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Decomposition morphologies of supersaturated spinel solid solutions in the quasi-binary system
Co,TiO,-CoAl,0O, at 973 K show all pertinent features of spinodal decomposition. Since the de-
composition morphology may not be considered as sufficient evidence for a spinodal process, the
thermodynamics of the spinel solid solutions and the linear transport theory of spinodal decompo-
sition were combined to corroborate the experimental results of the early decomposition reaction.

Simultaneous ordering, a common property of ternary and higher nonequilibrium solid solutions,
was also observed. These ordering processes occur locally in distinct regions of the spinel crystal.
Moreover, the spinodal wavelength A increases in time according to 4 oc #, which is unusual and will

be discussed in the light of cation diffusion in semiconducting oxides with two cation sublattices.

1. Introduction

In a previous brief communication [1] we have
presented preliminary results of an investigation on
chemical reactions in supersaturated oxide solid solu-
tions with spinel structure, the end members of which
were Co,TiO, and CoAl,O,, respectively. The spinel
structure offers two sublattices to the cobalt, alu-
minium and titanium ions, so that a complex process
of ordering and unmixing takes place in the course of
equilibration. Experimentally it has been found that
both reaction modes will occur. The unmixing takes
place as spinodal demixing after the system has been
undercooled into the region of the coherent spinodal
[2]. In this paper we give the results and present the
thermodynamic basis of their discussion in more
depth.

2. Spinodal Decomposition

In his classic treatment Gibbs [3] formulated gen-
eral conditions necessary for the stability of phases.
Specifically, the boundary of the unstable region in a
(quasi)-binary phase diagram is given analytically by
setting the second derivative with respect to the mole
fraction x of the molar Gibbs energy G (or the molar
Gibbs energy of mixing AG, respectively) equal to
zero:

%G 0% AG
<6—x_2_)1’.1 B < ox* >P.T =0 ™

Reprint requests to Prof. Dr. H. Schmalzried.

Equation (1) represents the thermodynamic defini-
tion of the so-called “chemical spinodal” in solid so-
lutions. If spinodal decomposition is considered in
crystals, crystallographic constraints that lead to
thermodynamic effects have to be taken into account.
According to Cahn [4] one must incorporate the ap-
propriate elastic free energy which modifies the stabil-
ity condition:

il 2V * Youy =0 2
w P‘T‘*‘ m!l” Yy =Y, (2
where V,, is the molar volume, Y, is the elastic mod-
ulus and 7 describes the strain per unit concentration
[5]. The additional strain energy contribution shifts
the spinodal to lower temperatures which then is
termed “coherent spinodal”. Moreover, (2) shows that
several coherent spinodals may exist, which depend
on the crystallographic directions [hkl] of the coherent
intergrowth. Since no thermodynamic barrier exists
for a system inside the coherent spinodal, the evolu-
tion of decomposition is determined by diffusion only.
The kinetic theory of spinodal decomposition starts
from linear irreversible thermodynamics. The flux
equation for the neutral particles of sort 2 in an iso-
thermal, isobaric, isotropic and single-phase crystal-
line binary solid solution may be written in the form
D,c D,x,(1—x
e 2V, O
where the flux j, is referred to the lattice frame [6]. The
driving force for interdiffusion is the gradient of the
difference in chemical potentials y;. Departures from

I = Vi, =—
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Fick’s law are due to steep gradients in composition
and to the elastic strain energy which evolve during
decomposition. Hilliard [5] has given an expression
for the chemical potential which includes all the rele-
vant contributions:

oG
Hy—Hpy = <F> —2xV2x,
X2/p.T

+ 2V ’72 Y[hkl](xz _x(z)) . (4)

The gradient energy coefficient » follows from the
free energy formalism of an inhomogeneous solid so-
lution due to Cahn and Hilliard [7]. Its magnitude
may be parameterized by defining an interaction dis-
tance ¥ such that

»=RT,¥?, (5)

where T, is the critical temperature of unmixing [4]. A
zeroth-order estimate correlates ¥ with the average
interatomic distance r,, in the crystal structure [5]:

¥ =ry//3. (6)

One obtains the time-dependent diffusion equation
by applying the continuity condition ¢, = —Vj, to (3)
in combination with (4). If the inhomogeneities are not
pronounced, the diffusion equation may be linearized,
leading to

D, x,(1—x,)
A S I ——————— 7
€2 V._RT @)

aZG 2 2 4
: Fw + 2Vut1* Yy [VEx — 22V .
P.T

The time-dependence of the local change in composi-
tion ¢, is obtained from (7) as

2n
¢, (t) — c,(t=0) oc exp(£(4)t) cos <— r> , (8
A
i.e. the concentration profile is given by a superposi-
tion of harmonic, plane waves of concentration with
wavelength 4. The amplification factor %(4) plays a
central role in the linear theory of spinodal decompo-
sition. It can be expressed as follows
_ D,x,(1—x,)

R(4) = —RT ©)

0*G 2m\*'|/27\?
[15), erae 1)
2/ PTF v -

Because of the exponential dependence of the
growth kinetics of composition waves on Z#(4) the de-
composition morphology will quickly be dominated

by waves /4, which correspond to the largest amplifi-
cation factor:

_ 8%G R 2.1
m =17\ o2 + 2Van” Yoy /16773 -(10)
X3/p.T

It can also be seen from (8) and (9) that essentially
only the coherent spinodal with the smallest elastic
modulus has to be taken into account in dealing with
spinodal decomposition kinetics. In cubic crystals this
normally is the [100]-spinodal. Therefore, #(4) in-
duces a twofold selection, namely with regard to the
possible wavenumbers and the crystallographic direc-
tions.

3. Thermodynamics of Co,, Al,_, Ti O,-
Spinel Solid Solutions

The end members of the spinel solid solution which
we consider here, ie. Co,TiO, and CoAl,O,, have
different cation distributions. Co,TiO, is a perfect
inverse spinel (Co?*Co2* Ti#*O,), whereas the (ideal)
normal cation distribution of CoAl,O, is subject to a
temperature-dependent inversion. Thus, the thermo-
dynamics of the Co,, Al,_, Ti O,-solid solutions
are mainly governed by the degree of inversion y ac-
cording to the following equations:

(Co)t (COXAIZ = 2xTix)oO4 (1 1 )
= (Col —yAly)l (Cox +yA12 =2 —yTix)oO4

Cof + Al;=Co, + Al; . (12)

The symbols agree with the notation of Kroger and
Vink. The point defect reaction equation (12) de-
scribes the cation exchange in a phenomenological
way. The corresponding microscopic processes may
be quite complex. They depend on the intensive ther-
modynamic variables and the cation distribution it-
self.

As mentioned in a previous paper [1], the molar
Gibbs energy change A% (x,y, T) reflecting the cation
rearrangement (11) may be calculated if one uses the
model of spinel solid solutions given by O’Neill and
Navrotsky [8]:

AY(x,9,T)=Aay + By — AL Ty

+ RTY b*xiInx;, (13)
where Ao, ff and A{ are model parameters; x! is the
fraction of cation i on sublattice s (given in Table 1), b*
is the number of sites of type s per formula unit. The
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Table 1. Site and material balances in the quasi-binary
spinel solid solution xCo,TiO,—(1 —x)CoAl,O,. The sym-
bol x; denotes the fraction of cation i on sublattice s (s=t, 0),
7 is the degree of inversion; t and o designate tetrahedral and
octahedral, respectively.

i X} 2x? >

Co?* 1—y X+ 14x

ARY y 2—-2x—7y 2—2x
a4+

Ti 0 b X

2z, 1 2 3

equilibrium condition (0A% (x,y, T)/0y), =0 allows
to calculate y(x, T) from

y(x+7)

RTln ———
2—=2x—y)(1—y)

+Aa+28y—A{T=0. (14)

Equation (14) is solved numerically for 0<x <1 and
temperatures between 973 K and 1773 K. Conse-
quently, the molar free Gibbs energy of mixing
AG(x,T) is known.

AG(x, T)=A%(x,T)—xA%(1,T)
—(1-x)A%0,T)+Wx(1—x). (15)

Because normally the endmembers of a solid solu-
tion have different molar volumes, an additional elas-
tic energy term has been introduced into (15). Using
the elastic interaction parameter W this term is ap-
proximated in analogy to a regular solution model.
All model parameters can be obtained from the fitting
procedure. For different sets of parameters, the Gibbs
energies have been calculated and the corresponding
theoretical miscibility gaps have been deduced by us-
ing the common tangent construction. The miscibility
gap which is in best agreement with experimental re-
sults is shown in Figure 1. The model parameters cho-
sen (Ax=63kJ mol™!, f=—20kJ mol~!, W=55kJ
mol 1) differ slightly from those of earlier calculations
[1] and correspond to theoretical predictions [9].

4. Results

4.1 Theoretical Results

The theoretical concepts outlined in the preceeding
sections allow us to calculate the chemical and co-
herent [100]-spinodal in the quasi-binary system
Co,TiO,-CoAl,0,. They are illustrated graphically
in Figure 1. The spinodal curves were determined an-
alytically from (1) and (2) using the elastic constants in

1600 -
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Fig. 1. Calculated phase diagram of the quasi-binary system
Co,TiO4-CoAl,0,. Dash-dot line=calculated chemical
spinodal. Dashed line =calculated coherent [100]-spinodal.
Dots represent experimental data from phase equilibria de-
termination. Crosses ( x ) represent homogenized spinel solid
solutions, decomposed isothermally at 973 K and studied at
room temperature.

Table 2. Elastic constants C;; and temperature derivatives 7
of the elastic constants which have been used to calculate the
coherent spinodal in the Co,TiO,-CoAl,O,-solid solution
according to (2).

CoAl,O, Co,TiO,
C,, [GPa] 290.5 267.6
C,, [GPa] 170.3 105.6
C,, [GPa] 138.6 95.3
[12] Values of Fe;0, [12]
7., [GPaK™1] —262x1074
7., [GPaK™}] —997x107°
744 [GPa K1) —878x107%

Values of MgAl,0, [13]

Table 2, which have been averaged according to Veg-
ard’s law [10]. In contrast to our earlier calculations,
this time the temperature dependence of the elastic
constants and their concomitant effect on the an-
isotropy has been included [11]. However, the temper-
ature dependence of the lattice parameter a is ne-
glected, therefore #=(0lna/0x); ; is obtained directly
from lattice parameter measurements (Figure 2). The
second derivative of the Gibbs energy of mixing AG
has been calculated analytically from (15).
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Fig. 2. Room temperature lattice constants for Co,TiO,-
CoAl,O,-spinel solid solutions. Experimental data are rep-
resented by dots. The curve is obtained form a 3.-polynomi-
nal regression analysis.

The spinodal wavelength 4., has been calculated as
a function of temperature and composition. Three
wavelengths as obtained from (10) are given in Table 3
along with the corresponding parameters at

T=973 K. The gradient energy coefficient ¥ was ob-
tained from (5) and (6); the interatomic distance r, was
estimated by averaging linearly over the nearest-
neighbour cation distances in the spinel structure [14].

Table 3. Calculated spinodal wavelength 4 at T=973 K for
Co,TiO,-CoAl,O,-spinel solid solutions. Additionally, the
table shows all temperature- and composition-dependent
crystallographic and elastic parameters which have been
used.

0.35 0.45 0.55

XCo,TiO4

0.8195 0.8227 0.8262
3.728x 1072 4.060x 1072 4.377x1072
414 x107° 420 x1075 425 x10°°

a [nm]

n
V., [m® mol ']

x[Im?mol™']  506x107'® 510x1071® 516x10~'¢
(©2A,, G/ox?),, —39185  —d44770  —44703

[J mol™ 1]

Y;100, [GPa] 255.73 259.23 26231

2, [nm] 287 3.01 632

4.2 Experimental Results

The details of the experiments have been explained
in [1]. In what follows we present the pertinent results.

Figure 2 shows the composition dependence of the
lattice parameter a of Co,TiO,-CoAl,O,-spinel solid
solutions. It shows higher negative deviations from
ideality than that of the analogous system Mg, TiO,-
MgAl,O, [15]. At moderate temperatures it is known
that pure Mg,TiO, exhibits a large degree of short-
range order in the octahedral sublattice [16]. Replac-
ing Mg?* by the transition metal cation Co?* we may
assume that similar short-range ordering appears on
a larger scale, which decreases the lattice constant.

Fig. 3. Electron diffraction pattern
(zone axis [100]) of a quenched sample
(44.4 mol% 55.6 mol% CoAl,O,) an-
nealed at 973 K for 2 d showing spot
streaking along [010] and [001], and su-
perlattice reflections.
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Figures 3, 4, and 5 show the SAD-patterns and

TEM-images of a sample (45mol% Co,TiO,/
55mol% CoAl,O,) which has been annealed at
973 K for 2 d, followed by quenching. They are com-
parable to the transmission electron micrograph given
in [1]. The diffraction pattern (zone axis [001]) exhibits
spot streaking along [100] and [010] due to the modu-
lated structure shown in Figure 4. The microstructure
after spinodal decomposition is characterized by a
periodic distribution of coherent platelets of about
5.5 nm thickness, aligned along the elastically soft

Fig. 4. Transmission electron micro-
graph which corresponds to the SAD-
pattern of Figure 3. The periodic distri-
bution of coherent platelets with ca.
5.5 nm thickness (aligned along [010])
can be seen.

Fig. 5. High resolution transmission
electron micrograph of the specimen of
Figs.3 and 4. The demixed crystal
shows locally ordered regions (arrowed).
The lattice constant of the superstruc-
ture corresponds to the value of the
homogeneous spinel solid solution.

[100] and [010]-directions. Moreover, diffuse superlat-
tice reflections appear on the diffraction pattern. A
high-resolution transmission electron micrograph of
ordered regions of the demixed crystal is given in Fig-
ure 5. The lattice constant of the superstructure is
identical to that of the homogeneous spinel solid solu-
tion.

All experimental data which concern the wave-
lengths of periodic concentration fluctuations are
summarized in Table 4. Values are taken directly from
the electron micrographs and/or are calculated from
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Table 4. Mean wavelengths 4 of composition periodicity,
taken from electron diffraction patterns (SAD) and electron
micrographs (TEM) in Co,TiO,-CoAl,O ,-spinel solid solu-
tions. Annealing temperature is T=973 K. The absolute
error in 4 is AZ= +1 nm. Values marked by asterisk (*) are
obtained from a linear extrapolation of the experimental
data (see Fig. 4 in [1]).

/. [nm]
XCo,TiO4 34.8 mol% 44.4 mol% 55.7 mol%
time [d] SAD TEM SAD TEM SAD TEM
0 = 3 2 6%
1 3 2 4 4 5 6
2 5 6
4 9 7
S 5 6
8 9 16 8
15 15
24 12

the corresponding SAD-patterns [17]. If we write the
hypothetical growth-law of the spinodal wavelength 4
in the form

At)=c-(t—to)™ + Jg, (16)

where Z, denotes the wavelength at t,=0, regression
analysis on a double-logarithmic scale yields m~1.
Therefore, the spinodal wavelength varies approxi-
mately linearly within the chosen equilibration time.
The homogenized and subsequently quenched spinel
solid solutions of composition 34.8 mol% and
55.7mol% Co,TiO, have not been studied with
TEM, nevertheless the spinodal wavelengths at t,=0
could be obtained from a regression analysis. These
values are also given in Table 4.

5. Discussion

As pointed out by de Fontaine [18], one criterion for
spinodal decomposition in a (quasi)-binary solid solu-
tion follows from the thermodynamic definition as
given in (2). Any diffusion-controlled phase transfor-
mation which occurs during the initial anneal inside
the coherent spinodal must be spinodal decomposi-
tion. However, two points are worth mentioning in
this context: 1. The true coherent spinodal of a given
system is normally unknown owing to the lack of
pertinent thermodynamic data. 2. The thermody-
namic concept itself can be questioned if the transition
from nucleation to spinodal decomposition is gradual

[2, 19]. Another criterion is a kinetic one: The contin-
ually growing composition waves as given by (8) are
characteristic of spinodal decomposition. However, it
is difficult to measure concentration fluctuations
quantitatively on such a fine scale, i.e. below <10 nm.
From an experimental point of view the decomposi-
tion morphologies of the demixed crystal are taken as
evidence for spinodal decomposition, which means
that periodic precipitates are solely attributed to the
spinodal demixing process. Also, one has to be aware
that in systems with high strain # the typical spinodal
morphology will break down before it can be detected
[20].

The microstructures of all three Co,TiO,-CoAl,O,-
spinel solid solutions investigated here show the typi-
cal spinodal decomposition morphology. The size of
spinel precipitates (x 10 nm) as well as their crystallo-
graphic orientation ([100]) agrees with theoretical con-
siderations [2]. We can estimate the maximum average
wavelength A* of a coherent periodic composition
modulation in a (quasi-)binary solid solution by fol-
lowing de Fontaine [20]. Taking into account the ex-
perimental data of the solid solution of critical compo-
sition (x45mol% Co,TiO,), the calculation gives
/*~20 nm. The experimental spinodal wavelengths
seem to be lower than A*. Since the SAD-diffraction
patterns exclusively show the reflexes of one of the
equilibrated spinel solid solutions, we conclude that
the decomposition proceedes coherently within the
time-interval studied (Table 4).

Morral and Cahn [21] have shown that an out-
standing feature of ternary one-sublattice systems is
the possibility of the simultaneous occurance of
spinodal decomposition and continuous ordering. Ac-
tually, the SAD-diffraction pattern in Fig. 3 and the
corresponding HRTEM-image in Fig.5 show the
existence of superstructures in the demixed crystals.
However, the same sample does not exhibit ordered
precipitates. We conclude that the ordering processes
take place locally in other regions of the crystal
(Fig. 3a/3b in [1]). Rogalla and Schmalzried observed
already that the re-equilibration of the cation distribu-
tion in NiAl,O, cannot be described by simple ex-
change processes between the two sublattices of the
spinel. They also found that the rate of cation redistri-
bution is different in different regions of the crystal
[22]. In the Co,TiO4-CoAl,O-spinel solid solutions
the tetrahedral and the octahedral sublattice are occu-
pied by three sorts of cations. Then, in contrast to
ternary metallic systems and simple spinels, multiple
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mechanisms have to be considered in order to describe
the sublattice exchange processes. Because they are
expected to occur simultaneously during spinodal de-
composition, they may influence locally the demixing
kinetics which leads to cation ordering. They may also
be responsible for the unusual growth-rate of the
spinodal wavelength as discussed below.

We mentioned in the beginning that the criteria for
spinodal decomposition based on precipitate mor-
phology are unreliable. Thus one has to consider the-
oretical concepts in addition. Because of the exponen-
tial dependence of the growth (or decay) kinetics of the
composition waves (see (8)), the spinodal wavelength
/o may be approximated by 4,. The experimental
values given in Tab. 4 indicate that A, increases with
increasing percentage of Co,TiO,. The theoretical
prediction agrees with this result (see Table 3). More-
over, the calculated wavelengths 4, agree reasonable
with the experimental data. However, it should be
noted that the only well known parameter given in
Table 3 is the composition-dependent lattice constant
of the spinel solid solution (Figure 1). Furthermore,
the resulting strain # dominates the calculation of 4,
owing to the quadratic term in (10). Therefore, the
calculation based on the linear theory can explain the
experimental results of the early decomposition kinet-
ics quantitatively. From the calculated phase diagram
we conclude that the homogeneous spinel solid solu-
tions were decomposed within the phase field of the
coherent spinodal (Figure 2). From a theoretical point
of view these aspects may also be regarded as a crite-
rion for spinodal decomposition.

In Table 4 and Fig. 4 of [1] it is shown that the
growth rate of the spinodal wavelength depends on
composition and is highest for a sample of the critical
composition. Similar results were obtained for the
metallic system Cu-Ni-Fe [23, 24]. It was presumed
(see (3)) that the driving force for interdiffusion, i.e. the
second derivative of the Gibbs energy of mixing AG, is
responsible for the different growth rates, although the
elastic energy contribution and the gradient energy
have to be taken into account. Cahn has already given
an upper limit for the rate of decomposition at a fixed
spinodal wavelength 4, [25]. So far there exists no
(microscopic) theory which can describe the experi-
mental increase of the spinodal wavelength 4 in time
[2]. Nevertheless, in solid mixtures there is ample ex-
perimental evidence for the validity of the Wagner-
Lifshitz-Slyozov rate law 4 oct}/3. It is not clear yet
whether the growth of the spinodal wavelength is due

to a condensation-evaporation type of mechanism or
whether it occurs by local doubling as suggested by
de Fontaine [26]. Therefore, we restrict the discussion
of the time-dependence of spinodal wavelengths to
some qualitative considerations on decomposition in
spinel solid solutions.

The experimental spinodal wavelength in the sys-
tem Co,TiO,-CoAl,O, varies linearly with time,
which differs from other experimental data on spino-
dal decomposition. It is remarkable that a constant
growth rate (1) is only found in fluids at the late stage
of exsolution [27].

As has already been noticed in [1], the kinetics of
spinodal decomposition in oxide solid solutions will
be influenced by some characteristic features of diffu-
sion in ionic crystals. In contrast to the traditionally
studied metallic systems, ionic crystals are built from
at least two sublattices. One sublattice is occupied by
anions and may be considered here as a rigid frame,
within which the smaller cations are dissolved and the
coherent demixing processes will take place. We be-
lieve that the existence of two cation sublattices in the
spinel structure is the main problem in the spinodal
decomposition of the system Co,TiO,-CoAl,O,.
Strictly speaking, any flux equation (as (3)) has to be
formulated with structure elements which are the real
diffusing species in the crystal lattice. Two distinct
transport equations will result which describe the dif-
fusional processes in each cation sublattice. The ques-
tion is in which way the coupling of these fluxes of
structure elements and their driving forces will occur
[28]. A detailed microscopic formulation of the diffu-
sion models leads to a complex system of non-linear
differential equations. The solutions have to be ana-
lyzed carefully in order to decide which process gov-
erns the spinodal decomposition.

We further note that for ionic crystals the chemical
potentials y; of (3) must be replaced by the electro-
chemical potentials #;. Nernst-Planck type equations
are the result of the coupling of the cation fluxes due
to the electroneutrality condition. In semiconducting
oxides, moreover, the coupling is due to the conserva-
tion of lattice sites. It can be shown that internal oxy-
gen potential gradients build up during chemical dif-
fusion [29]. Both modifications should have no effect
on the result expressed by (9) [30]. However, if transi-
tion metal cations are involved, the oxygen potential
gradient may disturb the redox equilibria, which will
influence the cation arrangement between the spinel
sublattices and thus the transport processes. And fi-
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nally, we repeat that we considered spinodal decom-
position of the spinel solution only in the linear
regime. Any ripening process complicates the formal
treatment of exsolution, owing to the appearance of
coherent phase boundaries.

Our discussion showed that equilibration processes
in spinel solid solutions depend on a large number of
system parameters. Therefore, comprehensive predic-
tions about the thermodynamics and kinetics of
ternary (or higher) systems with several sublattices are
hardly possible yet. Experimental difficulties in the
study of spinodal decomposition are essentially due to
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