, 5)((4, ©6);
Z:=S!(1, 4, 2)(3, 6, 5);
N:=sub<S|X,Y, Z>;

f,N1,k:=CosetAction (N, sub<N|Id(N)>);
G<x,Vy,z,t>:=Group<x,vy,z,t|x"2,y"2,2"°3,y " x=y,z " x=2"2,z"y=z2,
t72, (t,xxz), (y*t) "5, (z"-1xt) "3,

X*y*t*x*y*t*x*y*t *y*t*x*t *y*t*y* zA—l*t*y*z*t* y*z*t>;

f,Gl,k:=CosetAction (G, sub<G|x,y, z>);
CompositionFactors (Gl);

#DoubleCosets (G, sub<G|x,y, z>, sub<G|x,y, z>);

IN:=sub<Gl|f(x),£f(y),f(z)>;

ts := [ Id(Gl): i in [1 121 1;
ts[l]l:=f(t);

ts[2]:=f(t" (x));

ts[3]:=£(t"(y));

ts[4]:=£(t" (z));

ts[5]:=f(t" (y*x));

ts[6]:=£f(t" (y*z));



HH:=sub<G|x,y,z>;

Index (G, HH) ;
#G/#IN; /+ 110 =/

prodim := function(pt, Q,
v = pt;
for i in I do
v o= v (Q[i]);
end for;
return v;
end function;
cst := [null : 1 in [1
where null is [Integers/()
for i := 1 to 6 do
cst[prodim(1l, ts,
end for;
m:=0;

I)

Index (G, sub<G|x,vy,z>) 1]

I

(11)]

for i in [1..110] do if cst[i]

end i1f; end for; m;

Orbits (N);

N1l:=Stabiliser (N, 1);
SSS:={[1]}; SSS:=SSS"N;
#(SSS) ;
Seqg:=Setseq(SSS);

for 1 in [1..#SSS] do
for n in IN do

if ts[1l] eqg

nxts[Rep (Seqqli]) [1]]
then print Rep(Seqqli]);
end i1f; end for; end for;
Nls:=N1;

Tl:=Transversal (N,Nls);
for 1 in [1..#T1] do
Ss:=[1]1"T1[i];
cst[prodim(1l, ts, ss)]
end for;

= sS;

then m:=m+1;
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m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N1ls);

N13:=Stabiliser (N1, 3);
SSS:={[1,31}; SSS:=SSS"N;
#(SSS) ;
Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do
for n in IN do

if ts[1l]*xts[3] eqg
nxts[Rep(Seqqli]) [1]]+ts[Rep (Seqqlil) [2]]
then print Rep(Seqqli]);
end i1f; end for; end for;
N13s:=N13;

Tl3:=Transversal (N,N13s);

for 1 in [1..#T13] do

ss:=[1,3]1"T13[i];

cst[prodim(1l, ts, ss)] := ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N13s);

N15:=Stabiliser (N1,5);
S5SS:={[1,5]}; SSS:=SSS"N;
#(SSS) ;
Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do
for n in IN do

if ts[l]*xts[5] eqg
nxts[Rep(Seqqli]) [1]]+ts[Rep (Seqqlil) [2]]
then print Rep(Seqqli]);
end i1f; end for; end for;
N15s:=N15;

Tl5:=Transversal (N,N15s);

for 1 in [1..#T15] do
ss:=[1,5]"T15[i];
cst[prodim(1l, ts, ss)] := ss;
end for;
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m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N15s);

N132:=Stabiliser (N13,2);
5S8SS:={[1,3,21}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in IN do

if ts[l]l*xts[3]1*ts[2] eq
n+ts[Rep (Seqqli]) [1]]+ts[Rep (Seqqli]) [2]]*ts[Rep (Seqq[i]) [3]]
then print Rep(Seqqli]);

end i1f; end for; end for;

N132s:=N132;

for g in N do if 1"g egqg 1 and 3"g eqg 3 and 2°g eq 4
then N132s:=sub<N|N132s,g>; end if; end for;
#N132s;

Tl132:=Transversal (N,N132s);

for 1 in [1..#T132] do
ss:=[1,3,2]1"T132[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N132s);

N151:=Stabiliser (N15,1);

SSS:={[1,5,1]1}; SSS:=SSS"N;

#(SSS) ;

Seqg:=Setseq(SSS);

for i in [1..#SSS] do

for n in IN do

if ts[1l]*xts[5]1*ts[1l] eq

nxts[Rep (Seqqg[i]) [1]]+ts[Rep(Seqq[i]) [2]]1*ts[Rep(Seqqli]) [3]]
then print Rep(Seqqli]);

end 1f; end for; end for;

N151s:=N151;
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Tl151:=Transversal (N,N151s);
for i in [1..#T151] do
ss:=[1,5,11"T151[i];
cst[prodim(l, ts, ss)] := ss;
end for;

:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N151s);

N152:=Stabiliser (N15,2);
SSS:={[1,5,21}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in IN do

if ts[l]xts[5]*ts[2] eqg
nxts[Rep (Seqqli]) [1]]*ts[Rep(Seqq[i]) [2]]*ts[Rep(Seqq[i]) [3]]
then print Rep(Seqql[i]);
end i1f; end for; end for;
N152s:=N152;

for g in N do if 1°g eq 6 and 5°g eq 2 and 2°g eq 5
then N152s:=sub<N|N152s,g>; end if; end for;
#N152s;

Tl152:=Transversal (N,N152s);

for i in [1..#T152] do
ss:=[1,5,2]"T152[i];

cst[prodim(1l, ts, ss)] := ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N152s) ;

N154:=Stabiliser (N15,4);

S5SS:={[1,5,41}; SSS:=SSS"N;

#(SSS);

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in IN do

if ts[l]lxts[5]1*ts[4] eq

nxts[Rep (Seqqli]) [1]]+ts[Rep(Seqq[i]) [2]]*ts[Rep(Seqq[i]) [3]]
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then print Rep(Seqqli]);
end 1f; end for; end for;
N154s:=N154;

T154:=Transversal (N,N154s);

for i in [1..#T154] do
ss:=[1,5,4]"T154[17];

cst[prodim(1l, ts, ss)] := ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N154s) ;

N1323:=Stabiliser (N132,3);
SSS:={[1,3,2,31}; SSS:=SSS"N;
#(SSS);

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in IN do

if ts[l]l*ts[3]xts[2
nxts[Rep (Seqgqg[i]) [1
*ts[Rep (Seqqli]) [4]
then print Rep(Seqqli]);
end i1if; end for; end for;
N1323s:=N1323;

1xts[3] eq
]1+ts[Rep(Seqqlil) [2]]1*ts[Rep(Seqgqlil]) [3]]
]

for g in N do if 1"g eqg 1 and 3"g eq 3 and 2°g eq 4
and 37g eqgq 3

then N1323s:=sub<N|N1323s,g>; end if; end for;
#N1323s;

T1323:=Transversal (N,N1323s);

for 1 in [1..#T1323] do
ss:=[1,3,2,3]1"T1323[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N1323s);

N1325:=Stabiliser (N132,5);
SSS:={[1,3,2,5]}; SSS:=SSS"N;
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#(SSS) ;
Seqg:=Setseq(SSS);
for 1 in [1..#SSS] do
for n in IN do

if ts[1l]*ts[3]xts[2
nxts[Rep (Seqqli]) [1
*ts[Rep (Seqq[i]) [4]
then print Rep(Seqql[i]);
end i1f; end for; end for;
N1325s:=N1325;

1xts[5] eq
]1*ts[Rep(Seqqlil) [2]]1*ts[Rep(Seqgqli]) [3]]
]

T1325:=Transversal (N,N1325s);

for 1 in [1..#T1325] do
ss:=[1,3,2,5]"T1325[11;

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i1 in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N1325s);

N1513:=Stabiliser (N151, 3);
SSS:={[1,5,1,31}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in IN do

if ts[l]xts[5]xts[1l]l*ts[3] eqg
nxts[Rep (Seqqli]) [1]]+ts[Rep(Seqq[i]) [2]]*ts[Rep(Seqq[i]) [3]]
xts[Rep (Seqqli]) [4]]

then print Rep(Seqqli]);

end 1f; end for; end for;
N1513s:=N1513;

for g in N do if 1"g eq 3 and 5°g eqg 4 and 1°g eq 3
and 37g eq 1

then N1513s:=sub<N|N1513s,g>; end if; end for;
#N1513s;

T1513:=Transversal (N,N1513s);
for i in [1..#T1513] do
ss:=[1,5,1,3]1"T1513[i];
cst[prodim(1l, ts, ss)] := ss;
end for;
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m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N1513s);

N1515:=Stabiliser (N151,5);
SSS:={[1,5,1,5]}; SSS:=SSS"N;
#(SSS) ;
Seqqg:=Setseq(SSS) ;

for 1 in [1..#SSS] do
for n in IN do

if ts[l]xts[5]*ts[1l]*ts]
nxts[Rep (Seqql[i]) [1]]+ts
*»ts[Rep (Seqqli]) [4]]
then print Rep(Seqqlil]);
end if; end for; end for;
N1515s:=N1515;

5] eqg
[Rep (Seqq[i]) [2]]*ts[Rep (Seqqg[il) [3]1]

for g in N do if 1°g eq 3 and 5°g eqg 4 and 1°g eq 3
and 57g eqgq 4

then N1515s:=sub<N|N1515s,g>; end if; end for;
#N1515s;

T1515:=Transversal (N,N1515s);

for 1 in [1..#T1515] do
ss:=[1,5,1,5]"T1515[11];

cst [prodim(l, ts, ss)] := ss;

end for;

m:=0; for 1 in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N1515s);

N1516:=Stabiliser (N151,6);
SSS:={[1,5,1,6]}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in IN do

if ts[l]lxts[5]*ts[l]l*ts[6] eq
n+xts[Rep (Seqql[i]) [1]]*ts[Rep(Seqqli]) [2]]+ts[Rep(Seqqli]) [3]]
xts[Rep (Seqqli]) [4]]

al

then print Rep(Seqqli]);



end i1if; end for; end for;
N1516s:=N1516;

T1516:=Transversal (N,N1516s) ;
for i in [1..#T1516] do
ss:=[1,5,1,6]"T1516[1i];
cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for i in [1..110] do if
then m:=m+1; end if; end for;

Orbits (N1516s);

N1543:=Stabiliser (N154, 3);
SSS:={[1,5,4,3]}; SSS:=SSS"N;
#(SSS) ;

Seqgq:=Setseq(SSS) ;

for i in [1..#SSS] do

for n in IN do

if ts[1l]xts[b5]l*ts[4]xts[3] eq

1 *
n*xts[Rep(Seqqli]) [1]]+ts[Rep(Seqqg[i]) [2]]*ts[Rep(Seqqli]) [3]]
]

*ts[Rep (Seqqli]) [4]

then print Rep(Seqqli]);
end i1f; end for; end for;
N1543s:=N1543;

for g in N do if 1°g eq 6 and 5°g eq 2 and 4°g eq 3

and 37g eq 4
then N1543s:=sub<N|N1543s,g>;
#N1543s;

T1543:=Transversal (N,N1543s) ;
for i in [1..#T1543] do
ss:=[1,5,4,3]1"T1543[1i1];
cst[prodim(l, ts, ss)] := ss;
end for;

m:=0; for i in [1..110] do if
then m:=m+1; end i1if; end for;

Orbits (N1543s);

N13231:=Stabiliser (N1323,1);

cst[i]
m;

end 1if;

cst[i]
my

SSS:={[1,3,2,3,1]}; SSS:=SSS"N;

#(SSS);

ne

end for;

ne

[]
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Seqqg:=Setseq(SSS);
for 1 in [1..#SSS] do
for n in IN do

if ts[1l]*ts[3]1*xts[2]

nxts[Rep (Seqq[i]) [1]]xts[Rep(Seqqli]) [
*ts[Rep (Seqqli]) [4]]*ts[Rep(Seqqli]) [5
then print Rep(Seqqli]);

end 1f; end for; end for;
N13231s:=N13231;

*ts[3]xts[l] eq
] 2]1+ts[Rep(Seqqli]) [3]]
1]

for g in N do if 1"g eq 2 and 3"g eg 5 and 27g eq 1
then N13231s:=sub<N|N13231s,g>; end if; end for;
for g in N do if 1"g eq 3 and 3"g egq 1 and 2°g eq 5
then N13231s:=sub<N|N13231s,g>; end if; end for;
for g in N do if 1"g eq 4 and 3°g eqg 6 and 2°g eq 1
then N13231s:=sub<N|N13231s,g>; end if; end for;
for g in N do if 1"g egq 5 and 3"g eq 2 and 2°g eq 3
then N13231s:=sub<N|N13231s,g>; end if; end for;
for g in N do if 1"g eg 1 and 3"g eq 3 and 2°g eq 4
then N13231s:=sub<N|N13231s,g>; end if; end for;
for g in N do if 1°g eq 6 and 3"g eq 4 and 2°g eq 3
then N13231s:=sub<N|N13231s,g>; end if; end for;
for g in N do if 1°g eq 4 and 3"g eq 6 and 2°g eqgq 2
then N13231s:=sub<N|N13231s,g>; end if; end for;
for g in N do if 1°g eq 2 and 3"g eqg 5 and 2°g eqgq 4
then N13231s:=sub<N|N13231s,g>; end if; end for;
for g in N do if 1°g eq 3 and 3"g eg 1 and 2°g eq 6
then N13231s:=sub<N|N13231s,g>; end if; end for;
for g in N do if 1"g eq 6 and 3°g eq 4 and 2°g eq 5
then N13231s:=sub<N|N13231s,g>; end if; end for;
for g in N do if 1"g eq 5 and 3°g eq 2 and 2°g eq 6
then N13231s:=sub<N|N13231s,g>; end if; end for;
#N13231s;

T13231:=Transversal (N,N13231s);

for i in [1..#T13231] do
ss:=[1,3,2,3,11"T13231[1];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..110] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N13231s);
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Appendix B

MAGMA Code Maximal DCE

/x =====Determining suitable Maximal Subgroup of $M_{12}$ ====
================================c==========c=============== %/
S:=Sym(12);

X:=S! (1, 2) (3, 5) (4, 6) (7, 9)(8, 10) (11, 12);

Y:=S! (1, 3)(2, 5) (4, 7)(6, 9)(8, 11) (10, 12);

Z:=S'(1, 4, 8)(2, 6, 10) (3, 7, 11) (5, 9, 12);

W:=S!(1, 2)(3, 5) (4, 7) (6, 9)(8, 12) (10, 11);

v:=Ss! (1, 5) (2, 3) (4, 6) (7, 9) (8, 11) (10, 12);
N:=sub<S|X,Y,Z,W,V>;

f,N1,k:=CosetAction (N, sub<N|Id(N)>);

G<X,VY,2z,W,Vv,t>:=Group<x,y,z,w,v,t|x"2,y"2,2"3,
w'2,v'2,y'x=y,z " x=2z,z"y=z,Ww x=w,w y=w, w z=v,v x=v,Vv y=v,
viz=wxv, v w=v,t 2, (t,xxyxw), (t,y*v), (x+xt) "3, (zxt) "5>;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,Vv>);
CompositionFactors (Gl);

#DoubleCosets (G, sub<G|x,y,z,w,v>, sub<G|x,y, z,w,Vv>);
M:=MaximalSubgroups (Gl) ;

/+ Magma stores this differently each time.
Will change CC below =/
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#M;
for 1 in [1..9] do #M[i]‘ subgroup; end for;

/* We check 480, 144 or 384 they are divisible by 48 (#N) =/

/+ C:=Conjugates (Gl,M[2] ‘subgroup) ;
Didn’t produce anything with for i in [1..#CC] below x/

/* C:=Conjugates (G1l,M[6] ‘subgroup); Didn’t work =/
/+ C:=Conjugates (Gl,M[8] ‘subgroup); Didn’t work =/

:=Conjugates (G1,M[7] ‘subgroup) ;
CC:=Setseqg(C);
for 1 in [1..#CC] do if f(x) in CC[i] and f(y) in CC[i]
and f(z) in CC[i] and f(w) in CC[i] and f(v) in CC[i]
then i; end if; end for;
/+ Use the number given here was 332 first time */

CC[332];
for g in G1 do if Order(g) eqg 2 and
CC[332] eq sub<Gl|f(x),f(y),f(z),f(w),f(v),g>

then A:=g; break; end if; end for;

W, phi:=WordGroup (G1) ;
rho:=InverseWordMap (Gl) ;

A@Qrho;
function (W)
w7 = W.2 x W.4; w8 := w7 x» W.3; w9 := w8 x W.6;
wl0 := w9 +« W.2; wll := wlOx W.6; wl2 := wll « W.3; wl3
= wl2 * W.5; wld := wl3 » W.6; w3 := W.3"-1; wlb
= wld * w3; wl6 := wl5 « W.6; wl7 := wl6 « W.3; wl8

= wl7 * W.6; wl9
:= wl8 * w3; w20
end function;

wl9 = W.6; return w20;

AA:=function (w)

w7 = W.2 » W.4; w8 := w/7 « W.3; w9 := w8 * W.6;
wl0 = w9 x W.2; wll := wlOx W.6; wl2 := wll » W.3; wl3
= wl2 * W.5; wld := wl3 » W.6; w3 := W.3"-1; wlb

= wld * w3; wlb6

= wl7 * W.6; wl9

= wl8 * w3; w20 := wl9 x W.6; return w20;
end function;

wlb * W.6; wl7 := wl6 » W.3; wl8



AA(G);
NN:=G1;
Sch:=SchreierSystem (G, sub<G|Id(G) >) ;
ArrayP:=[Id(NN): 1 in [1..#G]1];

for i in [2..#NN] do
P:=[Id(NN): 1 in [1..#Sch[i]]];

for 7 in [1..#Sch[i]] do

if Eltseqg(Sch[i])[J] eg 1 then P[J]:
if Eltseqg(Sch([i])[]j] eq 2 then P[J]:
if Eltseqg(Sch[i])[]J] eq 3 then P[J]:
if Eltseq(Sch[i]) [j] eq -3 then P[7]]
if Eltseg(Sch[i])[]J] eq 4 then P[J]:
if Eltseqg(Sch[i])[]j] eqg 5 then P[]]:
if Eltseqg(Sch[i]) []j] egq 6 then P[7]]
end for;

PP:=Id(NN) ;

for k in [1..#P] do

PP:=PP«+P[k]; end for;

ArrayP[1i] :=PP;
end for;

for 1 in [1..#N2] do if ArrayP[i] eqg
end if; end for;

—lxtxzxtxz”
be added to our progenitorx/

/* ZxL*VrxtxzZzxvrxtxz”

(x); end if;

(y); end if;

(z); end if;

f(z"-1); end if;

(w); end if;

(v); end 1if;

(t); end 1if;

f(AA(G)) then Schli];

-1+t relation which should

G<xX,VY,z,wW,Vv,t>:=Group<x,vy,z,w,v,t|x"2,y"2,2"3,
w'2,v'2,y'x=y,z"x=2,2"y=2,Ww x=w,W y=Ww,

viy=v,v z=w*v,v w=v, t 2, (t,x*y*w),

(E,y*v), (x*t)

w z=v, v x=v,
"3, (zxt)

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,Vv>);

#sub<Gl|f(x),f(y),f(z),£(w),£(v),
f(zxtrxvrtrzrxvrtrz —lxtrzstxz"—1xt)>

J:=M[7] ‘subgroup;
Li=sub<Gl|f(x),f(y),f(z),f(w),f(v),

f(zrxtrvst*zxvstxz —1lxtxzrtrxz " —1xt)>

IsIsomorphic(J,L);

/* this work verifies we have found the

correct relation x/

“5>;
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M:=sub<G|x,V,Z,W,V, Z*xLxVxt4zxvrxtxz —1lxtxzxt sz " =1xt>;
#DoubleCosets (G, M, sub<G|x,y,z,W,Vv>);
/+* This is a reasonable group to work with =/

/+ ===== Coset Counter and DCE =====
R
G<xX,V,z,wW,Vv,t>:=Group<x,vy,z,w,v,t|x"2,y"2,2"3,
w'2,v'2,y'x=y,z"x=z,z2"y=z,w x=w,w y=w, w z=v,V X=V,

viy=v,v z=w*v,v w=v,t 2, (t,xxy*w), (t,y*v), (x+t) "3, (z*xt) "5>;
f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,Vv>);

S:=Sym(1l2);

X:=S!(1, 2)(3, 5)(4, 6) (7, 9)(8, 10) (11, 12);

Y:=3!'(1, 3) (2, 5) (4, 7)(6, 9)(8, 11) (10, 12);

Z:=3!'(1, 4, 8)(2, 6, 10) (3, 7, 11) (5, 9, 12);

W:=S!(1, 2) (3, 5) 4, 7) (6, 9) (8, 12) (10, 11);

V:=S! (1, 5)(2, 3) (4, 6) (7, 9) (8, 11) (10, 12);

N:=sub<S|X,Y,Z2,W,V>;
#N;
Set (N) ;

HH:=sub<G|x,y,z,W,V, Z+txVxTxz4vrtxz " —1latrzxtxz —1xt>;
#HH;
IN:=sub<Gl|f(x),f(y),f(z),£(w),L(v)>;

M:=sub<Gl|f(x),f(y),f(z),f(w),f(v),
f(zrxtrvst*zxvrtrz —1lxtrzrtrz " —1xt)>

ts := [ Id(Gl): i in [1 121 1;
ts[l1l2]:=f(t);
ts[l]:=f(t~ (x*xy*z));
ts[2]:=F (t" (z%y));
ts[3]:=f(t" (zxx));
ts[4]:=f (" (xxv*xz2"2));
ts[5]:=£(t"(z));
ts[6]:=£(L" (vxz"2));
ts[7]:=f(t" (x%x272));
ts[8]:=f(t” (x*xV));
ts[9]:=f£(t"(z272));
ts[10]:=£(E"(v));
ts[11]:=£(t" (x));
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#DoubleCosets (G, sub<G|x,y,z,W, VvV, zxt+Vrxtxzxvstrz —1xtszxt*
z " =1xt>,

sub<Glx,y,z,w,v>);

DoubleCosets (G, sub<G|x,y,zZ, W, V, Z*xL*xVxL*zxv*txz —1lxtxz*tx
z"=1xt>,

sub<G|x,y,z,w,v>);

Index (G,HH); /% 495 x/

#G/#IN; /% 3960 x/

prodim := function(pt, Q, I)
v = pt;
for i in I do
v o= v (Q[i]);
end for;
return v;
end function;

cst := [null : 1 in [1 .. Index(G,sub<G|x,y,z,w,Vv>)]]
where null is [Integers() | 1;
for i = 1 to 12 do
cst[prodim(1l, ts, [i])] := [i];
end for;
m:=0;

for i in [1..3960] do if cst[i] ne [] then m:=m+1;
end i1f; end for; m;
Orbits (N);

N12:=Stabiliser (N,12);
SSS:={[12]}; SSS:=SSS"N;
#(SSS) ;
Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do
for n in M do

if ts[1l2] eq

nxts[Rep (Seqq[i]) [1]]
then print Rep(Seqqlil]);
end i1if; end for; end for;
N12s:=N12;

Tl2:=Transversal (N,N12s);

for i in [1..#T12] do
ss:=[12]1"T12[1i];
cst[prodim(l, ts, ss)] := ss;
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end for;
:=0; for i in [1..3960] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N12s);

/*x *x*kxkxxxx New Double cosets of [12] *xkxkxkkxkx */

N121:=Stabiliser (N12,1);
SSS:={[12,1]1}; SSS:=SSS"N;
#(SSS) ;

Seqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in M do

if ts[1l2]xts[1l] eq
n+xts[Rep(Seqqli]) [1]]+ts[Rep(Seqq[i]) [2]]
then print Rep(Seqqli]);
end 1f; end for; end for;
N121s:=N121;

T1l21:=Transversal (N,N121s);

for 1 in [1..#T121] do

ss:=[12,1]"T121[4i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..3960] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N121s);

N124:=Stabiliser (N12,4);
SSS:={[12,4]}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in M do

if ts[l2]xts[4] eq
nxts[Rep(Seqqg[i]) [1]]1*ts[Rep(Seqqli]) [2]]
then print Rep (Seqqglil);
end i1f; end for; end for;
N124s:=N124;

Tl24:=Transversal (N,N124s);
for 1 in [1..#T124] do



ss:=[12,4]"T1241[1i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i1 in [1..3960] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N124s) ;

/% xxxxxxxxNew double cosets of [12, 1] **k*k*k*kkkxx

N1214:=Stabiliser (N121,4);
SSS:={[12,1,41}; SSS:=SSS"N;
#(SSS) ;

Seqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in M do

if ts[1l2]xts[l]*ts[4] eq

nxts[Rep(Seqqli]) [1]]1xts[Rep(Seqq(i]) [2]]*ts[Rep(Seqqli]) [3]]

then print Rep(Seqqli]);
end 1f; end for; end for;
N1214s:=N1214;

*/

for g in N do if 12°g eqg 2 and 1°g eq 9 and 4°g eq 10

then N1214s:=sub<N|N1214s,g>; end if; end for;

for g in N do if 12°g eq 7 and 1°g eq 11 and 4°g eq 5

then N1214s:=sub<N|N1214s,g>; end if; end for;
#N1214s; N1214s;

Tl1214:=Transversal (N,N1214s);
for i in [1..#T1214] do
ss:=[12,1,4]1"T1214[41];
cst[prodim(l, ts, ss)] := ss;
end for;
:=0; for i in [1..3960] do if cst[i] ne []
then m:=m+1; end i1if; end for; m;
Orbits (N1214s);

N1215:=Stabiliser(N121,5);
SSS:={[12,1,5]}; SSS:=SSS"N;
#(SSS);

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in M do

if ts[12]*ts[1l]xts

[5] eqg
nxts[Rep (Seqql[i]) [1]

]*xts[Rep(Seqqli]) [2]]1*ts[Rep(Seqqli]) [3]1]
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then print Rep(Seqqli]);
end 1f; end for; end for;
N1215s:=N1215;

T1215:=Transversal (N,N1215s);

for 1 in [1..#T1215] do
ss:=[12,1,5]1"T1215[1i];

cst[prodim(1l, ts, ss)] := ss;

end for;

m:=0; for i in [1..3960] do if cst[i] ne
then m:=m+1; end if; end for; m;

Orbits (N1215s);

N1217:=Stabiliser (N121,7);
SSS:={[12,1,7]}; SSS:=SSS"N;
#(SSS) ;

Seqgq:=Setseq(SSS) ;

for i in [1..#SSS] do

for n in M do

if ts[1l2]xts[l]l*ts[7] eq

n*xts[Rep(Seqqli]) [1]]+ts[Rep(Seqqg[i]) [2]]*ts[Rep(Seqqli]) [3]]

then print Rep(Seqqli]);
end i1if; end for; end for;
N1217s:=N1217;

for g in N do if 12"g eq 8 and 1°g eqg 2 and 7°g eq 4
then N1217s:=sub<N|N1217s,g>; end if; end for;

#N1217s; N1217s;

T1217:=Transversal (N,N1217s);
for i in [1..#T1217] do
ss:=[12,1,71"T1217[1];
cst[prodim(l, ts, ss)] := ss;
end for;
:=0; for i in [1..3960] do if cst[i] ne
then m:=m+1; end if; end for; m;
Orbits (N1217s);

N1218:=Stabiliser (N121,8);
SSS:={[12,1,81}; SSS:=SSS"N;
#(S8S) ;

Seqqg:=Setseq(SSS);

for i in [1..#SSS] do

for n in M do
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if ts[12]xts[1l]*ts[8] eq

nxts[Rep(Seqqli]) [1]]+ts[Rep(Seqqli]) [2]]*ts[Rep (Seqq[i]) [3]]
then print Rep(Seqqli]);

end 1f; end for; end for;

N1218s:=N1218;

T1218:=Transversal (N,N1218s) ;

for 1 in [1..#T1218] do
ss:=[12,1,8]1"T1218[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..3960] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N1218s);

N1219:=Stabiliser (N121,9);
SSS:={[12,1,9]}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS) ;

for i in [1..#SSS] do

for n in M do

if ts[1l2]xts[l]*ts[9] eq
nxts[Rep (Seqqli]) [1]]*ts[Rep(Seqq[i]) [2]]*ts[Rep(Seqq[i]) [3]]
then print Rep(Seqqli]);

end i1if; end for; end for;
N1219s:=N1219;

T1219:=Transversal (N,N1219s);
for i in [1..#T1219] do
ss:=[12,1,9]1"°T1219[1];
cst[prodim(l, ts, ss)] := ss;
end for;
:=0; for i in [1..3960] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N1219s);

N12110:=Stabiliser (N121,10);

SSS:={[12,1,10]1}; SSS:=SSS"N;

#(SSS);

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in M do

if ts[12]xts[1l]*ts[10] eqg

nxts[Rep (Seqqli]) [1]]+ts[Rep(Seqq[i]) [2]]*ts[Rep(Seqq[i]) [3]]



then print Rep(Seqqli]);
end 1f; end for; end for;
N12110s:=N12110;

T12110:=Transversal (N,N12110s) ;

for i in [1..#T12110] do
ss:=[12,1,10]"T12110[411];

cst[prodim(1l, ts, ss)] := ss;

end for;

m:=0; for i in [1..3960] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N12110s);

N12111:=Stabiliser (N121,11);
SSS:={[12,1,11]}; SSS:=SSS"N;
#(SSS) ;

Seqgq:=Setseq(SSS) ;

for i in [1..#SSS] do

for n in M do

if ts[12]xts[1l]l*ts[ll] eq

n*xts[Rep(Seqqli]) [1]]+ts[Rep(Seqqg[i]) [2]]*ts[Rep(Seqqli]) [3]]

then print Rep(Seqqli]);
end i1if; end for; end for;
N12111s:=N12111;

for g in N do if 12"g egq 11 and 1°g eq 2 and 11°g eq 12
then N12111ls:=sub<N|N1211lls,g>; end if; end for;

#N1211ls; N12111s;

Tl1211l1l:=Transversal (N,N12111s);
for i in [1..#T12111] do
ss:=[12,1,11]"T12111[i];
cst[prodim(l, ts, ss)] := ss;
end for;
:=0; for i in [1..3960] do if cst[i] ne []
then m:=m+1; end if; end for; m;
Orbits (N1211l1ls);

/* ***kxx*xkx*x*xNew Double Cosets of [12, 1, 5]
N12152:=Stabiliser (N1215,2);
SSS:={[12,1,5,2]}; SSS:=SSS"N;

#(SSS) ;

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

kkkkkkxkkhkk K/
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for n in M do

if ts[1l2]xts[l]*xts[5]*ts[2] eqg

nxts[Rep (Seqq[i]) [1]]1+ts[Rep(Seqqli]) [2]]*ts[Rep(Seqql[i]) [3]]
xts[Rep (Seqqlil) [4]]

then print Rep(Seqqli]);

end if; end for; end for;

N12152s:=N12152;

for g in N do if 12°g eq 11 and 1°g eq 2 and 5°g eg 3 and
2°g eq 1 then N12152s:=sub<N|N12152s,g>; end if; end for;
for g in N do if 12"g eq 10 and 1°g eg 3 and 5°g eg 2 and
2°g eq 5 then N12152s:=sub<N|N12152s,g>; end if; end for;
for g in N do if 12°g eq 8 and 1°g eq 4 and 5°g eq 1 and
2°g eq 3 then N12152s:=sub<N|N12152s,g>; end if; end for;
for g in N do if 12°g eq 3 and 1°g eq 7 and 5°g eg 6 and
2°g eq 9 then N12152s:=sub<N|N12152s,g>; end if; end for;
for g in N do if 12°g eq 5 and 1°g eg 9 and 5°g eq 4 and
2°g eq 7 then N12152s:=sub<N|N12152s,g>; end if; end for;
for g in N do if 12°g eq 1 and 1°g eqg 4 and 5°g eq 9 and
27g eq 6 then N12152s:=sub<N|N12152s,g>; end if; end for;
for g in N do if 12°g eqg 4 and 1°g eq 10 and 5°g eg 11 and
2°g eq 8 then N12152s:=sub<N|N12152s,g>; end if; end for;
for g in N do if 12°g eq 2 and 1°g eq 6 and 5°g eq 7 and
2°g eq 4 then N12152s:=sub<N|N12152s,g>; end if; end for;
for g in N do if 12°g eq 6 and 1°g eq 8 and 5°g eq 12 and
2°g eq 10 then N12152s:=sub<N|N12152s,g>; end if; end for;
for g in N do if 12°g eq 7 and 1°g egq 12 and 5°g egq 8 and
2°g eq 11 then N12152s:=sub<N|N12152s,g>; end if; end for;
for g in N do if 12°g eq 9 and 1°g eq 11 and 5°g eq 10 and
2°g eq 12 then N12152s:=sub<N|N12152s,g>; end if; end for;
#N12152s; N12152s;

T12152:=Transversal (N,N12152s) ;
for 1 in [1..#T12152] do

ss:=[12,1,5,2]"T12152[1i];
cst[prodim(l, ts, ss)] =
end for;

m:=0; for i in [1..3960] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N12152s);

Ss;

N12156:=Stabiliser (N1215,6);
SSS:={[12,1,5,6]}; SSS:=SSS"N;
#(SS3) ;
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Seqqg:=Setseq(SSS);
for 1 in [1..#SSS] do
for n in M do

if ts[12]*ts[l]*ts[5]*ts[6] eq

nxts[Rep (Seqql[i]) [1]1]*ts[Rep(Seqqli]) [2]]*ts[Rep (Seqqli]) [3]]
xts[Rep (Seqgqg[i]) [4]]

then print Rep(Seqqli]);

end 1f; end for; end for;
N12156s:=N12156;

T12156:=Transversal (N,N12156s) ;
for 1 in [1..#T12156] do

ss:=[12,1,5,6]"T12156[1i];
cst[prodim(l, ts, ss)] =
end for;

m:=0; for i in [1..3960] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N12156s);

Ss;

N12158:=Stabiliser (N1215, 8);
SSS:={[12,1,5,8]}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in M do

if ts[1l2]xts[1l]*ts]|
nxts[Rep (Seqq[i]) [1
*ts[Rep (Seqqli]) [4]
then print Rep(Seqqli]);
end i1f; end for; end for;
N12158s:=N12158;

5]xts[8] eq
]1xts[Rep(Seqq[i]) [2]]*ts[Rep (Seqql[i]) [3]]
]

for g in N do if 12°g eq 10 and 1°"g eq 1 and 5°g eg 5 and
8"g eq 11 then N12158s:=sub<N|N12158s,g>; end if; end for;
#N12158s;
N12158s;

T12158:=Transversal (N,N12158s) ;
for i in [1..#T12158] do

ss:=[12,1,5,8]1"T12158[1i];
cst[prodim(1l, ts, ss)] :=
end for;

m:=0; for 1 in [1..3960] do 1f cst[i] ne []
then m:=m+1; end if; end for; m;

SS;
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Orbits (N12158s);

N12159:=Stabiliser (N1215,9);
SSS:={[12,1,5,9]1}; SSS:=SSS"N;
#(SSS) ;

Seqgq:=Setseq(SSS) ;

for i in [1..#SSS] do

for n in M do

if ts[l2]*ts[1l]*ts[5]*ts[9] eq

n*xts[Rep(Seqqli]) [1]]+ts[Rep(Seqqg[i]) [2]]*ts[Rep(Seqqli]) [3]]
*ts[Rep(Seqqli]) [4]]

then print Rep (Seqqgli]);

end i1f; end for; end for;
N12159s:=N12159;

for g in N do if 12°g eq 10 and 1°g eq 1 and 5°g egqg 5 and
9°g eq 4 then N12159s:=sub<N|N12159s,g>; end if; end for;
#N12159s; N12159s;

T12159:=Transversal (N,N12159s) ;
for i in [1..#T12159] do

ss:=[12,1,5,9]"T12159[1i];
cst[prodim(l, ts, ss)] =
end for;

m:=0; for i in [1..3960] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N12159s);

Ss;

N12185:=Stabiliser (N1218,5);
SSS:={[12,1,8,5]}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS) ;

for 1 in [1..#SSS] do

for n in M do

if ts[l12]*ts[1]*ts[8]*ts[5] eq

nxts[Rep (Seqq[i]) [1]1]*ts[Rep(Seqqli]) [2]]*ts[Rep(Seqqli]) [3]]
*ts[Rep(Seqqli]) [4]]

then print Rep (Seqqgli]);

end 1f; end for; end for;
N12185s:=N12185;

for g in N do if 12°g eq 12 and 1°"g eq 5 and 5°g eg 1 and
8"g eqg 8 then N12185s:=sub<N|N12185s,g>; end if; end for;
#N12185s; N12185s;
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T12185:=Transversal (N,N12185s) ;
for i in [1..#T12185] do

ss:=[12,1,8,5]"T12185[1i];
cst[prodim(l, ts, ss)] =
end for;

m:=0; for i in [1..3960] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N12185s);

Ss;

/% xkkkxkkkxkxxx b letter double cosels *xxkkkdkhhkhkkrxhhht */
N121581:=Stabiliser (N12158,1);
SSS:={[12,1,5,8,11}; SSS:=SSS"N;
#(SSS) ;

Seqgg:=Setseq(SSS);

for i in [1..#SSS] do

for n in M do

if ts[1l2]xts[1l]*ts[5]*xts[8]xts[l] eq
nxts[Rep (Seqq[i]) [1]]+ts[Rep(Seqq[i]) [
*ts[Rep(Seqql[i]) [4]]1*ts[Rep (Seqqli]) [5
then print Rep(Seqqli]);

end i1f; end for; end for;
N121581s:=N121581;

2]1]1*ts[Rep(Seqqli]) [3]]
1]

for g in N do if 12°g eq 11 and 1°g eq 2 and 5°g eg 3 and
8°g eq 10 and 1°g eq 2 then N121581s:=sub<N|N121581s,g>;
end i1if; end for;

for g in N do if 12°g eq 8 and 1°g eg 2 and 5°g eq 3 and
8°g eq 12 and 1°g eq 2 then N121581s:=sub<N|N121581s,qg>;
end 1f; end for;

for g in N do if 12"g eq 10 and 1°g eg 5 and 5°g eg 1 and
8°g eqg 11 and 1°g eq 5 then N121581s:=sub<N|N121581s,qg>;
end i1if; end for;

for g in N do if 12°g eq 10 and 1°g eq 1 and 5°g eg 5 and
8°g eq 11 and 1°g eq 1 then N121581s:=sub<N|N121581s,g>;
end i1if; end for;

for g in N do if 12°g eqg 8 and 1°g eq 3 and 5°g eg 2 and
8°g eq 12 and 1°g eq 3 then N121581s:=sub<N|N121581s,g>;
end i1f; end for;

for g in N do if 12°g eg 11 and 1°g eq 3 and 5°g eg 2 and
8"g eq 10 and 1°g eq 3 then N121581s:=sub<N|N121581s,g>;
end if; end for;

for g in N do if 12°g eqg 12 and 1°g eq 5 and 5°g eg 1 and
8°g eq 8 and 1°g eq 5 then N121581s:=sub<N|N121581s,g>;
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end i1if; end for;
#N121581s; N121581s;

T121581:=Transversal (N,N121581s);

for i in [1..#T121581] do
ss:=[12,1,5,8,1]1"T121581[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..3960] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N121581s);

G<x,y,z,W,Vv,t>:=Group<x,vy,z,w,v,t|x"2,y"2,z2"3,w 2,v"2,y x=y,
z"x=z,2"y=2,W X=W,W y=w,W z=V,V X=V,V y=v,V z=wxVv,V W=V,
t72, (t,xxy*w), (t,y*v), (xxt) "3, (zxt) "5>;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,Vv>);

S:=Sym(12);

X:=3!'(1, 2) (3, 5) (4, o6) (7, 9)«(8, 10) (11, 12);
Y:=S! (1, 3) (2, 5) (4, 7)(6, 9)(8, 11) (10, 12);
Z:=s'!'(, 4, 8)(2, 6, 10)(3, 7, 11) (5, 9, 12);
W:=S!(1, 2) (3, 5)(4, 7)(6, 9)(8, 12) (10, 11);
vV:=S!(1, 5)(2, 3) (4, 6) (7, 9) (8, 11) (10, 12);
N:=sub<S|X,Y,Z2,W,V>;

#N;

Set (N) ;

HH:=sub<G|X,Vy,2,W,V, Z*txVxLxz4vrtxz " —1lxtrzxtxz -1*xt>;
#HH;

IN:=sub<Gl|f(x),f(y),f£(z),£(w),£(v)>;
M:=sub<Gl|f(x),f(y),f(z),£(w),£f(v),

f(zrxt+vst*zxvrtxz —1lxtxzrtxz"—1xt)>;

ts := [ Id(Gl): i in [1 .. 12] 71;
ts[12]:=f(t);

ts[l]:=f(t~ (x*xy*z));

ts[2]:=£(t" (z*xy));

ts[3]:=f£(t" (z*x));

ts[4]:=f(t" (xxvxz2"2));
ts[5]:=f£(t"(z));

ts[6]:=f(t" (vxz"2));
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ts[7]:=f(t" (x*x272));
ts[8]:=f(t™ (x*xVv));
ts[9]:=f(t"(z272));
ts[10]:=£(t" (v));
ts[1l]:=£(t" (%)),

N:=G1l; NN:=G;
Sch:=SchreierSystem (NN, sub<NN| Id (NN)>) ;
ArrayP:=[Id(Gl): i in [1..#G1]1];

for i in [2..#G1l] do

P:=[Id(Gl): 1 in [1..#Sch[i11];

for 7 in [1..#Sch[i]] do

if Eltseqg(Sch
if Eltseqg(Sch eqg 2 then P
if Eltseqg(Sch eq 3 then P

( [1]1)[J] eg 1 then P

( [1]) [3]

( [11) [3]
if Eltseg(Sch[i])[]J] eqg -3 then

( [11) [3]

( [(11) [3]

( [11) [3]

); end if;
); end if;
); end if;
z"=1); end if;
if Eltseqg(Sch eq 4 then P )
if Eltseqg(Sch eq 5 then P )
)

if Eltseqg(Sch eqg 6 then P

; end if;
; end 1f;
; end if;

—— e T -

end for;

PP:=Id(G1l);

for k in [1..#P] do PP:=PP*P[k]; end for;
ArrayP[i] :=PP;

end for;

for g in M do for h in IN do if ts[12]*xts[8] eq gx(ts[12]) "h
then A:=g;B:=h; break; end if; end for; end for;
for i in [1..#G1] do if ArrayP[i] eq A then Sch[i];
end if; end for;
for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
s[1l2]*ts[8] eqg f(w » t » w x £t » v » t)*ts[ll];

for g in M do for h in IN do if ts[12]xts[10] egq gx(ts[10])"~
then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1f; end for;
for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end 1f; end for;
s[12]xts[10] eqg f(y » t » yv x t x w % t)*ts[1l1l];

for g in M do for h in IN do if ts[12]*ts[11l] eq gx(ts[1l2])"



then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;

ts[12]*xts[11] eqg f(x)+*ts[l2];

/* (12, 11 */

for g in M do for h in IN do if ts[1l2]*ts[l]xts[2]
eq g* (ts[l1l2]+*ts[1l]) "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;

ts[12]xts[1l]l*ts[2] eq f(x)*xts[1l1l]l*ts[1l];

for g in M do for h in IN do if ts[12]xts[1l]*ts[12]
eq g* (ts[1l2]1+*ts[1]) h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;

ts[l2]*ts[l]l*ts[1l2] eqg

f(v » £t « z7-1 « t » z « t » z"-1 = t  z % t)*+ts[1l2]+ts[1l];

for g in M do for h in IN do if ts[l2]*ts[l]xts[3]
eq gx (ts[12]+*ts[4]) " "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schl[i];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;

ts[1l2]*xts[1l]l*ts[3] eqg

f(y » £t »y »t xw*x t x z"-1)xts[4]*ts[2];

for g in M do for h in IN do if ts[12]xts[1l]*ts[6]
eq gx(ts[1l2]xts[4]) " "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end 1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

186



187

end i1f; end for;
ts[12]xts[1l]*ts[6] eq £(v * z"-1)xts[1l]l*ts[1l2];

/x [12 1 4] %/

for g in M do for h in IN do if ts[12]xts[1l]*xts[4]*ts[1]
eq g* (ts[1l2]+*ts[1l]*ts[7])"h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]xts[1]*ts[4]xts[1]

eq f(t*xxy*xtryxzxtxz " —1lxtrzxtxz " —1xt)*»ts[10]xts[2]*ts[7];

for g in M do for h in IN do if ts[l2]*ts[l]xts[4]*xts[2]
eq gx (ts[12]*ts[1l]*ts[4]) h

then A:=g;B:=h; break; end if; end for; end for;

for i in [1..#G1] do if ArrayP[i] eq A then Sch[i];

end if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[l2]*ts[l]*ts[4]*ts[2]

eq f(x » t »wx t » v x t x z)*xts[1l0]*xts[l]*xts[9];

for g in M do for h in IN do if ts[l2]*ts[l]*ts[4]*xts[3]
eq gx(ts[1l2]xts[4]) " "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end 1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end 1f; end for;

ts[12]*ts[l]lxts[4]*ts[3]

eq f(y » z » £t  y x €L »w x t *« z)xts[l2]*ts[9];

/* [12 1 51 =%/

for g in M do for h in IN do if ts[1l2]*ts[l]xts[5]*xts[1]
eq gx (ts[12]*ts[1l]*ts[5]) h

then A:=g;B:=h; break; end if; end for; end for;

for i in [1..#G1] do if ArrayP[i] eqg A then Sch[i];

end if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;



ts[1l2]*ts[1l]*ts[5]*ts[1]
eq f(x » w » v)xts[l2]xts[l]*ts[5];

for g in M do for h in IN do if ts[l2]*ts[l]*xts[5]*xts[3]
eq gx(ts[1l2]xts[4]) " "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end 1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]*ts[l]lxts[5]*ts[3]

eq f(t » x » w x t » w x t x z"=-1)xts[6]*xts[1l];

for g in M do for h in IN do if ts[1l2]*ts[l]xts[5]*xts[4]
eq gx (ts[1l2]*ts[1l]*ts[8]) h

then A:=g;B:=h; break; end if; end for; end for;

for i in [1..#G1] do if ArrayP[i] eqg A then Sch[i];

end if; end for;

for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];

end if; end for;

ts[l2]xts[l]l*ts[5]xts[4]

eq f(z » t » w x t » v x t)*xts[8]rts[5]*ts[12];

for g in M do for h in IN do if ts[l2]*ts[l]*xts[5]*xts[7]
eq gx (ts[12]xts[1]*ts[8]) h
then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end if; end for;
for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end 1f; end for;
ts[12]*ts[l]lxts[5]*ts[7]
eq f(x* zxtxz " —Ixt*zxtxz " —Ixt*zxt)*ts[9]*ts[11]*ts[4];

for g in M do for h in IN do if ts[1l2]*ts[1l]*ts[5]xts[10]
eq g* (ts[1l2]*ts[1l]*ts[10]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];

end if; end for;

ts[12]*ts[1l]+ts[5]*ts[10]

eq f(t » w x t « v x L » x x z)*xts[7]xts[1ll]=xts[4];

for g in M do for h in IN do if ts[l2]xts[l]l*ts[5]xts[1l1l]
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eq gx (ts[12]xts[1]*xts[10]) " "h
then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;
for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[12]*ts[l]xts[5]*xts[11]
eq f(x*txz " —lstxzxtxz " —1lxtxzxvrtrwrxt)+xts[1]*xts[6]*ts[3];

for g in M do for h in IN do if ts[1l2]*ts[1l]*ts[5]xts[12]
eq gx (ts[l2]+*ts[l]xts[5]*ts[6]) h
then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;
for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[12]*ts[l]+ts[5]*ts[12]
eq f(zxtxvrxtrxwrtxxxz)*ts[4]xts[10]xts[1l1l]*ts[5];

/x [12 1 7] =%/

for g in M do for h in IN do if ts[l2]*ts[l]*xts[7]xts[1l]
eq gx (ts[12]xts[1]*ts[4]) h
then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end if; end for;
for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[12]+ts[1]1*xts[7]*ts[1]
eq f(y*txzxtxz " —lstxzrtxvrz —Ixt*xyxt)xts[4]*ts[12]*ts[5];

for g in M do for h in IN do if ts[12]*ts[1l]*ts[7]*xts[3]
eq gx (ts[l2]*ts[1l]xts[5]*ts[6]) h
then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;
for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[12]*ts[l]lxts[7]*ts[3]
eq f(z » t » v x £t x w x t x 2z % v)*ts[2]xts[9]+ts[4]*ts[8];

for g in M do for h in IN do if ts[l2]*ts[l]*xts[7]*ts[6]
eq gx (ts[12]xts[1]*ts[9]) h
then A:=g;B:=h; break; end if; end for; end for;



for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;

ts[12]*ts[l]lxts[7]*ts[6]

eq f(x » z » t  w x € » v » t)*xts[1l0]*ts[1l]=*xts[4];

for g in M do for h in IN do if ts[12]*ts[1l]*ts[7]*xts[8]
eq g* (ts[1l2]+*ts[1l]*ts[9]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]*ts[l]lxts[7]*ts[8]

eq f(w » t » v » t »w x t)*xts[8]xts[2]*ts[6];

for g in M do for h in IN do if ts[l2]*ts[l]l*ts[7]xts[10]
eq gx (ts[12]+*ts[4]) " "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1f; end for;

ts[12]*ts[1l]xts[7]xts[10]

eq f(y » z » t » w x t vy % t)*xts[6]*xts[1l];

/+ [12 1 8] */

for g in M do for h in IN do if ts[12]*ts[1]*ts[8]*xts[1]
eq g* (ts[1l2]1+*ts[4]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]*ts[l]lxts[8]*ts[1]

eq f(t*xxyxtxyxz —lxtrzxtrxz " —1lxtxzxt)xts[5]*ts[8];

for g in M do for h in IN do if ts[l2]*ts[l]xts[8]xts[2]
eq gx (ts[12]*ts[1]*xts[10]) " "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schl[i];

end i1if; end for;
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for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;

ts[12]*ts[l]+ts[8]*ts[2]

eq f(t » x » w » t » w x t)*xts[1l2]xts[1l]*ts[10];

for g in M do for h in IN do if ts[12]xts[1l]*xts[8]*ts[3]

eq gx (ts[1l2]xts[1l]+ts[5]l*ts[6]) "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]*ts[l]xts[8]*ts[3]

eq

f(y*trzxtsz —Ixtrzstrvrz —1latxyxt)xts[12]xts[5]xts[1]*xts[9];

for g in M do for h in IN do if ts[12]xts[1l]*xts[8]*ts[4]

eq g* (ts[1l2]+*ts[1l]*ts[8])"h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]*ts[l]xts[8]*ts[4]

eq f(zxtxz ' —lstrzstax wrxz —lstrxzxtrxwxt)«ts[12]*xts[1l]+ts[8];

for g in M do for h in IN do if ts[1l2]*ts[1l]*xts[8]*xts[6]
eq gx (ts[1l2]*ts[1l]*xts[11]) " "h

then A:=g;B:=h; break; end if; end for; end for;

for i in [1..#G1] do if ArrayP[i] eqg A then Sch[i];

end if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[1l2]*ts[1l]*ts[8]*ts[6]

eq f(x*txzxtxz —lrxtrxzxtsz " —1lxvrtswrt)*xts[7]xts[10]*ts[9];

for g in M do for h in IN do if ts[l2]*ts[l]*xts[8]xts[7]
eq gx (ts[12]xts[1l]*ts[5]*ts[6]) "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end 1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end 1f; end for;

ts[12]*ts[l]lxts[8]*ts[7]
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eq f(t » x » w x t » w x t x z"-1)xts[10]xts[3]*ts[2]*ts[9];

for g in M do for h in IN do if ts[1l2]*ts[1l]*xts[8]*xts[9]
eq gx (ts[l2]+*ts[1l]*ts[5]) h
then A:=g;B:=h; break; end if; end for; end for;
for i in [1..#G1] do if ArrayP[i] eqg A then Sch[i];
end if; end for;
for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];
end if; end for;
ts[12]*ts[1l]+ts[8]*ts[9]
eq f(y » t » vy  t »w « t x z"-1)*ts[8]*ts[5]xts[1l];

for g in M do for h in IN do if ts[l2]xts[l]*ts[8]xts[1l0]
eq gx (ts[12]xts[1]*xts[10]) " "h
then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;
for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end 1f; end for;
ts[1l2]xts[1l]*ts[8]xts[10] eq f(x)x*xts[ll]xts[2]*ts[8];

for g in M do for h in IN do if ts[l2]xts[l]l*ts[8]xts[1l1l]
eq gx (ts[12]xts[1]*ts[5]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end if; end for;

ts[12]*ts[1l]xts[8]xts[11]

eq f(t*zxtxz " —Ixt*zxtxz " —1xt)*ts[2]*ts[6]*xts[7];

for g in M do for h in IN do if ts[l2]xts[l]*ts[8]xts[1l2]
eq gx (ts[12]xts[1l]*ts[5]1*ts[9]) "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1l] do if ArrayP[i] eg A then Schli];

end if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1f; end for;

ts[12]*ts[l]xts[8]xts[1l2]

eq f(z » w)rts[3]*ts[4]xts[9]+ts[10];

/* [12 1 9] */
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for g in M do for h in IN do if ts[1l2]*ts[1l]*xts[9]*xts[1]
eq gx (ts[1l2]*ts[1l]*ts[9]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];

end if; end for;

ts[12]*ts[1l]lxts[9]*ts[1]

eq f(x*zrwrxtxz —1lxtxzrtsz " —1lxtrz+t)*xts[12]*ts[1l]*xts[9];

for g in M do for h in IN do if ts[1l2]*ts[1l]*xts[9]*xts[2]
eq gx (ts[1l2]+*ts[1l]*ts[11l]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end if; end for;

for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];

end i1if; end for;

ts[12]*ts[1l]l*ts[9]*ts[2]

eq f(x » v x z)xts[9]*ts[1l1l]l*ts[7];

for g in M do for h in IN do if ts[1l2]*ts[1l]*xts[9]*xts[3]
eq gx (ts[1l2]*ts[1l]xts[5]*ts[8]) h
then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end if; end for;
for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];
end if; end for;
ts[12]*ts[1l]lxts[9]*ts[3]
eq f(t » wx t vy xt vy x z7-1)xts[9]*ts[8]*ts[1l2]xts[4];

for g in M do for h in IN do if ts[l2]*ts[l]*xts[9]xts[4]

eq gx (ts[12]xts[1l]*ts[5]*ts[6]) "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1l] do if ArrayP[i] eg A then Schli];

end if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1f; end for;

ts[12]*ts[l]l+ts[9]*ts[4]

eq f(t*zxtxz " —Ixtrzxtxz " —1xvrtrwrtsx)+xts[4]+ts[8]*ts[12]*ts[1];

for g in M do for h in IN do if ts[12]*ts[1]*xts[9]*xts[5]
eq gx (ts[l2]*ts[1l]xts[5]*ts[9]) h



then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;

ts[12]*ts[l]lxts[9]*ts[5]

eq f(vstrzxtxz " —1lrtrxzxt*z " -1xt)*xts[5]xts[4]+ts[9]+ts[12];

for g in M do for h in IN do if ts[l2]*ts[l]*xts[9]*xts[6]
eq gx (ts[12]xts[1]*ts[9]) h
then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1f; end for;
for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end if; end for;
ts[12]*ts[l]lxts[9]*ts[6]
eq f(x » z » £t  w x L » v » t)*ts[9]xts[12]xts[2];

for g in M do for h in IN do if ts[12]*ts[1]*ts[9]*xts[7]
eq g* (ts[12]+*ts[1l]*ts[7]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[l2]xts[l]l*ts[9]xts[7] eq f£(x)*ts[ll]lxts[2]*ts[9];

for g in M do for h in IN do if ts[12]xts[1]*xts[9]*ts[8]
eq gx (ts[1l2]xts[1l]+ts[5]*ts[6]) "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end 1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]*ts[1l]xts[9]*ts[8]

eq f(x*txzxtxz " —1lstxzxtxz " —1*txv)*xts[10]xts[3]*xts[2]+xts[9];

for g in M do for h in IN do if ts[1l2]*ts[1l]l*ts[9]xts[10]
eq gx (ts[12]*ts[1]*ts[9]) h

then A:=g;B:=h; break; end if; end for; end for;

for i in [1..#G1] do if ArrayP[i] eq A then Sch[i];

end if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schl[i];

end i1if; end for;
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ts[12]*ts[1]*ts[9]*ts[10]
eq f(x » t »w x t » v x t x z)*xts[l]xts[7]*ts[1l2];

for g in M do for h in IN do if ts[l2]xts[l]*ts[9]*ts[1l1l]
eq gx(ts[1l2]xts[4]) " "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end 1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end 1f; end for;
ts[12]xts[1]*ts[9]xts[1ll] eq f(x » z"-1 % v)xts[7]*ts[1l];

for g in M do for h in IN do if ts[l2]*ts[l]l*ts[9]*xts[1l2]
eq gx (ts[12]xts[1]*xts[7]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end 1f; end for;

ts[12]*ts[1l]xts[9]*ts[12]

eq f(wx t »w « t x v » t)xts[8]*ts[2]+ts[4];

/* [12 1 10] «/

for g in M do for h in IN do if ts[12]xts[1l]*ts[10]=xts[1]
eq gx (ts[l2]xts[4]) " "h

then A:=g;B:=h; break; end if; end for; end for;

for i in [1..#G1] do if ArrayP[i] eq A then Sch[i];

end if; end for;

for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];

end if; end for;

ts[1l2]xts[1l]*ts[10]*ts[1]

eq f(y* txyxtxwrxz —lxtxzxtxz " —1lxtxzxt)*xts[3]*ts[10];

for g in M do for h in IN do if ts[l2]xts[l]l*ts[1l0]xts[2]
eq gx (ts[12]xts[1]*ts[8]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end 1f; end for;

ts[12]*ts[1l]xts[1l0]*ts[2]

eq f(t » x » yv « t x y » t)xts[1l2]rts[1l]*ts[8];
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for g in M do for h in IN do if ts[1l2]*ts[1l]*ts[10]xts[3]
eq gx (ts[l2]*ts[1l]xts[5]*ts[8]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Sch[i]; end 1if;
end for;

for i in [1..#G1] do if ArrayP[i] eq B then Sch[i]; end if;
end for;

ts[12]*ts[1]+ts[10]*ts[3]

eq f(y*z —1lxtswrtrxyxtxz"-1)xts[1l]*ts[7]*xts[6]xts[5];

for g in M do for h in IN do if ts[l2]xts[l]l*ts[1l0]xts[4]
eq gx (ts[12]xts[1]*xts[5]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]+xts[1]1*ts[10]+ts[4]

eq f(t*zxtxz " —Ixt*zxt xxvrxz —Ixt+wxt) xts[6]*ts[12]*ts[8];

for g in M do for h in IN do if ts[12]*ts[1l]*ts[10]xts[5]
eq gx (ts[1l2]+*ts[1l]*ts[5]) h
then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;
for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[12]xts[1]+ts[10]xts[5]
eq f(x » z » £t x v x t x w x t % z)*ts[2]xts[9]*ts[4];

for g in M do for h in IN do if ts[l1l2]*ts[l]l*ts[10]xts[6]
eq gx (ts[12]xts[1l]*ts[5]*ts[6]) "h
then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;
for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end if; end for;
ts[12]*ts[1l]xts[10]*ts[6]
eq f(x* zxtxz " —1lxt*zxtxz " —1xtrzxt+w)*ts[1]*xts[7]*xts[6]*ts[10];

for g in M do for h in IN do if ts[12]*ts[1]*ts[10]*ts[7]
eq g* (ts[1l2]+*ts[1l]*ts[10]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
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end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]*ts[1l]xts[10]*ts[7]

eq f(zxtxwrxtxvrzrxtrxz —lxtrzxtrxz " -1xt)*xts[12]xts[1]*ts[10];

for g in M do for h in IN do if ts[l1l2]*ts[l]l*ts[10]xts[8]
eq gx (ts[12]+*ts[1]*ts[8]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1f; end for;

ts[12]xts[1]1*ts[10]1*ts[8] eq f(x)*xts[1l1l]xts[2]*xts[10];

for g in M do for h in IN do if ts[1l2]*ts[1l]*ts[10]xts[9]
eq gx (ts[1l2]*ts[1l]*xts[11]) " "h
then A:=g;B:=h; break; end if; end for; end for;
for i in [1..#G1l] do if ArrayP[i] eq A then Sch[i]; end if;
end for;
for 1 in [1..#G1l] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[12]*ts[1]*ts[10]*ts[9]
eq f(t » w x t »y x» t x y)*xts[2]xts[6]*ts[1l];

for g in M do for h in IN do if ts[l2]xts[l]*ts[10]*ts[1l1]
eq gx (ts[12]xts[1l]*ts[5]l*ts[6]) "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end 1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1f; end for;

ts[12]+ts[1]1*xts[10]+ts[11]

eq f(z)xts[b]*xts[7]*ts[6]xts[8];

for g in M do for h in IN do if ts[12]xts[1l]*ts[10]*ts[12]
eq gx (ts[1l2]*ts[1l]xts[8]*ts[5]) h
then A:=g;B:=h; break; end if; end for; end for;
for i in [1..#G1] do if ArrayP[i] eq A then Sch[i];
end if; end for;
for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];
end if; end for;
ts[1l2]xts[1l]*ts[10]*ts[12]
eq f(w » t » v t »wx t x z )*xts[3]xts[9]xts[2]*ts[4];



/x [12 1 111 «/

for g in M do for h in IN do if ts[l2]xts[l]*ts[1ll]xts[1]
eq gx(ts[1l2]xts[4]) " "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end 1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]+ts[1l]l*ts[11]+ts[1]

eq f(vxtxz —lstxzxtxz " —1lxtxz*xt)*ts[2]xts[11l];

for g in M do for h in IN do if ts[1l2]xts[1l]*ts[11]xts[3]
eq gx (ts[1l2]*ts[1l]*ts[10]) h

then A:=g;B:=h; break; end if; end for; end for;

for i in [1..#G1] do if ArrayP[i] eqg A then Sch[i];

end if; end for;

for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];

end if; end for;

ts[l2]xts[1l]*ts[11]*ts[3]

eq f(w » z"7-1 « t » w x t » v x t)*xts[9]+ts[1l1l]*ts[6];

for g in M do for h in IN do if ts[l2]xts[l]l*ts[ll]xts[4]
eq gx (ts[12]xts[1]*ts[9]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end 1f; end for;

ts[12]+ts[1l]l*ts[11l]l+ts[4]

eq f(x » v » z"=1)*xts[2]*ts[6]xts[12];

for g in M do for h in IN do if ts[1l2]*ts[1l]l*ts[11l]xts[7]
eq gx (ts[1l2]+*ts[1l]*ts[11l]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];

end if; end for;

ts[12]xts[1l]l*ts[11l]xts[7]

eq f(x » z"-1 % v)xts[ll]*ts[2]*ts[12];

for g in M do for h in IN do if ts[l2]xts[l]l*ts[1l1l]xts[8]
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eq gx (ts[12]xts[1]*ts[8]) h
then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;
for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[12]*ts[1l]xts[1l1l]*ts[8]
eq f(x*txz " —lstxz txz " —1lxtxzxvrtrwrxt)xts[3]*ts[6]*ts[2];

/x [12 4] «/

for g in M do for h in IN do if ts[1l2]*ts[4]xts[1]
eq gx (ts[1l2]+*ts[1l]*ts[7]) h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];
end if; end for;
ts[12]*ts[4]+ts[1]

eq f(w » t »w x t x v x t % z)*xts[3]xts[4]*ts[8];

for g in M do for h in IN do if ts[l2]xts[4]x*ts[2]
eq gx (ts[12]xts[1]*ts[9]) h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1l] do if ArrayP[i] eg A then Schli];
end if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[1l2]+xts[4]1*ts[2]

eq f(x » z » v)*xts[l]xts[4]rts[11];

for g in M do for h in IN do if ts[1l2]*ts[4]x*ts[3]
eq g* (ts[1l2]+*ts[1l]) "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[12]xts[4]*ts[3] eq f(zxw)*ts[4]xts[12];

for g in M do for h in IN do if ts[12]*ts[4]*ts[5]
eq g* (ts[1l2]+*ts[1l]*ts[4])"h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
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end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;

ts[l2]xts[4]*ts[5] eq £(x * z * w)*ts[6]xts[ll]xts[3];

for g in M do for h in IN do if ts[12]xts[4]*ts[6]
eq gx(ts[1l2]xts[4]) " "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;

ts[l2]xts[4]*ts[6] eq f£(x)*ts[ll]xts[4];

for g in M do for h in IN do if ts[l2]xts[4]x*ts[7]
eq gx (ts[12]xts[1l]*xts[5]) h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end 1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[12]*ts[4]+ts[7]

eq f(x » £t »w x t x v x t x z)*xts[3]xts[4]*ts[9];

for g in M do for h in IN do if ts[1l2]*ts[4]xts[8]

eq gx (ts[1l2]+*ts[1l]*ts[8]) h

then A:=g;B:=h; break; end if; end for; end for;

for i in [1..#G1] do if ArrayP[i] eqg A then Sch[i];

end i1if; end for;

for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];

end if; end for;

ts[l2]+«ts[4]*ts[8]

eq f(t*xxyxtryszrtrxz —1latrzxtxz " —1xt)*xts[9]xts[8]*ts[4];

for g in M do for h in IN do if ts[l2]xts[4]x*ts[9]
eq gx(ts[1l2]xts[1]) " "h

then A:=g;B:=h; Dbreak; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end 1f; end for;
ts[12]*ts[4]+ts[9]

eq f(y » t »w  t x y x t x z)xts[5]xts[6];
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for g in M do for h in IN do if ts[12]xts[4]*ts[10]

eq gx (ts[1l2]*ts[1l]*ts[10]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];

end if; end for;

ts[12]*ts[4]+ts[10]

eq f(y*txy*xtxzxvrtrxz —1lxtrzxtxz " =1xt)*xts[7]*ts[10]*ts[4];

for g in M do for h in IN do if ts[l2]xts[4]*ts[1l1]
eq gx(ts[1l2]xts[1l]*xts[11]) " "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end if; end for;
ts[l2]xts[4]1*ts[1ll] eq f(x)*ts[4]xts[l2]xts[6];

for g in M do for h in IN do if ts[l2]xts[4]*ts[1l2]
eq gx (ts[12]xts[4]) " "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end if; end for;
ts[1l2]*ts[4]+ts[12]

eq f(x*wxtrzxtxz —1lxtxzxtxz " —1xt)*xts[12]*ts[4];

[12 1 5 8]

for g in M do for h in IN do if ts[12]xts[1l]*ts[5]xts[8]*ts[1]
eq gx (ts[1l2]*ts[1l]xts[5]*ts[8]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

for g in M do for h in IN do if ts[l2]xts[l]l*ts[5]xts[8]*ts[2]
eq gx (ts[12]*ts[1]*ts[5]1*ts[8]) "h

then A:=g;B:=h; break; end if; end for; end for;

for i in [1..#G1l] do if ArrayP[i] eqg A then Schl[i];

end i1if; end for;
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for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]*ts[l]+ts[5]*ts[8]*ts[2]

eq f(z*txz " —1lxtszrxtrxz " —Llxtxzxt)*xts[1l2]xts[1l]xts[5]*ts[8];

for g in M do for h in IN do if ts[12]xts[1]*ts[5]*xts[8]*xts[3]
eq gx (ts[12]xts[1l]*ts[5]1*ts[9]) "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1l] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]*ts[l]+ts[5]*ts[8]*ts[3]

eq f(y*zxtxz " —1lxtrzxtxz " —lxtxzxwrtxy*t) *
ts[1l1l]+xts[2]1*ts[3]*ts[7];

for g in M do for h in IN do if ts[12]xts[1]*xts[5]xts[8]*xts[4]
eq gx (ts[12]xts[1l]+xts[5]1*ts[9]) "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]xts[1]*ts[5]xts[8]*ts[4]

eq f(y*txzxtxz —lxtxzxtryxz " —1xtrwxt) *
ts[9]*ts[12]1*ts[8]*ts[2];

for g in M do for h in IN do if ts[12]xts[1]*ts[5]*xts[8]*xts[5]
eq gx (ts[12]xts[1l]*ts[8]*ts[5]) "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]xts[1l]*ts[5]xts[8]*ts[5]

eq f(x* txzxtxz —lstxzxtxvrxz —1lxtxvrt)*xts[2]xts[9]xts[3]xts[4];

for g in M do for h in IN do if ts[1l2]*xts[l]l*ts[5]xts[8]*ts[6]
eq gx (ts[12]*ts[1]*ts[9]) h

then A:=g;B:=h; break; end if; end for; end for;

for i in [1..#G1] do if ArrayP[i] eqg A then Sch[i];

end if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schl[i];

end i1if; end for;
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ts[1l2]*ts[1l]*ts[5]*ts[8]xts[0]
eq f(z*rtrwrxtxvazrtxz —latrzxtxz " —1xt)*xts[5]*xts[9]xts[10];

for g in M do for h in IN do if
ts[12]xts[1]*ts[5]xts[8]*ts[10] eq gx(ts[1l2]xts[1l]*xts[10]) " "h
then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1l] do if ArrayP[i] eg B then Schli];

end i1f; end for;

ts[12]*ts[l]xts[5]*ts[8]*ts[10]

eq f(t » w x t « v x £ » z)xts[9]*ts[l2]*ts[6];

/ % [12 1 5 9] */

for g in M do for h in IN do if
ts[12]*ts[1l]+ts[5]*ts[9]*ts[1]

eq gx (ts[1l2]xts[1l]xts[5]*ts[8]xts[1l]) " "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;

ts[12]*ts[l]xts[5]*ts[9]*ts[1]

eq f(y*txzxtxz " —lxtxzxtryxz " —1xtrwxt) *
ts[2]*ts[4]+ts[9]xts[3]*ts[4];

for g in M do for h in IN do if
ts[12]*ts[l]+ts[5]*ts[9]*ts[2]

eq gx (ts[12]*ts[1]*ts[5]1*ts[9]) "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1f; end for;
ts[12]*ts[l]+ts[5]*ts[9]*ts[2]

eq f(y*zxt*z —lxtxzxtxz —1lxtryrzrxtrwrt) %
ts[12]+ts[1l]1*ts[5]*ts[9];

for g in M do for h in IN do if
ts[12]*ts[1l]+ts[5]*ts[9]*ts[3]

eq gx (ts[12]xts[1l]*xts[8]*ts[5]) "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
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end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]*ts[1l]xts[5]*ts[9]*ts[3]

eq f(z » wx t » v x t x w x t)*ts[2]xts[9]+ts[3]*xts[4];

for g in M do for h in IN do if
ts[12]*ts[1l]+ts[5]*ts[9]*ts[5]

eq gx (ts[12]xts[1l]*ts[5]*ts[8]) "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;

ts[12]*ts[1l]+ts[5]*ts[9]*ts[5]

eq f(y*zxtxz " —1lxtrzxtxz " —1lxtrzxwrtxy*t) *
ts[1l1l]lxts[2]*ts[3]*ts[10];

for g in M do for h in IN do if
ts[12]*ts[l]+ts[5]*ts[9]*ts[6]

eq g* (ts[12]xts[1l]*ts[8]) " "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end if; end for;

ts[12]*ts[l]+ts[5]*ts[9]*ts[6]

eq f(v » z"-1)*ts[6]*ts[10]*ts[7];

for g in M do for h in IN do if
ts[12]*ts[l]+ts[5]*ts[9]*ts[8]

eq gx (ts[12]xts[1]*ts[5]1*ts[8]) "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end if; end for;
ts[12]*ts[1l]+ts[5]*ts[9]*ts[8]

eq f(xxtxz —lxtxzxtxz " —1lrxtrzrxvrtrwrt) *
ts[l]*ts[7]xts[6]*ts[5];

for g in M do for h in IN do if
ts[1l2]+xts[1l]*ts[5]*xts[9]xts[10]
eq gx (ts[1l2]*ts[1l]*ts[9]) h
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then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;

ts[12]*ts[1l]+ts[5]*ts[9]*ts[10]

eq f(z"-1)+ts[4]*ts[1l1l]*xts[5];

/ % [12 1 8 5] %/

for g in M do for h in IN do if
ts[1l2]*ts[1l]*ts[8]*ts[5]*xts[2]

eq gx (ts[l2]*ts[l]xts[5]*ts[6]) h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];
end if; end for;

ts[12]*ts[l]+ts[8]*ts[5]*ts[2]

eq f(x » z » v)xts[ll]xts[2]*ts[3]*xts[4];

for g in M do for h in IN do if
ts[1l2]*ts[1l]*ts[8]*ts[5]*ts[4]

eq gx (ts[l2]*ts[1l]xts[5]*ts[6]) h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];
end if; end for;

ts[12]*ts[1l]+ts[8]*ts[5]*ts[4]

eq f(x+t* wst*vxz —lxtxzrxtrz " —1xtrz*t) *
ts[12]*ts[5]1xts[1]*ts[9];

for g in M do for h in IN do if
ts[12]*ts[l]+ts[8]*xts[5]*ts[6]

eq gx (ts[12]xts[1]*xts[10]) " "h

then A:=g;B:=h; Dbreak; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end 1f; end for;

ts[12]*ts[l]+ts[8]*ts[5]*ts[6]

eq f(y*z —lxtxystrwrz —lxtxzrxtxz —1xtxzxt) *
ts[6]*ts[10]1*ts[9];
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for g in M do for h in IN do if
ts[12]*ts[1l]+ts[8]*ts[5]*ts[8]

eq gx (ts[1l2]*ts[1l]xts[5]*ts[9]) h

then A:=g;B:=h; break; end if; end for; end for;

for i in [1..#G1] do if ArrayP[i] eq A then Sch[i];
end if; end for;

for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];
end if; end for;

ts[12]*ts[1l]+ts[8]*ts[5]*ts[8]

eq f(y » t » vy » t » w x t)*xts[7]xts[1ll]xts[1l0]*ts[1l];

for g in M do for h in IN do if
ts[12]*xts[1l]+ts[8]*ts[5]*ts[10]

eq gx (ts[l2]*ts[l]xts[5]*ts[8]) h

then A:=g;B:=h; break; end if; end for; end for;
for i in [1..#G1] do if ArrayP[i] eqg A then Sch[i];
end if; end for;

for i in [1..#G1] do if ArrayP[i] eqg B then Sch[i];
end if; end for;

ts[1l2]xts[1l]*ts[8]xts[5]*ts[10]

eq f(y*xtxz —Llxtxzxtxz " —1lxtryxzrxtrwrt) *
ts[7]*ts[11l]+ts[10]*ts[6];

for g in M do for h in IN do if
ts[12]*ts[1l]+ts[8]*ts[5]*ts[11]

eq gx (ts[12]xts[1l]*ts[8]*ts[5]) "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end 1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1f; end for;

ts[12]*ts[l]+ts[8]*ts[5]*ts[11]

eq f(x)xts[12]xts[5]*ts[8]xts[1l];

for g in M do for h in IN do if
ts[12]*ts[1l]+ts[8]*ts[5]*ts[12]

eq gx (ts[1l2]xts[1l]xts[5]*ts[8]xts[1]) " "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end 1f; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end 1f; end for;

ts[12]*ts[l]+ts[8]*ts[5]*ts[12]
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eq f(zxtxz " —lstxzrtax wxz —1lxtxzrxtrwrt) *
ts[1l]l*ts[4]+ts[9]+ts[5]*ts[4];

/ % [12 1 5 6] */

for g in M do for h in IN do if
ts[1l2]*ts[l]+ts[5]*xts[6]*ts[1l]

eq gx (ts[12]xts[1]*ts[8]*ts[5]) "h

then A:=g;B:=h; break; end if; end for; end for;
for i in [1..#G1l] do if ArrayP[i] eq A then Schl[i];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[12]*ts[l]+ts[5]*ts[6]*ts[1l]

eq f(x » v x» z"-1)»ts[11]*ts[2]*ts[10]xts[3];

for g in M do for h in IN do if
ts[12]*ts[l]l+ts[5]*xts[6]*ts[2]
eq gx (ts[12]*ts[1]*ts[8]) h
then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;
for 1 in [1..#G1l] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[12]*ts[l]+ts[5]*ts[6]*ts[2]
eq f(t*x*wrxtxzsvrtrxz —latrzxtxz"—1xt)*xts[12]xts[5]*ts[8];

for g in M do for h in IN do if
ts[12]*ts[l]l+ts[5]*ts[6]*ts[3]

eq gx (ts[12]*ts[1l]*ts[5]) h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[1l2]*ts[l]+ts[5]*ts[6]*ts[3]

eq f(x » z » £t » w x t x v x t)*ts[3]xts[7]*ts[6];

for g in M do for h in IN do if
ts[1l2]*ts[l]+ts[5]*xts[6]*ts[4]

eq gx (ts[12]*ts[1]*ts[8]) h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schl[i];
end i1if; end for;
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for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]*xts[l]+ts[5]*ts
*

6] *
eq f(z » £t » w x ¢ *

[ ts[4]

v t * x)xts[1l0]*ts[3]xts[1l1];
for g in M do for h in IN do if
ts[12]*ts[l]+ts[5]*ts[6]*ts[5]

eq gx (ts[12]*ts[1]*xts[10]) " "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1f; end for;

ts[12]*ts[l]+ts[5]*ts[6]*ts[5]

eq f(x*txz " —lxtszrxtrxz " —Llxtrxzxtxw)*ts[9]xts[l2]xts[6];

for g in M do for h in IN do if
ts[12]*ts[l]l+ts[5]*xts[6]*ts[7]

eq gx (ts[12]*ts[1l]*ts[8]*ts[5]) "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1f; end for;

ts[12]*ts[l]+ts[5]*ts[6]*ts[7]

eq f(t* z -l+txzrt*«xXxwrz —1lrt*xzrxt+wxt) *
ts[12]+xts[5]1*ts[8]*ts[1];

for g in M do for h in IN do if

ts[12]*ts[l]+ts[5]*ts[6]*ts[8]

eq g* (ts[1l2]+*ts[1l]*ts[7]) h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]*ts[l]xts[5]*ts
*

*ts[8
eq f(w x t » w *x t t ox

]

z)*ts[7]*ts[11]1*ts[2];

for g in M do for h in IN do if
ts[12]xts[1]1*ts[5]xts[6]*ts[9] eq g*x(ts[12]*ts[1]1*ts[10]) h
then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schl[i];
end i1if; end for;
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for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;

ts[12]*ts[l]+ts[5]*ts[6]*ts[9]

eq £(z"-1 x v)*ts[7]xts[8]xts[4];

for g in M do for h in IN do if
ts[12]*ts[l]+ts[5]*ts[6]*ts[10]

eq gx (ts[12]xts[1l]*ts[5]*ts[6]) "h

then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[12]*xts[l]+ts[5]*ts[6]*ts[10]

eq f(z -1xtxxxy* trxyxtxz"-1)*xts[12]xts[5]*ts[1l]xts[9];

for g in M do for h in IN do if
ts[l2]xts[l]l*ts[5]xts[6]*ts[1ll] eq gx(ts[1l2]xts[1l]*ts[9]) h
then A:=g;B:=h; break; end if; end for; end for;

for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];

end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];

end i1if; end for;

ts[12]xts[1l]*ts[5]*ts[6]xts[1l1l]

eq f(vstxzxtxz " —1lxtxzxtxz " —1%t)*xts[10]xts[3]*xts[6];

for g in M do for h in IN do if
ts[12]*ts[l]+ts[5]*ts[6]*ts[12]
eq g* (ts[1l2]+*ts[1]*ts[9]) h
then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end 1f; end for;
for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;
ts[12]*ts[l]xts[5]*ts[6]*ts[12]
eq f(t*xz " —1lxtszxt*xz " —1xt*zxvrxtxwxt)*ts[S5]xts[6]*ts[8];

/* [12 1 5 8 11 «/

for g in M do for h in IN do if
ts[12]*ts[1l]+ts[5]*ts[8]*ts[1l]*ts[4]

eq gx (ts[12]xts[1l]*ts[8]*ts[5]) "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
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end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end i1if; end for;

ts[12]*ts[1l]+ts[5]+ts[8]*ts[1l]*ts[4]

eq f(t » v » t » w x t % z)xts[4]xts[12]*xts[9]*ts[8];

for g in M do for h in IN do if
ts[12]*ts[1l]+ts[5]+ts[8]*ts[1l]*ts[8]

eq gx (ts[12]xts[1l]*xts[5]1*ts[9]) "h

then A:=g;B:=h; break; end if; end for; end for;
for 1 in [1..#G1] do if ArrayP[i] eg A then Schli];
end i1if; end for;

for 1 in [1..#G1] do if ArrayP[i] eg B then Schli];
end if; end for;
ts[12]*ts[1l]+ts[5]+ts[8]*ts[1l]*ts[8]

eq f(t*vrxtxzxvrxtxz —1lxtxzxtxz —1xtxx) *
ts[6]*ts[8]+ts[1l2]*ts[1];



Appendix C

Magma Code Maximal DCE

Uy(2) : 2

(3, 5)(4, 8) (6, 9) (7, 11) (10, 12);
(2, 5) (4, 7) (6, 10) (8, 11) (9, 12);
(7, 10) (11, 12);

(3, 5)(4, 6) (7, 10) (8, 9) (11, 12);
9) (2, 6, 8) (3, 7, 12) (5, 10, 11);

f,N1,k:=CosetAction (N, sub<N|Id(N)>);
NL:=Normallattice (N) ;

/* N =12 : 272 «/

for i in [1..25] do if IsAbelian(NL[i]) then 1i;
end if; end for;

IsIsomorphic (NL[15],CyclicGroup(12));

g, ff:=quo<N|NL[15]>;

NLg:=NormalLattice (q);
E:=DirectProduct (CyclicGroup (2),CyclicGroup(2));
IsIsomorphic (g, E);
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G<x,y,z,W,Vv,t>:=Group<x,vy,z,w,v,t|x"2,y"2,z2"°2,w 2,v 3,y x=y,

2z xX=72,2 " y=2*W,W X=W,W y=w,w z=w,v x=v 2,v y=v,v’z=vV,
(yxt)”~

viw=v,t 2, (t,z*xw), (t,x*xwxv), (Wxv —=1xt)

(x*+w*t) "4, (x+z*xyxt) " 9>;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,Vv>);

"5, (xxt)

"6,

#DoubleCosets (G, sub<G|x,y,z,w,v>, sub<G|x,vy, z,w,Vv>);
M:=MaximalSubgroups (Gl) ;

for 1 in [1..6] do #M[i]‘ subgroup;
Conjugates(G M[1] ‘subgroup)
C: :Conjugates(Gl M[5] Ysubgroup) ;

C:=Conjugates (G1,M[5] ‘subgroup) ;

CC:=Setseqg(C) ;

for 1 in [1..#CC] do 1if f (x)

and f(z) in CC[i] and f(w

end i1if; end for;

for g in G1 do if Order (qg)

end for;
;/* works 1296 «*/

Cl27] eq sub<Gl|f(x),f(y),f(z),£(w),E£(v),g>

then A:=g; break; end i

W, phi:=WordGroup (G1) ;

rho:=InverseWordMap (G1l) ;

A@Qrho;
function (W)
w7 := W.5 » W.4; w8

= w8 x w9; wll :=

= w9 x W.4; wld :=

= wld x wlb; wl7
= W.6 » W.1l; w20
= w20 * w2l; w23
= w23 x wll; w26
= w26 * w27; w29
= w29 * w25; w32
= w32 * w33; w35
= w27 * wl9; w38
:= w38 x w39; w4l

/* works 1920 =/

then i;

in CC[i] and f(y) in CC[i]
) in CC[i] and f(v) in CC[i
eq 2 and

f; end for;

= W.2 » w/7; w9 = w7 x W.1l; wlO0
W.6 » W.2; wl2 wl0 * wll; wl3
wl2 x wl3; wlb := wl3 » wll; wlb6
= wl5 » W.3; wl8 := wl6  wl7; wl9
= wl8 x wl9; w2l := w9 » wl7; w22
= w9 * wl9; w24 := w22 » w23; w25
= w24 x w25; w27 := wll * w2l; w28
= wlb5 x w2l; w30 := w28 * w29; w3l
= w30 » w3l; w33 := w3l » wl5; w34
= wl9 x w29; w36 := w34 * w35; w37
= w36 * w37; w39 := w3l x W.6; w40
= w39 x w37; w42 := w40 * wédl; wi3
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:= w35 * W.6; wid4d := wd2 x wid3; wid5 := w39 %
= w44 x wi5; w47 := w39 x wib; wid8 := wid6 *
= wd7 * W.6; wh0 := w48 * wd9; wbl := w33 =*
:= w50 * wbl; w53 := w39 % wbl; w54 := wb2 *
:= w51 * wd9; wb6 := w54 % wb55; wb7 := w53 =*
= w56 » w57; wh59 := wb7 x wd9; w60 := wb8 =«
:= w53 * W.6; w62 := w60 * wol; wod := w62 =*
1= w62"-1; w65 := w64 *x w63; return wb5;

end function;

AA:=function (W) ;

w7 = W.5 * W.4; w8 := W.2 » w7; w9 := w/7 » W.

= w8 *x w9; wll := W.6 x W.2; wl2 := wl0 * wl
= w9 x W.4; wld := wl2 x wl3; wl5 := wl3 » w
= wld x wlb; wl7 := wlb » W.3; wl8 := wl6 =
= W.6 * W.1l; w20 := wl8 * wl9; w2l := w9 » w
= w20 *» w2l; w23 := w9 *x wl9; w24 := w22 * w
= w23 * wll; w26 := w24 % w25; w27 := wll =
1= W26 * w27; w29 := wl5 * w2l; w30 := w28 =«
= w29 * w25; w32 := w30 * w3l; w33 := w3l =*
= w32 * w33; w35 := wl9 % w29; w36 := w34 *
= w27 *» wl9; w38 := w36 x w37; w39 := w3l =
= w38 * w39; widl := w39 x w37; w42 := wi40 =+
= w35 x W.6; w44 := wd2 x wi3; wid5 := w39 =«
:= w44 * wid5; wid7 := w39 * wid5; wid8 := wi6 *
:= w47 x W.6; w50 := wd48 » wd9; wbl := w33 =
:= w50 * wbl; w53 := w39 % wbl; w54 := w52 =*
= wbl » wd49; w56 := wb4 x wb55; w57 := wb3 =«
= w56 x wh7; wb9 := w57 x wi49; w60 := wb8 =«
:= wh3 * W.6; w62 := w60 + wol; wod := w62 =*
1= w62"-1; w65 := wo6d x w63; return wb65;

end function;

AA (G) ;

NN:=G1;

Sch:=SchreierSystem (G, sub<G|Id(G)>);
ArrayP:=[Id(NN): 1 in [1..#G]1;

wil;
wd'l;
w39;
wb3;
wl9;
wb9;
W.1;

w46
w49
w52
wb5
w58
w61l
w63

1; wlO
1; wl3

11;

wl7;
17;

23;

w21l;
w29;
wl5;
w35;
W.6;
wil;
wil;
wi'7;
w39;
wh3;
wl9;
wh9;
W.1;

for i in [2..#NN] do

:=[Id(NN): 1 in [1..#Sch[i]]l];
for J in [1..#Sch[i]] do
if Eltseqg(Sch[i])[]J] eqg 1 then P[j]l:=f(x); end if;
if Eltseqg(Sch([i])[]j] eq 2 then P[j]l:=f(y); end if;
if Eltseg(Sch[i])[]J] eq 3 then P[j]l:=f(z); end if;

wl6
wl9

w22

w25
w28
w31l
w34
w37
w40
w43
wi6
w49
wbh2
w55
w58
w61l
w63
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if Eltseq(Sch([i])[]j] eq 4 then P[j]l:=f(w); end if;

if Eltseqg(Sch[i])[]J] egq 5 then P[j]:=f(v); end if;

if Eltseq(Sch[i]) []j] eq -5 then P[J]l:=f(v"-1); end if;
if Eltseg(Sch[i])[]J] eq 6 then P[j]:=f(t); end if;

end for;

PP:=Id(NN) ;

for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[1] :=PP;

end for;

for 1 in [1..#N] do if ArrayP[i] eg £f(AA(G)) then Schli];
end i1if; end for;
/* L * x xy xw xt *x V-l xtxy *vi-1xt x/

#sub<Gl|f(x),f(y),f(z),£(w),f(v),
F (XA AXHAT Ay ZxVrLry*xVrTry*vrtxv) >;

J:=M[5] ‘subgroup;
L:=sub<Gl|f(x),f(y),f(z),f(w),f(v),
f(x*t*x*t*y*z*v*t*y*v*t*y*v*t*v)>;

IsIsomorphic(J,L);

M:=sub<G|x,y, 2z, W, V, X*xLrX*xLry*Z*xVHk LAy * VAL xy* VAL *V>;
#DoubleCosets (G, M, sub<G|x,y,z,W,Vv>);

G<x,y,2z,W,Vv,t>:=Group<x,vy,z,w,v,t|x"2,y"2,2"°2,w 2,v 3,y x=y,
z"x=7,2 " y=2+W,W X=W,W y=Ww,w z=w,Vv x=v 2,v y=v,v”z=vV,

viw=v,t 2, (t,zxw), (t,x*xwxv), (wxv —1xt) "5, (x*xt) "6, (y*xt) "3,
(xxwxt) "4, (x*zxy*t) " 9>;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,Vv>);

S:=Sym(12);

X:=35!'(1, 2) (3, 5) (4, 8) (6, 9) (7, 11) (10, 12);
Y:=S! (1, 3) (2, 5) (4, 7)(6, 10) (8, 11) (9, 12);
Z:=S5'(3, 5) (7, 10) (11, 12);

W:=s! (1, 2) (3, 5) (4, 6) (7, 10) (8, 9) (11, 12);
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v:=S!(, 4, 9)(2, 6, 8)((3, 7, 12) (5, 10, 11);
N:=sub<S|X,Y,Z,W,V>;

HH:=sub<G|X,Vy,Z,W, V, X*xLxX*xLxy*Z2*VHk LA yxVrxLry*VrTxv>;
IN:=sub<Gl|f(x),f(y),f(z),£(w),L(v)>;
M:=sub<Gl|f(x),f(y),£(z),£(w),L(v),
F(X,¥,2,W,V, XxLxX*xTLxy 24 Vrktxyxvrtry*xvst*v) >;

ts := [ Id(Gl): i in [1 .. 12] 1;
ts[l2]:=£(t);
ts[l]:=f(t" (v*xy));
ts[2] :=f (L™ (vxy*x));
ts[3]:=£(t" (v));
ts[4]:=£(t" (y*v~"2));
ts[5]:=£(t" (wxv));
ts[6]:=f(t" (y*x));
ts[7]:=£(t"(v"2));
ts[8]:=f(t" (wxy));
ts[9]:=f(t" (y));
ts[10]:=£(t" (x));
ts[11]:=£(t"(w));

#DoubleCosets (G, sUb<G|X,y, 2, W, V, X*L+X*LAxy* 24 VAL y*x VAL Ay*VrL*V>,
sub<G|x,y,z,w,v>);
DoubleCosets (G, sub<G|X,y, 2z, W, V, X+t *AXxLrxy*Z2*xVrLxy*Vrtxyrvrt*xv>,
sub<Glx,y,z,w,v>);

prodim := function(pt, Q, I)
v = pt;
for i in I do
v o= v (Q[i]);
end for;
return v;
end function;

cst := [null : 1 in [1 .. Index(G,sub<G|x,y,z,w,Vv>)]]
where null is [Integers() | 1;
for i := 1 to 12 do
cst[prodim(1l, ts, [1i]1)] := [i]l;
end for;
m:=0;

for i in [1..1080] do if cst[i] ne [] then m:=m+1;
end i1f; end for; m;
Orbits (N);



[+ [12] «/

N12:=Stabiliser (N,12);
SSS:={[12]}; SSS:=SSS"N;
#(SSS);
Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do
for n in M do

if ts[12] eqg
nxts[Rep(Seqqli]) [1]]
then print Rep(Seqqli]);
end i1f; end for; end for;
N12s:=N12;

for g in N do if 12°g eq 11 then
N12s:=sub<N|N12s,g>; end if; end for;
#N12s; N12s;

Tl2:=Transversal (N,N12s);

for 1 in [1..#T12] do

Ss:=[12]1"T12[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..1080] do if cst[i] ne
then m:=m+1; end if; end for; m;

Orbits (N12s);

/x [12 11 =%/

N121:=Stabiliser (N12,1);
SSS:={[12,1]}; SSS:=SSS"N;
#(SSS) ;

Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in M do

if ts[l2]xts[1l] eq
nxts[Rep(Seqqg[i]) [1]]1*ts[Rep(Seqqli]) [2]]
then print Rep (Seqqglil);
end i1f; end for; end for;
N121s:=N121;

for g in N do if 12°g eg 11 and 1°g eq 1 then

N121ls:=sub<N|N1l21ls,g>; end 1f; end for;
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for g in N do if 12°g eq 12 and 1°g egq 4 then
N121ls:=sub<N|N1l21ls,g>; end 1f; end for;

for g in N do if 12°g eq 11 and 1°g egq 4 then
N121ls:=sub<N|N1l21ls,g>; end 1if; end for;
#N121s; N121s;

Tl21l:=Transversal (N,N121s);

for 1 in [1..#T121] do
ss:=[12,1]"T121[1i];
cst[prodim(1l, ts, ss)]
end for;

m:=0; for i in [1..1080]
then m:=m+1; end if; end
Orbits (N121s);

/* [12 1 81 =*/

N1218:=Stabiliser (N121, 8)

= sS;

do 1if cst[i] ne []

for; m;

.
4

SSS:={[12,1,8]}; SSS:=SSS"N;

#(SSS) ;
Seqqg:=Setseq(SSS);

for 1 in [1..#SSS] do
for n in M do

if ts[1l2]xts[l]*ts[8] eq

n*xts[Rep(Seqqli]) [1]]+ts[Rep(Seqqg[i]) [2]]*ts[Rep (Seqqli]) [3]]

then print Rep(Seqqli]);
end i1if; end for; end for;
N1218s:=N1218;

for g in N do if 127g eq
N1218s:=sub<N|N1218s,g>;
for g in N do if 127g eq
N1218s:=sub<N|N1218s,g>;
for g in N do if 127g eq
N1218s:=sub<N|N1218s,g>;
for g in N do if 127g eq
N1218s:=sub<N|N1218s,g>;
for g in N do if 127g eq
N1218s:=sub<N|N1218s, g>;
for g in N do if 127g eq
N1218s:=sub<N|N1218s, g>;
for g in N do if 12°g eq
N1218s:=sub<N|N1218s, g>;
for g in N do if 12°g eq

11 and 1"g eq 1 and 8°g eg 8 then
end i1if; end for;

3 and 1°g eqg 4 and 8°g eg 2 then
end i1f; end for;

7 and 1°g egqg 1 and 8°g eqg 6 then
end i1f; end for;

5 and 1"g eq 4 and 8°g eq 2 then
end i1if; end for;

7 and 1°g eq 9 and 8°g eqg 6 then
end if; end for;

10 and 1"g eq 1 and 8°g eqg 6 then
end if; end for;

12 and 1°g eq 4 and 8°g eq 6 then
end if; end for;

10 and 1°g eq 9 and 8"g eqg 8 then

217



N1218s:=sub<N|N1218s,g>; end if; end for;
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for g in N do if 12°g eq 3 and 1°g eg 9 and 8°g eg 2 then

N1218s:=sub<N|N1218s,g>; end if; end for;

for g in N do if 12"g egq 11 and 1°g eg 4 and 8"g eg 8 then

N1218s:=sub<N|N1218s,g>; end if; end for;

for g in N do if 12°g eg 5 and 1°g eq 9 and 8"g eg 2 then

N1218s:=sub<N|N1218s,g>; end if; end for;

#N1218s; N1218s;

T1218:=Transversal (N,N1218s);

for 1 in [1..#T1218] do
ss:=[12,1,8]1"T1218[1i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i1 in [1..1080] do if cst[i] ne
then m:=m+1; end if; end for; m;

Orbits (N1218s);

/x [12,1,11]1 %/

N12111:=Stabiliser (N121,11);
SSS:={[12,1,11]}; SSS:=SSS"N;
#(SSS) ;

Seqg:=Setseq(SSS);

for 1 in [1..#SSS] do

for n in M do

if ts[12]xts[1l]l*ts[ll] eq

nxts[Rep(Seqqli]) [1]]1xts[Rep(Seqq[i]) [2]]*ts[Rep(Seqqli]) [3]]

then print Rep(Seqqli]);
end 1f; end for; end for;
N12111s:=N12111;

~

for g in N do if 12°g eq 3 and 1°g eq 4 and 11°g eq
N1211ls:=sub<N|N1211ls,g>; end if; end for;

~

for g in N do if 12°g eq 6 and 1°g eq 5 and 11°g eq
N12111ls:=sub<N|N1211ls,g>; end if; end for;

~

for g in N do if 12°g eqg 7 and 1°g eqg 1 and 11°g eq
N1211ls:=sub<N|N1211lls,g>; end if; end for;

~

for g in N do if 12°g eq 8 and 1°g eqg 5 and 11°g eq
N1211ls:=sub<N|N1l211lls,g>; end if; end for;

~

for g in N do if 12°g eq 7 and 1°g eqg 9 and 11°g eq
N1211ls:=sub<N|N1l211lls,g>; end if; end for;

5 then

4 then

10 then

9 then

10 then

for g in N do if 12°g eg 8 and 1°g eq 10 and 11°g egq 9 then
N1211ls:=sub<N|N1l211lls,g>; end 1if; end for;
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for g in N do if 12°g eq 12 and 1°g eq 4 and 11°g eq 11 then
N12111ls:=sub<N|N1l211lls,g>; end 1if; end for;

for g in N do if 12°g eq 2 and 1°g eq 10 and 11°g eg 1 then
N12111ls:=sub<N|N1l211lls,g>; end 1if; end for;

for g in N do if 12°"g eq 2 and 1°g eq 11 and 11°g eg 1 then
N12111s:=sub<N|N1211lls,g>; end if; end for;

for g in N do if 12°g eg 3 and 1°g eqg 9 and 11°g eg 5 then
N12111ls:=sub<N|N12111ls,g>; end if; end for;

for g in N do if 12°g eq 6 and 1°g eqg 11 and 11°g egq 4 then
N12111ls:=sub<N|N12111ls,g>; end if; end for;

#N12111ls; N1211lls;

T12111l:=Transversal (N,N12111s);

for i in [1..#T12111] do
ss:=[12,1,11]"T12111[i];

cst[prodim(l, ts, ss)] := ss;

end for;

m:=0; for i in [1..1080] do if cst[i] ne []
then m:=m+1; end if; end for; m;

Orbits (N12111ls);

/* ==== Relations to be proved by hand ==== x/
G<X,VY,2z,W,Vv,t>:=Group<x,vy,z,w,v,t|x "2,y "2,z"°2,w 2,

v 3,y x=y,z"x=2,z2 y=z+wW, W X=W, W y=w,w z=w,v x=v"2,
viy=v,viz=v,viw=v,t 2, (t,z*w), (t,x*xwxv), (wxv =1xt) "5, (x+t) "6,

(y*t) "3, (xxw*t) "4, (x*xzxy*t) " 9>;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,Vv>);

S:=Sym(12);

X:=3!'(1, 2) (3, 5) (4, 8) (6, 9) (7, 11) (10, 12);
Y:=S!'(1, 3) (2, 5) (4, 7) (6, 10) (8, 11) (9, 12);
Z:=S5!'(3, 5) (7, 10) (11, 12);

W:=S!(1, 2) (3, 5) (4, 6) (7, 10) (8, 9) (11, 12);
v:=s!(1, 4, 9)(2, 6, 8)((3, 7, 12) (5, 10, 11);
N:=sub<S|X,Y,Z,W,V>;

IN:=sub<Gl|f(x),f(y),f(z),f(w),f(v)>;
M:=sub<Gl|f(x),f(y),f(z),f(w),f(v),
f(Eax*y*xwrxt*v —1xtxy*xv —1xt)>;

ts := [ Id(Gl): 1 in [1 .. 121 1;
ts[1l2]:=£(t);



ts[1l]:=£(t" (v*y));
ts[2]:=f (L (V,y*Xx)) ;
ts[3]:=f(t"(v));
ts[4]:=£(t" (y*v"2));
ts[5]:=f(t" (w*xVv));
ts[6]:=£(t" (y*x));
ts[7]:=£(L"(v"2));
ts[8]:=f(t" (wxy));
ts[9]:=£(t" (y));
ts[10]:=£(t" (x));
ts[11l]:=£(t" (w));
NN:=G1;

Sch:=SchreierSystem (G, sub<G|Id(G)>);
ArrayP:=[Id(NN): i in [1..#G]];
for 1 in [2..#NN] do

P:=[Id(NN): 1 in [1..#Sch[i]l]1];

for 7 in [1..#Sch[i]] do

if Eltseqg(Sch([i])[]j] eq 1 then P[7]]
if Eltseg(Sch[i])[]J] eq 2 then P[7]]
if Eltseqg(Sch([i]) []j] eq 3 then P[7]]
if Eltseg(Sch[i])[]J] eq 4 then P[]]:
if Eltseqg(Sch([i])[]j] eq 5 then P[7]]
if Eltseqg(Sch[i])[Jj] eq -5 then P[Jj]:
if Eltseqg(Sch[i])[]j] eq 6 then P[]]:
end for;

PP:=Id(NN) ;

for k in [1..#P] do

PP:=PP«+P[k]; end for;

ArrayP[1i] :=PP;
end for;

/* [12] */

for g in M do for h in IN do if
s[12]*ts[1l] eq gx(ts[1l2]xts[1]) " "h
then "true"; break; end if; end for;

for g in M do for h in IN do if
s[12]*ts[3] eq gx(ts[12]xts[1]) " "h
then "true"; break; end if; end for;

); end
); end
); end
); end
); end

end for;

end for;

if;
if;
if;
if;
if;

end 1if;

if;
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/x [12 11 =%/

for g in M do for h in IN do if
ts[l1l2]xts[l]l*ts[2] eq g*x(ts[l1l2]) " h
then true; break; end if; end for; end for;

for g in M do for h in IN do if
ts[l2]xts[l]*ts[3] eq g*x(ts[l2]*ts[1l]) h
then true; break; end if; end for; end for;

for g in M do for h in IN do if
ts[12]xts[1]*ts[9] eqg gx(ts[1l2]*ts[1l]) "h
then true; break; end if; end for; end for;

for g in M do for h in IN do if
ts[12]*ts[1]l*ts[11l] eq g*x(ts[1l2]xts[1]1*ts([8]) h
then true; break; end if; end for; end for;

/* [12 1 8] */

for g in M do for h in IN do if
ts[12]xts[1l]*ts[8]xts[l] eq g*(ts[1l2]+ts[1l]xts[8]) "h
then true; break; end if; end for; end for;

for g in M do for h in IN do if
ts[12]xts[1]*ts[8]+*ts[3] eq g*(ts[1l2]*ts[1l]xts[11]) "h
then true; break; end if; end for; end for;

/x [12 1 111 =/
for g in M do for h in IN do if

ts[12]xts[1l]l*ts[11]*xts[2] eq gx(ts[1l2]*ts[1l]xts[8]) "h
then true; break; end if; end for; end for;
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Appendix D

Magma Code for Extension

Types

D.0.1 Direct Product G = S3 x PGLy(7) x Ss

G<x,y,z,W,u,t>:=Group<x,vy,z,w,u,t|x"2,y"2,z2"2,w 2,u" 3,y x=y,
z"x=z,z2 " y=z+W, W x=w,w y=w,w z=w,u x=u"2,u’y=u,u”z=u,
uw=u,t”2, (t,z*xw), (t,x*+wxu), (x+wxt) "6, (zxy*xuxt) "6, (xxt) "3>;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,u>);
CompositionFactors (G1l);

NL:=NormallLattice (Gl);
IsIsomorphic (Sym(3),NL[3]);
q, ff:=quo<Gl|NL[3]>;

NL1:=NormalLattice (q);
IsIsomorphic (NL1[5],PGL(2,7));

E:=DirectProduct (PGL(2,7),Sym(3));
IsIsomorphic (E,NL[17]);

gl, ff:=quo<Gl|NL[17]>;
#ql;
IsIsomorphic (gl, Sym(5));

El:=DirectProduct (E, Sym(5));
if IsIsomorphic(E1l,Gl) then true; end if;



D.0.2 Central Extension G = S3 X PGLy(7) X Ss

G<xX,V¥,z,wW,t>:=Group<x,vy,z,w,t|x"2,y"2,z2"3,w 2,y Xx=y*w,
z"x=z,z"y=z,w x=w,w y=w,w z=w,t" 2, (t,y*w),
(y*z+t"x) "3, ((wxz"=1)*t) "4, (x+t) "6, (x*y*zxL) " 6>;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w>);
CompositionFactors (Gl);
H<a>:=Group<ala”2>;

NL:=NormalLattice (Gl);
NL;

g ,ff:=quo<Gl|NL[2]>;
NLg:=NormalLattice (q);

H:=PGU(4,2);

K<b, c>:=Group<b,c|b”3,c"6,

(b1 » ¢ * b™=-1  ¢c°-1) "2,

(b » ¢™2 » b™"-1 * ¢c™=-2) 72,

c"-3 x b x c™-3 * b"-1 x ¢c"3 * b x c"3 x b"-1,

(c™=1 » b"=1)"9,

(b » ¢c™=2 * b™=1 » ¢c™=1 » b * ¢™=1 * b"=-1 » c™=1) "2>;
£f2,K2,k2:=CosetAction (K, sub<K|Id(K)>);
s,t:=IsIsomorphic (K2,NLg[2]);

:=Transversal (G1,NL[2]);
B:=t (£2 (b)) ;
C:=t(f2(c));

for 1 in [1..#T] do if ff(T[i]) eg B then i; break;
end i1if; end for;
for 1 in [1..#T] do if ff(T[i]) eg C then i; break;
end i1if; end for;

for d in NLg[3] do if Order(d) eqg 2 and d

notin NLg[2] and NLg[3]leq sub<qg|NLg[2],d>
then D:=d; break; end if; end for;

B:=ff (B);
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=ff£(C);
N:=sub<qgl|B, C>;

NN<b, c>:=Group<b,c|b”3,c"6, (b "-1xcxb"-1xc"-1) "2,
(b*c"2xb"=1xc"=2) "2,c " —3xb*xc " =3xb " -1xc" 3xbxc " 3xb" -
(c™=1+%b"=1) "9, (b*xc ™ -2+b " —1*xc " =1lxb*xc " =1lxb " =1xc"=1) "2>;

Sch:=SchreierSystem (NN, sub<NN| Id (NN)>) ;

ArrayP:=[Id(N): i in [1..#N]];

for i in [2..#N] do

P:=[Id(N): 1 in
[1..#S

if Eltseq(Sch[

if Eltseqg(Sch[i

if Eltseqg(Sch[i

if Eltseqg(Sch[i

end for;

PP:=Id(N);

for k in [1..#P] do

PP:=PPxP[k]; end for;

ArrayP[1] :=PP;

end for;

.#sch[il]];
for j in i]] do

3] eq 1 then P[]j]:=B; end 1if;

3] eq -1 then P[]j]:=B"-1; end if;
j] eqg 2 then P[]J]:=C; end if;

jl

(1.
hi
) [
) [
) [
) [ eq -2 then P[j]:=C"-1; end if;

C
i]
]
]
]

for 1 in [1..#N] do if ArrayP[i] eg B"D then print Schli];
end i1if; end for;

cx b xc*xDb’-1 % c*xbxc’™-2 x b"-1 x c"-1

for 1 in [1..#N] do if ArrayP[i] eg C"D then print Schli];
end 1f; end for;

b1 x ¢ * b x c * b™-1 x c™2 » b *x c’™-1 Db

/% (U(4,2) : 2)

Z2<b,c,d>:=Group<b,c,d|b"3,c”6, (b"-1 *x ¢ * b"=-1 x c"-1)"2,
(b » ¢™2 » b"-1 x ¢c™=-2) 72,

c"-3 x b x ¢c™-3 * b1 x ¢33 *« b x c"3 * b"-1,

(c™=1 » b"-1) "9,

(b » ¢c™=2 « b1 » ¢c™-1 » b * ¢c"=-1 » b"-1 » ¢c*-1) "2,

da~2,

b"d=c¢c * b * ¢ * b1 « ¢ * b » ¢™-2 * b™=1 * c™-1,

c”d= b -1l*xc*b*c*xb " —1*xc " 2«bxc"—1+b>;
f4,721,k4:=CosetAction (Z, sub<z|Id(Z)>);



s,t:=IsIsomorphic(Z1,q);

/+ Now, we form a Central extension among these elements.

G<x,y,z,wW,t>:=Group<x,y,z,w,t|x"2,v"2,z2"3,w 2,y " x=y*w,
z"x=z,z2"y=z,Ww x=w,w y=w,w z=w,t 2, (t,y*w),
(yxz*xt"x) "3, ((Wwxz"=1)*t) "4, (x+xt) "6, (x*xy*xz*xt) ~6>;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w>);
CompositionFactors (Gl);

H<a>:=Group<ala”2>;

NL:=NormallLattice (Gl);
T:=Transversal (G1,NL[2]);
g ,ff:=quo<Gl|NL[2]>;

Z2<b, c,d>:=Group<b,c,d|b"3,c"6, (b"-1 * ¢ * b"-1 x c"-1) "2,
(b » ¢”2 » b1 » ¢c™=2) "2,

c"-3 x b x c™-3 * b1 x ¢c"3 * b x c"3 * b"-1,

(c™=1 » b™-1) "9,

(b » ¢c™=2 « b"-1 » ¢c™-1 » b * ¢c"-1 » b"-1 » ¢~-1) "2,
d’2,b"d=c » b x ¢ *x b1 » ¢ x b x ¢™-2 » b"-1 » ¢c"-1,
c"d= b -1lxc*bxcxb " =1xc " 2+«b*xc"—1xb>;
f4,721,k4:=CosetAction (Z, sub<z|Id(Z)>);
s,t:=IsIsomorphic(Zz1l,q);

B:=t (f4 (b)) ;
=t (£4(c));
D:=t (f4(d));

for 1 in [1..#T] do if ff(T[i]) eg B then i; break;
end 1f; end for;
for 1 in [1..#T] do if ff(T[i]) eg C then i; break;
end i1if; end for;
for 1 in [1..#T] do if f£(T[i]) eg D then i; break;
end i1if; end for;

T[2424];
T[20394];
T[7920];

B:
C:
D:

for 1 in [0..1] do if (C"-1 % B"-1)"9 eqg A"i then 1i;
break; end if; end for;

*/
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H<a,b,c,d>:
(b x c™2 =

=Group<a,b,c,d|b"3,c"6, (b"-1 x ¢ *x b"-1 » c¢"-1)"2,

b -1 * c"=2) "2,

c"-3 x b x c™-3 * b"-1 x ¢c"3 « b x c"3 x b"-1,

(c™=1 » b"-1) "9=a,

(b » ¢c™=2 * b1 » ¢c™-1 » b * ¢c"-1 » b"-1 » ¢c*-1) "2,
d"2,b"d=c » b x ¢ x b1 x ¢ x b x ¢c™-2 x b"-1 x» ¢"-1,
c”d= b -1xc*bxc*b " —1xc " 2+xbxc”-1xb,a”2>;
f4,H1,k4:=CosetAction (H, sub<H|Id (H)>);
s,t:=IsIsomorphic(H1l,Gl);

D.0.3 Semi-Direct Product 2% : (2% x 3)

S:=Sym(12);

X:=38!'(1, 2) (3, 5) (4, o6) (7, 9)«(8, 10) (11, 12);
Y:=S!'(1, 3) (2, 5) (4, 7)(6, 9)(8, 11) (10, 12);
Z:=s'(, 4, 8)(2, 6, 10) (3, 7, 11) (5, 9, 12);
W:=S!(1, 2) (3, 5) (4, 7)(6, 9) (8, 12) (10, 11);
U:=s! (1, 5) (2, 3)(4, 6) (7, 9 (8, 11) (10, 12);
N:=sub<S|X,Y,Z,W,U>;

f,N1,k:=CosetAction (N, sub<N|Id(N)>);
NL:=NormallLattice (N1);

Center (N1) eg NL[6];

X:=[2,2];

IsIsomorphic (NL[6],AbelianGroup (GrpPerm, X)) ;

H<a, b>:=Group<a,bla”2,b"2, (axb) "2>;
f2,H2,k2:=CosetAction (H, sub<H|Id (H)>);

g, ff:=quo<N1|NL[6]>;

IsIsomorphic (Alt (4),q);
Q<c,d,e>:=Group<c,d,e|c”3,d"2,e"2,c " -1xdxcx*e,
(d*e) "2, cxdxc " —=1xdx*xe>;
£3,03,k3:=CosetAction (Q, sub<Q|Id(Q)>);
T:=Transversal (N1,NL[6]);

s,t:=IsIsomorphic(Q3,q);

for 1 in [1..#T] do if f£(T[i]) eqg g.l then i;
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end i1f; end for;
/* store as C «/

for 1 in [1..#T] do if f£(T[i]) eqg g.4 then i;
end i1if; end for;

for 1 in [1..#T] do if f£f(T[i]) eqg g.5 then i;
end 1f; end for;

Generators (NL[6]);

A:=N1!(1, 9) (2, 10) (3, 11) (4, 12) (5, 20) (6, 19)(7, 1

(13, 33) (14, 34) (15, 35) (16, 36) (21, 37) (22, 38) (23,
(24, 40) (25, 44) (26, 43) (27, 42) (28, 41) (29, 48) (30,
(31, 46) (32, 45);
B:=N1! (1, 5)(2, 6
(13, 25) (14, 26) (
(24, 32) (33, 44) (
(39, 46) (40

) (
15, 27) (le, 28) (21, 29) (22, 30) (23,
34, 43) (35, 42) (36, 41) (37, 48) (38,

C:=N1!(1, 13, 21) (2, 14, 22) (3, 15, 23) (4, 16, 24) (5

(6, 26, 30) (7, 27, 31) (8,28, 32)(9, 33, 37) (10, 34,
(11, 35, 39) (12, 36, 40) (17, 41, 45) (18, 42, 46)
(19, 43, 47) (20, 44, 48

’

)
D:=N1!(1, 6) (2, 5) (3, 8) (4, 7)(9, 19) (10, 20) (11, 17
(13, 35) (14, 36) (15, 33) (16, 34) (21, 45) (22, 46) (23,
(24, 48) (25, 42) (26, 41) (27, 44) (28, 43) (29, 40) (30,

(31, 38) (32, 37);

E:=N1!(1, 17) (2, 18) (3, 19) (4, 20) (5, 12) (6, 11) (7,
(13, 26) (14, 25) (15, 28) (16, 27) (21, 39) (22, 40) (23,
(24, 38) (29, 46) (30, 45) (31, 48) (32, 47) (33, 43) (34,
(35, 41) (36, 42);

for i,J in [1..2] do if A"C eq A"ixB"j then i, j;
break; end if; end for;
for i,Jj in [1..2] do if A"D eq A"ixB"j then i, j;
break; end if; end for;
for i,J in [1..2] do if A"E eq A"ixB"j then i, j;
break; end if; end for;

for i,J in [1..2] do if B"C eq A"i*B"j then i, j;
break; end if; end for;
for i,J in [1..2] do if B"D eq A"ixB"j then i, j;
break; end if; end for;

8

) (8,
39)
47)

3, 7) (4, 8) (9, 20) (10, 19) (11, 18) (12,

31)
47)

r 25,
38)

) (12,
47)
39)

10) (8,
37)
44)

17)

17)

29)

18)

9)
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for i,J in [1..2] do if B"E eq A"ixB"j then i, j;
break; end if; end for;

for i,J in [1..2] do if C°3 eq A"ixB"j then i, j;

break; end if; end for;

for 1,3 in [1..2] do if D2 eq A"i*B"j then i, j;

break; end if; end for;

for 1,3 in [1..2] do if E"2 eq A"i*B"j then i, j;

break; end if; end for;

for 1,3 in [1..2] do if C"-1+D*xCxE eq A"i*B"j then i, j;
break; end if; end for;

for 1,3 in [1..2] do if (DxE)"2 eq A"i%*B"J then i, j;
break; end if; end for;

for 1,3 in [1..2] do 1if CxD*«C"-1«DxE eq A"ixB"j then i, j;
break; end if; end for;

H<a, b, c,d,e>:=Group<a,b,c,d,ela"2,b"2, (a*xb) "2,
c”"3,d"2,e"2,c"-1xdxcxe, (dxe) "2, c*xd*c " —1*xd*e,
a“c=a,a"d=a,a’e=a,b’c=b,b d=b,b " e=b>;
f2,H2,k2:=CosetAction (H, sub<H|Id (H)>);
IsIsomorphic (H2,N1);

true

D.0.4 Semi-Direct Product 2% : Aj;

G<X,VY,z,W,U,t>:=Group<x,y,z,w,u,t|x"2,y"2,z2"°3,w 2,u" 2,y x=y,

z"x=z,z"y=z,Ww xX=w,w y=w,w z=U,u” x=u,u"y=u,u” z=wxu,u w=u,
72, (b, x*xy*w), (E,y*xu), (xxz*xt) "5, (yxz"-1%t) "5,
(x*+y*uxz"—=1%t) "5>;

f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,u>);
CompositionFactors (Gl);

/* isomorphism type =*/
NL:=NormalLattice (G1l);

for 1 in [1..#NL] do if IsAbelian(NL[1]) then 1i;
end i1if; end for;

g, ff:=quo<Gl|NL[5]>;

FPGroup (q) ;
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X::[2/2/212/212/212];
E:=DirectProduct (Alt (5),AbelianGroup (GrpPerm, X)) ;
IsIsomorphic (E,G1l);

/*x 278 x/
H<a,b,c,d,e, f,g,h>:=Group<a,b,c,d,e,f,g,hla"2,b"2,c"2,d"2,
e 2,f°2,9°2,h"2, (a,b), (a,c), (a,d), (a,e), (a,f), (a,g), (a,h),

(b,c), (b,d), (b,e), (b, £), (b,9), (b,h), (c,d), (c,e), (c,£), (c,9),
(d,e), (d,£),(d,9),(d,h), (e, £), (e,9), (e,h), (£,9), (£f,h),

/% q = A_5 x/
Z<i, j>:=Group<i, jli~3,3"3, (ixj " -1lxi"-1x3"-1)"2,
(17=1xgxi"=1%3°-1) "2>;

:=Transversal (G1,NL[5]);

f£(T[3]) eq g.1;
FE(T[14]) eq g.2;

229

for 1 in [1..#T] do if f£f(T[i]) eqg g.2 then i; end if; end for;

(7, 17) (10, 13) (15, 56) (18, 50) (19, 59)
6, 41) (27, 32) (28, 31) (30, 68) (33, 156)
(36, 53) (37, 40) (39, o©4) (42, 152) (43, 45) (44, 57) (46, 141)

(47, 117) (48, 86) (49, 52) (51, 89) (54, 171) (55, 58) (60, 113)
(61, 146) (62, 11l6) (63, 65) (66, 102) (67, 69) (70, 80) (71, 77)

A:=Gl! (2, 4) (3, 6
(22, 38) (23, 29)(
(

)
2
3
(

(73, 83) (74, 142) (76, 109) (78, 154) (81, 136) (84, 138) (85,197)
(87, 147) (88, 90) (91, 130) (92, 98) (93, 167) (94, 105) (95,131)

96, 104) (97, 134) (99, 149) (100, 128) (101, 170) (103, 123)

(

(106, 125) (107, 110) (111, 139) (114, 144) (115, 204) (118, 148
(119, 120) (121, 126) (122, 133) (124, 132) (127, 168) (129, 151
(145, 160) (150, 169) (157, 182) (158, 159) (161, 181) (162, 164
(163, 248) (165, 184) (166, 185) (172, 190) (173, 191) (174, 178
(175, 192) (176, 193) (177, 258) (179, 195) (180, 229) (183, 218
(194, 239) (196, 241) (198, 209) (199, 206) (202, 232) (203, 257
(205, 213) (207, 211) (208, 244) (210, 214) (212, 246) (215, 217
(216, 222) (219, 283) (220, 250) (221, 247) (223, 251) (224, 254
(225, 235) (226, 234) (227, 255) (228, 237) (230, 236) (231, 240
(233, 253) (238, 259) (242, 277) (243, 245) (249, 264) (252, 256
(260, 282) (261, 268) (262, 290) (263, 271) (265, 269) (266, 270
(267, 285) (272, 291) (273, 280) (274, 281) (275, 288) (276, 278



(279, 289) (284, 286) (287, 296) (292, 299) (293, 297) (294, 305)
(295, 298) (300, 304) (301, 303) (302, 307) (306, 312) (308, 315)
(309, 313) (310, 320) (311, 314) (316, 319) (317, 318);

B:=Gl! (5, 11) (7, 10) (8, 14) (13, 17) (15, 23) (18, 22) (19, 27)
(26, 36) (28, 55) (29, 56) (30, 142) (31, 58) (32, 59) (33, 109)
(37, 49) (38, 50) (39, 131) (40, 52) (41, 53) (42, 134) (43, 67)
(44, 136) (45, 69) (46, 73) (51, 103) (54, 106) (57, 81) (60, 84)
(63, 88) (64, 95) (65, 90) (66, 122) (68, 74) (70, 114) (71, 111)
(72, 135) (75, 137) (76, 156) (77, 139) (78, 107) (79, 140)

(80, 144) (82, 143) (83, 141) (85, 181) (89, 123) (91, 94)

(92, 168) (93, 118) (96, 124) (97, 152) (98, 127) (99, 126)

(100, 193) (101, 129) (102, 133) (104, 132) (105, 130)

(108, 153) (110, 154) (112, 155) (113, 138) (115, 158) (121, 149)
(125, 171) (128, 176) (145, 162) (148, 167) (150, 173) (151, 170)
(157, 165) (159, 204) (160, 164) (161, 197) (163, 205) (166, 210)
(169, 191) (172, 179) (174, 192) (175, 178) (177, 226) (180, 225)
(182, 184) (183, 198) (185, 214) (190, 195) (194, 252) (196, 203)
(199, 250) (202, 230) (206, 220) (207, 215) (208, 251) (209, 218)
(211, 217) (212, 222) (213, 248) (216, 246) (219, 263) (221, 243)
(223, 244) (224, 237) (227, 238) (228, 254) (229, 235) (231, 253)
(232, 236) (233, 240) (234, 258) (239, 256) (241, 257) (242, 273)
(245, 247) (249, 261) (255, 259) (260, 262) (264, 268) (265, 270)
(266, 269) (267, 286) (271, 283) (272, 304) (274, 279) (275, 278)
(276, 288) (277, 280) (281, 289) (282, 290) (284, 285) (287, 293)
(291, 300) (292, 298) (294, 301) (295, 299) (296, 297) (302, 319)
(303, 305) (306, 309) (307, 316) (308, 314) (310, 317) (311, 315)
(312, 313) (318, 320);

C:=G1! (1, 187) (2, 62)(3, 117) (4, 116) (5, 137) (6, 47) (7, 148)
(8, 143) (9, 25) (10, 167) (11, 75) (12, 20) (13, 93) (14, 82)
(15, 69) (16, 186) (17, 118) (18, 26) (19, 58) (21, 24) (22, 36)
(23, 45) (27, 31) (28, 32) (29, 43) (30, 154) (33,156) (34, 200)
(35, 188) (37, 63) (38, 53) (39, 64) (40, 65) (41, 50) (42, 66)
(44, 139) (46, 141) (48, 87) (49, 88) (51, 89) (52, 90) (54, 91)
(55, 59) (56, 67) (57, 111) (60, 113) (61, 119) (68, 78) (70, 80)
(71, 81) (72, 79) (73, 83) (74, 107) (76, 109) (77, 136) (84, 138)
(85, 164) (86, 147) (92, 98) (94, 106) (95, 131) (96, 170)

(97, 133) (99, 149) (100, 193) (101, 104) (102, 152) (103, 123)
(105, 125) (108, 112) (110, 142) (114, 144) (115, 184)

(120, 146) (121, 126) (122, 134) (124, 151) (127, 168) (128, 176)
(129, 132) (130, 171) (135, 140) (145, 161) (150, 173) (153, 155)
(157, 159) (158, 182) (160, 181) (162, 197) (163, 218) (165, 204)
(166, 220) (169, 191) (172, 179) (174, 192) (175, 178) (177, 256)



231

(180, 257) (183, 248) (185, 250) (189, 201) (190, 195) (194, 234)
(196, 235) (198, 213) (199, 214) (202, 228) (203, 229) (205, 209)
(206, 210) (207, 245) (208, 246) (211, 243) (212, 244) (215, 247)
(216, 251) (217, 221) (219, 261) (222, 223) (224, 236) (225, 241)
(226, 239) (227, 240) (230, 254) (231, 255) (232, 237) (233, 238)
(242, 276) (249, 263) (252, 258) (253, 259) (260, 279) (262, 274)
(264, 271) (265, 286) (266, 285) (267, 270) (268, 283) (269, 284)
(272, 292) (273, 288) (275, 280) (277, 278) (281, 290) (282, 289)
(287, 294) (291, 299) (293, 301) (295, 300) (296, 305) (297, 303)
(298, 304) (302, 314) (306, 317) (307, 311) (308, 319) (309, 310)
(312, 318) (313, 320) (315, 316);

D:=G1l! (1, 25)(2, 117) (3, 62) (4, 47) (5, 155) (6, 116) (7, 13)
(8, 140) (9, 187) (10, 17) (11, 112) (12, 186) (14, 79) (15, 56)
(16, 20) (18, 63) (19, 59) (21, 35) (22, 88) (23, 29) (24, 188)
(26, 37) (27, 32) (28, 31) (30, 78) (33, 144) (34, 201) (36, 49)
(38, 90) (39, 131) (40, 41) (42, 125) (43, 45) (44, 111) (46, 138)
(48, 61) (50, 65) (51, 103) (52, 53) (54, 97) (55, 58) (57, 139)
(60, 83) (64, 95) (66, 105) (67, 69) (68, 154) (70, 76) (71, 136)
(72, 82) (73, 113) (74, 110) (75, 108) (77, 81) (80, 109) (84, 141)
(85, 204) (86, 146) (87, 119) (89, 123) (91, 133) (92, 168) (93,148)
(94, 102) (96, 132) (98, 127) (99, 126) (100, 150) (101, 151)
(104, 124) (106, 152) (107, 142) (114, 156) (115, 197) (118, 167)
(120, 147) (121, 149) (122, 130) (128, 169) (129, 170) (134, 171)
(135, 143) (137, 153) (145, 182) (157, 160) (158, 161) (159, 181)
(162, 184) (163, 198) (164, 165) (166, 212) (172, 174) (173, 193)
(175, 195) (176, 191) (177, 237) (178, 190) (179, 192) (180, 231)
(183, 205) (185, 246) (189, 200) (194, 230) (196, 238) (199, 251)
(202, 252) (203, 227) (206, 223) (207, 221) (208, 250) (209, 248)
(210, 222) (211, 247) (213, 218) (214, 216) (215, 243) (217, 245)
(219, 270) (220, 244) (224, 226) (225, 253) (228, 258) (229, 240)
(232, 256) (233, 235) (234, 254) (236, 239) (241, 259) (242, 289)
(249, 286) (255, 257) (260, 278) (261, 267) (262, 275) (263, 265)
(264, 284) (266, 283) (268, 285) (269, 271) (272, 298) (273, 281)
(274, 280) (276, 282) (277, 279) (287, 301) (288, 290) (291, 295)
(292, 304) (293, 294) (296, 303) (297, 305) (299, 300) (302, 308)
(306, 310) (307, 315) (309, 317) (311, 316) (312, 320) (313, 318)
(314, 319);

E:=G1! (2, 3)(4, 6) (7, 13) (10, 17) (15, 43) (18, 88) (19, 28)
(22, 63) (23, 67) (26, 49) (27, 55) (29, 69) (30, 57) (31, 59)
(32, 58) (33, 144) (36, 37) (38, 65) (39,51) (40, 53) (41, 52)
(42, 133) (44, 68) (45, 56) (46, 138) (47, 116) (48, 119) (50, 90)
(54, 105) (60, 83) (61, 87) (62, 117) (64, 89) (66, 97) (70, 76)



(71, 110) (73, 113) (74, 136) (77, 107) (78, 139) (80, 109)
(81, 142) (84, 141) (85, 159) (86, 120) (91, 125) (92, 121)
(93, 148) (94, 171) (95, 123) (96, 132) (98, 126) (99, 127)
(100 169) (101, 151) (102, 134)(103, 131) (104, 124)
(106, 130) (111, 154) (114, 156) (115, 161) (118, 167)
(122, 152) (128, 150) (129, 170) (145, 184) (146, 147)
(149, 168) (157, 164) (158, 197) (160, 165) (162, 182)
(163, 243) (166, 206) (172, 178) (173, 176) (174, 190)
(175, 179) (177, 256) (180, 227) (181, 204) (183, 207)
(185, 199) (191, 193) (192, 195) (194, 234) (196, 253)
(198, 215) (202, 228) (203, 231) (205, 221) (208, 216)
(209, 217) (210, 220) (211, 218) (212, 223) (213, 247)
(214, 250) (219, 284) (222, 244) (224, 236) (225, 238)
(226, 239) (229, 255) (230, 254) (232, 237) (233, 241)
(235, 259) (240, 257) (242, 278) (245, 248) (246, 251)
(249, 266) (252, 258) (260, 289) (261, 269) (262, 281)
(263, 285) (264, 270) (265, 268) (267, 271) (272, 297)
(273, 275) (274, 290) (276, 277) (279, 282) (280, 288)
(283, 286) (287, 300) (291, 293) (292, 303) (294, 295)
(296, 304) (298, 305) (299, 301) (302, 313) (306, 316)
(307, 309) (308, 318) (310, 311) (312, 319) (314, 320)
(315, 317);
=G1! (1, 201) (2, 61)(3, 87) (4, 146) (5, 79) (6, 147) (7, 132)
(8, 112)( , 200)( 104) (11, 140) (12, 35) (13, 96) (14, 155)
(15, 23) (16, 24) (17, 124) (18, 88) (19, 27) (20, 188) (21, 186)
(22, 63) (25, 34) (26, 49) (28, 55) (29, 56) (30, 57) (31, 58)
(32, 59)(33, 60)(36 37) (38, 65) (39, 126) (40, 53) (41,52)
(42, 134) (43, 67) (44, 68) (45, 69) (46, 70) (47, 86) (48, 117)
(50, 90)(51 98) (54, 106) (62, 119) (64, 121) (66, 122)
(71, 110) (72, 137) (73, 114) (74, 136) (75, 135) (76, 138)
(77, 107) (78, 139) (80, 141) (81, 142) (82, 153) (83, 144)
(84, 109) (85, 184) (89, 92) (91, 94) (93, 170) (95, 149)
(97, 152) (99, 131) (100, 191) (101, 167) (102, 133) (103, 127)
(105, 130)(108, 143) (111, 154) (113, 156) (115, 164)
(116, 120) (118, 151) (123, 168) (125, 171) (128, 173)
(129, 148) (145, 159) (150, 176) (157, 161) (158, 160)
(162, 204) (163, 248) (165, 197) (166, 250) (169, 193)
(172, 175) (174, 195) (177, 236) (178, 179) (180, 241)
(181, 182) (183, 218) (185, 220) (187, 189) (190, 192)
(194, 228) (196, 229) (198, 209) (199, 210) (202, 234)
(203, 235) (205, 213) (206, 214) (207, 211) (208, 212)
(215, 217) (216, 223) (219, 266) (221, 247) (222, 251)
(224, 256) (225, 257) (226, 232) (227, 233) (230, 258)
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(231, 259) (237, 239) (238, 240) (242, 262) (243, 245)
(244, 246) (249, 284) (252, 254) (253, 255) (260, 273)
(261, 285) (263, 269) (264, 286) (265, 271) (267, 268)
(270, 283) (272, 293) (274, 276) (275, 289) (277, 290)
(278, 281) (279, 288) (280, 282) (287, 304) (291, 297)
(292, 301) (294, 298) (295, 305) (296, 300) (299, 303)
(302, 315) (306, 320) (307, 308) (309, 318) (310, 312)
(311, 319) (313, 317) (314, 316);

G:=G1!(5, 8) (7, 17) (10, 13) (11, 14) (15, 19) (18, 36)
(22, 26) (23, 27) (28, 43) (29, 32) (30, 110) (31, 45)
(33, 113) (37, 88) (38, 41) (39, 121) (40, 90) (42, 171)
(44, 7)(46 80) (49, 63) (50, 53) (51, 92) (52, 65)
(54, 152) (55, 67) (56, 59) (57, 71) (58, 69) (60, 156)
(64, 126) (66, 130) (68, 107) (70, 141) (72, 108)

(73, 144) (74, 78) (75, 82) (76, 84) (79, 112) (81, 111)
(83, 114) (85, 182) (89, 98) (91, 102) (93, 167)

(94, 133) (95, 99) (96, 104) (97, 106) (100, 190)

(101, 170)(103, 168) (105, 122) (109, 138) (115, 160)
(118, 148) (123, 127) (124, 132) (125, 134) (128, 172)
(129, 151) (131, 149) (135, 153) (136, 139) (137, 143)
(140, 155) (142, 154) (145, 204) (150, 178) (157, 197)
(158, 164) (159, 162) (161, 165) (163, 198) (166, 208)
(169, 174) (173, 175) (176, 179) (177, 254) (180, 203)
(181, 184) (183, 205) (185, 244) (191, 192) (193, 195)
(194, 232) (196, 225) (199, 222) (202, 239) (206, 216)
(207, 221) (209, 248) (210, 251) (211, 247) (212, 250)
(213, 218) (214, 223) (215, 243) (217, 245) (219, 261)
(220, 246) (224, 258) (226, 228) (227, 231) (229, 257)
(230, 256) (233, 259) (234, 237) (235, 241) (236, 252)
(238, 253) (240, 255) (242, 262) (249, 263) (260, 273)
(264, 271) (265, 286) (266, 285) (267, 270) (268, 283)
(269, 284) (272, 305) (274, 276) (275, 289) (277, 290)
(278, 281) (279, 288) (280, 282) (287, 299) (291, 294)
(292, 296) (293, 295) (297, 298) (300, 301) (302, 320)
(303, 304) (306, 315) (307, 310) (308, 312) (309, 311)
(313, 314) (316, 317) (318, 319);

H:=Gl! (1, 12) (2, 4) (3, 6)(5, 143) (7, 124) (8, 137)
(9, 16) (10, 96) (11, 82) (13, 104) (14, 75) (15, 59)
(17, 132) (18, 50) (19, 56) (20, 187) (21, 34) (22, 38)
(23, 32) (24, 200) ( 186) (26, 41) (27, 29) (28, 45)
(30, 136) (31, 43) (3 0) (35, 201) (36, 53) (37, 40)
(39, 98) (42, 133) ( 142) (46, 113) (47, 117) (48, 86)
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(49, 52) (51, 126) (54, 105) (55, 69) (57, 74) (58, 67)
(60, 141) (61, 146) (62, 116) (63, 65) (64, 92) (66, 97)
(68, 81) (70, 156) (71, 78) (72, 112) (73, 138) (76, 114)
(77, 154) (79, 108) (83, 84) (85, 160) (87, 147) (88, 90)
(89, 121) (91, 125) (93, 101) (94, 171) (95, 168)

(99, 103) (100, 174) (102, 134) (106, 130) (107, 111)
(109, 144) (110, 139) (115, 182) (118, 129) (119, 120)
(122, 152) (123, 149) (127, 131) (128, 178) (135, 155)
(140, 153) (145, 197) (148, 151) (150, 172) (157, 204)
(158, 184) (159, 165) (161, 162) (163, 217) (164, 181)
(166, 199) (167, 170) (169, 190) (173, 179) (175, 176)
(177, 202) (180, 238) (183, 247) (185, 206) (188, 189)
(191, 195) (192, 193) (194, 224) (196, 231) (198, 245)
(203, 253) (205, 211) (207, 213) (208, 222) (209, 243)
(210, 250) (212, 251) (214, 220) (215, 248) (216, 244)
(218, 221) (219, 269) (223, 246) (225, 227) (226, 230)
(228, 256) (229, 259) (232, 258) (233, 257) (234, 236)
(235, 255) (237, 252) (239, 254) (240, 241) (242, 279)
(249, 285) (260, 276) (261, 284) (262, 288) (263, 266)
(264, 267) (265, 283) (268, 286) (270, 271) (272, 305)
(273, 274) (275, 290) (277, 289) (278, 282) (280, 281)
(287, 299) (291, 294) (292, 296) (293, 295) (297, 298)
(300, 301) (302, 320) (303, 304) (306, 315) (307, 310)
(308, 312) (309, 311) (313, 314) (316, 317) (318, 319);
T[3];

I: —Gl'(l 2)(3, 9)( , 12) (5, 15) (6, 16) (7, 18) (8, 19)
(10, 22) (11, 23) (13, 26) (14, 27) (17, 36) (20, 47)

(21, 48) (24 )(25 62) (28, 72) (29, 175) (30, 42)

(31, )(32, 2) (3 85) (34, 86) (35, 87) (37, 93)

(38, )<39 100)(40, 101) (41, 104) (43, 108) (44, 102)
(45, 112)( 115) (49, 118) (50, 124) (51, 128) (52, 129)
(53, 132) (5 81) (55, 135) (56, 137) (57, 106) (58, 140)
(59, 143) (6 145) (63, 148) (64, 150) (65, 151) (66, 78)
(67, 153) (6 105) (6 155) (70, 157) (71, 97) (73, 158)
(74, 130) (76, 159) (7 91) (80, 160) (83, 161) (84, 162)
(88, 167) (8 169) (9 170) (92, 172) (94, 139) (95, 173)
(98, 174) (9 175) (103, 176) (107, 122) (109, 181)
(110, 171)(111, 152) (113, 182) (114, 165) (116, 186)
(117, 187) (119, 188) (120, 189) (121, 190) (123, 191)
(125, 154) (126, 178) (127, 192) (131, 193) (133, 136)
(134, 142) (138, 184) (141, 197) (144, 164) (146, 200)
(147, 201) (149, 195) (156, 204) (163, 219) (166, 177)
(168, 179) (180, 242) (183, 249) (185, 194) (196, 260)
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(198, 261) (199, 202) (203, 262) (205, 263) (206, 224)
(207, 264) (208, 254) (209, 265) (210, 226) (211, 266)
(212, 256) (213, 267) (214, 252) (215, 268) (216, 258)
(217, 269) (218, 270) (220, 237) (221, 271) (222, 239)
(223, 236) (225, 273) (227, 274) (228, 251) (229, 275)
(230, 250) (231, 276) (232, 244) (233, 277) (234, 246)
(235, 278) (238, 279) (240, 280) (241, 281) (243, 283)
(245, 284) (247, 285) (248, 286) (253, 288) (255, 282)
(257, 289) (259, 290) (272, 302) (287, 306) (291, 307)
(292, 308) (293, 309) (294, 310) (295, 311) (296, 312)
(297, 313) (298, 314) (299, 315) (300, 316) (301, 317)
(303, 318) (304, 319) (305, 320);

T[14];

J:=G1l!(1, 18, 15) (3, 48, 47) (4, 62, 61) (5, 85, 42)

(6, 87, 86) (7, 30, 100) (8, 115, 102) (9, 22, 19)

(10, 81, 128) (11, 145, 106) (12, 26, 23) (13, 78, 150)

(14, 157, 105) (16, 36, 27) (17, 77, 169) (20, 49, 32)

(21, 40, 43) (24, 53, 31) (25, 63, 56) (28, 188, 52)

(29, 186, 37) (33, 177, 219) (34, 65, 67) (35, 41, 45)

(38, 58, 200) (39, 242, 166) (44, 175, 101)

(46, 194, 249) (50, 69, 201) (51, 260, 185)

(54, 82, 161) (55, 189, 90) (57, 174, 148) (59, 187, 88)

(60, 202, 261) (64, 262, 199) (66, 79, 160) (68, 176, 104)

(70, 224, 263) (71, 173, 96) (72, 158, 97) (73, 254, 264)

(74, 192, 129) (75, 159, 130) (76, 226, 265) (80, 256, 266)

(83, 252, 267) (84, 258, 268) (89, 273, 206) (91, 153, 162)

(92, 274,210) (93, 139, 172) (94, 140, 197) (95, 275, 251)

(98, 276, 250) (99, 277, 244) (103, 278, 246) (107, 190, 118)

(108, 181, 122) (109, 232, 283) (110, 179, 170) (111, 195, 151)

(112, 182, 152) (113, 234, 284) (114, 239, 271) (116, 119, 146)

121, 288, 214) (123, 281, 223) (124, 154, 191) (125, 155, 204)

126, 279, 220) (127, 282, 208) (131, 289, 212) (132, 136, 193)

133, 137, 184) (134, 143, 164) (135, 165, 171) (138, 230, 286)

141, 228, 285) (142, 178, 167) (144, 237, 270) (149, 290, 216)

156, 236, 269) (163, 302, 180) (168, 280, 222) (183, 306, 233)
) ( ( )
) ( ( )
) ( ( )
) ( ( )

)

_~ ~— ~— ~—

196, 213, 307) (198, 308, 231) (203, 211, 309) (205, 310, 235
(207, 311, 229) (209, 312, 255) (215, 313, 225) (217, 314, 241
(218, 315, 238) (221, 316, 240) (227, 247, 317) (243, 318, 253
(245, 319, 259) (248, 320, 257) (287, 291, 303) (292, 293, 305
(294, 297, 304) (295, 296, 301);

14

)
)
)
)
)
)
)
)
)
)

for gq,r,s,t,u,v,w,x in [1..2] do if A"I eq
A"gxB r*«C sxD " t+«E"uxF " v+«G "wxH"x then q,r,s,t,u,v,w,x;



end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if A"J eq

ATg*B r*C s*D t*xE"uxF "vxG "wxH " x then qg,r,s,t,u,v,w,x;
end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if B"I eq

ATg*xB r+«C s*«D " t*E"uxF"v+xG "wxH x then q,r,s,t,u,v,w,x;
end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if B"J eq

A"gxB r*«C s*D " t+«E"uxF "v+«G "wxH"x then q,r,s,t,u,v,w,x;
end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if C"I eq

ATg*B r*C s*D"t*E"uxF "vxG"wxH x then g, r,s,t,u,v,w,x;
end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if C"J eq

ATgxB r*xC s*D " t*xE"u*xF "v+xG"wxH"x then q,r,s,t,u,v,w,x;
end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if D"I eq

A"gxB r*C s*D " t+«E"uxF"v+«G "wxH"x then q,r,s,t,u,v,w,x;
end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if D"J eq

ATg*B r*C s*D"txE"uxF "vxG"wxH"x then q,r,s,t,u,v,w,x;
end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if E"I eq

A"gxB r*«C sxD " t+«E"uxF " v+«G "wxH"x then q,r,s,t,u,v,w,x;
end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if E"J eq

ATg*B r*C s*D t*E"uxF"vxG"wxH"x then g, r,s,t,u,v,w,x;
end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if F "I eq

ATg*B r+«C s*«D " t*E"uxF"v+xG"wxH"x then q,r,s,t,u,v,w,x;
end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if F°J eq

A"gxB r*«C s*xD " t+«E"uxF " v+«G "wxH"x then q,r,s,t,u,v,w,x;
end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if G"I eq

ATg*B r*C s*D t*E"uxF "vxG "wxH " x then qg,r,s,t,u,v,w,x;
end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if G"J eq

ATg*B r+«C s*«D " t*E"uxF v+*G"wxH"x then q,r,s,t,u,v,w,x;
end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if H"I eq

A"gxB r*«C sxD " t+«E"uxF "v+«G "wxH"x then q,r,s,t,u,v,w,x;
end if;end for;

for gq,r,s,t,u,v,w,x in [1..2] do if H"J eq
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ATg*B r*C s*D"txE"uxF "vxG"wxH " x then qgq,r,s,t,u,v,w,x;
end if;end for;

Z<a,b,c,d,e,f,g,h,1i, j>:=Group<a,b,c,d,e,f,g9,h,1,311i°2,3°3,
a~2,b"2,c”2,d"2,e"2,£f°2,9°2,h"2, (a,b), (a,c), (a,d), (a,e),
(a,f), (a,9), (a,h), (b,c), (b,d), (b,e), (b, £), (b,g), (b,h), (c,d),
(c,e), (c,f), (c,9), (c,h), (d,e), (d,£), (d,9), (d,h), (e, ), (e,9),
(e,h), (f,9), (f,h), (g,h), (ix3°-1) "5,a"i=a*xgxh,a” j=bxd*e,b " i=b,
b"j=axh,c”i=d,c”j=f,d"i=c,d” j=d, e " i=b*cxdxe, e” j=axbxdxf+h,
f7i=cxdxfxh, £"J=h,g " i=g,g” j=c*xdxexg,h”i=h,h"” j=c>;
£f,21,k:=CosetAction (Z, sub<z|Id(Z)>);

IsIsomorphic(Z1,G1l);

D.0.5 Mixed Extension 2*:* S,

S:=Sym(1l2);

X:=S! (1, 2) (3, 5) (4, 6) (7, 9)(8, 10) (11, 12);
Y:=S!'(1, 3) (2, 5) (4, 7)(6, 9)(8, 11) (10, 12);
Z:=S!(1, 4, 8) (2, 6, 10)(3, 7, 11) (5, 9, 12);
W:=s! (1, 2) (3, 5)(4, 7)(6, 9) (8, 12) (10, 11);
Vv:=8!(1, 5) (2, 3) (4, 6) (7, 9)(, 11) (10, 12);
N:=sub<S|X, Y, 2,W,V>;

G<xX,VY,2z,wW,Vv,t>:=Group<x,vy,z,w,v,t|x"2,y"2,2"3,
w'2,v'2,y'x=y,z"x=2,2"y=2z,w x=w,w y=w, w z=v,V X=V,
viy=v,v_iz=w*v,v w=v,t 2, (t,xxy*w), (t,y*v), (x+t) "3, (z*xt) "5>;
f,Gl,k:=CosetAction (G, sub<G|x,y,z,w,Vv>);

Ms:=MaximalSubgroups (Gl) ;
M:=Ms[7] ‘subgroup;
NL:=Normallattice (M) ;

for i in [1..#NL] do if IsAbelian(NL[i]) then i;
end i1if; end for;

X:=[2,2,2,2];
IsIsomorphic (NL[4],AbelianGroup (GrpPerm, X)) ;

q, ff:=quo<M|NL[4]>;

K<a, b, c,d>:=Group<a,b,c,dla"2,b"2,c"2,d"2, (a,b), (a,c), (a,d),
(b,c), (b,d), (c,d)>;



238

Q<e, f,g,h>:=Group<e, f,g,hle”4,£°3,972,h"2,gxe”2xh,
(exf™-1)"2,e"-1lxg*exh, £ -1xgxfxh, £ " -1xe " -2xfxg>;
£3,03,k3:=CosetAction (Q, sub<Q|Id(Q)>);

:=Transversal (M,NL[4]);

for 1 in [1..#T] do if f£f(T[i]) eqg g.l then i;
end 1f; end for;

Tr4];

for 1 in [1..#T] do if ff(T[i]) eg g.2 then i;
end i1if; end for;

Ti2];

for 1 in [1..#T] do if f£f(T[i]) eqg g.3 then i;
end i1f; end for;

TL7]1;

for 1 in [1..#T] do if ff(T[i]) eqg g.4 then i;
end i1if; end for;

T[10];

DSw N
Ne  Ne N

~e

T QM MEOQwW
Il
2,
=

for gq,r,s,t in [0..1] do if A"E

eq Ag*B"rxC"s«D"t then q,r,s,t; end if;
end for;

for gq,r,s,t in [0..1] do if A"F

eq Ag*B rxC"s+«D"t then gq,r,s,t; end if;
end for;

for gq,r,s,t in [0..1] do if A"G

eq ATg*B rxC"sxD"t then q,r,s,t; end if;
end for;

for gq,r,s,t in [0..1] do if A"H

eq Ag*B"rxC"s«D"t then q,r,s,t; end if;
end for;

for gq,r,s,t in [0..1] do if B"E

eq Ag*B rxC"s+«D"t then q,r,s,t; end if;
end for;

for gq,r,s,t in [0..1] do if B"F



eq ATg*B rxC sxD"t

end for;

for gq,r,s,t in
eq ATgxB r*xC"sxD"t

end for;

for g,r,s,t in
eqg ATgxB rxC s*«D"t

end for;

for gq,r,s,t in

end for;

for gq,r,s,t in
eq ATgxB r*xC"sxD"t

end for;

for gq,r,s,t in

end for;

for gq,r,s,t in

end for;

for gq,r,s,t in
eq ATgxB r*xC"sxD"t

end for;

for gq,r,s,t in

end for;

for gq,r,s,t in
eq ATg*B rxC"s*«D"t

end for;

for gq,r,s,t in
eq ATgxB r+xC"sxD"t

end for;

for gq,r,s,t in

end for;

for gq,r,s,t in
eq ATg*B rxC s«D"t

end for;

for gq,r,s,t in
eq ATgxB r+xC"sxD"t

end for;

for gq,r,s,t in

[0.

(0.

[0.

eq ATg*B rxC"s*D"t

[0.

(0.

eq ATg*B r+C sxD"t

[0.
eq ATg*B r+C"s*D"t

[0.

(0.

eq ATg*B r«C sxD"t

[0.

(0.

(0.

eq ATg*B rxC sxD"t

[0.

(0.

[0.

then q,r,s,t;

.1] do if B"G

then g, r,s,t;

.1] do if B"H

then g, r,s,t;

.1] do if C"E

then q,r,s,t;

.1] do if C°F

then g, r,s,t;

.1] do 1if C°G

then q,r,s,t;

.1] do if C"H

then q,r,s,t;

.1] do if D'E

then g, r,s,t;

.1] do if D°F

then q,r,s,t;

.1] do if D°G

then q,r,s,t;

.1] do if D"H

then g, r,s,t;

.1] do if E"4

then q,r,s,t;

.1] do if F°3

then q,r,s,t;

.1] do 1if G"2

then g, r,s,t;

.1] do if H"2

end

end

end

end

end

end

end

end

end

end

end

end

end

end

if;

if;

if;

if;

if;

if;

if;

if;

if;

if;

if;

if;

if;

if;
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eq ATg*B rxC sxD"t
end for;
for gq,r,s,t in [O.
eq ATgxB r«C"sxD"t
end for;
for g,r,s,t in [O.
eqg ATgxB rxC s*«D"t
end for;
for gq,r,s,t in [O.
eq ATg*B rxC s«D"t
end for;
for gq,r,s,t in [O.
eq ATgxB r*xC"sxD"t
end for;
for gq,r,s,t in [O.
eq ATgxB r+C sxD"t
end for;

Z<a,b,c,d,e,f,g,h>:

then g, r,

.1] do if
then g, r,

.1] do if
then g, r,

.1] do if
then g, r,

.1] do if
then g, r,

=Group<a,b,c,d,e,f,g,hla"2,b" 2,
c"2,d°2, (a,b), (a,c), (a,d), (b,c), (b,d), (c,d),e 4=c,
f"3=axbxcxd,g"2,h"2,gxe”2xh, (exf"-1) "2=bxcx*d,
e"—lxgxexh=c, £ -1xgxfxh, f"-1xe " -2xf+xg=bxcxd,

s,t; end if;

G+xE"2+H
s,t; end if;

(ExF"=1) "2
s,t; end if;

E"-1xG+xExH
s,t; end if;

F -1xG+xF+H
s,t; end if;

.1] do 1if F " -1+E"-2xF*G
then g, r,

s,t; end if;

a“e=axbxc,a”f=axd,a"g=axd, a"h=axc,

b e=bxcxd, b " f=bxcxd, b g=bxc*d, b h=bxd,
c“e=c,c” f=c+d,c"g=c,c " h=c,
d"e=c+d,d " f=c,d"g=d,d"h=d

> .

14

f4,724,k4:=CosetAction (Z, sub<z|Id(Z)>);

IsIsomorphic (Z4,M);
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