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Abstract

In the 1970s M. Laczkovich posed the following problem: Let B1(X) denote the set of Baire class
1 functions defined on a Polish space X equipped with the pointwise ordering.

Characterize the order types of the linearly ordered subsets of B1(X).

The main result of the present paper is a complete solution to this problem.

We prove that a linear order is isomorphic to a linearly ordered family of Baire class 1 func-
tions iff it is isomorphic to a subset of the following linear order that we call ([0, 1]i°81 , <altlex)s
where [0, l]i‘“él is the set of strictly decreasing transfinite sequences of reals in [0,1] with last
element 0, and <gitieq, the so called alternating lezicographical ordering, is defined as follows: if
(Ta)a<e, (Th)a<er €10, 1]§“81 are distinct, and ¢ is the minimal ordinal where the two sequences
differ then we say that

(Ta)a<e <attler (Th)a<er < (6 is even and x5 < x5) or (§ is odd and 5 > xj).

Using this characterization we easily reprove all the known results and answer all the known open
questions of the topic.

1. INTRODUCTION

Let F(X) be a class of real valued functions defined on a Polish space X, e.g. C(X), the
set of continuous functions. The natural partial ordering on this space is the pointwise
ordering <, that is, we say that f <, g if for every € X we have f(z) < g(z) and there
exists at least one x such that f(z) < g(z). If we would like to understand the structure of
this partially ordered set (poset), the first step is to describe its linearly ordered subsets.

For example, if X = [0,1] and F(X) = C([0,1]) then it is a well known result that the
possible order types of the linearly ordered subsets of C([0,1]) are the real order types
(that is, the order types of the subsets of the reals). Indeed, a real order type is clearly
representable by constant functions, and if £ C C(]0,1]) is a linearly ordered family of
continuous functions then (by continuity) f — fol f is a strictly monotone map of £ into
the reals.

The next natural class to look at is the class of Lebesgue measurable functions. However,
it is not hard to check that the assumption of measurability is rather meaningless here.
Indeed, if £ is a linearly ordered family of arbitrary real functions and ¢ : R — R is a map
that maps the Cantor set onto R and is zero outside of the Cantor set then f — fop is
a strictly monotone map of £ into the class of Lebesgue measurable functions.
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Therefore it is more natural to consider the class of Borel measurable functions. However,
P. Komjath [9] proved that it is already independent of ZFC (the usual axioms of set
theory) whether the class of Borel measurable functions contains a strictly increasing
transfinite sequence of length ws.

The next step is therefore to look at subclasses of the Borel measurable functions, namely
the Baire hierarchy. A function is of Baire class 1 if it is the pointwise limit of continuous
functions. The set of (real valued) Baire class 1 functions defined on a space X will be
denoted by B1(X). A function is of Baire class 2 if it is the pointwise limit of Baire class
1 functions. Komjath actually also proved that in his above mentioned result the set of
Borel measurable function can be replaced by the set of Baire class 2 functions. This
explains why the Baire class 1 case seem to be the most interesting one.

Back in the 1970s M. Laczkovich [I1] posed the following problem:
Problem 1.1. Characterize the order types of the linearly ordered subsets of (B1(X), <p).

We will use the following notation:

Definition 1.2. Let (P, <p) and (Q, <g) be two posets. We say that P is embeddable
into @, in symbols (P, <p) — (Q,<g) if there exists a map ® : P — @ such that for
every p,q € P if p <p g then ®(p) <g ®(q). (Note that an embedding may not be 1-to-1
in general. However, an embedding of a linearly ordered set is 1-to-1.) If (L,<p) is a
linear ordering and (L, <r) < (Q, <g) then we also say that L is representable in Q).

Whenever the ordering of a poset (P, <p) is clear from the context we will use the notation
P = (P,<p). Moreover, when @ is not specified, the term “representable” will refer to
representability in B (X).

The earliest result that is relevant to Laczkovich’s problem is due to Kuratowski. He
showed that for any Polish space X we have wy,w] < B1(X), or in other words, there is
no wi-long strictly increasing or decreasing sequence of Baire class 1 functions (see [10,
§24. TIL.2.]).

It seems conceivable at first sight that this is the only obstruction, that is, every linearly
ordered set that does not contain w;-long strictly increasing or decreasing sequences is
representable in B (R). First, answering a question of Gerlits and Petruska, this conjecture
was consistently refuted by P. Komjath [9] who showed that no Suslin line (cce linearly
ordered set that is not separable) is representable in B;(R). Komjéth’s short and elegant
proof uses the very difficult set-theoretical technique of forcing. Laczkovich [12] asked if
a forcing-free proof exists.

Elekes and Steprans [b] continued this line of research. On the one hand they proved
that consistently Kuratowski’s result is a characterization for order types of cardinality
< ¢. On the other hand they strengthened Komjéath’s result by constructing in ZFC' a
linearly ordered set L not containing Suslin lines or wy-long strictly increasing or decreasing
sequences such that L is not representable in B (X).

Among other results, M. Elekes [2] proved that if X and Y are both uncountable o-
compact or both non-o-compact Polish spaces then for a linearly ordered set L we have
L < Bi(X) <= L < By(Y). Then he asked if the same holds if X is an uncountable
o-compact and Y is a non-o-compact Polish space. Moreover, he also asked whether the
same linearly ordered sets can be embedded into the set of characteristic functions in
B1(X) as into B1(X). Notice that a characteristic function x4 is of Baire class 1 if and
only if A is simultaneously F, and Gs (denoted by A € AY(X), see the Preliminaries
section below). Moreover, x4 <, xp <= A ;% B, hence the above question is equivalent
to whether L — (B1(X), <p) implies L — (Ag(X), G). He also asked if duplications and
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completions of representable orders are themselves representable, where the duplication
of L is L x {0,1} ordered lexicographically.

Our main aim in this paper is to solve Problem and consequently answer the above
mentioned questions. The solution proceeds by constructing a universal linearly ordered
set for Bi(X), that is, a linear order that is representable in B;(X) such that every
representable linearly ordered set is embeddable into it. Of course such a linear order
only provides a useful characterization if it is sufficiently simple combinatorially to work
with. We demonstrate this by providing new, simpler proofs of the known theorems
(including a forcing-free proof of Komjath’s theorem), and also by answering the above
mentioned open questions.

The universal linear ordering can be defined as follows.

w1

Definition 1.3. Let [0, l]io be the set of strictly decreasing well-ordered transfinite
sequences in [0,1] with last element zero. Let Z = (zq4)a<e, T’ = (2,)a<e € [0, 1}251 be
distinct and let ¢ be the minimal ordinal such that x5 # x%. We say that

(Ta)a<e <atties (Th)a<er < (0 is even and x5 < z) or (4 is odd and x5 > ).

Now we can formulate our main result.

Theorem 1.4. (Main Theorem) Let X be an uncountable Polish space. Then the following
are equivalent for a linear ordering (L, <):

(1) (L><) — (BI(X)><;D);
(2) (L, <) = ([0,137, <atttea)-

In fact, (B1(X), <p) and ([0, 1]§%1,<altlex) are embeddable into each other.

Using this theorem one can reduce every question concerning the linearly ordered subsets
of B1(X) to a purely combinatorial problem. We were able to answer all of the known
such questions and we reproved easily the known theorems as well. The most important
results are:

e Answering a question of Laczkovich [I2], we give a new, forcing free proof of
Komjath’s theorem. (Theorem [4.2))

o The class of ordered sets representable in By (X) does not depend on the uncount-
able Polish space X. (Corollary

e There exists an embedding (B1(X), <p) < (AY(X),S), hence a linear ordering
is representable by Baire class 1 functions iff it is representable by Baire class 1
characteristic functions. (Corollary

e The duplication of a representable linearly ordered set is representable. More gen-
erally, countable lexicographical products of representable sets are representable.
(Corollary and Theorem [5.2))

e There exists a linearly ordered set that is representable in B;(X) but none of its
completions are representable. (Theorem

The paper is organized as follows. In Section [3| we first prove that there exists an embed-
ding B1(X) < [0, 1}2‘617 then that [0, 1]2“81 — B1(X). The former result heavily builds
on a theorem of Kechris and Louveau. Unfortunately for us, they only consider the case of
compact Polish spaces, while it is of crucial importance in our proof to use their theorem
for arbitrary Polish spaces. Moreover, their proof seems to contain a slight error. Hence
it was unavoidable to reprove their result, which is the content of Section [f] Section [4]
contains the new proofs of the known results, while in Section [§] we answer the above open

questions. Finally, in Section [7| we formulate some new open problems.
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2. PRELIMINARIES

Our terminology will mostly follow [7] and [13].

Let X be a Polish space, that is, a complete, separable and metrizable topological space.
B1(X) denotes the set of the pointwise limits of continuous functions defined on X, this
is called the class of Baire class 1 functions.

USC(X) stands for the set of upper semicontinuous functions, that is, the set of functions
f for which for every r € R the set f~!((—oc,r)) is open in X. It is easy to see that the
infimum of USC functions is also USC.

If F(X) is a class of real valued functions then we will denote by bF(X) and F*(X) the
set of bounded and nonnegative functions in F(X), respectively.

K(X) will stand for the set of the nonempty compact subsets of X endowed with the
Hausdorff metric. It is well known (see [7, Section 4.F]) that if X is Polish then so is
K(X). Moreover, the compactness of X is equivalent to the compactness of X(X).

As usual, we denote the £th additive and multiplicative Borel classes of a Polish space X by
22 (X) and Hg (X), respectively. We will also use the notation Ag (X) = ES(X) OH?(X).
We call a set A ambiguous, if A € AY(X). Sometimes the following equivalent definition
is also used for the first Baire class: f € B;(X) <= the preimage of every open set
under f is in 39(X) (see [T, 24.10]). This easily implies that a characteristic function x 4
is of Baire class 1 if and only if A € AJ(X). The above equivalent definition also implies
that USC functions are of Baire class 1.

For a function f : X — R the subgraph of f is the set sgr(f) = {(z,7) € X xR:r < f(x)}.
Notice that a function is USC if and only if its subgraph is closed.

Let (P, <,) be a poset. Let us introduce the following notation for the set of well-ordered
sequences in P:

oP ={F:a— P|«aisan ordinal, F is strictly increasing}.
We will use the notation o* P for the reverse well-ordered sequences, that is,
0*P={F:a— P|a«isan ordinal, F is strictly decreasing}.

Then ¢*[0, 1] is the set of strictly decreasing well-ordered transfinite sequences of reals in
[0,1].

For a poset P, if p € 0*P and the domain of j is £ then we will write p as (pa)a<e, Where
Do = p(a). We will call the ordinal £ the length of p, in symbols I(p).

Let H and H' be two subsets of the linearly ordered set (L, <r). We will say that H <, H’
or H <;, H' if for every h € H and h/ € H' we have h < h/ or h <y I/, respectively.

Now if p,p’ € o*P and p ¢ p',p ¢ p then there exists a minimal ordinal § such that
ps # ps. This ordinal is denoted by d(p, p’).

Le a be a successor ordinal, then o« — 1 will stand for its predecessor. Now, since every
ordinal o can be uniquely written in the form a = v 4+ n where v is limit and n is finite,
we let (—1)® = (—1)"™ and refer to the parity of n as the parity of «.

A poset (T, <r) is called a tree if for every ¢ € T the ordering <7 restricted to the set
{s : s <r t} is a well-ordering. We denote by Lev,(T) the ath level of T, that is, the
set {t € T :<7 |{s:s<,¢} has order type a}. An a-chain C is a subset of a tree such
that <t |¢ is a well-ordering in type «, whereas an antichain is a set that consists of <p-
incomparable elements. A set D C T is called dense if for every t € T there exists ap € D
such that ¢t <p p. A set is called open if if for every p € D we have {t € T : t > p} C D.
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A tree (T, <r) of cardinality Ry is called an Aronszajn tree, if for every o < w; we have
|Levy, (T)] < Rg and T contains no wi-chains. An Aronszajn tree is called a Suslin tree if
it contains no uncountable antichains.

A Suslin line is a linearly ordered set that is ccc (it contains no uncountable pairwise
disjoint collection of nonempty open intervals) but not separable.

We will call a poset (P, <p) R-special (Q-special) if there exists an embedding P — R
(P = Q).

Every ordinal is identified with the set of its predecessors, in particular, 2 = {0, 1}.

3. THE MAIN RESULT

3.1. B1(X) < ([0, 1K‘%17<altler)° Recall that

0,135 = {7 € 07[0,1] : minZ = 0}
and also that for Z = (24)a<e, @’ = (2,)a<e € [0, I]i“(’f distinct and § = §(z,T') we say
that

(Ta)a<e <atties (Th)a<er <= (0 is even and z5 < z5) or (d is odd and x5 > z%).

Theorem 3.1. Let X be a Polish space. Then B1(X) < [0, 1]§°61.

In order to prove the theorem we have to make some preparation. We will use results
of Kechris and Louveau [§]. They developed a method to decompose a Baire class 1
function into a sum of a transfinite alternating series, which is analogous to the well
known Hausdorff-Kuratowski analysis of AS sets.

First we define the generalized sums.

Definition 3.2. ([8]) Suppose that (fz)s<q is a pointwise decreasing sequence of non-
negative bounded USC functions for an ordinal o < w;. Let us define the generalized
alternating sum Z;ka(—l)ﬂfﬂ by induction on a as follows:

E;<0(*1)ﬁfﬁ =0
and i} .
Y a1 f5 = Thca 1 (=17 fo + (=1)* 7 fus
if v is a successor and
E;<a(_1)ﬂfﬁ = Sup{E:<B(_1)Vf’y : ﬁ < aaﬁ even}

if @ > 0 is a limit.

Every nonnegative bounded Baire class 1 function can be canonically decomposed into
such a sum. For this we need the notion of upper regularization.

Definition 3.3. ([§]) Let f : X — R be a nonnegative bounded function. The upper
reqularization of f is defined as

f: inf{g: f <, 9,9 € USC(X)}.

Note that f is USC, since the infimum of USC functions is USC. Also, clearly f = f if f
is USC.
Definition 3.4. ([8]) Let
90 = [ fo = o,
if a is a successor then let
9o = fa—1 = 9a—1,fa = G
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if &« > 0 is a limit then let
go = inf gg and fo = go.
B<a

B even

Now if there exists a minimal § such that fe = fei1 then let ®(f) = (fa)a<e-

Note that we need some results of Kechris and Louveau for arbitrary Polish spaces, how-
ever in [§] the authors proved the theorems only in the compact Polish case, although
the proofs still work for the general case as well. Unfortunately, in our proof the non-
o-compact statement plays a significant role, hence we must check the validity of their
results on such spaces. The results used are summarized in Proposition [3.5] and the proof
can be found in Section [6] Notice that the original proof seems to contain a small error,
but it can be corrected with the same ideas.

Proposition 3.5. ([8]) Let X be a Polish space and f € bB{ (X). Then ®(f) is defined,
O(f) € o*bUSC™ and we have

(1) f=35ca(=1)"fa+ (=1)ga for every a <¢,

(2) fe =0,
(3) =X ace(=1)fa-
Proof. See Section [6} O

Proposition 3.6. Let X be a Polish space and fo, fi € bB{(X). Suppose that f, <p

fi and let @(fo) = (fa<e, and ®(f1) = (fa)a<e,- Then ®(fo) # @(f1) and if & =
5(®(fo), ®(f1)) then f§ <, fi if 6 is even and f§ >, f} if & is odd.

Proof. First notice that if fo # f1 then by (3) of Proposition we have that ®(fy) #
®(f1).

Let (g93)p<¢, and (gj)p<e, be the appropriate sequences (used in Definition with
g5 = 15):

We show by induction on g that for every even ordinal 8 < § we have gg <p 9113 and for
every odd ordinal 8 < ¢ we have gg >p g}g.

For 3 = 0 by definition g3 = fo and g§ = f1, so gJ <, g.
Suppose that we are done for every v < .

e for limit 5 we have that
0 . 0
= inf
gﬂ V< g’y
7 even

so by the inductive hypothesis obviously gg <p gé.
e if § is an odd ordinal, since § — 1 < § we have fg_, = f3_; so
0 0 0 0 1 1 1 1
98 = fa—1—98-12p [3—1 = 93-1=fp-1—9p-1 =95
by 8 — 1 being even and using the inductive hypothesis.
e if § is an even successor, the calculation is similar, using that gg_, >, g5_; we
obtain
0 0 0 0 1 1 1 1
95 = o1 =951 <p fo-1 =951 = f5-1— 951 = 95
Consequently, the induction shows that ¢g§ <, g3 if § is even and ¢? >, g} if § is odd.

Therefore, since gi = fi we have that fQ <, f1 if § is even and f{ >, f} if § is odd. But
by the definition of 4 it is clear that fQ # f}, hence f9 <, f} if 6 is even and f >, f} if
¢ is odd. This finishes the proof of Proposition [3.6 (|
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Now to finish the proof of Theorem [3.1] we need the following folklore lemma.

Lemma 3.7. There exists an order preserving embedding o : USCT(X) < [0,1] where
the image of the function f = 0 is 0. In particular, there is no uncountable strictly
monotone transfinite sequence in USCT(X).

Proof. Fix a countable basis {B,, : n € w} of X x [0,00). Assign to each f € USCT the

real
rp=1- > 2l
B,Nsgr(f)=0

If f <, g then sgr(f) G sgr(g) so, as the subgraph of an USC function is a closed set,
there exists an n € w such that B,, is an open neighborhood of a point in sgr(g) \ sgr(f).
Thus, {n: B, Nsgr(f) =0} 2 {n: B, Nsgr(g) = 0}. Consequently, ry < r,. O

Proof of Theorem[3.1. Let ¥ : c*USC*(X) — 0*[0,1] be the map that applies the above
Uy, to every coordinate of the sequences in *USC™(X). Thus, ¥ is order preserving
coordinate-wise.

Clearly, h(z) = % arctan(z) + 1 is an order preserving homeomorphism from R to (0,1)
and for f € By(X) let H(f) = ho f. Composing the functions in B;(X) with h we still
have Baire class 1 functions and this does not effect the pointwise ordering. Thus, H is

an order preserving map from By (X) into bB; (X).

Let © = W o ® o H. Notice that as H : By(X) — bB{ (X), ® : bB; (X) — o*bUSCH(X)
and ¥ : o*USC(X) — 0*[0, 1], the map © is well defined.

Now, by Lemma we have that ¥ maps the constant zero function to zero and by (2)
of Proposition we have that for every function f its ® image ends with the constant
zero function. Thus, the © image of every function f ends with zero. Therefore, © maps
into [0, 1]§“51.

If fo <, f1 are Baire class 1 functions then clearly H(fy) <, H(f1) hence by Proposition
we have that if 6 = §(®(H(fo)), ®(H(f1))), then ®(H(fo))(d) <p P(H(f1))(d) if 0 is
even and ®(H (fy))(6) >p ®(H(f1))(9) if § is odd. Since ¥ is order preserving coordinate-
wise, we obtain that © is an order preserving embedding of B;(X) into ([0, l}i“él s <altlex)s
which finishes the proof of the theorem. ([

3.2. ([O, 1}§u617 <altlew) — Bl (X)'

Theorem 3.8. The linearly ordered set ([0, 1]§“61,<altlm) can be represented by AY sub-
sets of KC([0,1]%) ordered by inclusion.

Proof. First we define a map ¥ : [0, l}i‘“{f — K([0,1]?), basically assigning to each se-
quence its closure (as a subset of the interval). However, such a map cannot distinguish
between continuous sequences and sequences omitting a limit point. To remedy this we
place a line segment on each limit point contained in the sequence.

Let z € [0, 1]281, with Z = (2a)a<e. Now let

V() = {(2a,0) : . < £}V
U{{xa} X [0,Z0 — Tat+1]: H0<a<§andz, =inf{zg: S <al}.

Lemma 3.9. ¥(Z) is a compact set for every T € [0, 1}2‘61.
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Proof. Clearly, it is enough to show that if (p,, ¢n) — (p,q) is a convergent sequence such
that for every n we have

(3.1) (Pnsan) €
U{{:ca} X (0,24 — Zay1]: f0<a <& and z, =inf{zg: f < a}}
then (p,q) € ¥(z).

Obviously, p, = x4, for some ordinals «a,. First, if the sequence z,, is eventually
constant, then there exists an a such that p = z, and except for finitely many n’s by
(3-1)) we have g, € [0,24 — Ta+1]- So (p,q) € {xa} X [0,24 — Tat1] C V().

Now if the sequence (24, )necw is not eventually constant, since the sequence (zq)a<¢ is
strictly decreasing and well-ordered then (passing to a subsequence of (z,, )ne. if neces-
sary) we can suppose that (z,, Jneo 1S a strictly decreasing sequence.

Using the fact that (24, )new is a strictly decreasing subset of (z4)a<¢ We obtain that
Ta, — Loy +1 < Tq, — p- Hence from (3.1)) we obtain

0<qn < Za, — Tap+1 < Za, -p—0

S0 ¢, = 0. Therefore,

(p,q) = (lim z,,,0) € {(za,0) : @ <&} C V(7).

n—oo

O

Now we define a decreasing sequence of subsets of K([0,1]?) for each T = (24)a<¢ and
a < ¢ as follows:

(3.2) HE ={U(2) : Z|o = T|ay 2a < Ta )}

We will use the following notations for an even ordinal o < &:

(3.3) Ke =Hi(=1{¥(2) : Zla = Zla, za < Ta}),

and if @ +1 < ¢ then

(3.4) L3 =HZ (={¥(2) : Zlat1 = Zlat1, Zat1 < Tat1})

Finally, if o = £ then let £Z = 0. So K% and £Z is defined for every even a < &.
Notice that the sequence (HZ),<¢ is a decreasing sequence of closed sets.
To each T = (z4)a<e let us assign

AT= | (KENLD)

a<&,a even

By [7, 22.27], since A% is a transfinite difference of a decreasing sequence of closed sets,
we have A” € AJ(K([0,1]%)).

To overcome some technical difficulties we prove the following lemma.

Lemma 3.10. Let Z € [0, l]i‘gl and 8 be an ordinal such that +1 <1(Z).

(1) If K € H,,, B is a limit ordinal, inf{z, : v < B} = z and I(2) > B+ 1 then
(28,28 — 2p41) € K.
(2) If K € H} and B is a successor then (25-1,0) € K.

(3) If K € ’Hif;, B is a limit ordinal and inf{z, : v < B} > z3 OR B is a successor then
KO (25, inf {2 1 7 < 8)) x [0,1]) = 0
(notice that if B is a successor then inf{z, : v < S} = z5_1).
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Proof. For (2) and (1) just notice that by equation (3.2) whenever ¥(w) € Hj (Hj,,,
respectively) then W(w) contains the point (z3_1,0) (the point (25,23 — 23+1)). Conse-
quently, every compact set which is in the closure of ’Hé (or ’Hé 41) contains the point

(23-1,0) (the point (zg, 23 — z3+1))-

3) can be proved similarly: by the definition of 3 for every w such that ¥(w) € H3 we
B B
have

U(w) N ((z8,inf{zy : v < B}) x [0,1]) = 0.

Now since the set U = (zp,inf{z, : v < 8}) x [0,1] is relatively open in [0, 1]?, the set
{K € K([0,1]*) : KNU = 0} is closed. Hence Hj C {K € K([0,1]%) : KNU = 0} implies
that every K € 7—[7[23 is disjoint from U. So we proved the lemma. O

In order to show that & — A” is an embedding it is enough to prove the following claim.
Main Claim. If Z <usc, ¥ then A® G AY.
To verify this we have to distinguish two cases.

Case 1. § = (z,7) is even. Then x5 < ys and 6 + 1 < I(g). We will show the following
lemma.

Lemma 3.11. Kf S KJ\ £4.

Proof of Lemma|3.11. From x5 < ys we have
{U(2): Z|s = Zlo, 26 < s} C{Y(Z): Z|s = Tls, 26 < ys}
so K§ C K.
First, we prove that
(3.5) K$ c KI\ LY.
Here we have to separate two subcases.

SUBCASE 1. § is a limit ordinal and ys = inf{y, : @ < 6}.

On the one hand, using (1) of Lemma (with Z = g and 8 = §) we obtain that for
every K € LY(= H§+1) we have (ys5,Ys — Ys+1) € K.

On the other hand, from (3) of Lemma (with z = Z and 8 = ) we have that for
every K € KZ(= H%) we have K N ((z5,inf{z, : @ < §}) x [0,1]) = 0. In particular, as
ys € (vs,inf{z, : a < 5}), we have (ys,ys — ys+1) € K. So we obtain K% N LY = 0, hence
by K C KZ we have KT C KJ \ L.

SUBCASE 2. ¢ is a limit and ys < inf{ys : ¢’ < §} or § is a successor.

Using (2) of Lemma@ (with Z = § and 8 = §+1) we obtain that every K € LY(= H§+1)
contains the point (ys,0). From (3) of Lemma (with z = z, 8 = ) we have that
for every K € KZ(= HE) the set K N ((zs,inf{zo : a < §}) x [0,1]) is empty. But
ys € (z5,inf{zq : @ < §}) so KZ N LY = 0. This finishes the proof of equation .

Second, in order to prove Kf # ICg \ /jg let @ be such that @|s = Z|s, Ts, Ys+1 < ws < Ys
and wsyq1 = 0. Clearly, ¥(w) € KY.

By (3) of Lemma (used for z = 7 and B = §) we have that U(w) € KI(= HI)

would imply ¥(w) N ((xs, inf{z, : « < 6}) x [0,1]) = 0, but (ws,0) € (x5, ys) X
inf{z, : @ < 0} = inf{y, : @ < §} > ys which is a contradiction. Hence ¥(w) & K.
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Now we prove ¥ (w) ¢ Eg. Suppose the contrary, then using (3) of Lemma (withz=1g
and 3 = §+1) one can obtain that for every K € £Y(= H§+1) the set KN((ys+1,9s5)x[0,1])
is empty. But clearly (ws,0) € (@) N ((ys+1,ys) x [0,1]), a contradiction. So ¥(w) & LY.

Thus, it follows that ¥(w) € (K¥ \ £) \ KZ. From this and from equation (3.5) we can
conclude Lemma [3.17] O

Now we prove the Main Claim in Case 1. If ¢’ is even and ¢’ < 0, the definitions (3.3
and (3.4) of K%, and LY, depend only on (4)a<s+1 50

(3.6) 7 =Ky
and
(3.7) T =LY

Now, from Lemma we have AT C AY, since for every K € AT we have either
K e Ki \ L3 = K}, \ L}, for some ' < § or K € KF.

Moreover, we claim that using Lemma one can prove that A” G AY. From the defini-
tion of A, from the fact that the sequence (HZ)o<e = (KF, L3, KT, LT, ...) is decreasing
and from equations (3.6) and (3.7) follows that
KHenA”= | KNLh = |J KI\LL =KD nA

§'<4d, 8’ even §/<4, 0’ even

So A* C (K¥)°UKZ. Hence, if K € (KZ\ £Y)\ K% then
KeKi\LlcA
and
K ¢ (KH)*uKs > A"

so indeed, we obtain that the containment is strict, hence we are done with Case 1.

Case 2. § = §(Z, %) is odd.
Then x5 > ys and § + 1 < I(Z). Notice that as the length of Z is larger than ¢ + 1, the
sets K3, and L3, are defined.

Now for every even §' < § — 1 the definition of K%, and K% depend only on (z4)a<s =
(Yo )a<sr- Thus for every even ¢’ < § —1

(3.8) 5 =Ky
and also for every even ¢’ < § — 1

(3.9) 5 =1L
We will show the following:

Lemma 3.12. (1) Kj_,\ £, CK§ \ £},
(2) K5y CKE L\ L5y

Proof of Lemma[3.13 1t is easy to prove (1): from equation (3.8) we get KF_; = Ky,
Moreover, £F | D LY |, since

5o ={V(2): 2[5 = Zls, 2 <ws} D{U(Z) : Zls = Uls, 2 < ws} = L],
holds by =5 > ys.

Now we show (2). First, K., C K§_, = KY_,, using that the sequence (K2)a<s41 is
decreasing.
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So it is suffices to show that K3, NLY_, = 0. Using (3) of Lemma (with z = 7 and
3 = &) we obtain that for every K € £ (= HY), we have K N ((ys,ys-1) x [0,1]) =

However, by (2) of Lemma (used with z = z and =0 + 1) if K € K5, (= Hi,,)
then (z5,0) € K. Therefore, x5 € (ys,ys—1) implies that the intersection KF, ; N £y
must be empty. So we are done with the lemma. ([

Now we prove the Main Claim in Case 2. By definition of A% and by the fact that the
sequence (HY)a<e = (KF, L5, KT, LT, ... ) is decreasing we have that if K € A" then either
K € K%\ L% = KJ\ LY, for some even &' < d—1lor K € K§_, \ Lj_; or K € K§ ;.
Hence using equations and and Lemma we obtain

(3.10) AT C AY.

In order to show that A% # AY it is enough to find a w such that
(3.11) U(w) e KY_ \LY , CAY

and

(3.12) U(w) ¢ K51 U(L5-1)° D A"

Take w|s = g|s and ws such that 541, ys < ws < zs5 and wsy1 = 0.

Now, in order to see (3.11) clearly ¥(w) € KY_,. On the other hand if K € LY (= Hig)
by (3) of Lemma [3.10] (with z = § and 8 = 6) we have K N ((ys,ys—1) X [ 1)) = 0.
But ys < ws < x5 < x5-1 = Ys—1, 50 (ws,0) € U(w) N ((ys,ys-1) x [0,1]). Therefore,
() & L5_,.

In order to prove it is obvious that U(w) € £5_,. Now using again (3) of Lemma
(with z = Z and 8 = 6 4 1) we obtain that whenever K € K§ (= @) then
KN((z541,25) % [0,1]) = 0. However, ws € (zs+1,s) hence (ws,0) € ¥(w)N((Ts+1,Ts) ¥
[0,1]), so ¥(w) & KF ;.

So we can conclude that A% # AY. Thus, using equation we can finish the proof of
the Main Claim in Case 2 and hence we obtain Theorem [3.8] as well. O

3.3. The main theorem.

Theorem 3.13. (Main Theorem) Let X be an uncountable Polish space. Then the fol-
lowing are equivalent for a linear ordering (L, <):

(1) (L. <) = (Bi(X). <)
(2) (L, <) = (10,1155, <aties)
(9) (L. <) = (AY(X).S)

In fact, (]0, 1]\0 s <attiez), (AYX),S) and (B1(X), <p) are embeddable into each other.

Proof. (Bi(X), <p) = ([0, 1]<5", <atttex) : Theorem 3.1}

([o, 1]§U(J) s <attlez) — (AY(X), ;é) : we proved in Theorem that ([0, l]i“()l, <altlex) <
(AY(K([0,1]*)),S). Now, [2, Theorem 1.2] states that the class of hnear orderings repre-

sentable in AY coincide for all uncountable o-compact Polish spaces. Hence, if C is the
Cantor space, then ([0, l}i‘“al s <attiez) = (AY(C), S). If X is an uncountable Polish space

then there exists a continuous injection h : C'— X. Now, since h(C) is a closed set in X
we have that A — h(A) is an inclusion-preserving embedding (A9(C),S) — (A(X),S).
<wi

Consequently, ([0, 1]J5', <attter) = (A3(X), S).



12 MARTON ELEKES AND ZOLTAN VIDNYANSZKY

(AS(X),S) = (Bi(X),<p) :if Ais a AJ set then x4 is a Baire class 1 function and

A x4 is an order preserving (A9(X),S) — (Bi(X), <p) map. O

We immediately obtain the answers to Questions 5.2 and 5.3 from [5].

Corollary 3.14. There exists an embedding B1(X) < AY(X), hence a linear ordering is
representable by Baire class 1 functions iff it is representable by Baire class 1 characteristic
functions.

The equivalence of (1) and (2), implies that the embeddability of a linearly ordered set
into the set of Baire class 1 functions does not depend on the underlying Polish space
(provided of course that the Polish space is uncountable). This result answers Question
1.5 from [2] affirmatively.

Corollary 3.15. If X and Y are uncountable Polish spaces and L — By(X) then L —
Bi(Y).

From now on we will simply use the notation B1(X) = B.

4. NEW PROOFS OF KNOWN THEOREMS

In this section we would like to demonstrate the strength and applicability of our char-
acterization by providing new, simpler proofs of the theorems of Kuratowski, Komjath,
Elekes and Steprans. In case of Komjath’s result our proof does not use the technique of
forcing, which is an answer to a question of Laczkovich [12].

We would like to remark here that the above authors mainly investigated Bi(R) and
B1(w¥), but as we saw in Corollary the statements do not depend on the underlying
Polish space, so we will state them slightly more generally.

4.1. Kuratowski’s theorem.

Theorem 4.1. (Kuratowski, [10, §24. I11.2.]) wy and wi are not representable in By .

Proof. By the Main Theorem it is enough to prove that wy ¥ [0, l}i‘gl and wi ¥ [0, l]ij)l'
We will prove the former statement, the proof of the latter is the same.

Suppose that (fo)a<w, iS a strictly increasing sequence in [0, l]iﬁl. Now we define a
sequence {Sq : @ < w1} C 0*[0, 1] that is strictly increasing with respect to containment.
Notice that this will yield a contradiction, since Uy« S Would be an wj-long strictly
decreasing sequence of reals.

We define the sequence s, by induction on « with the following properties:
(4.1) l(sa) =a and {y:sq C f,} contains an end segment of w;.
First, so = 0 clearly works. Now suppose that we are done for every 8 < a.
If o is a limit let s, = Ug<qas3. Then
{(visa C = [V{viss C Ly}
B<a

so the set {y : so C fy} is the intersection of countably many sets that contain end
segments, hence it contains an end segment. Therefore, (4.1)) holds.

Let o be a successor. Let S = {7y : sq—1 C fy}. If v,7 € S with v < ' then clearly
Iy <atttes fv'- BY Sa—1 C fy, Sa—1 C fy and l(sq—1) = @ — 1 we obtain that 6(f,, f,/) >
a—1. Soeither f,(a—1) = fy(a—1) or fy(a—1) < fy(a—1) if a—1is even and f,(a—
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1) > fy(a—1)if @ — 1is odd. Therefore, fy(a —1) < fy/(a —1) if & — 1 is even and
fyla—1) > fy(a—1)if @ — 1 is odd. Consequently, the map v — f,(a — 1) is order
preserving from S to the unit interval if & — 1 is even and order reversing if o — 1 is odd.
But S contains an end segment by induction, and [0, 1] contains no subset of type wy or
wi, hence this map attains a constant value, say r on an end segment. Thus, s, = Sq—1" 7

satisfies (4.1]). O

4.2. Komjath’s theorem. Komjdth [9] has shown using forcing that a Suslin line is
not representable in B;(R). Laczkovich [12] asked if a forcing-free proof exists. Now we
provide such a proof.

Theorem 4.2. (Komjdth, [9]) A Suslin line is not representable in By .

NoOTATION. Let (T,<r) be a tree. We denote by T|succ the set {t € T : t €
Lev,(T), o is a successor} ordered by the restriction of <p. Notice that T|syee is also
a tree, but it is not a subtree of T. If ¢ € ¢*[0, 1] we will use the notation I; for the set
{z €0, -t Cz).

Lemma 4.3. Suppose that S C [0, 1]2‘61 18 a mowhere separable Suslin line. Then
00, 1]|suce contains a Suslin tree.

Proof. Let
(4.2) T={teo*0,1]:|SNIL|>2}.
We claim that (T, 5) is a Suslin tree.

First, T' is clearly a subtree of (0*[0,1],5) and 0*[0,1] does not contain uncountable
chains hence this is true for T" as well.

Second, let A C T be an antichain. Notice that for every pair of incomparable nodes
t,t’ € T the sets I; and Iy are disjoint intervals of ([0, l]if)l, <altlex), hence I; NS and
I;; NS are also disjoint intervals in S. By these intervals are non-degenerate. Since
A C T is an antichain the set {I; NS : t € A} is a collection of pairwise disjoint nonempty
intervals in S§. Using that S is nowhere separable for every ¢ we can select a J; C I; such
that SN .J; is a nonempty open interval. By definition S is ccc so the set {J;NS : ¢ € A} is

countable. Hence A is countable, showing that T" does not contain uncountable antichains.

Third, it is left to show that T is uncountable. Suppose the contrary. Notice first that
for every t € T the set {r € [0,1] : SN I~ # 0} is countable, otherwise, choosing
points p. € SN I,~ the map r — p, would give an uncountable real subtype of S, which
is impossible (see [I3] Proposition 3.5]). Hence, as T is also countable, we can select a
countable subset D of S with the following property: for every ¢t € T and r € [0, 1] such
that SN 1~ # () there exists a point p € D such that p € I,~ .

We claim that D is dense in S which will contradict the non-separability of S. In order
to see this let J C S be a nonempty open interval. By passing to a subinterval of J
(using that S is nowhere separable) we can assume that J is of the form [Z,§] NS with
T #7y. Let z € (Z,7)NS (such a Z exists by the fact that S is nowhere separable). Clearly
T <aitles Z <altlex §- Let 0z = 6(Z,Z) and o5 = (g, Z). Then I(Z) > max{dz, 5} + 1 and

(4.3) z(0z) < Z(03) <= 0z even and Z(dy) < §(dy) <= 0y even.
Suppose that dz > 05, the proof of the other case is the same. If t = zNZ, then {z,Z} C I,
so by (4.2]) we have t € T'. Clearly,

l65+1 t zZ(dz)
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hence, by the definition of D we obtain that there exists a p € D N It/\i(éi)' We have
Plss+1 = Z|s,+1 so from §z > &5 we get
6(z,p) = 0z and 6(y,p) = dy,
moreover
p(dz) = Z(0z) and p(dy) = ().

Therefore, using (4.3)) we obtain that T <uiex P <aitiez U, S0P € DN (Z,5) C DN J. So
D is a countable dense subset of S, a contradiction.

This yields that T is uncountable, hence it is indeed a Suslin tree.

Finally, notice that T is a subtree of ¢*[0,1] 80 T|suce € 0*[0, 1]|suce- Let T" = T|suce-
Clearly, T" is a subset of T' and by definition the ordering of T” is the restriction of the
ordering of T, so T” does not contain uncountable chains or antichains. In order to see
that 7" is uncountable first notice that the lengths of the elements in 7' are unbounded
in wy, therefore the lengths of the elements on the successor levels are also unbounded.
Hence T’ is uncountable so T” is also a Suslin tree, which completes the proof of the
lemma. O

For the sake of completeness we will prove the following classical facts about Suslin trees.

Lemma 4.4. If D is a dense open subset of the Suslin tree T then T \ D is countable.

Proof. Let A be a maximal antichain in D. Clearly, A is countable. Let « be such that
a > sup{l(s) : s € A}. Now, if § > « arbitrary and ¢ € Levg(T') then by the density of D
there exists an sg € D such that t <t sg. From the facts that A is maximal and 8 > «
we obtain that for some s; € A we have s; <7 so and hence s; <7 t. But then, as D is
open and A C D we obtain that ¢ € D. This finishes the proof of the lemma. (I

Lemma 4.5. A Suslin tree is not R-special.

Proof. Suppose the contrary. Let T be a Suslin tree and f : T' — R be an order preserving
map. We can suppose that f(T') is a subset of [0, 1].

Let n € w and 1

D,={teT: (Vs> t)(f(s) < f(t)+ m)}

Clearly, D, is open. We will show that it is also dense in T'. In order to see this let tqg € T
be arbitrary. Then either ¢y € D, or there exists an t; > to such that f(t1) > f(to)—l—n%_l.
Repeating this argument for ¢; we obtain either that t; € D, or a to >p t; such that
f(t2) > f(t1) + n%_l > f(to) + n%_l, etc. f(T) C [0,1] implies that this procedure stops
after at most n + 2 steps, hence we obtain an s >¢ ty such that s € D,,. Therefore,
the sets D,, are dense open subsets of 7. By Lemma @ the complement of N,¢c, D, is
countable, hence there exists s <r t such that s,t € Npeup,, . But then clearly f(t) = f(s),
a contradiction. O

Now we are ready to prove the main result of this subsection.

Proof of Theorem[{.3. Suppose the contrary and let S’ be a subset of By order isomorphic
to a Suslin line. By the Main Theorem there exists an embedding @ : S’ < [0, 1}%‘61. For
p,q € S8’ let p ~ g if the interval [p, ¢] is separable. Then ~ is an equivalence relation and
S = &'/ ~ is a nowhere separable Suslin line (for the details see [I3] Section 3.]). For every
~ equivalence class [] fix a representative p € §’. Tt is easy to see that every equivalence
class is an interval, so the map ®([p]) = ®g(p) is an order preserving embedding of S into
[0, 1]§“51.



LINEARLY ORDERED FAMILIES OF BAIRE CLASS 1 FUNCTIONS 15

Now we can use Lemma for ®(S). This yields that there exists a Suslin tree T C
*[0,1]|suce- Assign to each t € T the last element of ¢, namely, let f(¢) = t(I(t) — 1).

Let s,t € T such that s <p t. Then, as s # t, the sequences s and ¢ are strictly decreasing
and (using that s <7 t <= s S t) t is an end extension of s we obtain that f(t) < f(s).
Therefore, the map 1 — f is a strictly monotone map from the Suslin tree T to R. This
contradicts Lemma 5] O

4.3. Linearly ordered sets of cardinality < ¢ and Martin’s Axiom. In this subsec-
tion we reprove the results of Elekes and Steprans from [5]. To formulate the statements,
we need some preparation.

Suppose that (L, <) is a linearly ordered set. A partition tree Ty, of L is defined as
follows: the elements of T, are certain nonempty open intervals of L ordered by reverse
inclusion. 77, is constructed by induction. Let Levy(Ty) = {L}.

Suppose that for an ordinal o we have defined Levg(T}y) for all 8 < a. If «v is a successor,
for every I € Lev,—1(Ty) fix nonempty intervals Iy and I such that Ip U I; = I and
IoNI; = 0 if such Iy, I exist. Let

Leva(Ty) = J{To, I : T € Leva 1 (T1)}.
Now if «v is a limit ordinal let

Leva(TL) = { ﬂ Ig : Ig S Levg(TL)7ﬂg<aIg 75 @}
B<a

Somewhat ambiguously if ¢ € T, we will denote the corresponding interval of L by N;.
We first verify the next proposition, which is interesting in its own right.

Proposition 4.6. Let L be a linear ordering such that T, a partition tree of L, is R-
special. Then L — Bj.

Proof. Without loss of generality we can suppose that we have a strictly decreasing map
QT — (0, 1)
Lemma 4.7. There exists a map Vg : Ty, — o*[0,1] with the following properties for

every t,s € T:

(1) if s <r, t then Uy(s) C Vy(t),
(2) if Ny <p Ny then Wo(s) <atrex Po(t),
(8) inf Uqo(t) > O(t).

Proof. We define ¥ inductively on the levels of T7,. Suppose that we are done for every
B < a.
If « is a limit ordinal and t € Lev,(TL), let
(4.4) Wo(t) = U Do(t').
t' <, t

Now let o be a successor ordinal. First notice that for every ¢ € Lev,(Tr) by the fact
that @ is strictly decreasing and the inductive hypothesis for ¢, we have
(4'5) (I)(t) < q)(t|a) <inf \I’O(t|a)'
Let

A={t € Lev,(TL) : (3s € Leva(TL))(s # t Atla = S|a)}-
Now, if t € A then using (4.5)) there exists an r € [0, 1] such that
(4.6) D(t) < r <inf Ugo(t]q)-
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So let

(4.7) Wo(t) = Yo(tla) ~

Notice that if ¢ € A then there exists exactly one s # t such that s € Lev,(T1) and
t|a = s|a. Hence A is the union of pairs {s,¢} such that s,t € Lev,(T) and t # s and
tlo = 8|la- We will define ¥y(s) and ¥q(t) simultaneously for such pairs. Since s and ¢

are incomparable, the intervals N; and N; are disjoint, so either Ny <p Ny or Ng > N;.
Using (4.5) and s|, = t|o we obtain

B(t), B(s) < D(ta) < inf Vo(t]a).

From this it follows that we can choose r,q € (0, 1) such that

(4.8) O(t), (s) <r,q < inf ¥y(t|q)

and

(4.9) N <p Nt <= Yqg(tla) ™ ¢ <aitiex Po(tla) 7

so let

(4.10) Uo(t) = Up(tla) 7 and Po(s) = Uo(tla) ~ ¢ = Po(sla) ~ g

Thus, we have defined Wy on Lev, (T7) (first on the complement of A then on A as well).
We claim that Uy satisfies properties (1)-(3).

We check (1). Let s <, t and t € Lev,(TL). If o is a limit ordinal then by clearly
Wo(s) C Wo(t). If o is a successor then s <7, t|,, hence from the inductive hypothesis
and from equations and we obtain (1).

In order to prove (2) let s and ¢ be given with Ny < N;. If s|, = t|, then s,t € Lev, (T1)
and « is a a successor. Then by equations and clearly (2) holds. If s, # t|a
then there exists an ordinal 8 < a, s’ C s and ' C ¢ such that §',t' € Levg(Ty) and

Ny < Ny. Hence from the inductive hypothesis g (s') <aiiee Wo(t') so from property
(1) we have ¥o(s) <aitiez Po(t).

Finally, in order to see (3) if « is a limit just notice that ®(t) < ®(¢') whenever ¢t <r, t
so by the inductive hypothesis we have

< . / < . . / _ )
d(t) < t/1<anLt o(t') < t/1<anLt(1nf Wo(t")) = inf Yo(t)

If « is a successor then for t ¢ A by (4.6) and , while for t € A by (4.8)) and (4.10)

we get (3).

Thus the induction works, so we have proved that such a ¥ exists. ([

Now we define the embedding L < [0, l}i‘%l. For x € L let

v =( U wolt) 0.
teTr, x€Ng
By the definition of a partition tree, if for s and ¢ we have x € N; N Ny then s and ¢
are <, -comparable. Hence by property (1) of ¥, for every x € L we have Py(x) €
0*[0,1]. Moreover, by ran(®) C (0,1) and by property (3) we have that concatenating
Uter, . zen, Po(t) with zero will give an element in [0, l]i‘gl.

We claim that the map V¥ is order preserving between (L,<) and ([0, 1}§“61,<altlew).

Let x,y € L with x <p y. Then there exist s,t € Tp such that x € Ny and y € N,
and Ny <y N;. Then by property (2) of ¥y we have Wo(s) <aitrer Po(t). Therefore,
Uo(s) C U(z) and Uo(t) C U(y) implies V(x) <aitiex ¥(y). O

Theorem 4.8. (MA) If L is a linearly ordered set of cardinality < ¢ then L is representable
in By iff L does not contain wy or wy.
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Proof. Let Ty, be a partition tree of L. We claim that 77, does not contain uncountable
chains. Suppose the contrary, let {t, : @« < w1} C Ty, be a chain. Then N, (denoted by
N, later on) is a strictly decreasing sequence of intervals in L. Therefore, for every a there
exists an €, € Ny \ Nq41 such that either Noq1 <p {z4} or Noi1 >1 {24} Without loss
of generality we can suppose that the set R = {a : (34 € No \ Not1)(Nat+1 <z {za})}
is uncountable. But then the sequence (z4)acr is strictly decreasing in L and R is
unbounded in w; 80 (Z4)aer is order isomorphic to wj.

Notice that as every level of T}, contains pairwise disjoint nonempty intervals of L, from
|L| < ¢ it follows that the cardinality of every level is strictly less than c¢. Moreover, since
T7, does not contain uncountable chains, using that under Martin’s Axiom ¢ is a regular
cardinal we obtain that |T7| < c.

Now it is easy to prove the theorem using a result of Baumgartner, Malitz and Reinhardt
(see [I]) which states that assuming Martin’s Axiom every tree with cardinality < ¢
that does not contain wi-chains is Q-special. We have seen that T, does not contain
uncountable chains and |Ty| < ¢, hence it is Q-special (in particular R-special), so by
Proposition E we have L < [0, 1]i“61. By the Main Theorem this implies L — B;. [

5. NEW RESULTS

5.1. Countable products and gluing. In this section we will answer Questions 2.2, 2.5
and 3.10 from [2]. Concerning the last question we would like to point out that in fact it
has been already solved in [5].

Elekes [2] investigated several operations on collections of linearly ordered sets, and asked
whether the closure of a simple collection of orderings under these operations coincide
with the linearly ordered subsets of By. We will first prove that the set of linearly ordered
subsets of Bj is closed under the application of these operations.

Definition 5.1. Let L be a linearly ordered set and for every p € L fix a linearly ordered
set L,. Then the set {(p,q) : p € L,q € L,} ordered lexicographically (that is, (p,q) <4
(¢',q') if and only if p <y p’ or p =p" and q <r, ¢') is called the gluing of the L,’s along
L.

Theorem 5.2. (1) Let {Lg : B < a} be a countable collection of linearly ordered sets
that are representable in By. Then the set H5<a Lg ordered lexicographically is also
representable.

(2) Suppose that L and every (Lp)per is representable in Bi. Then the gluing of L,’s
along L is also representable in B .

NoTATION. Throughout this section if Z = (2 )a<¢ is a transfinite sequence of reals and
a,b € R we will abbreviate the sequence (azq + b)a<e by aZ + b.

First we need a technical lemma.

Lemma 5.3. Suppose that L is a linearly ordered set and there exists an embedding
U: L]0, l]i“al. Then there exists an embedding ¥’ : L < [0, Hi‘%l such that for every
p € L the length [(¥'(p)) is an even ordinal.

Proof. Tt is easy to see that

¥(p) = (3% +3) "0 if 1(¥(p)) is odd
(%\I’(p) + %) - i ~0 ifI(¥(p)) is even

is also order preserving and takes every point p € L to a sequence with even length. [
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Proof of Theorem[5.3 First we prove (1). The representability of Lg for every 8 < a by

the Main Theorem imply that there exist embeddings Ug : Lg < [0, l]i“al. Using Lemma

we can suppose that for every § < o and p € Lg the length of ¥g(p) is even.
Fix now a sequence (yg)g<a € 0*[3,1]. For p = (pg)s<a € [lsca Lp let

o~ ys—y _
U(p) = ( B<a(%‘yﬁ(p5)+yﬁ+l)) 0,

where ~ g, denotes concatenation of the sequences in type a.
We claim that ¥ is an embedding of (H5<a Lg, <jee) into ([0, 1]§“61,<altlem)- It is easy
to see that for every p € [[5_, L we have ¥(p) € [0, 1]?51.

Now we prove that ¥ is order preserving. Let p <jep § With p = (pg)s<a, ¢ = (¢8)s<a
and let § = d(p, q), then ps <r, ¢s. It is easy to see that

5(T(p), U(q) = > U¥s(ps)) + 5(Ts(ps), ¥s(gs))-
g<o

In particular, since every length in the previous equation is even we get that the
0(T(p), (q)) and 6(¥s(ps), Us(gs)) are of the same parity. Using this, ps <p, gs and
the fact that U; is order preserving, we obtain that ¥(p) <aitiex ¥(G), which finishes the
proof of (1).

(2) can be proved similarly. Fix an order preserving embedding ¥y : L < [0, l}i‘“[’)l
such that for every p € L we have that {(¥(p)) is even. For every p € L let us also fix
embeddings ¥, : L, < [0, 1]?83 Then

W(p.q) = (5(Wo(p) + 5) ™ (5(%p(@)) + 1) "0
works. O

Definition 5.4. Let L be a linearly ordered set. The set L x 2 ordered lexicographically
is called the duplication of L.

Corollary 5.5. A linearly ordered set is representable in By then its duplication is also
representable.

The first part of Theorem [5.2] answers Question 2.5, while Corollary [5.5 answers Question
2.2 from [2] affirmatively.

Now let us define the above mentioned operations on collections of linearly ordered sets.
Suppose that H is an arbitrary set of ordered sets.

Definition 5.6. Let @ < wy be an ordinal, then
HY={Ly C L*: L eH}

where L® is ordered lexicographically. Let us denote by H* the closure of H under the
operation H — H* for every a < wy.

Definition 5.7. S(H) denotes the closure of H under gluing.

It can be shown that such H* and S(H) exist.

Suppose that every element of H is representable in B;. The first part of Theorem
clearly implies that every element of H*, while the second part yields that every element
of S(H) is representable in B;. So it is natural to ask the following:

Question 5.8. (FElekes, [2, Question 3.10.]) Does S({[0,1]* : a < w1})¥ or S({[0,1]*
a < w1})* equal to the linearly ordered sets representable in By ¢
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To answer this question we need a property that is invariant under the above operations.

Definition 5.9. We will say that a linearly ordered set L has property (*) if every
uncountable subset of L contains an uncountable subset order-isomorphic to a subset of
R.

Proposition 5.10. Suppose that every L € H has property (*). Then (*) holds for every
element of H* and S(H) as well.

Proof. In order to prove that every element of H* has the required property it is enough
to prove that if & < w; and L has property (*) then so does L.

We prove this by induction on a. Suppose that we are done for every 8 < « and let
L C L* be uncountable.

Observe that if there exists an ordinal 8 < a such that Ly = {p€ L? : (39)(p ~ g € L1)}
is uncountable then using that Ly C L? and the inductive hypothesis we obtain that Lo
contains an uncountable real order type Rs. Thus, there exists an Ry C L such that for
every p € Ry there exists a unique ¢ such that p— g € R;. It is easy to see that since L®
is ordered lexicographically we have that R; is an uncountable real order type in L; (in
fact it is isomorphic to Rz).

So we can suppose that there is no such a .

If « is a successor then using the above observation for 8 = o — 1 we obtain that the set
{peL*t:(3ge L)(p~ q € Ly)} is countable. By the uncountability of L; there exists
ap € L ! such that the set {qg:p ¢ € L1} is uncountable. But this is a subset of L, so
by the assumption on L there exists an uncountable real order type R C{q:p ¢ € L1 }.
Then {p ~ ¢ : q € R} is an uncountable real order type in L.

Suppose now that « is a limit ordinal. By the above observation for every 5 < « the set
{pe LP:(3q)(p " q € L1)} is countable. So there exist countable sets Dg C L; with the
following property: whenever for a point p € L? there exists a ¢ such that p~ g € L; then
there exists a ¢’ such that p ~ ¢ € Dg. Let D = UB<a Dg, then D is a countable set.

We claim that D is dense in Ly (equipped with the order topology). In order to prove
this let Z,§ € Ly such that (Z,y) N L; is nonempty. Choose a z € (Z,y) N Ly. Since «
is a limit there exists a § < a such that § > max{d(z, 2),d(y,2)}. Then there exists a
w € Dg C D such that @w|g = Z|g. But then clearly w € (Z,5) N L1 N D. So D is indeed
dense. Consequently, L; contains an uncountable real order type (see [I3} 3.2. Corollary]).
This proves that L® has property (*), so it is true for every element of H*.

In order to prove that every element of S(?) has property (*) one can use similar ideas:
just use the above observation and the same argument as in the case of successor a. [

Now we are ready to answer Question An Aronszajn line is an uncountable linearly
ordered set that does not contain wy, w} and uncountable sets isomorphic to a subset of R.
An Aronszajn line is called special if it has an R-special partition tree. Special Aronszajn
lines exist, see [13, Theorem 5.1, 5.2]. Notice that Proposition immediately gives the
following important corollary:

Corollary 5.11. If A is a special Aronszajn line then A — By.

This corollary was proved by Elekes and Steprans. Although it is not mentioned ex-
plicitly in the Elekes-Steprans paper, the embeddability of the Aronszajn line answers
the questions of Elekes negatively: on the one hand an Aronszajn line does not contain
uncountable real order types. On the other hand by Proposition [5.10| every element of
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every collection of linear orderings obtainable from {[0, 1]} by the operations H — H* or
H +— S(H) has property (*).

5.2. Completion. Now we will answer Question 2.7 from [2] negatively.

Theorem 5.12. There exists a linearly ordered set such that it is representable in By, but
none of its completions are representable.

Proof. Let L D [0, 1]<“}1 be a completion of [0, 1]%82 that is, a complete linear order
<wi

containing [0, 1} as a dense subset. If it was representable then by Corollary there

would be an order preserving embedding ¥ : L x 2 < [0, 1]i°"1. We will denote the
lexicographical ordering on L x 2 by < x2 and somewhat ambiguously the lexicographical
ordering on |0, 1]2“61 X 2 by <atiexx2- Notice that <gjterxo is the restriction of < ys to
[0, l]i‘gl X 2.

NOTATION. For each s € %[0, 1] let J, be the basic interval in [0, 1]§“61 x 2 assigned to s,
that is, the set {Z € [0, 1]<“Jl s C z} x 2. We will use the notation

(5.1) I(s) = U(inf(J,)) and S(s) = U (sup(Js))-

Notice that if L is complete then the set L x 2 ordered lexicographically is also a complete
linearly ordered set, hence I(s) and S(s) exist for every s € ¢*[0, 1].

Let us define a map ® : 0*[0,1] — [0, 1] as follows:
Definition 5.13. For s € %[0, 1] let
b5 = 6(I(s),5(s))

and

®(s) = max{I(s)(ds),S(s)(ds)}-
Let us also use the notation

¢(s) = min{I(s)(ds), 5(s)(ds)}-
Notice that ® and ¢ are well defined, since for every s € ¢*[0, 1] the interval Js contains

at least two elements (one with last element 0 and another with 1), so I(s) and S(s) must
differ. From this we have for all s that

(5.2) 0< o(s) < B(s).

In the following lemma we collect the easy observations that will be needed in the proof
of the theorem.

Lemma 5.14. Let s,t,u € 0*[0,1] with s Ct. Then

(1) 63 < 6t7
(2) (a) O(s) = (1),
(b) max{ I(1)(3.), S(t)(3:)} < B(s),
(8) if 6 < 4y then ®(t) < max{I(t)(4),S(t)(9)},
(4) if ®(s) = (t) then 65 = 0,
(5) ifr,q € [ 1] such that t = r <gtiex t~ q then
() 1t 1)ls, = St~ s, = 1~ )5, = S~ Dl
(b) I(t " r)(de) < St r)(6) < I(t™ )(5t) < S(t7 q)(0e) if 6 is even,
(c) I(t ™ 1)(6,) > S(t ™ r)(8) = 1(t ™ q)(6) > S(t ™ q)(&) if 6 ds odd,
(6) if t <aitiex w and & is an even ordinal such that I(t)|s = S(t)|s = I(u)|s then

1(t)(0) < S()(9) < I()(9).
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Proof. Js D J¢, so by the fact that ¥ is order preserving we get
I(S) <altlex I(t) <altlex S(t) <altlex S(S)
Therefore, by the definition of <gjye. it is clear that d5 < d;, so we have (1).

Now we show part (b) of (2). It is easy to see from the definition of <,je, that for every
Z € [inf(J,),sup(Js)] we have U(Z)(ds) € [¢(s), P(s)]. In particular, as [inf(J;), sup(Jy)] C
[inf(Js),sup(Js)] we obtain

(5-3) max{(t)(0s), S(t)(ds)} € [p(s), (s)],
which gives part (b). Since I(t) and S(t) are strictly decreasing sequences, using (1) we
have
I(t)(6) < I(t)(ds) and S(t)(6:) < S(¢)(ds).
Hence, yields that ®(¢) < ®(s). Thus we have verified (2).

In order to see (3), use again that the sequences I(t) and S(t) are decreasing. Hence from
0 < d0; and the definition of §; we have (3):

®(t) = max{I(t)(d;), S(t)(d:)} < max{I(t)(9),S(t)(0)}-
In order to prove (4) using (1) it is enough to show that §, < ¢, implies ®(¢) < ®(s). If

05 < & then by the definition of d;, the fact that the sequences I(¢) and S(¢) are strictly
decreasing and (5.3)), we obtain

B(t) = max{1(1)(8,), SO(6)} < max{I(1)(3,), S(£)(5,)} < B(s),
which proves (4).
Now we prove (5). Notice that ¢t~ r <asee t~ ¢ implies that J,~ <qiserx2 Jt“q- Thus,
inf(J,~,) <px2 sup(J;~,) <px2 inf(J,~, ) <px2 sup(J~,).
Consequently, by the fact that ¥ is order preserving, we get
(5.4) It 7 1) <atties SE 1) <atties L™ q) <attiea St~ q).
From J,~ , Jtﬂq C J¢ it is clear that
I(t) <atttex I(t ™ 1) <attiex St 1)
<atttez I(t ™ q) Zattiex St~ @) Zatttes S(t).
Thus, from the definition of §; we have
I@)|s, = It r)ls, =St 1)ls, =11 q)ls = St @)ls, = S(t)ls.»

so this shows that (a) holds. Now using (a), the definition of <40, and (5.4]) we obtain
(b) and (c) of (5) as well.

The proof of (6) is similar to the previous argument: t <gje, w implies J; <pxo Ju,
consequently I(t) <aiex S(t) <aitiew I(w). Since by assumption 4 is even and I(t)|s =
S(t)|s = I(u)|s, the definition of <g4je, implies

1(t)(6) < S(#)(9) < I(u)(9).

The following lemma is the essence of our proof.

Lemma 5.15. There exists a ;-increasing sequence {Sq}a<w, Such that s, € 0*[0,1],
[(84) = a and

* (Vr € 34)(P(sq) < T).
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Proof. We define s, by induction on a.

Suppose that we have defined sg for 8 < a. Then by the inductive hypothesis for every
B < « we have

(5.5) (Vr € s5)(®(sp) <T).
Now we define s, for limit and successor a’s separately.
« IS A LIMIT. Let s, = U6<a sg. If r € s, is arbitrary then r € sg for some 8 < o.
Notice that part (a) of (2) of Lemma [5.14] and imply
(sp C sq and 1 € sg) = B(s4) < P(s5) < 7.
Hence, using sz C s, we obtain ®(s,) < r so s, satisfies requirement (*).
« IS A SUCCESSOR. Let o = 8+ 1.
Our aim is to find a real x such that
(5.6) sg " x€c*0,1] and (sg " z) < .
Clearly, this ensures that s, = sz~ x satisfies (*).
Now notice that yields
(5.7) sg " ®(sg) € o*[0,1].
Now we have to separate two cases.

First, suppose that

D(sp "~ D(sp)) < P(sp)-
Let © = ®(sg). It is clear that x satisfies (5.6) by induction, so s, = sg ~ x is a suitable
choice for (*).
Second, suppose that ®(sg ~ ®(s5)) > P(sp). Since sg C sg~ P(sg), by part (a) of (2) of
Lemma we have ®(sg ~ D(sp)) < ®(sp), so in fact

(5.8) D(sp ™ P(sp)) = D(sp).-
Moreover, by (4) of Lemma we obtain that (5.8]) implies
(59) 535A¢(55) = 5313'

In order to find an z that satisfies (5.6 we will distinguish 3 cases according to the parity
of 8 and ds,.

Case 1. 8 and d;, have the same parity.

By (5.2) we can choose an

(5.10) z € (p(sp ™ D(sp)), D(spg ~ P(sp))) = (d(sp ~ D(sp)), P(sp))
where the equality holds because of (5.8]).

We claim that x has property . Clearly, * < ®(sg) and therefore by we have
sg — x € 0*[0,1], hence the first part of holds. Now we can use (5) of Lemma [5.14]
(part (b) with t = sg, r = x, ¢ = ®(sp) if d5, and 3 are even and part (c) with t = sg,
r = ®(sg), ¢ = x if they are odd) and we obtain

(5.11) max{I(sg ~ x)(ds,), S(sp " x)(ds5)} <
min{/(ss ~ ®(s5))(Js,), S(s5 ~ ©(55))(ds5)} = d(sp ~ P(sp)) < =,

where the equality follows from the definition of ¢ and ([5.9)) and the last inequality follows
from (|5.10)).

By (1) of Lemma we have 65, < 6SEA1 and (3) of Lemma [5.14] implies
D(sp ™ ) < max{I(ss " 2)(6,,), S(s5 ~ )(3,)}.
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Combining this inequality with (5.11]) we obtain that the second part of (5.6) holds for .
So sq = sg " x satisfies (*), hence we are done with the first case.

Case 2. (is even and J5, is odd.
Then clearly, by (5.8), (5.9) and the odd parity of s,

D(sp) = B(sp~ (sp)) =
max{I(sp ~ (s5))(J,,~p(s,)) S8~ P(58))(0,, (5,0} =
max{I(sp "~ ®(s5))(ds;), (55~ P(55))(0s5)} = I(sp ~ P(s58))(ds5)-
Thus,
(5.12) D(sp) = I(sp~ ®(s5))(0s5)-
Let z < ®(sg) be arbitrary. Clearly, by the parity of 8 we get sg ™~ 2z <aiuies S5~ P(s3).
Hence, using part (c) of (5) of Lemma with t = sg, 7 = z and ¢ = ®(s3) we obtain
(5:13)  I(sg ™ 2)(ds5) = S(sp~ 2))(0s5) = I(s5~ B(58))(ds5) = S(s5 ™ P(55))(dsp)-
Now, part (b) of (2) of Lemma[5.14] applied to sz and sz~ z yields

(5.14) max{I(ss ~ 2)(8,), S(s5 ~ 2)(0s,)} < B(s5)-
Comparing this inequality with and we have
(5.15) I(sp ™ 2)(0s5) = S(sp ™~ 2)(0s5) = I(sp~ ®(s55))(ds,)-

Therefore, as by (1) of Lemma 55[;"2: > 054, we obtain that
(5.16) for every z < ®(sg) we have 5SBAZ > 05, + 1.

Notice that (a) of (5) of Lemma applied to sg ~ z and sg — ®(sg) and (5.9) imply
that
(5.17) I(sg ™ 2)ls., = S(sp " 2)ls., = I(sp~ @(sp))ls., = S(sp~ @(sp))ls. -
Now the even parity of d,, + 1, 55~ 2 <atiee 55~ P(s5), (0.15)) and (5.17) show that (6)
of Lemma can be applied for t = sg ~ z and u = sg~ ®(sg) and 6 = J,, + 1. This
yields for every z < ®(sg) that
(5.18) max{I(sg ~ 2)(ds; +1),S(s5 ~ 2)(ds5 +1)} <

<I(sg ™ ®(sp))(ds5 +1) <I(sp ™ P(s5))(ds5) = P(sp),

where the last inequality follows from the fact that I(sg ~ ®(sg)) is strictly decreasing
and the equality comes from (5.12)).

So by equations (5.16[), (5.18) and (3) of Lemma for an x € (I(sg ~ ®(s5))(ds; +
1), ®(sg)) we obtain

(s~ @) <max{I(sg " x)(0s, +1), (s~ x) (05, +1)}
<I(sp ™ ®(sp))(0s; +1) <.

Thus, the second part of (5.6) holds for x. The first part is clear from = < ®(sg) and
(5.5), hence s, = sg ~ x is an appropriate choice for (*).

SB

Case 3. 8 is odd and d,, is even.

Then sg has a least element min sz, and by induction and minsg > ®(sg) = P(sg ™
®(s5)). Now let € (P(sg), minsg). Then we have sg — = € 0*[0, 1], so the first part of
holds. Since 3 is odd, we have sg ~ & <gies S~ P(sg). Therefore, from the fact
that d,, is even using part (b) of (5) of Lemma [5.14]it follows that

(5.19) I(sg 7 2)(0s5) < S(sp ~ @)(ds,) < (s~ P(55))(ds5)
< ®(sp P(sp)) = P(sp) <z,
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where the last < uses (5.9) while the equality comes from | Hence, using (1) of

Lemma [5.14] we get 55[3”35 > 054, 80 by (3) of Lemma 5 14{ and (| ) we obtain

P(sp ~ w) <max{I(sg~ x)(dss), (55~ x)(ds5)} < 2,
thus, again x satisfies the second part of (5.6) so s = s~ x is a good choice for (*).

Thus, in any case we can carry out the induction. O

In order to prove the theorem just notice that Lemma gives an wi-long ;—increasing
sequence of elements in ¢*[0,1]. But then (J 5o would be an wi-long decreasing

a<wi
sequence of reals, which is a contradiction. Therefore no completion of ([0, 1]i°5 s <altlez)
can be embedded into itself and this finishes the proof of the theorem. O

Remark 5.16. Let C be the following set:
{Z 727 0:2€0%[0,1],€ is even, [(Z) =+ 1,z¢ # 0}.

The ordering <g¢e, extends to the set C'U [0, 1]<‘”1 naturally and it is not hard to show
that this ordering is complete. By Theorem [5.12] thls is not representable in B;. However,
one can show that this ordering does not contain wq, wj and Suslin lines. Thus, we obtain
another proof of [5, Theorem 4.1].

6. PrRooF oF ProprosITION [3.5]

Proposition ([8]) Let X be a Polish space and f € bB;"(X). Then ®(f) is defined,
O(f) € o*bUSC™ and we have

1) f= ZZ@(—l)"fﬁ + (=1)%ga for every a <&,

Proof. First we show that ®(f) is defined and ®(f) € o*bUSC™. In order to prove this,
we will show the following lemma.

Lemma 6.1. The functions g, and f. (assigned to f in Definition are bounded
nonnegative and the sequence (fy) is decreasing.

Proof. Tt follows trivially from the definition of the upper regularization that if g is an
arbitrary function then

(6.1) g is bounded = g exists, bounded and § >, g.

Now we prove the statement of the 1emma by induction on . If @ = 0 then gg = f and
fo = J, hence from f € bBj (X) and clearly follows that go and f are bounded
nonnegative functions.

If o is a successor then by definition go = §a—1 — ga—1 S0 by the second part of we
have g, >, 0. Moreover, since go—1 is bounded Ja_1 is also bounded. Thus, g, is the
difference of two bounded functions, therefore it is also bounded. Therefore, by fa
exists (notice that we have defined the upper regularization only for bounded functions)
and also bounded and nonnegative.

Now we show that the sequence (f,) is decreasing. By the nonnegativity of g,—1 we have
fa—l —Ga-1 Sp fa—la S0

fa:foz—lfga—l >p fa 1 *fa 1-
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For limit o we have
(6.2) go = inf{gs : B < o and S is even},
so clearly go >, 0 and g, is bounded. Hence using again (6.1) we obtain that f, is
bounded and nonnegative.
Now for every 3 we have gg <, fs. Therefore, if 3 is an even ordinal and 3 < o then by
(6.2) we have

Ja Sp 9s Sp fBa

50 fo = Ja <p j‘; = fz. But if 8 is odd, then 5+ 1 is even and 8+ 1 < . Using (6.2]) we
obtain g, <, gg+1 hence by the definition of f, and fg4; and the inductive hypothesis
we have f, <, fs4+1 <p fs. This finishes the proof of the lemma. O

Clearly, by the definition of upper regularization, the functions f, are upper semicontin-
uous. Therefore, by Lemma we obtain that (f,) is a decreasing sequence of nonneg-
ative USC functions, so it must stabilize for some countable ordinal £ ([I0] or Lemma
. Therefore, for every function in f € bB;(X) we have that ®(f) is defined and
D(f) € c*bUSCT(X).

Now we need the following lemma.

Lemma 6.2. Let (fo)a<e € 0*USCT. Then ZZ<5(*1)O‘JC@ is a Baire class 1 function.

Proof. We prove the lemma by induction on &.

First, if € is a successor just use that Baire class 1 functions are closed under addition and
subtraction.

Second, if £ is a limit, by definition of the alternating sums we have that
* *
Ea<§(—1)afa = sup{zﬁ<a(—1)5f5 ta < & a even}.
For even o < £ we have
(*) Eﬁ<a(71)ﬁfﬁ = Eﬂ<a+1(71)ﬂfﬁ - foz'
Again, for even «
Eﬁ<a(_1)ﬁfﬁ + foa = fat1 = Eﬂ<a+2(_1)ﬁfﬁ

so since the sequence (fa)a<¢ is decreasing the sequence (Zggl(fl)ﬁfg)a even 1S Increas-
ing. Similarly, the sequence (Zg<a+1(—1)ﬁf5)a even 1s decreasing. Notice that if (r3)g<q
and (t3)g<q are decreasing transfinite sequences of nonnegative reals such that rg —tg is
increasing, then

sup{rg —tg: B < a} =inf{rg: f <a} —inf{ig: f < a}.
Therefore, applying (*) and these facts we have

sup{2;<a(—l)ﬁfﬁ ta < € even} =

inf{22<a+1(—1)5f5 ca < € even} —inf{f, : a < & even}.
The infimum of USC functions is also USC, hence the right-hand side of the equation
is the difference of the infimum of a countable family of Baire class 1 functions and a
USC function. Therefore, sup{zz<a(—1)5f5 s < € even} is the infimum of a countable
family of Baire class 1 functions. Moreover, by the inductive hypothesis, this function is
also the supremum of a countable family of Baire class 1 functions. Now, using the fact
that a function is Baire class 1 if and only if the preimage of every open set is £9(X) it
is easy to see that if a function % is the infimum of a countable family of Baire class 1
functions then for every a € R we have that h=1((—o0,a)) is in £3(X). Similarly, if A is
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the supremum of a countable family of Baire class 1 functions then the sets h=*((a, 00)) are
also in X9(X). But this implies that a function that is both an infimum and a supremum
of countable families of Baire class 1 functions is also Baire class 1.

So, as an infimum and supremum of countable families of Baire class 1 functions, the
function sup{zg —o(=1)Pfs: a < € even} is also a Baire class 1 function, which completes
the inductive proof. O

Now we prove (1) of the Proposition by induction on a.

For o« = 0 this is clear. If « is a successor, then go—1 = fa—1 — ga, SO
F=Shcar (D s+ () gar =
Shcat (1 fa + (1) (fa1 = g0) = Djea(=1)7F5 + (=1)"ga.
For limit o notice that we have by induction for every even 8 < «
f= E:<,B(_1)7f'y + 98-

Then, using that the sequence (f3)g<aq is decreasing, the sequence (E:<B(fl)7f,y)g even
is increasing, so (gg)a even is decreasing as their sum is constant f.

Notice that if (rg)s<q is an increasing and (fg)g<q is a decreasing transfinite sequence of
nonnegative reals such that rg +t3 = ¢ is constant, then

c=sup{rg+ts: B <a}=sup{rg: B <a}+inf{tsg: 5 <a}.

So
f= swp (X 5(-1)f +gs5) =
B even,f<a
su S (=1 f +  inf =Y (=P f5 + ga,
ﬁeven%<a ’y<ﬁ( )7 fy 5even’6<a9ﬁ B< (=1)7fs+g

where the last equality follows from the definition of )5 <o(=1)?f5 and g,.
This proves the induction hypothesis, so we have (1).

After rearranging the equality in (1) we have that

(1) g0 = Xgoo (1) f5 — .
By Lemma[6.2) we have that the sum on the right-hand side of the equation is a Baire class
1 function, therefore g, is also Baire class 1. We have that fe11 = f¢, so by Definition
we have g — g¢ = g¢. Hence in order to prove (2) it is enough to show the following
claim. -
Claim. If g is a nonnegative, bounded Baire class 1 function such that g = g — g then
g=0.

Proof of the Claim. Suppose the contrary. Then there exists an € > 0 such that {z :
g(x) > e} #0. Let K = {z: g(x) > e}. Since g is a Baire class 1 function we have that
there exists an open set V' such that

e >osc(g, KNV) (= sup |g(z)—g(y)])
z,ye KNV

and K NV is not empty (see [7, 24.15]).

The function limsup,,_,, g(y) (here in the lim sup we do not exclude those sequences which
contain x) is USC. Therefore, by definition g <, limsupg. Hence letting h = g — g we
have that

(6.3) h <, limsup(g) — g.
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Now, we claim that

(6.4) (limsup(g) — g)lvnr <e.

Suppose the contrary. Then there exists an x € VN K such that (limsup,,_,, g(x))—g(x) >
e. Consequently, there exists a sequence y, — x, such that lim, , g(y,) > g(x) + e.
Using the nonnegativity of g and the fact that g|x. < e we get that y, € K NV except
for finitely many n’s. But then osc(g, K N V) > ¢, a contradiction. So we have and

using (6.3]) we obtain
(65) h|VﬂK S E.

Observe now that if for a bounded function f and an open set U we have that f|y < e,
then f|y < e (clearly, if | f| < K then the function K - xye +¢-xy is an USC upper bound
of f).

By the above observation used for g on K¢ we have that g|x- < &, in particular from
h =9 —g <, g we obtain that h|x. < e. Then from (6.5) we get h|y < . So finally,
using the above observation for h and V' we obtain h|y < €.

The set {z : g(x) > €} is dense in K, hence there exists an zo € VN {x : g(z) > ¢}. On
the one hand g(zg) > g(x¢) > ¢, on the other by x € V we get h(xg) < €. This contradicts

~

the assumption that g = h. O

So we have proved (2) of Proposition

(3) easily follows from Lemma (1), (2) since 0 < g¢ < fe = 0. This finishes the proof
of the proposition. O

7. OPEN PROBLEMS

Probably the most natural and intriguing problem is the following. Recall that the ath
level of the Baire hierarchy in a space X is denoted by B, (X). Unless stated otherwise,
X is an uncountable Polish space.

Problem 7.1. Let 2 < a < wi. Characterize the order types of the linearly ordered
subsets of Bo(X). For instance, does there exist a (simple) universal linearly ordered set
for Bo(X)? And how about the class of Borel measurable functions Ug<w, Ba(X)?

We remark here that Komjdth [9] proved that under the Continuum Hypothesis every
ordered set of cardinality at most ¢ can be represented in By(X) (hence in B, (X) for
any a > 2 as well). Nevertheless, a ZFC result would be very interesting and in light
of our solution to Laczkovich’s problem now it seems conceivable that one can construct
relatively simple universal linearly ordered sets in these cases as well. As a first step in
this direction it would be interesting to see if the result of Kechris and Louveau can be
generalized to B, (X). Actually, closely related results from this paper have already been
generalised from the Baire class 1 case to the Baire class a case in [3].

Let (Lp)new and L be linearly ordered sets. We say that L is a blend of (L, )new if L can
be partitioned to pairwise disjoint subsets (L!,)ne., such that L,, is order isomorphic to L],
for every n. Elekes [2] proved that if the duplication and completion of every representable
ordering was representable then countable blends of representable orderings would also
be representable. As we have seen (Theorem , the second condition of this theorem
fails, hence it is quite natural to ask the following.

Problem 7.2. Suppose that the linearly ordered sets L, are representable in B1(X) and
L is a blend of (Lp)new- Does it follow that L is also representable in By(X)?
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The authors would expect a negative answer using similar ideas and techniques as in the
proof of Theorem [5.12

Elekes and Kunen [4] investigated Problem in general, for non-Polish X. This raises
the next question:

Problem 7.3. Let X be a topological space (e. g. a separable metric space). Characterize
the order types of the linearly ordered subsets of B1(X). For instance, does there exist a
(simple) universal linearly ordered set for By (X)?

We believe that an affirmative answer might be useful in answering Question using
topology refinements.

The next problem concerns characterizing all the subposets of our function spaces instead
of only the linearly ordered ones. For example, it is not hard to check that F(X) = C([0, 1])
contains an isomorphic copy of a poset P iff (P(w),S) does.

Problem 7.4. Characterize, up to poset-isomorphism, the subsets of By(X). Does there
erist a simple, informative universal poset? For instance, is AY(X) or USC'i“‘O’1 (X)
universal?

Here U SCi‘(‘)’1 is defined analogously to [0, l}i“él and is ordered by the natural modifica-

tion of <gueq- Notice that our method of proving that (B1(X), <,) < (A3(X),$) does
not give a poset isomorphism between B;(X) and its image. In fact, the image is linearly
ordered. Unfortunately, it can be easily seen that even the Kechris-Louveau-type embed-
ding B, (X) — bU SCi‘Sl, that is, assigning to every Baire class 1 function its canonical
resolution as a sum is not a poset isomorphism.

At first sight Laczkovich’s problem seems to be closely related to the theory of Rosenthal
compacta [6].

Problem 7.5. Fxplore the connection between the topic of our paper and the theory of
Rosenthal compacta.
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